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IIpeaucioBue

3ro yuebHoe nocobue mpefHA3HAYEHO JA MOATOTOBKHM K PEIEHHIO
3aza4 C4 U3 eJUHOTO rocyAiapCTBEHHOTO SK3aMeHa.

[IpepnionaraeTcs, YTO MIKOJIBHHK OCBOHJ IIKONBHBIM KypcC IUIaHHUMET-
PHH C OIIeHKOH He HibKe 4. [lepezs paboToii ¢ 5THM 33aZlaYHUKOM Heobxo-
JMIMO TIOBTOPHTb OCHOBHBIE OIIpe/ie/IEHHA U TEOPEMEI U3 IIKOIBHOTO y4e6-
HHKa. JTO TaK¥Ke IOJNe3HO JeaTh ¥ B Ipoliecce paboThl ¢ KHUIOH.

IMocobue HauKMHAeTCA ¢ JUATHOCTHYECKOH paboTel. B Helt 15 3az1a4 Ha
pa3nuyHble TeMbl. ECIM B TeueHHe ABYX-TPEX 4acOB Bhl PELIHTE He MeHee
TIOIOBMHEI 33/1a4 3TOH paGoThl, TO MOXHO TIPUCTYNaTh K paboTe ¢ OCHOB-
HBIMH pasjeiaMH 3afiadyHuKa. Eciiu sxe 60IbITMHCTBO 3a/1a4 OKa)KeTCsA BaM
He 10 CHJIaM, TO, CKOpee BCEro, 3a OCTaBIeecs 0 3K3aMeHa BpeMs BaM
He yaacTcs ZOCTUTHYTh YPOBHA, He0OX0AMMOro /s YCTIEITHOTO pelleH s
3agaun C4. B 3TOM ciiy4yae pasyMHee MCI0/Ib30BaTh 3TO BpeMd A MOAro-
TOBKH K ApyTrMM 3azadam EI'D no maremartuke.

[To kakoMy IPUHIIMITY YCTPOEHB! pas/iesibl 3alauyHuKka? [Ipexzie BCcero
paccMaTpHMBalOTC [eOMeTpHYeckHe KOoHHUrypauuu, Haubojlee HacTo
BCTpevarollrecs B 33iadax IIKOJIBHOTO Kypca: KacalollHecss OKPY»KHOCTH,
TepeceKalouiHecs OKPYXKHOCTH, BIMCaHHBIE H OMHCAHHBIE OKPYXHOCTH
TPeyroJbHHKA M YeTHIPEXYTONBHHKA U T. ., CIOCOOB HAaXOMEeHHA pas-
JIMYHBIX 3JIEMEHTOB TE€OMETPHYECKHX (QHIYp — MeAHaH, BHICOT, GHCCeK-
TPHUC TPEYrONbHHUKA, PAJUYCOB BIIHCAHHBIX M ONHCAHHBIX OKPY)XXHOCTEH
U T. ., a TaKKe HEKOTOpble 0bleH3BECTHBIE METOAbI pellleHHA reOMeTpH-
YeCKHX 3aJa4y — MeToJ IUIoujaZieil, MeTo/, BCIIOMOraTe/IbHOH OKPYKHO-
CTH, YABOEHHE MeJHaHbI U T. II.

Kaxpiit u3 15 pazzenos HaunHaeTcd ¢ pazbopa cOOTBETCTBYIOMIEH 3a-
Jla4yM IHarHoCTHYeCcKoH paboThl (€CIH BB PElIWIH 3Ty 3a/a4dy He TeM CIIo-
coboM, KOTOPHIH IPUBOAMTCA HAMHM, 3TO TOXKE XOPOLIO: [MIaBHOE, 4TO 3a-
Jlaya pelieHa MpaBWIbHO). 3aTeM GOpPMYIUDPYIOTCA HEKOTOPBIE YTBEPKIE-
HH#A, [IOMOralollKe PelluTh 3aJaYyH JaHHOTro pasfena. Bo MHorux ciydasax
3TO (aKThl, KOTOpPBIE HE pAacCMaTPUBAIOTCA B LIKOJIbHBIX yYeOHHKaX B Ka-
YecTBe OCHOBHBIX, HO 4acTO COJEPKATCs [OC/Ie COOTBETCTBYIOIIMX IJIaB
yuebHMKa B KauecTBe 3aaay. [locie 3TOro IPUBOAATCS NPHMEepPHL pellleHHs
3ajady ¢ HCMONb30BaHHEM STHX (PAKTOB.

Pazzien 3akaH4YMBaeTCA CIHCKOM 3ajad [ CaMOCTOATENBLHOTO pe-
meHudA. [lepBas 4acTb CIIMCKA — IIOATOTOBHTENbHEIE 3aJa4H — COCTOHT
13 OTHOCHTENBHO IPOCTHIX 3ajady, pellaeMblX B JBa-TPH xoza. Bropas
JacTb — TPEHUPOBOYHBIE 3aZlayl — COCTOMT M3 Oosiee CAOXKHBIX 3ajady,
YPOBeHb KOTOPBIX, 32 MCKIIOUYEHHEM 33Jay CO «3BE3A0UKOIf», IPUMEPHO



& Tpeaucnosue

COOTBETCTBYeT YpoBHIO 3ajay C4. 3agauu co «3BE3J0YKOH» BbIIIE 3TOrO
ypOBHA. PellMB no 6-7 TpPEeHMPOBOYHBIX 337a4, Bbl MOXKETe IPUCTYNaThb
K JUAarHOCTHYECKHUM paboTaM, pacIosoKeHHEIM B KOHIle [10coOusA. B kax-
Jo¥ Takoit pabote 6 3agau. PaboTa paccuntana npuMepHo Ha 2 yaca. Ecin
3a 9TO BpeMs BbI pelllaeTe He MeHee MATH 3a/jad — TO OTVIMYHBIA pesyilb-
TaT. EC/iM MeHee 4eTHIPEX, PEKOMEH/IyeM €lI€ MOPeIlaTh TPEHHPOBOYHLIE
3aJa4H, a Mocje 3TOr0 BO3BPATHTLCA K AHATHOCTHYECKHM paboTaM.

HamoMHHM, 4TO 3ajada cYMTaeTcA PelléHHOH, eclH HaH/eHBl Bce eé
pellleHHA U JaHbl 000CHOBAHHUA BCeX HCIIONb30BAHHBIX YTBEPX/AeHHH. Pa-
3yMeeTcs, IPH 3TOM MOXHO CChUIATHCA Ha TEOPEMBI M3 LIKOIBHOTO y4yeb-
Huka. ObpaTuTe BHHMaHUe, YTO MHOrMe U3 3a1a4 C4 uMeloT Honee ofHO-
ro pelleHus.

Ko BceMm 3aziayam JaroTcs OTBETH, a K HEKOTOPHIM Hanbomnee TPya-
HBIM — M yKa3aHHs.

B npuio:xeHHH IPUBOAATCA Pa3IMYHble HHTEPECHBIE U NI0/Ie3Hble dak-
Thl 5/IEMEHTAPHOM reoMeTpuu. MX MOXHO HCIIO/Nb30BaTh IPH PELIEHUH
3a/]a4 Ha 3K3aMeHe, HO IIPH 3TOM eCJIM OHU He BXOJAT B LIKOJIbHBIH yueb-
HHUK, TO B 9K3aMeHal[MOHHOH paboTe HeoOGX0AMMO NMPUBECTH HMX JOKa3a-
TEeJIbCTBA.



JAuarHoctuyeckas pabora

1. B mpsMoyroibHOM TpeyroibHHKe ABC runoreHysa AB paBHa c
K ZABC = a. HaiijuTe Bce MeIMaHBl B 3TOM TPEYTOJbHUKE.

2. B Tpeyronsnuke ABC mpoBegeHa MeiuaHa BM. M3BecTHO, 4TO
sinZ/ABM 1

= =. HaiiguT BC
SinZCBM — o+ HaWiuTe OTHOIIEHHE .

3. B BRIIYKJIOM YeTHIPEXyTombHUKe ABCD OTpesKH, COeAHHAOIIHE Ce-
peauHEl IPOTHBONONOXKHEIX CTOPOH, IepeceKaloTes nog yriom 60°, a ux
JANMUHBI OTHOCATCA Kak 1:3. YeMy paBHa MeHblIas AHaroHalb YeTHIPEX-
yronsHuka ABCD, ecu Gonbluas pasHa /397

4. HaiigMTe 1UIomazb Tparneluy ¢ OcCHOBaHHAMH 18 u 13 1 GOKOBBIMH
CTOpOHaMH 3 H 4.

5. CTOpoHBI TpeyroAbHUKA PaBHEL 3 U 6, a yron Mexay HHUMH paBeH
60°. HaiiguTe 6MCCEKTPHUCY TPEYTONbHHUKA, MPOBEAEHHYIO M3 BEpIIHHEI
3TOrO yTia.

6. Touku M 1 N — cepeivHbI CTOPOH cooTBeTcTBeHHO BC M CD napai-
nenorpamma ABCD. Otpesku AM u BN nepecekaroTcs B Touke O. Haiigu-

T€ OTHOIIEHHE Mo
OA~

7. B TpeyronpHuKe ABC meanana AD u 6uccektpuca BE nepneHjuky-
JIIpHBI ¥ NTepeceKaroTcsa B Touke F. M3BecTHO, 4TO IIOma/Ab TPeyroabHUKA
DEF pasHa 5. Haligute mioniazs TpeyronsHuka ABC.

8. M3 Touku M, nexaiei BHe OKPY>KHOCTH C LieHTpoM O ¥ pajuycoM R,
npoBefieHH KacaTenbHele MA U1 MB (A U B — Touku KacaHus). IIpAMble
OA n MB nepecekatorca B Touke C. Haiiaure OC, ecid M3BECTHO, YTO
oTpe3oK OM JenuTca OKPY>KHOCTBIO ITOI0JIaM.

9. OxpyKHOCTH C HeHTpaMH O; U O, KacaloTcAd BHEMHHM o6pa3oM
B Touke C. TIpAMas KacaeTcd 3THUX OKDYXHOCTeH B pa3MMYHBIX TOY-
kax A ¥ B cooTBercTBeHHO. Haiigute yron AO,B, ecid U3BECTHO, YTO

tg LABC=3.

10. Ha kareTax NpsAMOYTO/ILHOIO TPEYTOJIbHHUKA KaK Ha AHaMeTpax I1o-
CTPOEHEI OKPY:HOCTH. Haiiaure ux obInyro Xopay, ecId KaTeThl paBHbL 3
H 4.

11. HaiiguTe paguychl BIHMCAHHOM M OMHUCAHHOW OKPYIKHOCTEH Tpe-
YrO/JIbHHKA CO CTOpOoHaMH 13, 13, 24 ¥ paccTossHHE MeXAY L@HTPaMH 3THX

OKPYKHOCTEH.



6 JuarHoctuyeckasn pabora

12. Ha npogo/pkeHUU AMaMeTpa AB OKpYXHOCTH OT/IOKEH OTpe3oK BC,
paBHBII AuameTpy. [IpaMast, IpoxoAsinas yepe3 TOUKy C, KacaeTcs OKpPYX-
HOCTH B Touke M. Halizure miomazp TpeyronbHuka ACM, ecnu paauyc
OKPYKHOCTH paBeH R.

13. OKpy>KHOCTE S; IPOXOAUT Yepe3 LIEHTP OKPYKHOCTH S, U IlepeceKa-
eT e€ B Toukax A 1 B. Xopzaa AC OKPY)KHOCTH S, KacaeTcAd OKPY»KHOCTH S,
B TOYKE A U JI@TUT MEPBYIO OKPYKHOCTh Ha JYTH, TpafycHble MepHl KO-
TOPHIX OTHOCATCA Kak 5:7. HaliguTe rpagycHble Mephl AyT, HA KOTOpbIe
OKPYKHOCTb S, IJIUTCH OKPYKHOCTBIO Sj.

14. Ha cTopone AB TpeyronbHuka ABC oTMmedeHa Touka D, npuyém
£BCD = /BAC. UsBecTHo, uto BC =a, AC =b, AB=c. Haiigute CD.

15. Yrisl npu BepuivHax A u C TpeyronbHuKa ABC paBHH 45° u 60°

COOTBETCTBeHHO; AM, BN 1 CK — BBICOTH TpeyroabHuKa. Haiaute oT-

HOIIIEHHE MN
KN



§1. MeguaHa npsAMOYTOJIbHOIO TPEYTOJIbHHUKA.
Pentenue 3azayu 1 U3 guarHocTHYeckoi paboThl

1. B npaAMoyroibHOM TpeyroibHHKe ABC rumoTeHysa AB paBHa ¢
u ZABC=a. Haﬁ,zm're BCE Me,mam:l B 3TOM TPEYTOJIbHHKE.

Omeem: \/1+3cos2 \/1+331n a.

Peme H " e ITockonbKy Me,uHaHa
NIPAMOYTOJIBHOTO TpPeyrONbHUKA, IIpPOBe- L\
J€HHas U3 BePLIMHbI IPAMOTO YIJIa, paBHa
TIOJIOBMHE TMIIOTeHy3bl, MeguaHa CM pas-
Ha %

[Tyctes K — cepeauna BC. Torpa CK =
= %BC = %AB cosa = %c cosa. Ilo Teo-
peme [Tudaropa U3 NpAMOYTOJABHOIO Tpe- (C

yronbHHKa ACK HaxoluM, 4TO

2
\/ACZ+CK2"\/(ABsma)2 ( ABcosa) =
=5\/4sin2a+cosza=-2~\[4sin2a+1—sin2a=%v1+35in2a.

AHaJIOTMYHO HaxoAuUM MeauaHy BN. <

c/2

* k *

Teopema. MeduaHa npsamoyzoabH020 Mpey2obHUKA, NPO8edéHHAS U3
8epUIUMbL NPSMO20 YeNid, PABHA NOJIOBUHE 2UNOMEHY3bL.

JokazaTtenbcTBo. [lycte ABC — NpAMOYTONBHEIN TPEYroib-
HHK C IPSMBIM YT7IOM IIpH BepiinHe C. O6o3HauuM £BAC=a, ZABC=f.
Toraa a+ f =90°.

Ot syya CA B NOJMYIUIOCKOCTb, COJEP:KAIIYI0 TOYKY B, OTNoXKHMM yTou
ACE, papHbii a. Torga nyy CE mpoxofuT Mexay cTopoHamu yriaa ACB,
Tak Kak a = ZACE < ZACB=90°. [Toaromy cropoHa CE 3Toro yria nepe-
ceKaeT TMIIOTeHy3y AB B HEKOTOpoOii Touke M.

B

p o




8 § 1. MeauaHa IIPAMOYTOJBHOIO TPEYTONBHUKA

TpeyronbHHK AMC paBHOGeApeHHEIH, NockonbKy LACM = ZCAM,
3HayHuT, CM = AM. C Apyroi CTOpOHBI, TpeyrolbHHK BMC TaKxe paBHO-
6espeHHbIH, TOCKONBKY

ZBCM =90° - ZACM =90°—a = f3 = ZCBM.
3Hauut, CM =BM. CinenoBarenbHo, M — cepeilHa I'MIIOTeHY3H AB, T. e.
CM — mezMaHa TpeyroiabHUKa ABC u CM = %AB. Yt0 U TpebOBaAIOCH JO-
KasaThb. O

Teopema (o6paTHas). Ecau meduaHa mpeyzonsbHUKA PABHA NOJOBUHE
CMOPOHBL, K KOMOPOil OHA Npodedend, Mo Mpey2oabHUK NPAMOY20bHbLiL

PaccMOTpPHM HECKO/IBKO NPHMEpOB IIPMMEHEHHs [JOKa3aHHOIO BhILIE
CBOMCTBA MeJAWaHBl NIPAMOYTOJBHOIO TPEyroJbHUKa, NPOBEAEHHOH U3
BEpUIMHBI IIPAMOTO yTJIA.

Ipumep 1. HaiigyTe rUNOTEHY3y NPAMOYTONIBHOIO TPEYrOJbHHMKA C
OCTPBIM YTJIOM 15°, ec/ii M3BECTHO, YTO BHICOTA TPEYTOJIbHMKA, ONYyIeH-
Has Ha FMIIOTeHy3y, paBHa L

Omesem: 1.

Pemenue. Ilycte CH — BBICOTa NPAMOYTONBHOTO TPEYTOAbHHKA
ABC, npoBejgéHHas M3 BepHIMHE npsaMoro yrna C, ZA = 15°. Ilpoge-
AéM MeamaHy CM. Torma ZCMH — BHemHHHE yron paBHOOegpeHHOTrO
TpeyroabHuKka AMC, noatomy ZCMH = 30°. V3 npAMOyroibHOro Tpe-

B H

5° 1
C A

yronbHUKa CMH HaxoauMm, uro CM = 2CH = 2. CnezpoBaTeibHO, AB =
=2CM =4. <

Ipumep 2. Yepes ocHoBaHMe GuccekTpHchl AD paBHoGeApeHHOro
TpeyronbHuKa ABC ¢ BepuIMHOW B npoBe/€H NepNeHAMKYIAp K 3TOH
6uccexTpHce, nepecekaroui npamyio AC B Touke E. Hadaure oTpesok
AE, ecnu U3BeCTHO, YyTo CD =4.

Omeem: 8.

P em e H ¥ e. OTMeTHM cepeguHy M oTpe3ka AE. Otrpesok DM — me-
JWaHa MpAMOYTONBHOro TpeyroibHHKa ADE, npoBefiéHHas U3 BEpIIHHEI
npaMoro yria, noaromy AM =DM = ME.



PemreHHe 3afia4y 1 U3 JHArHOCTHYECKOH paboTh 9

B

A M E

O6oznauum £BAC = ZBCA = a. Ilo TeopeMe 0 BHELIHEM yTJe Tpe-
YTOMBHHKA
ZDME = /DAC + ZADM = 5 +5 = a = ZDCM,

3Ha4yMT, TpeyroibHHMK CDM paBHoGeApeHHbIH. CienosarenbHo, AE =
=2DM =2DC=8. <



[loaroroBHUTENBHBIE 3aaYH

1.1. ['MmoTeHy3a NpAMOYTONBLHOTO TPEYTONbHHKA paBHa 4. HaliauTe pa-
AHYC ONHCAaHHOM OKPYXXHOCTH.

1.2. Meguana, npoBe/iéHHan K 'HIIOTEeHY3e IIPSMOYTOJIBHOT'O TPeYToJlb-
HHKa, paBHa m M JAEJUT IPAMOH yros B oTHoleHuH 1: 2. HalauTe cTopo-
HBI TPEYTOJIbHUKA.

1.3. Mesnana NpsAMOYTONBHOTO TPEYTONBLHHKA, TPOBEeAEHHAA K THIIO-
TeHy3e, pa3bUBaeT ero Ha JBa TPEeYrolAbHHKa ¢ iepuMeTpaMu 8 u 9. Haii-
JINTe CTOPOHBI TPEYTOJbHHUKA.

1.4. B TpeyronbHuKe ABC k ctopoHe AC nposeZieHb! BolcoTa BK 1 Me-
AvaHa MB, npuuém AM = BM. Haiizure kocunyc yrina KBM, ecnmu AB=1,
BC=2.

1.5. OKpy>HOCTB, TOCTPOEHHAA Ha KaTeTe IPAMOYTOJBEHOTO TPeYTOlb-

HHMKA KaK Ha JuaMeTpe, AeJMWT THIOTEHY3y B oTHoleHUH 1: 3. Haliaure
OCTPBIE YIJIBI TPEeYTO/NbHHKA.

1.6. Toyka D — cepeliHa rMIIOTEHY3bl AB IPAMOYTONBHOTO TPEYTO/b-
HHKa ABC. OKpy>KHOCTb, BNMcaHHasA B TpeyronbHUK ACD, kxacaercsa ort-
peska CD B ero cepeguHe. HaiianTe ocTpble yIVIbl TpeyroabHHuKa ABC.

1.7. B npamoyroneHOM TpeyroibHuKe ABC M3 BepIIMHEI IIPAMOIO yT-
na C nposefensl 6uccekTprca CL 1 Meauana CM . HalauTe ruiomane Tpe-
yronbHuka ABC, ecnmu LM =a, CM =b.

1.8. Bue npamoyronpHoro TpeyronbHHka ABC Ha ero kartetax AC
u BC noctpoensl kBagpaTel ACDE u BCFG. IlpogomkeHHe Meguansl CM
TpeyronbHuKa ABC nepecekaer npamyto DF B Touke N. Halizure oTpe-
30k CN, eciv KaTeTsl paBHHI 1 1 4.

1.9. BeicoTa IIpAMOYTOIBHOIO TPEYTONLHUKA, IIPOBEAEHHAS H3 BePIIH-
HBI IPAMOTO YT/Ia, paBHa a ¥ obpasyeT yToa @ ¢ MeAHaHOMH, IPOBeIEHHOH
M3 ToH e BepIIHHEI. HaiiiuTe KaTeThl TpeyroJbHUKA.

TpeHupoBOYHEIE 3aa4H

1.10. MeavaHa MpAMOYTOIbHOTO TPEYTONbHHKA, TPOBEAEHHAA K THIIO-
TeHy3e, pa3bHBaeT ero Ha JABa TPeYroJbHHKA C IepHMeTpaMu m H n. Hai-
[UTe CTOPOHBI TPEYTONBHHKA.

1.11. B npsamoyroabHOM TpeyroabHHKe ABC (£C = 90°) mpoBeAeHH!
Beicota CD ¥ meauaHa CE. [ltomagu TpeyronbHHKOB ABC u CDE paBHBI
cootrBeTcTBeHHO 10 u 3. Halgure AB.
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1.12. B npamoyronbHOM TpeyronbHUKe ABC kareTsl AB u AC paBHbI 4
H 3 cooTBeTcTBeHHO. Touka D genut runoredysy BC nomonam. Haiigure
pacCTOsTHHE MeX/y LIEHTPaMH OKPYKHOCTe#, BIMCAaHHEBIX B TPEYTObHUKH
ADC u ABD.

1.13. KaTeT npsAMOYyrolbHOTO TpeyroabHHUKA paBeH 2, a IPOTHBOJIEXKa-
it emy yron pasen 30°. Haiijute paccTosHIE MeX/Y LEHTPAMH OKPYK-
HOCTeH, BIIMCAHHEIX B TPEYTOIBHHKH, Ha KOTODbIE JaHHEIH TPEyrOMbHUK
JIeTUTCA MeAHaHOH, IPOBeJEHHOM U3 BepIIMHBI [IPAMOIO YIJIa.

1.14. B verhipéxyronpHuke ABCD auaroHanu AC v BD nepneHguky-
JIAPHBL U TIepeceKaloTcs B Touke P. OTpe30K, CoeJUHAIONMHA BepuuHy C

¢ cepeguHOH M oTpeska AD, paBeH é, AP =1. Paccrosinue oT Touku P 0

oTpe3ka BC paBHO % Hatigute AD, ec/id M3BECTHO, YTO BOKDPYT YeThIPEX-
yronbHUKa ABCD MOXHO OIMCAaTh OKPYXHOCTD,

YxasaHue. [lycte H— ocHOBaHME NePIeHHKYIAPa, ONYLeHHO-
ro U3 ToYkH P Ha cTopoHy BC. Torza Toukd M, P u H nexar Ha ofHOH
npsimoii, a TpeyronbHUK PHC nogo6eH TpeyroabHuky APD.

1.15. Cpeansasa TUHUA Tpalelydyd paBHa 5, a OTPe30K, COEAMHAIONIMHI
cepeJUHBI OCHOBaHMM, paBeH 3. Yrubl IpH GoNbliieM OCHOBAHWM Tparlle-
M paBHH 30° 1 60°. HaliguTe ocHOBaHHMA W MEHBIIYIO GOKOBYIO CTOPOHY
TparneuHH.

Yxazanue. Ecmm cymma yrioB IIpM OCHOBAaHWM TpallelliM paB-
Ha 90°, TO OTpe30K, COeAMHAIOUMI CepeJHHEl OCHOBaHHM, paBeH IMOJy-
Pa3HOCTH OCHOBaHHWH.

1.16. Cpeanss JvMHUA Tpalely paBHA 4, yIJbl TP OJHOM M3 OCHO-
BaHHii paBHEl 40° 1 50°. Haiiaure OCHOBaHMSA TpamelMH, €CIH OTPE3OK,
COeIHAIOMIMI cepe/IMHEI OCHOBaHUI, paBeH L.

1.17. lnaronanu Tpaneluy nepneHAHKY/IApHeL. OfHa U3 HUX paBHa 6.
OTpe30K, coeJUHAIINI cepeHHEBl OCHOBAaHUI, paseH 4,5. Halaure mwio-
1ajp TpaneLuu.

1.18. Ilpamas, napajiienbHas THIOTeHy3e AB NIpAMOYTOJBHOTO Tpe-
yronbHuka ABC, nepecekaet kaTeT AC B Touke D, a KateT BC — B Touke E,
npu4yém DE =2, a BE=1. Ha runoTeHy3e B3fiTa Takad Toyka F, yto BF =1.
VisBecTHO Tawke, 4T0 ZFCB = a. Haligure 1wiomasp TpeyroibHuka ABC.

YxasaHnwue. I[lyctb M —cepenuna DE. Torgza BEMF — pomb, a
CF — buccekrpuca yrna MCE.

1.19. Tunorenysa AB npsaMoyronbHOro TpeyronsHuka ABC aBnsercs
XOpPAOH OKPY>KHOCTH pajryca 10. BepunHa C JIeXXHT Ha [UaMeTpe OKPYIK-
HOCTH, KOTODBIH IapasliesieH runoteHy3e. ¥ron CAB paBeH 75°. Haiiaure
IIo1aAp TpeyronpbHuka ABC.
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Yk a3aHue. Onycrure neplesJuKyIAp U3 LIEHTPa OKPY>KHOCTH Ha
xopAy AB u coeMHHUTE ero OCHOBaHUe ¢ ToukoH C.

1.20. 'mnoteHy3a KM npsamoyronbHoro TpeyronbHuKa KMP siBnaercs
XOpAOH OKDY)XHOCTH pajuyca +/7. BepuiiHa P HaxoAUTCA Ha AMaMeTpe,
KOTOPBIi apasieseH TUIIoTeHy3e. PacCcTosHKe OT LIeHTPa OKPY>KHOCTH J0
THIIOTeHY3bl paBHO v/ 3. Hailzure ocTpsie yriibl TpeyronsHuka KMP.

1.21. B TpeyronbHUKe ABC u3BecTHO, 4To AB=c¢, AC=b (b>c), AD —
6uccexTpuca. Yepes Touky D npoBeJeHa mpsmasd, nepleHauKyiapHas AD
U nepecekatomiasa AC B Touke E. Haligure AE.

Yka3auue. Coegunure Touky D ¢ cepeauHo# orpeska AE.

1.22. Touka E nexxuT Ha cTopoHe AC paBHOCTOPOHHEIrO TPeYyTONbHHU-
Ka ABC; Touka K — cepesuHa oTpeska AE. [IpaMas, poxojdilas yepes
TOYKY E NeprneHAUKYAAPHO NpaMoH AB, U npAmas, IPOXoAdAllas yepes
TouKy C IepneHAHKy/IApHO npaMmoi BC, nepecekarTcs B Touke D. Haii-
JAWTE YIJIBl TpeyroabHuka BKD.

Yxasaunue. Touku B, C, D, K 4 Touka IepeceyeHUs NIpAMBIX AB
U DE jexar Ha OKpY»XHOCTH ¢ guameTpom BD.

1.23. B Ttpaneuus ABCD Touka K — cepeayHa ocHoBaHusa AB, M —
cepeznHa ocHoBaHuA CD. HaiizuTe miomajb TpameluuH, ecjidi H3BeCTHO,
uyto DK — 6uccexkTpuca yra D, BM — 6uccekTpuca yria B, Hau6GompImmi
M3 YIJIOB NPH OCHOBAHUM AB paeeH 60°, a mepumeTp paBeH 30.

1.24% B TpeyronbHHKe ABC u3BecTHBI yrbel: ZA = 45°, ZB = 15°.
Ha npogomxenuy ctopoHel AC 3a Touky C B3ATa TouKa M, NpHYEM
CM =2AC. Haiigure yron AMB.

Yxaszauwue. Ilyctb K —cepeauHa CM, a O — OoCHOBaHHe IepIeH-
JUIKYJApa, OINyIleHHOro u3 Touku M Ha BC. Torma ZAOK =90°, a O —
LIEHTP OIMCAaHHOH OKPYKHOCTH TpeyroibHuKa AMB.

1.25% B tpeyronbuuke ABC usBecTHO, 4yTo AB = AC u yron BAC Tynoi.
Ilycte BD — 6uccektpuca TpeyronbHuka ABC, M — OCHOBaHHe MepIieH-
AUKYJsApa, OIyllleHHOro U3 A Ha cTopoHy BC, E — OcHOBaHHe IepIieH-
AUKyAApa, onyuieHHOro u3 D Ha cropoHy BC. Yepes Touky D nposezAéH
TaKKe NeprneHAUKYIap Kk BD no nepeceyeHus co ctopoHo# BC B Touke F.
HsBecTHO, yTo ME = FC = a. HaliauTe moniazb TpeyronbHuka ABC.

Yxasanmue. Ilycts T — cepeauna BF. Torga DT =DC.

1.26% Octpriii yron npu BepuinHe A pomba ABCD paseH 40°. Yepe3
BEPIIHHY A ¥ cepeauHy M cropoHsl CD nposejeHa NpAaMas, Ha KOTOPYIO
omnyllleH neprneHAuKy/asap BH u3 sepmmHel B. Halaute yron AHD.

Yxaszanwue. Ilycte npameie AM u BC nepecekarwTcsa B TOUKe P.
Torpa C — cepenuna BP u HC =BC =CD.



§ 2. YiBoeHHne MeIHaHBbI.
PellreHue 3aja4d 2 K3 AHarHOCTHYECKOH paboThI

2. B Tpeyronhnnke ABC npoeezeHa menuaHa BM. MsBecTtHO, 4TO

sinZABM _ BC
= Ham[me OTHOILIeHHEe ——F

sin ZCBM — AB”
Omasem: %
P e mw e H ¥ e. Ha npogo/mkenyuy MeJuaHbl B

BM 3a Touky M oTnoxum otpesok MD, pas-

Held BM. Juaronanu AC ¥ BD 4eTHIpEXYTO/Ib-

Huka ABCD penaTcs TOUYKOM mepecedyeHUsa M

nononaM, 3HayMT, ABCD — nmapasienorpaMm. M ,
[ToaTomy A , C

AD=BC wu ZADB= /CBM. 5

[lo Teopeme CHHYCOB H3 TpeyroibHUKa ABD 2

Haxo4aHuM, 49TO

D
AD _ sinZABD _ sinZABM _ 1
AB ~ sinZADB ~ sinZCBM ~ 2

BC_AD _1

CrnegoBaTenbHO, —— AB—AB 2" <

* kK

Bo MHOrMx cIyyasax Ajd pelueHMs 33fadH yAOOHO NPHMEHHTh TakKoe
JOTIONHUTENBHOE TOCTPOeHHe, Mbl 6yleM HasblBaTh ero yABOEHUEM MeAH-
aHBbI.

Ha npozomkeHun Mezuanel AM TtpeyroibHHKa ABC 3a Touky M
OTIOXKUM OoTpe3ok MD, paBHeiii AM. Torga auaroHanu AD u BC 4eTwl-
péxyronbHuka ABDC Touko¥ nepeceueHUs M JleATcs I0II0IaM, 3HAYHT,
ABDC — napannenorpamm. Jlamee npHMeHseM CBOMCTBa Iapasuieso-
rpamMma.

INpumep 1. HaliauTe rwouwaab TpeyroJbHUKA, €CIH JBE €r0 CTOPOHBI
paBHeI 1 ¥ /15, a MeaMaHa, NpoBeéHHAsA K TPeTheH, paBHa 2.
V15

2
Pemenue. Ilyctb AM — menuaHa TpeyronbHuka ABC, AM = 2,

AB=+15, AC=1. Ha npofom«xeHuy MeHaHbl AM 3a TOUKY M OTJIOXKUM
oTpe3ok MD, paBHelit AM. Torga ABDC — napanejnorpamm, Io3ToMy
BD=AC=1.

Omeem:
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Tpeyronbuuk ABD NpsiMOyTOMbHBIA, Tak kak AD? = AB% + BD?. Cne-
JOBaTeNLHO,

=

Saasc = Sanp = —5 - <
IMpumep 2. CTOpOHHEI TpeyroabHHKA paBHEHL d, b, c. JlokaxuTre, 4yTO
Me/MaHa, IPOBEAEHHAsA K CTOPOHE ¢, PaBHa %\/ 2a%+2b% — 2,

JokaszaTtenbcTBo. [lyctb AB=c, BC=a, AC =b— cTOpoHH
TpeyronbHuKa ABC; CM =m — MeanaHa TpeyTolbHUKA.

Ha npogomxenun meguanbl CM 3a TOYKy M OTIOXUM OTpe3ok MD,
paBHH# CM. Torza ACBD — napannenorpamm. [Tostomy

CD?+ AB? = 2(AC?+BC%), wm 4m*+c? =2(a*+b?).
OrTcloga HaxoAHM, 4TO

m? = %(2a2+2b2—c2). O
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Ipumep 3. ILiomans Tpeyronsuuka ABC paBHa S. HaliguTe miomazs
TpeyrolbHHKA, CTOPOHE! KOTOPOro paBHLI MeAMaHaM TpeyroabHuka ABC.

3
Omsem: ZS‘

Pem e H ue. [lyctb M — TO4YKa nepecevyeHys MeJJMaH TPEYTOIbHHUKA
ABC, A4, B,, C; — cepenunsl cropoH BC, AC 1 AB cOOTBETCTBEHHO, S —
wIomazAb TpeyroabHUKa ABC, S’ — mona/ib TpeyroibHHKA, COCTaBJIEH-
HOI'0 U3 MeJiMaH TpeyroibHuka ABC.

A

D

Ha npopomxenun MeAauaHel MA, TpeyroibHuka BMC 3a Touky A
OTJIOXKHMM OTpe3ok A;D, paBHRIH MA;. MenuaHbl TpeyrolibHHKa Je/AT-
¢ HMX TOYKOH IepecedyeHMA B OTHOWIEHHM 2 : 1, cuMTad OT BEPIUHHEL,

noatoMy MD =2AM =AM = %—AAI. YeTrlpéxyronbHUK MBDC — napai-
Jieniorpamm, mosTomy CD =BM = %BBI. Kpome Toro, CM = %CCl.

TaxuM 06pa3oM, TPEYTOIbHHK, COCTABAEHHbIH 13 MeJHaH TPEYTOIbHH-
ka ABC, nopobeH TpeyroibHuky MDC, npuuém xoadduumeHT nopobus

paBeH é, 3Haumr, S’ = %SAMDC.

M3BecTHO, YTO MeZuaHbl pa3GUBaIOT TPEYTONIBLHUK Ha IIEeCTh PABHOBE-
JIUKHUX TPEYTOJIbHHKOB, TIODTOMY

1 1
Saamc =S, @8 Sampc = 2Saa,mc = 35

ClieloBaTeNbHO,

9 9 1
S,=ZSAMDC: Z"§S=

A

S. <
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IIpumep 4. [luaroHanu Tpanewuuy paBHHI 3 U 5, a OTPE30K, COEJHHA-
I0IHI cepeZIMHEI OCHOBAHHH, paBeH 2. HaiiauTe miomasas Tpanenyy.

Omeaem: 6.

PemeHwue. Ilycte M u K — cepeanHsl ocHoBaHuit BC u AD Tpa-
nenud ABCD, AC =3, BD = 5. Yepe3 BepumHHy C MEHBIIEr0 OCHOBa-
HHUA BC MNpoBefiEM IpAMYyIo, NapajUle/lbHylo AuaroHand BD, go mepe-
cevyeHHs ¢ npaModl AD B Touke P W IpAMylo, napauienbHyio MK, no
nepeceyenus c¢ npsaMoit AD B Touke Q. Torza

AQ = AK +KQ = AK +MC = %AD+%BC =

= 2(AD+BC) = 5(AD +DP) = 7 AP,

F
noatomy CQ — mezauana tpeyronsHuka ACP. Tereps H3BECTHO, YTO
CQ = MK = 2, AC = 3, CP =BD = 5, SABCD = SAACP'

Ha nipoziomxeny Megranbl CQ 3a TOUKY Q 0TIoKUM OTpe3ok QF, paBHBIH
CQ. CropoHsl TpeyroabHuKa CFP paBHBHI:

CF=2CQ=4, CP=BD=5, FP=AC=3.

STOT TPEYroAbHUK NPAMOYToNbHE (CP? = CF? + PF?), noatoMy

SACFP = %'CF'PF = 6
CiejoBaTeNbHO,
Sascp = Saace = Sacrr = 6.

(KctaT, orpe3ok MK NpOXOAHT Yepe3 TOUKY IlepecedeHHs AuaroHaneH
TpamnelyH, HO 3TO HAM He MoHaJ06WI0Ck.) <



HO}II‘OTOBHTGJILHBIC 3aja4yH

2.1. Menunana AM Ttpeyronbuuka ABC paBHa m u ofpasyeT co CTOpO-
Hamu AB 1 AC yriiel @ ¥ 3 cOOTBeTCTBEHHO. HalliuTe 3TH CTOPOHBHI.

2.2. B rpeyronbHHKe ABC u3BecTHO, 4To BD — Menuana, BD=AB-——,
a ZDBC=90°. Ha¥inure yron ABD.

2.3. Hafizure 1womass TpeyroabHHUKA, €C/IH JBE €ro CTOPOHBI PAaBHEI
27 u 29, a MeaHaHa, IpoBeJéHHAs K TPeTbel, paBHa 26.

2.4. CropoHbl TpeyronbHMKa paBHBI 11, 13 1 12. Hailgure Mezauany,
NpoBeAEHHYIO K Gobleii cTopoHe.

2.5. B TpeyronbHHKe /iBe CTOPOHHI paBHbI 11 1 23, a MeauaHa, rpose-
JéHHaA K TpeTkeH, paBHa 10. HaliauTe TpeThiO CTOPOHY.

2.6. B paBHOOeZpeHHOM TpeyroJibHHKEe ¢ DOKOBOHM CTOPOHOH, paB-
HOH 4, mpoBeieHa MeJHaHa K O0KOBOHM cropoHe. HaiiinuTe ocHOBaHHe
TpeyroJibHHKa, eCTH Me/IHaHa paBHa 3.

2.7. OcHoBaHHe paBHOGEPEHHOrO TPEYTO/IbHUKA PaBHO 42, a meau-
aHa, IpoBeléHHasA K G0KOBOH cTopoHe, paBHa 5. Haiigure 60KOBBIE CTO-
POHEI.

2.8. B tpeyroneHuKe ABC H3BecTHBI CTOPOHBI AB=2 1 AC =4 H Me-
auana AM = /7. HaiiauTte yron BAC.

2.9. B tpeyronsuuke ABC orpe3ok AD — meaunana, AD =m, AB=a,
AC =b. Haiigure yron BAC.

TpernupoBouHbIe 3aZla4H

2.10. /IBe cTopoHbl TpeyronsHUKa pasHel 10 1 12, a MegnaHa, npoBse-
JEHHadA K TpeTbeH, paBHa 5. HaliiuTe miomaab TpeyroabHUKA.

2.11. HaviauTe miomajb TPeyroibHHKa, MeAHAaHbl KOTOPOTO PaBHHI 3,
4ub5.

Yxasauue Cm npumep 3.

2.12. Haiizure wioniajs TpeyrolbHUKA, MeHAHBI KOTOPOTo paBHHI 10,
10 u 16.

2.13. HaiiguTe miomaib TPEYTolbHHKA, MeIHAHBI KOTOPOT'O PAaBHLI 12,
151 21.

2.14. Meauana AD u BeicoTa CE paBHOobezipeHHOrO0 TpeyronbHUKa ABC
(AB = BC) mepecekatotess B Toyke P. HaiiauTe Iuomajp TpPeyrolbHHKA
ABC, ecnmi CP=5, PE=2.

2 Teometpun. MnanumeTpus
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2.15. Meauana AM u Guccektpuca CD NpsMOYrOIbHOTO TPEYTONbHU-
ka ABC (B =90°) nepecekaiorca B Touke O. Halizure ruromage Tpe-
yroneHuka ABC, eciu CO=9, OD =5.

2.16” BHyTpM npAMOYTONLHOTO TpeyronbHuKa ABC ¢ IPSMBIM YIJIOM
npH BepuHe C oTMedeHa Touka O, nmpuuém OA = OB =b. V3BecTHO Tak-
xe, 4yTo CD — BpicoTa TpeyrosbHHKa ABC, Touka E— cepefiiHa OTpes-
ka OC, DE =a. Haligute CE.

Yrxazanue. CyMMBI KBajpaTOB pacCTOSHHUI OT J/0O0H TOYKU
JI0 TIPOTHUBOIIOIOKHBIX BEPLUIMH NPAMOYTOIbHHUKA PABHBI MeXay cobOIi.
ITyctb M — cepeauna AB, a K —npoekuus Touku E Ha AB. Torna M —
LeHTp npaMoyroibHuka ACBF, K — cepeauna DM, OF =2EM = 2ED.



§ 3. INapa/utesnorpamMM. CpeJiHsAA JIMHHUA TPEYTrOJbHHKA.
Peirenue 3aza4yu 3 U3 JUarHOCTHYECKOM paboOThI

3. B BBIIYKJIOM 4YeThIpEXyronbHuKe ABCD oTpesku, coeIMHSIOIIHE ce-
PeAHHBI IPOTUBOIIONOKHEIX CTOPOH, MepecekarTes moa yroM 60°, a ux
ANMHHEL OTHOCATCA Kak 1: 3. YeMmy paBHa MeHbIUad JHaroHasnak YETHIPEX-
yronsHuka ABCD, ecu Gonbinas paBHa v'39?

Omsem: v/21.

PemeHue CepeauHsl CTOPOH 0000 YeTHIPDEXYTOJIbHHKA ABJSA-
I0TCA BepIIMHAMM Mapajlie/lorpaMMa, CTOPOHEL KOTOPOro IapajielbHEl
JAMArOHA/IAM YETHIPEXYTOMBHHMKA M COOTBETCTBEHHO pPaBHbl HMX IIOJIOBH-

B C

A

HaMm. O603HaYMM Yepes x ¥ 3x [OJIOBHHBI JUaroHael apauiesorpamMma.
[TockonbKy yron Mexay HMMH paBeH 60°, TO IO TeopeMe KOCHHYCOB
KBaZpaThl CTOPOH Iapajule/iorpaMMa paBHbI

x24+9x?—3x2 = 7x%, x?+9x*+3x% = 13x%
[TockonbKy 60nbLIAs JHArOHANB YETHIPEXYTONBHHUKA paBHa + 39, 60ib-

1ass CTOPOHA IapajulelorpaMMa paBHa —’g‘),T.e. 13x% = %?, OTKyZAa

V3 V21
x =5~ Torja MeHbIlas CTOPOHA Napa/lelorpaMma pasha xv'7 = ~5=.
Crefi0BaTeIbHO, MEHbIIAsS JUArOHAIb JAHHOTO YETHIPEXYTONIbHUKA paB-
Ha v 21. <

E R

Jlns pemieHus 3ajla4 3TOTO pas/elia Hy»HO 3HaTh CBOMCTBA M MPH3HAKH
napaJjjieyiorpaMmma, TeOpeMy O CpefiHell JIMHHMM TPeYrOJLHHUKA, TeopeMy
0 Me/lMaHaX TPeyrolbHUKA (MeAHaHbl TPEYTONBHHKA NIepeceKaroTCs B Of-
HOH TOYKEe M JIeJIATCA €10 B OTHOIIEHWH 2: 1, cYUTasA OT BEPUIMHH Tpe-
YTOMBHHKA), a TaloKe CJIeAyIolIe BaXXHbe (aKThL

Teopema. Cymma ksadpamoe duazoHanell NAPALIEN02PAMMA PABHA
CyMMe k8adpamos 8cex ez0 CIMOPOH.
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JdokaszaTenbcTBo. [Iyctb AC u BD — AnaroHanau napaiieso-
rpamma ABCD. Ilo TeopeMe KOCHHYCOB U3 TpeyroibHUKOB ABD u ACD
HaxoAaHuM, 4TO

BD?* = AB*+ AD* — 2AB - AD cos ZBAD,

AC? = AD? 4+ CD?*—2AD - CD cos LADC =
= AD?*+4CD? —2AD - CD cos(180° — ZBAD) =
= AD? 4+ CD? + 2AD - CD cos ZBAD.
CieloBaTeJbHO,
BD?+ AC? = 2-AB*+2-AD?.
Teopema fokasaHa. O

Teopema. CepeduHst cmopoH 1106020 UeMbIPEXY2ONbHUKA ABASIOMCA
8ePWUHAMU NAPAINEN0ZPAMMA.

JoxaszartenbcTBoO. Ilyete M, N, K, L—cepeilHBl CTOPOH
cooTBeTcTBeHHO AB, BC, CD, AD 4etnipéxyronbHuka ABCD. ITockonbKy

MN — cpennnaa nmvHUA TpeyroasHuka ABC, To MN = %AC U MN || AC.
AHanoruyso gokaxem, uyro KL = -12-AC u KL || AC. 3Hauut, MN =KL u

A

MN || KL. CneoBaTebHO, YeTEIPEXYTONbHHK MNKL — napaiesiorpamMM.
Teopema poxasana. O

IMpumep 1. B BRIMYKJIOM YeTHIPEXYTOMBHUKE OTPE3KH, COEAMHAIOLIHE

cepeIMHEI TPOTHBOIOJMOMHBIX CTOPOH, PaBHEI COOTBETCTBEHHO d U b U ne-
pecekaroTca nog yrioM 60°, Halaure AHaroHasH 4eTHPEXYTOMbHHKA.

Omesem: \/az +b? +ab, \/&2 +b? —ab.

Pew e H u e. CepejHHbI CTOPOH JIFOOOr0 YeTHIPEXYTONBHUKA ABIAIOT-
Cs BEpPHIMHAMH IMapasienorpaMma. B pgannom clydae JHaroHaly rnapai-
JieJlorpaMma paBHbI @ ¥ b, a yron Mexxay HUMHU paBeH 60°.
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CTOpOHSI ITapaslieJlorpaMMa HakéM 110 TeopeMe KOCHHYCOB!

Va2 +b2+ab, Va2 +b?—ab.

C/iel0BaTeNbHO, AHArOHAIH AaHHOTO YeThIPEXYT'OJIbHHKA PaBHBL

Va?+bi+ab um Va*+b2—ab. q

IIpumep 2. B BHIIYKIOM 4eThIpEXyroabHHKe ABCD anvHa oTpeska,
COEAMHAIOLIETO cepefiMHbl cTopoH AB M CD, paBHa 1. I[Ipamele BC u AD
nepneHAUKyAApHbL. HaliiuTe AguHY OTpe3Ka, COeAMHAIUIETO CepeAHHBI
nuaroHanei AC u BD.

Omeem: 1.

Pemeunwue. Ilyctb M u N — cepejuHbl CTOPOH COOTBETCTBEHHO
AB u CD 4etwipéxyronbHuka ABCD, a P u Q — cepeiMHBl €ro JHaro-
Hasned (coorBercTBeHHO AC u BD). Torma MP — cpejHsia JWHUS Tpe-
yronbHHKa ABC, a QN — cpeznasa 1uHUA TpeyroibHUKa DBC. TToatoMmy

MP=1BC=QN, MP || BC||QN.

D N Cc

3Ha4YMT, 4eThIpEXyronbHHK MPNQ — napamwienorpamMM. Ero coceanue
cTopoHbl MP v MQ cOOTBeTCTBEHHO NapajjenbHbl NMpAMEIM BC u AD,
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noatomy MP 1 MQ. CneaoBaTeNbHO, YeThIPEXYTOMBHUK MPNQ — npsAMo-
YTONBLHMK. JlMaroHasy npAaMoyrolbHUKA paBHEL, I03ToMy PQ=MN=1. <«

IMpumep 3. BepuuHbl 0fHOTO NapaJuesorpaMMa Jexar [0 OfHOH Ha
CTOpPOHAax Apyroro. JIOKa’kuTe, 4TO I€HTPB! IapasiejorpaMMOB COBIIa-
JaloT.

JoxaszaTenbcTso. [lycts Bepmunel K, L, M ¥ N napajieso-
rpamma KLMN JexaT cOOTBETCTBEHHO Ha cTopoHax AB, BC, CD u AD
napannenorpaMmma ABCD, a auaroHasb LN MepBoro napajiejorpaMma
nepecekaeTcq ¢ JHaroHanbo AC BToporo B Todke O.

B L C

A N D

Tpeyronsauku CLM u ANK paBHBI 110 CTOPOHE M NMPHJIEXKAUIUM K HEH
yriaMm, noatoMy CL = AN. Torzaa tpeyronbHuku COL u AON Taroke paBHBI
10 CTOpPOHE M MpHJIeXAUMM K HeH yriam, 3HaduT, CO=A0 u LO =ON.
Takum oOpasom, Touka O — obuas cepeanHa aguaroHanu LN napasneso-
rpamma KLMN u auaronanu AC napamienorpamma ABCD, T.e. O — 06-
MK LEHTP 3TUX NapajlenorpaMMoB. Yto u TpeboBajioch AokasaTe. [



IloaroroBuTeAbHEIE 3a4a4YU

3.1. PaccroaHue MexAy cepejrdHaMH B3aMMHO IE€pPNEHJHUKYIAPHBIX
xopa AC u BC HexoTopoH okpyHocTH pasHo 10. Hailizure auamerp
OKPY>KHOCTH.

3.2. /luaroHanb MapajieiorpaMMma JIeJIUT ero yroa Ha 4actd B 30°
¥ 45°. Hailaute oTHOIIEHHE CTOPOH NapasienorpaMma.

3.3. Bepumnsl M 1 N kBagpara KLMN nexxaT Ha TunioTeHyse AB nps-
MOYTO/IbHOTO TpeyronbHUKa ABC (N mexzay B v M), a BeputMHbI K U L —
Ha karetax BC u AC cooTBeTcTBeHHO. M3BecTHO, yTo AM =a u BN =b.
Haiipure momaab kBagpara.

3.4. CropoHa BC napamnenorpamma ABCD Bagoe 6Gojibllle CTOPOHBI
AB. BucceKTpHcHl yI710B A U B niepecekaroT npAMyro CD B Toukax M u N,
npuuém MN =12. HaliguTe cTopoHb! napajlieiorpamMmma.

3.5. Haiiaure paccTosiHue OT [ieHTpa poMba 0 ero CTOPOHBI, €C/IH OCT-
pHIit yron pomba paseH 30°, a cropoHa paBHa 4.

3.6. B ueThipéxyroneHuke ABCD usBecTHE! yrusl: ZDAB=90°, ZDBC=
=90°. Kpome Toro, DB =a, DC =b. HaliauTe paccToaHHEe MEXY LIEHTpa-
MH JBYX OKPY’KHOCTEH, OZJHa U3 KOTOPHIX NPOXOAWT Yepes To4KH D, A, B,
a gpyras —uepes Toukd B, C, D.

3.7. Ha croponax AB u CD npsmoyronbHHKa ABCD B3ATH TOYKH K
u M Tak, uto AKCM — pom6. Jluaronans AC obpasyer co cTopoHOH AB
yron 30°. Haiigure cTopoHy pomba, ecid Haubonbnias CTOPOHA MPAMO-
yronbHuKa ABCD paBHa 3.

TpeHHUpPOBOYHBIE 3aJja4H

3.8. B TpeyronpHUK, ABe M3 TPEX CTOPOH KOTOPOTO paBHHL 9 U 15, Bnu-
caH napaJllesiorpaMM TakK, YTO O/JIHa M3 ero CTOPOH, paBHas 6, JEKUT Ha
TpeThell CTOPOHE TPeyroJbHUKA, a AUaroHa/IM IapaiejorpaMma rnapai-
NefbHBI IBYM JJaHHBIM CTOPOHAM TpeyroibHKKa. HaliuTe Apyrylo cropo-
Hy NapajjesorpaMMa 1 TPeTbI0 CTOPOHY TPeyTOJbHHKA.

3.9. CropoHsl napauleJorpaMMa paBHbl @ ¥ b (a # b). Haiiaute gua-
FOHA/IM YeThIPEXYTo/IbHUKa, 06pa3oBaHHOTrO llepecedyeHUAMH BUCCeKTpHC
YIJIOB MapaJljie/iorpamMmma.

3.10. OTpesku, COeJHHAIOIINE CepeIMHBI IIPOTHBOIONOXKHBIX CTOPOH
BBIMYKJIOTO YeTHIPEXYTOAbHHKA, B3aMMHO TEePNeHJUKYIAPHEL U paBHBI 2
u 7. HaitguTe 1wiomazns 4eTHIpEXyroabHHUKA.

3.11. Orpe3sky, coefuHAKIHe cepeJHMHEl TPOTHBOMONOKHBIX CTOPOH
BBIIYKJIOTO YeTBIPEXYTOJIbHHKA, paBHbI MeXay coboil. HafiauTe miomaan
YeTBIPEXYTOJIbHUKA, €CIH €ro JUaroHaa paBHH 8 U 12.
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3.12. /laH BBITYKJIBIH Y€ THIPEXYTONBHUK, AUArOHAJIHM KOTOPOT'o [IepIeH-
AUKYJISApHBL ¥ paBHEL a ¥ b. HaiiguTe romaab YeTEIPEXYToNbHUKA C Bep-
IIMHaMU B cepe/lHHaX CTOPOH JIaHHOTO.

3.13. [luarosany Tpaneuuy B3aMMHO TNepIeHAWKYIAPHBI, a cpefHAs
JIMHUA paBHa 5. HaliguTe 0Tpe3oK, COeANHAIOIHUH cepeJUHEl OCHOBaHHUH.

3.14. /lnaroHany BHITYKJIOTO YeTHIPEXYTONBHHUKA PABHH a U b, a oTpes-
KM, COeJMHAIOIINE CepeJyHbl IPOTHBOIONOKHBIX CTOPOH, PAaBHBI MEXAY
coboii. HaliguTe miomnags 4eThIpEXyTOMBHHUKA.

3.15. [laroHanau BBIYKJIOrO YETBIPEXYTOAbHHKA PaBHBEI ¢ ¥ d U Ile-
pecekarTca nof yrioMm 45°. HalijuTe oTpe3ky, coeMHAIOINE CePeAHHbI
MIPOTHBOIONIOXKHBIX CTOPOH YETHIPEXYTONbHMKA.

3.16. B vethipéxyronsHuKe ABCD auaroHany AC ¥ BD oTHOCcATCA Kak
1:4, a yron Mexay HUMHU paBeH 60°. Yemy paBeH O0o/nbIIMH U3 OTPE3KOB,
COeUHSIOIHX cepelMHB] IIPOTUBONOIOKHEBIX CTOPOH YeTHIPpEXYTOJIbHUKA
ABCD, eci MeHbIIHii paBeH v/26?

3.17. OKpY»XHOCTE, ITIOCTPOEHHAA Ha cTOpoHe AD mapasiejorpamma
ABCD xax Ha iHaMeTpe, IPOXOJUT Yepes BepluHHY B ¥ cepeIHHY CTOPOHEI
BC. Haiigure yI/bl IapajuiejorpaMma.

3.18. U3 BepurHel A TpeyrosibHUKa ABC ONyIUEeHHI MepleHIHKY APl
AM u AP Ha 6ucceKTprChl BHEIIHHX yr7ioB B u C. M3BecTHo, YTO MepH-
MeTp TpeyronbHuka ABC paseH 10. Hafinure PM.

3.19. [Ipamas umeeT ¢ napamienorpaMmom ABCD eIMHCTBEHHYIO 06-
1yto Touky B. Bepuintsl A ¥ C yaaneHsl 0T 3TOH MPAMOH Ha PacCTOAHHA,
paBHele a U b. Ha xakoe paccrosHue yzaneHa OT 3TOH NpAMOH BeplIH-
Ha D?

3.20. I'HnoTeHy3a IPAMOYTOIBHOIO TPEYTOJBHUKA CIIY)XKHT CTOPOHOM
KBaZipaTa, PaclloNIOKeHHOro BHe TpeyrojbHHKa. HaliiuTe paccTosHHE OT
BepILKMHEI IPAMOrO YIJIa TpeyroAbHHUKA J0 LieHTpa KBa/[paTa, ecjIi KaTeThl
TpeyroJbHUKa PaBHEL a U b.

YxkazaHue OnuumMTe OKOMIO YKa3aHHOTO KBajpara el OJWUH
KBaJpar co CTOPOHOH a + b, npoBeja Yepe3 BepIIMHBI JaHHOTO KBa/para,
OTIMYHEIE OT BEpIIMH TPeyroJbHHKA, ABe INpAMEIe, NepleHAHKYIAPHLIE
IIPSAMBIM, COZI€PIKAIIUM KaTeThl TPeYrolbHUKA. [IeHTp Mosy4yeHHOro KBaj-
paTa coBlajaer ¢ LeHTPOM JaHHOro.

3.21. B BHIIYKJIOM 4eTHIPEXYTONbHHKe ABCD OTpe3oK, CoeHHAIOMIMH
cepeZiUHbl JMaroHaael, paBeH OTPe3Ky, COeJUHAIOIIEMY CEpeAHHBI CTO-
poH AD u BC. Haiigure yros, o6pasoBaHHBIH POAOKEHHEM CTOPOH AB
u CD.

Yxkaszanue. Iycts K, L, M u N — cepeaunsl orpeskoB AD, AC, BC
u BD cootBercTBeHHo. Toraa KLMN — npAMOYTO/lbHHK.
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3.22. /laH napaJuiesorpaMM co CTOpoHaMH 1 ¥ 2 ¥ OCTPHIM YIJIOM 60°.
Ha AByX ero npoTHBOIOJIOKHBIX CTOPOHAX KaK Ha OCHOBAHHAX ITOCTPOEHEI
BHe Iapajule/iorpaMMa paBHOOeJpeHHEIe TPEeYroNbHUKM ¢ yriamu 120°
Npu BeplMHax. Halizure paccTosiHMe Mexay 3TUMH BepLIMHAMH.

Yxaszanue OTpe3oK, COeJUHAOIINA BEpPIIMHB JaHHBIX PaBHO-
6epeHHBIX TPEYTOIBHUKOB, MPOXOAUT Yepe3 LIeHTP NapaesorpaMMa.

3.23. YetnipéxyronsHUK ABCD, AuaroHaayd KOTODOrO B3aHMHO IIep-
NEHAWKYJIADHBI, BIIMCAaH B OKPYXHOCTE ¢ ueHTpoM O. Haiigure paccros-
Hue oT TOYKH O J0 cTopoHe! AB, ecnu U3BecTHO, yTo CD =8.

Ykasanwue. [lycte DD; — auaMeTp OKpY:KHOCTH. Torza paccros-
HMe OT LIeHTpa OKPYXHOCTH JI0 XOpAibl AB paBHO pacCTOSIHUIO OT LIeHTpa
OKPYKHOCTH J0 XopAsl CD,, paBHO# AB.

3.24% Touku M, K, N ¥ L — cepeJMHBI CTOPOH COOTBETCTBEHHO AB, BC,
CD u DE natuyronbHuka ABCDE, P u Q — cepeiHbI 0Tpe3KoB MN u KL
COOTBETCTBEHHO. M3BecTHO, uTo PQ = 1. HailiguTe cTopoHy AE.

YxkasaHHue. Ilyers F— cepeauna AD. Toraa MKNF — napasnieso-
rpamm, PQ — cpeguas nuHus TpeyroabHukKa KFL, a FL — cpeHaAa IHHUA
TpeyronbHuka ADE.



§ 4. Tpanenus.
Pelrenye 3a/a4y 4 U3 AUArHOCTUYECKOH paboThI

4. Ha#iguTe Iomazb Tpanelyy ¢ OCHOBaHHMAMH 18 1 13 1 60KOBBIMH
CTOpPOHaMH 3 U 4.

Omeem: 37,2.

Pem e H u e. Yepes BepuuHy C MeHbllIero ocHoBaHua BC Tpamnenuu
ABCD (BC =13, AD =18, AB=4, CD = 3) npoBeJéM IpaAMYyI0, Iapaj-
JenpHY10 60KOBO#H cTOpOHe AB, /10 nepeceyeHuUs ¢ ocHOBaHUeM AD B Tou-
ke K. Torga CK =AB=4,DK=AD - AK=AD-BC=18-13=5,CD=3.

B 13
/
A 13
Tpeyronbauk KCD npsiMoyroibHbIH, Tak kak KD? = CD? + CK?. Ero Bbico-
Ta, ONyllleHHAsA Ha TMIIOTEeHy3y, paBHa % = 15—2 CJlei0BaTeNLHO,
Sapcp = 182L13 : % =372 <

* k%

HPH PEIIEeHMH 3a4a4 Ha TpallelilMi0 BO MHOTI'HX CIy4asaX I1I0Je3Hbl J0-
TIOJTHUTEJIEHBIE IIOCTPOEHHSA, CBA3AHHEIE C ITapalJIeJIbHBIM I[IEPEHOCOM 60-
KOBOM CTOPOHEBI WJIH JHAaTrOHAaJH.

IMpumep 1. HaiizuTe mwiomaas Tpanenyuy, 1HaroHaay KOTOPOR paBHbL
7 1 8, a ocHoBaHUA — 3 U 6.

Omaem: 12v/5.
Pe 1w e H U e. Yepes BepuinHy C MeHbllero ocHoBanua BC Tpalneuuu
ABCD (BC=3, AD =6, BD =8, AC =7) npoBeiéM NpAMYI0, Napaje/b-

B 3 C
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HYI0 AHaroHanu BD, 1o nepecevyeHus c npAMoi AD B Touke K. CTOpOHBI
TpeyronbHHKa ACK paBHBIL:

AC=7, CK=BD=8, AK=AD+DK=AD+BC=6+3=09.
Mo ¢popmyne lepona

Saack = V12-5-4-3=6-2v5 =125,

a Tak Kak TpeyroibHUKY CDK u ABC paBHOBENHKH, NOAyYaeM

Sapcp = Sanck = 12V/5. <
* ok ok

[Mpu pelleHuH 3ajay, CBA3AHHHIX C pagHoGedpeHHOll Tpaneue, Kpo-
Me O61[eH3BeCTHBIX CBOMCTB M IPU3HAKOB (YIJIBI IIPH OCHOBAHWM PaBHBI,
[YaroHaa v paBHEl M 06Pa3ylOT PABHEIE YIVIBI C OCHOBAHMEM U T. JI.) HHOTI/A
TMO/Ie3HO IPUMEHHUTh CJIeAYIOIee CBOMCTBO: IPOEKIUA GOKOBOM CTOPOHBI
paBHOOeZpEeHHOM Tpanelyy Ha OCHOBaHMe paBHA IIOYPa3HOCTH OCHOBA-
HUH, a TpoeKIMs AUaroHall — [OJyCyMME.

Mpumep 2. Tpameuus ABCD c ocHoBauuamu AD u BC (AD > BC)

. 3
BIIHCAHA B OKPYXHOCTh C lieHTpoM O. M3BecTHO, yTo sin ZAOB = g

a CpeHAA TUHHWA Tpalleliii paBHa a. Haf«’mnre BBICOTY TpamneuyHuu.

Omeem: 3a Wiu %a.

Pem e n ue. Tpanenusa ABCD BnycaHa B OKPY»KHOCTb, IO3TOMY OHa
paBHObesipeHHas. O6ozHayum ZAOB = a. [lockoneky AOB — 1ieHTpaib-
HbIH yTOJ OKPY)XXHOCTH, a ADB — BIMCcaHHbIH,

1 a
ZADB = EZAOB =3
[Tycts BH — BrIcoTa Tpaneuuu. Torga DH = %, T. e. kareT DH

IIPAMOYTONBHOTO TpeyroJibHUKa BHD paBeH cpefHel JUHHK Tpalelyu.
CnepoBarensHo, BH=DH tg % =atg %.

. 3
ITo YCUIOBHIO 331a4H sl a = ¢, [IO3TOMY

S’
2
cosa =V 1—sina= 1—(%) =§

cosa=—V1—sina=—

vl
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Toraa
3
te 2 = sina 5 1
g2_1+c:osot_']_|_ﬁ_3
5
WIH
3
a _  sina 5
tgz_1+cosa“1_ﬂ"3'
5
CrnenoBarenbHo, BD =atg % = %a wiu BD = 3a. <

OTMeTHM emié OZHO Ba)KHOE CBOMCTBO TpPalelHH.

VIHorZa aTy TeopeMy Ha3BIBAKOT 3aMevaTelbHbIM CBOMCTBOM Tpare-
ITHH.

Teopema. Touka nepeceueHus ouaezoHaneil aoboil mpaneyuu, mouxa
nepeceueHust nNpoooaNceHUll BOKOBbIX CMOPOH U cepeduHbl OCHOBAHUIL ne-
JHcam Ha 00HoU npsamoll.

JokxaszaTtenbcTBO. Ilycte guaroHanu AC ¥ BD Tpaneinuu
ABCD mnepecekaloTcsi B To4YkKe P, a NMpoAomkeHHA OOKOBHIX CTOpPOH AB
u CD — B Touke Q.
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Yepes cepeauHy M ocHoBaHusa BC U Touky P IpoBeféM IIPSAMYIO.
ITycTe oHa mepecekaeT ocHoBaHue AD B Touke N. Torza TpeyronbHUK
BMP nonobes Tpeyronbuuky DNP, a TpeyroabHuk CMP — TpeyroibHUKY

ANP, npuuéMm B 060HX ciy4asx koaddHuuHeHT Mogobus paBeH -‘?)%. 3Ha-

BM _ MP _CM _ __ BM-AN _
T, DN — PN — AN’ @ TaK Kak BM =CM, 1O DN—_CM = AN, T.e.

N — cepeiHa ocHOBaHusA AD. Cief0BaTelbHO, OTPE30K, COeJUHANIMHA
cepeJVHBl OCHOBAHMI Tpamnelyy, NPOXOJUT 4epe3 TOUKy IepeceyeHWUsd
auaroHanei.

qH

Q

A N D

AHaNOTMYHO JOKaXKeM, 9T0 IpAMas, IPOBeAEHHas Yepe3 cepelMHbI 0C-
HOBaHHH TpaneluH, IPOXOAUT Yepe3 TOUKY IepecedeHuA Q IPOLOIKEHHH
6okoBEIX cTOpOH. CleloBaTeNbHO, TOYKM P, Q M cepejuHBl OCHOBaHHIH
TpanelyH JieXXaT Ha OZHO# npsiMoit. YTo 1 Tpe6oBaioCh JOKa3aTk. O



[MoaroToBHUTE/ILHBIE 3aJa4YH

4.1. Halizudre 1uiomaZib Tpaneuuy, napajiiebHble CTOPOHBI KOTOPOH
paBHHI 16 1 44, a HenapasienbHble — 17 1 25.

4.2. HaitauTe riomab Tpaneuy ¢ OCHOBAaHUAMH 11 ¥ 4 U JUaroHaus-
MH 9 1 12,

4.3. B paBHOGeZpeHHO! TpanelWH OCHOBAHHA paBHHI 40 U 24, a eé
JuaroHa M B3aHMHO IepleHIUKY/IAPHEL. HaliuTe IUlomazp TpaneyH.

4.4, TuaroHanu paBHOOePEeHHOH Tpalneluy neprneHaAnKyasapHsl. Haii-
JAWTe ILUIOIAAb TPalNelyy, eciy e€ cpeaHAd JUHHA paBHa 5.

4.5. Tpamneuus c ocHoBaHUAMH 14 1 40 BiMcaHa B OKPYKHOCTb pajuy-
ca 25. HaliauTe BBICOTY TparnelnH.

4.6. lwaroHanbp paBHOOegpeHHOH Tpamelnud paBHa 10 u obpasyeT
yron 60° ¢ ocHOBaHKeM Tpanelnyu. HaliuTe CpeHIO0 JMHHIO TPaleLHH.

4.7. OkpyxHocTh ¢ HeHTpoM O BNHCcaHa B Tpareluio ¢ 60koBoH cTo-
poHoii AB. Haiiaute yron AOB.

4.8. MeHbIas G0KOBasi CTOPOHA IPSMOYTONBHOH Tpanelyy paBHa 3,
a 6dapmas obpasyer yron 30° ¢ oAHMM M3 OCHOBAaHMH. Haliaure aTo oc-
HOBaHMeE, eC/IM Ha HEM JIEXUT TOUKa NepecedeHHs OHCCeKTPHUC YIVIOB IIPU
JAPYTrOM OCHOBAaHHH.

4.9, OcHOBaHHA Tpaneuuy paBHH 1 ¥ 6, a AuaroHasmu —3 U 5. Ilox
KaKWUM YTJIOM BHZIHBI OCHOBAHHMA M3 TOUKH MepeceyeHus JuaroHanei?

4.10. OcHOBaHMA TpamelMH paBHEI a U b (a > b). HalauTe AnKHY OT-
pe3ka, COeIMHAIOLIEro cepeIMHBI [UaroHasueil TpanelmH.

4.11. OcHoBaHusA paBHOOEApEeHHOM Tpanelu paBHel a u b (a > b), ocT-
phIi yron paseH 45°, Haliure mowmajps TpaneLuyy.

TpeHUpPOBOYHEIE 3aa4H

4.12. B Ttpaneuun ABCD yrasl A U D nipu ocHoBaHuM AD coOTBeT-
cTBEHHO paBHbI 60° 1 90°, Touka N JieXUT Ha ocHOBaHuM BC, MpH4ém
BN :BC=2:3. Touka M nexuT Ha ocHOBaHMHM AD, npamasa MN napan-
NebHa GOKOBOM cTOpoHe AB U JIe/IUT IUIOLab Tpanenuy nomnonam. Haii-
nurte AB:BC.

4.13. [Lnomaas paBHOGeJpeHHOH TpanelyH, ONMCAHHOH OKOJIO OKPYX-
HOCTH, paBHa S. HaiiuTe cpeHIOI0 JIMHHUIO TPATIELIHH, eCJIM OCTPLIH yron
IIpH €8 OCHOBAHUU paBeH A.

4.14. OKpPY)XHOCTb, BIIMCAaHHAA B TpalelHio, KacaeTcsa OAHOH U3 Boko-
BEIX CTOPOH B TOYKe, Je/Alleid e€ Ha OTpe3KH, paBHele a U b. Haiigure
paguyc OKPYKHOCTH.
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4.15. B npaAMOYTOJIbHYIO Tpalelulo BIIMCaHa OKPYKHOCTh pazguyca R.

" .. 4
HaH,ILHTE CTOPOHBI Tpallelfiy, €CJIK €€ MEHbIIEE OCHOBAHKE PABHO §R

4.16. BokoBas cropoHa paBHOGeZIpEHHOM Tpaneluy paBHa d, CPeAHAA
JTHMHUA paBHa b, a yriel npu GonblieM ocHoBaHMM paBHEI 30°. Halizute
PaZiyc OKPY>KHOCTH, OIIMCAHHOM OKOJIO TpalelHu.

4.17. OcHOoBaHMA Tpaleuuy paeHbl 4 ¥ 16. HalizuTe paguychl OKpyX-
HOCTeH, BIIMCAHHOM B TpalleIHIo U ONMMCaHHOH 0KOJIO Heé, eC/IM U3BECTHO,
YTO 3TH OKPYXHOCTH CYILECTBYIOT.

4.18. OKpY:KHOCTb BIMcaHa B paBHOOEIPEHHYIO TpamnelHio ¢ OCHOBa-
HUAMHM a 1 b. HaliiuTe JuaroHasns Tpanemuy.

4.19. M3BecTHO, YTO BHICOTA TpallellMy paBHa 15, a JHaroHaaH Tpamne-
uuu pasusl 17 1 113. YeMy paBHa 1uiola/ib Tpaneuu?

4.20. bokoBble CTOPOHEI TPallelluH JIeKAT Ha ITepIeHAHKYIAPHBIX MpH-
MbIX. HalauTe mioliazp 4eTHpEXyrolbHHUKA ¢ BePIIMHAMHM B cepefiMHax
JHaroHaneil ¥ cepelMHaxX OCHOBAHWU TpalleliH, eCTH eé DOKOBHIE CTO-
POHEI paBHbL a U b.

4.21. Haiigure guaroHanb 1 GOKOBYIO CTOPOHY paBHObeIpeHHOH Tpa-
neruy ¢ ocHoBaHuAMHY 20 U 12, ec/iM M3BECTHO, YTO IIEHTP €€ ONMMCAaHHOM
OKDYKHOCTH JIEXKUT Ha 6OIBIIEM OCHOBaHHH.

4,22, Tpamenusa ¢ BRHICOTOW h BITHMcaHa B OKPY:KHOCTb. bokoBas cropo-
Ha TpamnelWy BUAHA W3 IIeHTpa OKPYKHOCTH MoA yrnom 120°. Haiizure
CPEeIHIOI0 JTMHHIO TPaNelnH.

4.23. [Inomazab paBHOOeZApPEeHHOH Tpanelud paBHa V3. Yron mexay
JAuaroHajbio ¥ OCHOBaHKWeM Ha 20° Gosiblle yriia Mex Ay AUarcHanbpio 4 6o-
KOBOH cTopoHOH. HalauTe OCTpHIH yro/l Tpamelyy, ecid e€ JHaroHalb
paBHa 2.

4.24., BUCCEKTPHCH! TYTIBIX YIVIOB IIPH OCHOBaHHWM TpalelMH Iepece-
KalOTCA Ha APYroM eé OCHOBaHMH. HaliiuTe CTOPOHEI TpaleluH, ecIH eé
BBICOTA paBHa 12, a ANMHBL 6ucceKTpUC paBHbI 15 1 13.

4.25. YeThIp€XyronbHUK ABCD BIHMCaH B OKPYXHOCTb C LeHTpoM O,
LBOA = £COD = 60°. [lepneHaukyasap BK, onylieHHBIH W3 BeplIMHB B
Ha cTopony AD, paBeH 6; BC B TpH pa3a MeHblue AD. HaliguTe miomassb
TpeyronpHuKa COD.

4.26. Jlana Tpanenus ABCD c ocHoBaHuAMH AD = 3+/39 u BC = +/39.
Kpome Toro aaHo, uyto yron BAD paseH 30°, a yron ADC paBeH 60°. Yepes
TOUKY D NpOXOAHT NpsMas, Aejslias Tpalelnuio Ha JBe paBHOBeIHKHe
¢urypsr. Haiiaure [yiMHy oTpe3ka 9TOM MPAMOM, HAXOAAIIErocs BHYTPH
TpanenuH.
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4.27. OTpe30K, coefUHSIONHI cepeAMHEl OCHOBaHWH Tpaneuu, pa-
BeH 3. Yisl pu GonbIlleM OCHOBaHUHM Tpamnelyy paBHbl 30° 1 60°. Haii-
JIUTE BBICOTY TpalelHH.

Yxaszaunue Ecm cymMmMa yIJIOB NTPH OCHOBAHHHM TpAMelHH pas-
Ha 90°, TO OTpe30K, COeLUHAIONMI cepeHHbl OCHOBAHHH, paBeH IMOIy-
Pa3HOCTH OCHOBAHUII.

4.28. B Tpanenuu ABCD u3BecTHbI 60KOBble CTOPOHBl AB=27, CD =
=28, ocHoBaHue BC =5 u cos £ZBCD = —%. Hatizure suaroHans AC.

4.29. OcHoBanue AB Tpaneuun ABCD Basoe 6osblie ocHOBaHHA CD
H BABOe Gonbllle 60K0BOH cTOpoHEl AD. Jluaronans AC paBHa a, a 60Ko-
Bas cropoHa BC paBHa b. Haligure momajb Tpanenyu.

4.30. Tpaneuus ABCD pasjeseHa NpsMOH, Napajle/lbHoH eé OCHOBa-
HHUAM AD u BC, Ha /iBe paBHOBeJIMKHe Tpaneluy. Haliiure oTpe3ok 3Toi
MPAMO#, 3aK/IIOYEHHBIH MeX/y OHOKOBHIMH CTOPOHAMH, €C/Id OCHOBAHUA
Tpamneluy paBHE a U b.

4.31. B tpaneuuun ABCD (AD || BC) yron ADB B siBa pa3a MeHbIIIE yT-
sa ACB. W3BecTHo, uto BC = AC =5 u AD = 6. HaliauTe wiomazb Tpa-
NenyH.

Yxkazanue Touka D JeXKHUT Ha OKPY:KHOCTH C LieHTpoM C, I1poxo-
Jsleit yepe3 TOYKU A U B.

4.32. Jlana tpanenus ABCD, auaronanu AC u BD koTopoil nepece-
KaloTcs 1O/ NPSAMBIM YTJIOM, a MpoiobKeHHs OOKOBHIX cTOpoH AB U DC
nepecekawTes B Touke K nog yiom 30°. M3BecTHo, yto ZBAC = ZCDB,
a IIolajb Tpanenyy pasHa S. Haiiaure rutomans TpeyronsHuka AKD.

4.33. OKpy»KHOCTb, MOCTPOEHHasA Ha ocHoBaHUK AD Tpanenuu ABCD
KaK Ha JMaMeTpe, NIPOXOJHT Yepe3 cepefuHbl HOKOBHIX cTOpoH AB u CD
TpareLHH U KacaeTcs ocHoBaHHuA BC. HalauTe yI/ibl TpanelyH.

YxkasaHHUe PaccMOTpHTE TPEYrOJIbHHUK C BEPIIHHAMH B I|€HTpE
OKPYXXHOCTH, B cepeiiHe GOKOBOH CTODOHEI M B CepeJIHe pajuyca, Ipo-
BeJIEHHOTO B TOYKY KacaHHUs OKPY)XHOCTH ¢ OCHOBaHHeM BC.

4.34. OKpy»HOCTb, IIOCTPOEHHAA Ha ocHoBaHUHU BC Tpanenuu ABCD
KaK Ha AuaMeTpe, IPOXOAWT Yepes cepeArHbl AuaroHaneit AC u BD Tpa-
Nelry U KacaeTcs ocHoBaHMuA AD. HaliauTe yribl Tpanenmu.

4.35. Jluaronans BD Tpaneuuu ABCD paBHa m, a 6oKoBaf CTOpO-
Ha AD paBHa n. HalizuTe ocHoBaHHe CD, eC/IM U3BECTHO, YTO OCHOBAHHE,
JAuaroHaab ¥ OOKOBasA CTOpOHA TPallellHH, BHIXOAAIIHE U3 BepIIMHEL C,
PaBHHL MeEXAY COOOIH.

Yxasaunue. Touku A, B ¥ D Jexatr Ha OKPYKHOCTH C LeHTpoM C.
Ecnu DK — auameTp oTol okpyskHOCTH, T0 BK =AD u ZDBK =90°.
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4.36" /laHa paBHOGe/peHHas Tpamneuusi, B KOTOPYIO BIIMCAHA OKPYX-
HOCTb M OKOJIO KOTOPOMH OIMCaHa OKPY:KHOCTb. OTHOILIEHHE BEICOTHI Tpa-

NEeLXH K pajuycy ONMCAaHHOMN OKPYXXHOCTH PaBHO \/g . Ha#izure yriiel Tpa-
TeLHH.

Y kxa3aHHue. DBbokopas cTopoHa AaHHOM Tpaleny paBHA IPOEKITHN
JUAarOHaIH Ha Bosblilee OCHOBAHHE.

4.37* Ha 60koBbIX cTOpOHAX AB u CD Tpaneuuu ABCD B3ATH TOYKH
P u Q coorBeTcTBeHHO, MpH4YéM AP : PB=2: 3. OTtpe3ok PQ pa3buBaeT
TpaneuyIo Ha YacTH, 0Ha M3 KOTOPBIX 110 [UIOMAAM BTpoe Boblile APYTO.
Hatigure otHomeHnue CQ : QD, ecnu AD =2BC.

4.38% Oxoo OKpY>KHOCTH onucana Tpaneuus ABCD, 60koBas CTOpoHa
AB mepneHAHKY/IApHa OCHOBaHMAM, M — ToYKa IlepeceyeHMs JUaroHa-
nel Tpaneuuu. Itomazas TpeyronsHrka CMD pagHa S. Hafigure paguyc
OKPY)>XHOCTH.

YxasaHnue Touka M nexur Ha NPAMOH, IPOXOJsAIIeH Yepe3 To4-
KH KacaHHWsA OKPYXKHOCTH C OCHOBAHHMAMM TpamnelMH. ITa npamMas coaep-
WHUT O — LEHTP OKPYXKHOCTH, TIO3TOMY Sacmp =S aamB = Saos-

3 leomeTpusa. MnaHumeTpUA



§ 5. Kak HaXoUTh BBICOTHI H OHCCEKTPHUCHI
TpeyroJbHUKa?
PelmreHue 3a/1a4yu 5 U3 JUArHOCTHYECKOH pabOTHI

5. JlBe CTOPOHBI TPEYTOJNBHHKA PABHBL 3 U 6, a YTONM MeXJy HUMH pa-
BeH 60°. HaiiguTe GHCCEKTPUCY TPEYTONbHUKA, IIPOBEJEHHYIO U3 BEPLIK-
HBEI 3TOTO YIVIa.

Omaem: 2+/3.

Peme nue. [Tyctb AD — 6uccekTpHca TpeyroibHHKa ABC, B KOTO-
poM AB=6, AC=3, ZBAC=60°.

Iepswtil cnocob. O6o3nauuM AD = x. Torga

V3_
5 _

0
oS

Saasc = %'AB-AC~sin60° = -12--6.3.

C Apyroil CTOPOHBI,

Sansc = Sansp+Saaco = 3AB-AD sin30° + TAC- AD -sin30° =

Ll e 101 o
—26x +23x

9
2 4%

B[ =

V3 ypaBHeHMs %x= 92—"@ HaXoAUM, 9TO X = 24/3.

Bmopoii cnocob. 3aMeTHM, 4TO TpeyroabHUK ABC npaMoyronbHeii. To-
rAa TpeyronbHUK ACD Taroxe npAMOYTONbHEIH, puyéM LCAD =30°. Cre-

AOBaTEJIbHO,

AD = AC : cos ZCAD = 3 : cos30° = 2V3. <

* Kk %

BbIcOTy MpsAMOYTONBHOTO TPEYTOABHHKA, TPOBEAEHHYIO H3 BEPIIHHEI
TPAMOT0 yT/a, yAOOHO HAXOAWUTh TaK: BEMHUCIUTBH JABYMA crocobaMu
IUIOIAaZb TPEYTONbHHKA — KaK IIOJIOBHHY IIPOM3BeJEeHHA KaTeTOB M Kak
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TIOJIOBUHY NPOM3BeAeHHA THIIOTEHY3bl Ha HCKOMYIO BBICOTY. M3 nmomy4en-
HOrO paBEeHCTBA BBIPA3UTh 3TY BBICOTY. TaKUM 06pa3oM, BBICOTA IIpA-
MOYTOJIBHOT'O TPEYTOJIbHUKE, IIPOBeAEHHAsA U3 BEPLIMHBL NIPAMOTO YIVIa,
paBHa [IPOM3BEJEHHIO KATETOB, ZeJIEHHOMY Ha FHIIOTEHY3Y.

BHCCEKTPHCY TPEYrOAbHHKA TAKKE MOXKHO HAXOAWTb, BEIYHCIAA pas-
HBIMH CIIOCODaMH ILIOIA/b TPEYTOIbHUKA.

[Tpumep 1. KareTwel MpAMOYTONIBbHOrO TPEYTONbHHMKA paBHBl 15 u 8.
HalizuTe BBICOTY, OMYILEHHYIO Ha THIIOTEHY3Y.

Omsem: 11—270
P e e H ¥ e. ['MnIOTeHy3a TpeyroJbHHUKA paB- 8 15

Ha

V152 +8%2 =17.

15-8 120
CiiezoBaTesibHO, HCKOMas BBICOTA paBHA =

17 17"

BeIcOTY paBHOGEAPEHHOTrO TpeyrolbHHKA, OMYIIEHHYI0 Ha GOKOBYIO
CTOPOHY, TaKXXe YLO0OHO BEIMUC/IATE C [IOMOILBIO [UIOIAAeH.

IMpumep 2. [laH TPeyToIbHHK CO CTOPOHAMHU a, b u b. HalauTe BEICO-

Ty, ONYIIEHHYIO Ha CTOPOHY, PaBHYIO b.

ay/ 4b* — a?

<

Omasem:
Pemen ue. [lycth d — Kckomasi BEICOTA,
h — BBICOTA, OMNYIIeHHAA Ha OCHOBaHHWe JJaHHOTO
paBHoGeZipeHHOTO TpeyroabHUKa. Torga b b
h
h = ‘/bz_ (2)2 = ﬁbz__a_z
2 2 d
C oZHOH CTOPOHHI, IUIOWIAb TPEYTONbHHKA PaB- -
1 “ 1
Ha ah, ¢ apyroi — 5bd. 113 paBencrsa ah =bd : :
HAaXOAHUM, YTO
ah  ay4b?—a? ay/ 4b? —a?
d= 3= ) b= 25 . <
* % %

Tot >xe MeTon (MeToz IUTOIajeit) MOMXKHO NIPUMEHHTh M JUIA IIPOM3-
BOJIBHOTO TPEYTONBLHHKA.

IMpumep 3. JlaH TpeyroJbHUK co ctopoHaMu 13, 14, 15. Hafinure BBI-
COTY, IPOBEAEHHYI0 K GoJIbIIei CTOPOHE.

Omeem: %

3
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Pemenue 1 I[lycth AH — ykasaHHas BEICOTA TpeyroibHuKa ABC
co cropoHamH BC =15, AC =14, AB=13. Ilo ¢popmyne I'epoHa

Samsc = V21(21-13)(21—14)(21—15) = /21-8-7-6 = 7-3-4 = 84.

13 14

.
B X H 15 —x C

C ApyTO# CTOPOHBI, S apc = %BC -AH. OTKyza HaxoAHM, 4TO

28 .
AH = Z2aanc 2-84

-3
BC 15 ~ 5°

DTy 3a/layy MOXHO PEIIMTh TakXkKe ¢ IIoMoIbio TeopeMsl [Tudaropa.

<

PemeHu e 2 IockonbKy BC — Haubo/blIas CTOPOHA TPEYTONBLHH-
ka ABC, To Touka H nexur Ha ctopoHe BC. O6oszHauum BH = x. Toraa
CH=BC — BH =15 — x. B npAMOyroJbHEIX TpeyronsHuKax AHB u AHC
AH? = AB*-BH?=169-x* u AH?=AC?-CH®=196-(15—-x)%

M3 ypaBHeHua 169 — x? =196 — (15 — x)? HaxoAUM, 4TO X = % CnenoBa-

TEJIBHO,

2 2_ a2
AH = VAR -BH? = (13- (£) = /&2 =
_ [3298 _47:2 _56 _
=V s T

MoxxHo PELIMTE 3TY 3aJaydy, IPUMEHAA TEOPEMY KOCUHYCOB.

Peme H ue 3. [lyctb AH — ykasaHHas BEICOTA TPEYTroOJbHHKA ABC
co ctopoHamMu BC =15, AC =14, AB=13. [lo Teopeme KOCHHYCOB

225+169-196 _ 33
cos.dABC———-z_ls_l:3 = %5’

a U3 [IPAMOYTONBHOrO TpeyroisHuka ABH HaxonuM, 4To

2
AH = ABsin ZABC = 13 1—(%) = 559 <
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1A BBIMMCIEHUS GUCCEKTPHCH TAaKKe MOXHO HCIIOIb30BAaTh METOJ
romaze.

ITpumep 4. CTOPOHEI TPEYTOJNbHHKA PAaBHHI d U b, a yToln MeXAy HUMH
paBeH Y. HaiiguTe 61cceKTpHCY TpeyroJbHHKa, TPOBEJEHHYIO U3 BEpIIH-
HBI 3TOTO YyTJia.

T
2abcos 5

a+b
PemeH H e. IIycTh S — Iuomasb JaHHOTO
TpeyrojbHHKa, S; U S; — IJIOIAAN TPeyTroJb-
HUKOB, Ha KOTOpble YKasaHHasi GuCcCeKTpuca,
paBHad |, pa36uBaeT JaHHBIH TPEYTOIbHHUK.
Torna S=5;+S,, wm

Omeem:

Labsine = LatsinL + Lol sin ]
zabsm}' = 2als;ln2 + 2bl sing,

. 1 .
WIH absm%cos% = E(a+b)lsm£.

2abcos§
a+b

* Kk %

[ToCKOMBKY sin g OTIIMYeH OT Hys, [ =

MHorza yao6HO NpHMEHHTh TeopeMy KOCHHYCOB M CBOMCTBO Guccek-
TPHCHl TPEYTOJIbHHKA: GHCCEKTpUca TPEYTOMbHHUKA pa3bHBaeT ero CTopo-
HY Ha OTPE3KH, IIPONOPLHOHAIBHEIE ABYM APYTHUM CTOPOHAM.

IIpumep 5. BoruucanuTe GHCCEKTPHCY TpeyronbHUka ABC, NpOBeAEH-
HY0 M3 BepUIMHH A, ecni BC =18, AC=15, AB=12.

Omsem: 10.
PeumweHue. [lyctb AK — 6HccexkTpuca A
TpeyroneHuka ABC. Toraa
CK _ AC _15_5
BK — AB~ 12— & 12 15
4 4

TMostomy BK = §BC= 3" 18=8.
ITo TeopeMe KOCHMHYCOB M3 TpeyroJbHMKa B 8 K 10 C
ABC HaxomuM, 4TO

cos /B — AB'+BC?—AC? _ 144+324-225 _ 9
=T 2aAB-BC __ 2-12-18 16

Cnei0BaTeNbLHO,

AK?* = AB*+BK?—2AB-BK cos /B = 144+64—108 = 100, AK = 10.
<
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3Ty e 3a/lauy MOXKHO PellIUTh, MCTIONb3yA GopMyTy A KBaapaTa buc-
CEKTPHCEL.

YrBepiaenue. Keadpam 6uccekmpucs: mpey2obHUKA PageH npou3sse-
OeHU0 CMOPOH, eé 3akaouarwux, be3 npousgedeHuss 0mpe3koa mpemaell
CMOPOHBL, HA KOMOopble OHA pasdeneHa Guccekmpucotl.

JokasaTenscTso. [lyctb M — To4yKa llepeceuyeHUs IPOJOJLKE-
HuA OuccekTpucel AK TpeyronbHHKa ABC ¢ OITMCaHHOM OKOQJIO 3TOTrO Tpe-
YTONMBHUKA OKPYKHOCTEIO. Toraa TpeyroabHHK ACK 1ogo6eH TpeyronbHHU-
Ky AMB no aByMm yriam. [ToatoMy

AK _ AC
AB — AM’

AK? +AK -KM = AB- AC.

wiu AK(AK +KM) = AB-AC,

CrnenoBaTebHO,
AK? = AB-AC—AK -KM = AB-AC — BK -KC

(AK - KM = BK - KC 1o TeopeMe O NPOMU3BEAEHUAX OTPE3KOB II€peceKar-
ImMxcs xopa). YTo U TpeGoBaIoCch A0Ka3aTh. O

Bepuémca k npumepy 5. ITycTh yxe HadgeH oTpe3ok BK. Torma CK =
=BC — BK =18 —-8=10. Ilo dopmyne ana KBazpaTra GUCCEKTPUCH Tpe-
yro/IbHUKA HAaXOAHM, 4TO

AK? = AB-AC—-BK-CK =12-15-8-10 = 180 — 80 = 100.
CnegoBaTtensHo, AK =10.
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5.1. KateT 1 rumnoTeHysa IPAMOYTOJBHOIO TPeyroJbHHKa paBHBI 12
1 20 cooTBeTcTBeHHO. HaiiuTe BHICOTY, NPOBEJEHHYIO M3 BEPUIMHEBI
NpSAAMOro yria.

5.2. HafizuTe BEICOTY NIPAMOYTOJILHOTO TPEYTONBLHHKA, ONYIIEHHYIO Ha
TUIIOTEHY3Y, ECTH U3BECTHO, YTO OCHOBAHHE 3TOM BBHICOTHI I€TUT THUIIOTE-
Hy3y Ha OTpe3KH, paBHEIe 1 1 4.

5.3. Bricotra paBHOGeZpEeHHOro TpeyrolbHHKA, ONyIleHHas Ha Goko-
BYIO CTOPOHY, pa3bMBaeT eé Ha OTpe3KH, paBHble 2 M 1, cYMTas OT Bep-
MIMHEI TPEyTOoNbHUKA. HaHAKTe 3Ty BEICOTY.

5.4. CropoHs! TpeyroieHuKa pasusl 10, 17 1 21. HaitguTe BeICOTY Tpe-
YTOJIbHHKA, TPOBEIEHHYIO U3 BEPIIMHBI HaubosblIero yria.

5.5. B tpeyronsauke ABC usBectHo, uto AB=a, AC=b, ZBAC=120°.
Haiigure 6uccexktpucy AM.

5.6. KaTeTsl mpsiMOyrosbHOTO TPEYroibHUKA paBHEL a U b. Haiiaure
fucceKTpUCY TPEYTONIbHUKA, TIPOBEAEHHYIO U3 BEPIIHHBI IIPAMOTIO yIJa.

5.7. B TpeyronsHuKe ABC H3BeCTHO, uTo AB=8, AC =6, ZBAC=60°.
Hafizute 6uccekTpucy AM.

5.8. HaliauTe BHICOTY Tpanelus, 60KOBEIE CTOPOHBEI KOTOPOH PaBHH 6
U 8, a OCHOBaHUA paBHH 4 U 14,

TpeHupoBoYHBIE 3a/ja4H

5.9. HaiiguTe BEICOTHI TPEYTONBHUKA, €C/TH €ro IUIoNaAk paBHa S, a yr-
JIbl paBHH @, U 7.

5.10. PaccTosHMA OT TOYKK M, Jekallled BHYTPH TpeyroabHHKa ABC,
Zo ero ctopod AC u BC coOTBETCTBEHHO pPaBHH 2 ¥ 4. HalizuTe paccTos-
HHe OT TOYKH M z0 npamoi AB, eciu AB=10, BC=17, AC=21.

5.11. K oxpy»xHOCTH pajuyca 7 IpoBe/ieHHl iBe KacaTeJbHbIe U3 OZHOH
TOYKH, yAaN€HHOH OT LIeHTpa Ha paccTosHHe, paBHoe 25. Halinure pac-
CTOSIHHE MEX/JY TOYKaMU KacaHHs.

5.12. Haj¥iguTe wiolasb paBHOOeJpEHHOTO TPEYTOIBHUKA, EC/IH BBICO-
Ta, ONyllleHHas Ha OCHOBaHMe, paBHa 10, a BbICOTa, onyuieHHas Ha HOKo-
BYIO CTOPOHY, paBHa 12.

5.13. Ha xatere BC mnpaAmMmoyrosbHOro TpeyroibHUKa ABC Kak Ha
JvaMeTpe IIOCTpOoeHa OKPYXXHOCTb, KOTOpad IepeceKaeT I'MIIOTeHy3y AB
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B Touke K. HaliguTe ronomazb TpeyronpHuka CKB, ecin kateT BC paBeH a,
a karet AC pageH b.

5.14. Ha BeicoTe CD, onymeHHOH M3 BepUIMHBI C IPAMOYTOJIbHOIO
TpeyronbHuKa ABC Ha runoTeHy3y AB, Kak Ha JHaMeTpe IIOCTPOeHa
OKDY>KHOCTB, KOTopas IlepecekaeT kaTeT AC B Touke E, a xarerT BC
B Touke F. Haliaure ruiomaas yeTeipéxyronouuka CFDE, ecnu kareT AC
paBeH b, a karer BC pasBeH a.

5.15. B paBHOGeipeHHOM TPEYTONBHUKE OCHOBaHHe U GOKOBas CTOpO-
Ha paBHBEI COOTBETCTBeHHO 5 M 20. Haliaiure 61cceKTpHUCy TpeyrolbHUKa,
IIPOBEJEHHYIO U3 BepIIHHEI YI/Ia IIPH OCHOBAHHH.

5.16. B paBHo6eapeHHOM TpeyrombHuKe BCD ¢ ocHoBaHHeM BD mpo-
BefleHa 6uccekTpuca BE. UssecTHo, yto CE =c u DE =d. Haiiaure BE.

5.17. B TpeyronbHuke ABC Ha cTopoHe AC Kak Ha JHaMeTpe IOCTPo-
€Ha OKPY»KHOCTb, KOTOpas IepecekaeT CTOPOHY AB B Touke M, a CTOPOHY
BC — B Touke N. UaBecTHO, yT0o AC =2, AB=3, AM : MB=2:3. Haiiau-
Te AN.

5.18. B npsAMOyroJpHOM TpeyronbHuKe ABC npoBezfieHa GHcceKTpuUca
CD u3 BepmHHH npamoro ymia C. M3BectHo, uto AD =m, BD =n. Haii-
JHTE BBICOTY, OMYILIEHHYIO U3 BEPIIHHEI C.

5.19. B tpeyronpHuke ABC yron C paseH 60°, a 6uccekrpuca CD pas-
Ha 5+/3. Croponsl AC u BC oTHOCATCA Kak 5 : 2. Haiiiute TaHreHc yria A
U cTopoHy BC.

5.20. B TpeyronbHuke ABC Ha cTopoHax AB 1 BC oTMeueHB! TOYKH M
U N cooTBeTCTBEHHO, NpyH4éM BM = BN. Yepes Touky M IpoBejeHa Nps-
Mas, nepneHAuKynAapHasa BC, a dyepe3 Touky N — npaAMas, nepresjuKy-
napHasa AB. 3T ipsaMble nepecekatoTces B Touke O. [IpogomkeHnue oTpe3ka
BO nepecekaeT cTopoHy AC B Touke P U JenuT eé Ha oTpesku AP =5
u PC =4. Haiiaure BP, ecii M3BECTHO, 4To BC =6.

5.21. OKpyXHOCTBH KacaeTcsi cTOpoH AB u BC TpeyronbHuka ABC
B Toukax D u E coorBercTBeHHO. HadauTe BeicOTY TpeyroabHuka ABC,
ONYyIIeHHYI0 M3 BeplIMHH A, ecmn AB=5, AC=2,aTouku A, D, E, C
nexaT Ha OHOH OKDY:KHOCTH.

YkasaHUue. TpeyronsHuk ABC paBHODOeJpeHHBIN.

5.22. B TpeyronbHuKe ABC npoBegeHbl 6ucceKkTpucel AE u CD. Haiigu-
Te JJMUHEL 0Tpe3KoB CD, CE, DE ¥ paccToAHME MEX/Y LIEHTPaMH OKPYXKHO-
cTeH, BIUCAHHOH B TpeyrolbHUK ABC U onmHcaHHOHN OKOIO TpeyroJlbHHUKa

ABC, ecnu AC=2, BC =4, ZACB=arccos 1¢.
5.23. B TpeyronpHuke ABC oTHomeHHe cTOpoHBEI BC k cTtopoHe AC

paBHo 3, a ZACB = a. V3 Bepuiuubl C TIpOBEJEHEBI ABa Jy4a, JAeNAliie



TpeHUpPOBOYHBIE 3a1a4H 41

yron ACB Ha TpH paBHble YacTH. HaliauTe OTHOLIEHHE OTPE3KOB 3THX JIy-
Yel, 3al/IFOUEHHBIX BHYTpH TpeyronbHuka ABC.

5.24. Buccexktpuca CD yrna ACB npu ocHoBaHHH BC paBHOOeJpeH-
HOr'o TpeyronbHHKa ABC JelHUT cTOpoHY AB Tak, 4yTo AD = BC. Haligure
6uccekTpucy CD M wiolab TpeyroibHuka ABC, eciu BC =2.

YxasaHnue. [lycrs npsamas, nposejéHHas yepe3 ToukKy D mapai-
JlenbHO BC, nepecekaeT ctopoHy AC B Touke E. Tpeyronbuauku ADE v CBD
PaBHBI IO IBYM CTOPOHAM H YIJIy MeX/J1y HUMH.

5.25% B tpeyronbhuke KLM npoBegena 6uccekTpuca KP. OKpY:KHOCTbD,
BIIMcaHHaA B TpeyroabHUkK KLP, kacaeTca ctopoHhl KL B Touke Q, MpUYEM
LQ=a.Ha croponax KL v LM BriOpan®! ToukH E 1 R COOTBETCTBEHHO TaK,
4yTo npAMas ER NpoXoAWUT 4yepe3 ILeHTP OKPYKHOCTH, BIIMCAHHOM B Tpe-
yronpHuk KLM. Haiigure aiury 6uccekTpuckl KP, eciii M3BECTHO, YTO
EL + LR =b, a oTHOmeHHe Iomazei TpeyronbHUKOB KLP 1 ELR paBHO a.

Yxaszanue. Ewu r—paauyc OKpy>KHOCTH, BIMCAaHHOH B Tpe-

yromorik KLM, 10 Spxyp = 5 (KL+LP)r, Spsn =5 (EL + LR)T.



§ 6. OTHOILIEHNE OTPE3KOB.
Pemenne 3agayu 6 U3 AMAarHOCTUYECKOH paboOThI

6. Touku M u N — cepe/iJMHEI CTOPOH cOOTBeTCTBeHHO BC u CD naparn-
Jeniorpamma ABCD. Otpesku AM u BN nepecekatorcs B Touke O. Haliau-

T€ OTHOIIEHHE Mo
OA~

1
Omaeaem: 7

P e e H u e. [TycTs mposomkenus oTpe3koB BN u AD nepecekarorcs
B Touke E. O6o3nauuM BM =CM =a. Toraa AD = BC = 2a.

B a M a C

A 2a D 2a 'E
Tpeyronsbuuk DNE paBeH TpeyrojbHHKY CNB 10 CTOPOHE U NIpHIeXa-
MM K HeH yriam, moatoMmy DE = BC = 2a. 3Ha4uT,

AE = AD + DE = 2a + 2a = 4a.

TpeyronbHuk BOM nozo6eH TpeyronbHUKY EOA, cliegoBaTesbHO,

MO _BM _a _1 <
OA ~ AE ~ 4a 4

* % %

BoMBIIMHCTBO 33124 3TOrO pasjesia pelianTcs 60 ¢ IOMOILBI0 Teo-
peMBbI O MIPOTIOPLHOHATBHBIX 0Tpe3kax (06061IEHHOH TeopeMnl Paneca),
160 ¢ TMOMOIUIBIO JOIOJTHHUTENBHOIO IOCTPOEHHs, KOTOpOoe INPHBOJUT
K /BYM IapaM no/lo6HbIX TPeyrolbHHKOB. PACCMOTPHM 5TO NMOCTPOEHUE,
PelIrB caeyIoUyIo 3aJady.

IMpumep 1. [an TpeyronbHHK ABC. Ha mpogo/mkeHHH cTtopoHsl AC
3a Touky C B3ATa Toyka N, npuuyém AC = 2CN. Touka M HaxogUTCA Ha
cropoHe BC, npuuém BM : MC =1:3. B KakoM OTHOLUEHHUH IpAMast MN
ZleJIAT CTOpOHY AB?

Omeem: 1:9, cunTas oT TOUKH B.
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1
:

Pew e H u e. Yepea ToUuKy B npoeeiéM NpAMyto, napaunenbHyo AC.
[Tycth npsimMas MN nepecekaeT e€ B Touke T, a IpAMyl0 AB — B Touke K.

O6o3HauuMm AC =a. Torana CN = %a, AN = %a. W3 nopobus Tpeyroib-

HukoB TBM u NCM (xoaddunmeHT nogobus paseH %) HaXOJUM, YTO

—ley=1
TB—BCN—6a,

a u3 nogobus TpeyroabHukoB TBK u NAK —
B _T8 _1,.(3a) =1 -
AK — AN — 6~ "\ 2 -9
[IprMep 1 MOKHO JIerKO pelIuThb C NOMOLIbI0 TeopeMbl MeHesnas, HO
3Ta TeopeMa He BXOAWUT B 00s3aTebHYIO LIKOJIBHYIO IpOrpaMMy. 3ame-
THUM, 4YTO TEOpEMY MeHenas MOXHO AOKa3aTb, HUCIIONB3YA Te e pacCyx-
[€HHA, YTO M IIPH pellleHHH pa3obpaHHOM BhIIIe 3aJadu.

IIpuMmep 2. Ha croponax AB u BC TpeyronbHHKa ABC pacnonoKeHsl
TOo4kHd M U N cOOTBeTCTBEeHHO, MpuyéM AM :MB=23:5 BN:NC=1:4.
Ipampie CM u AN nepecekaioTca B Touke O. HaiiguTe OTHOIIEHMA
OA:ONuOM:O0C.

Omeem: 3:4; 3:32.

Pemenwue Yepes Touky A NpOBEeAEM MPAMYIO, INapaulebHYIO
BC. ITycte T — To4ka eé nmepeceuyeHusi ¢ npsimoit MC. Tlonoxkum BN =a,
CN =4a.

M3 nopobusa TpeyronbHUKOB AMT u BMC (koaddunpenT %) HAaXoJIUM,
YTO

AT = 3BC = 2(BN +NC) = 2(a+40) = 34,

a u3 nogobus TpeyronbHUKOB AOT 1 NOC nonyyaem
OA _ AT _ 3a _ 3

ON ~ CN ~ 4a 4
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oM _ 3

oc ~ 32"

VHorza npy pelleHUH 3aJjad Ha OTHOLIIEHHE OTPe3KOB yA06HO npHMe-
HUTb METOJ IUIoIazeH.

OM
AHaNOrMHYHO HaXOJMM, YTO <

ITpumep 3. Ha cropoHax AB, BC u AC TpeyronsHuka ABC B3ATHI co-
OTBETCTBEHHO ToykH M, N u K Tak, yto AM:MB=2:3, AK:KC=2:1,
BN :NC=1:2. B xakoM OTHOIIeHHH npAMas MK aenur orpezok AN?

Omeem: 6:7, cuuTas OT TOUKH A.
Pem e H H e. [IycTs P — Touka nepeceyeHHA npamoi MK ¢ oTpeskom
AP
AN. O603HaYUM S+ =X H Sp 3¢ =S. Toraa

AN
BN 1 CN 2
SAABN=E'S=§S, SAACNZ'B—C'S—§S:
AM AP 2 1 2
Saamp = g " AN "Saasy = T X' 3°S = 15X,
AK AP 2 2 4
Saakp = 2¢ AN "Sacy = 3 X3S = 5XS,
_AM AK . _2 2 o _ 4
Saamk = g AC $=3 3 5= 155
A
M
P
K
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TIOCKOMBKY Saapx =Saamp + Saakps TO

xS+ xS———S

6 AP _ 6
OTcroaa HaXoAUM, 4TO X=173- CnepoBaresbHO, 5 PN=7 <
Ipumep 4. [JINMHBI CTOPDOH TPEYTOJbHHKA Pa3NH4YHBl H 06pasyior
apuPMeTHUECKYI0 INpOrpeccHio. JIoKaXHTe, YTO NpAMas, NPOXoAAllas
yepe3 TOUKY IepecedeHHs MeAWaH U LeHTP BIIMCAHHOH OKDYKHOCTH,

napaJuiesibHa OffHOHM M3 CTOPOH TPeyTro/bHHKA.

JokxaszaTenbcTBo. Eum ynwia obpasyoT apudmMeTHUECKYIO
[IPOIPECCHI0, TO OAIHO M3 HHX eCTh cpejHee apudMeTHYecKoe ABYX JpYy-
rux. I[lycre O — LEHTP BIHCAaHHOH OKPYXHOCTH (TOYKa IlepeceyeHHA

6uccexkTpuc) TpeyronbHuka ABC, B koropom AC =b, BC=a, AB= a+b

Torzaa, nmockonbKy CQ — 6GHCCEKTpHCca Tpeyronbﬂuxa ABC, nonyqaeM
BQ BC _a a

AQ-AC = b 3HAYHT, BQ - 1 AQ = —, a T.K. BO— 6uccexrpuca
TpeyronbHuKa BCQ, T 066— -‘21-—2
C
M
(0}
BB K \A
a b
2 2

C npyroii cropoHBl, eciii K — cepe/iiHa cTOPOHEI AB, a M — TouKa Ite-
M _ 2. INoaTo co _cM
MK W oqQ = MK

3HaumT, OM || AB. YTO ¥ TpeGoBanoCh JOKa3aTh. |

pecedyeHud MejuaH TpeyroabHuka ABC, To ——
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6.1. Ha meauane AM tpeyroibHHKa ABC B3ata Touyka K, Mpu4ém
AK : KM =1:3. HaliguTe OTHOILlIeHHe, B KOTOPOM IIpAMasi, IIpoXojAlas
yepe3 ToYKy K mapasuiesbHo cToOpoHe AC, e/IMT cTOpoHy BC.

6.2. /lan TpeyronpHuK ABC. Ha npomomkeHuu cTOpoHBI AC 3a TOY-
Ky C B3ara Touka N, npuuém CN = AC; Touka K — cepejHa CTOPOHEI AB.
B xakoMm oTHOmeHUH IpsAMast KN genut cropoHy BC?

6.3. Ha ctopone BC TpeyronbHuka ABC M Ha IPOJO/DKEHHH CTOPO-
HEI AB 3a BeplHHY B pacnonoxeHs! Touku M U K COOTBETCTBEHHO, [IPH-
4éM BM :MC=4:5u BK:AB=1:5. [lpamaa KM nepecekaeT CTOPOHY
AC B Touke N. Hafizure orHomeHnue CN : AN.

6.4. Ha ctoponax AB u AC TpeyronbHuKa ABC pacmooeHbl TOYKH
Ku L, npuyém AK :KB=4:7 u AL:LC =3:2. [Ipamas KL nepecekaeT
npozo/keHHe cTopoHkl BC B Touke M. HalizuTe oTHomeHue CM : BC.

6.5. Ha ctoponax AB u BC mapamnenorpaMmma ABCD pacloioXeHE
ToYykH N U M cooTBeTcTBeHHO, npu4éM AN :NB=3:2, BM:MC=2:5.
[lpample AM ¥ DN nepecekatorcs B Touke O. Haiigure oTHOLIeHHUA
OM:0Au ON:0D.

6.6. Ha cToponax AB u AC tpeyronbHuka ABC pacnosioxeHsl TOUKH
N u M cooTBeTcTBeHHO, Tpu4éM AN : NB=3:2, AM : MC =4:5. Ilps-
Mmele BM u CN nepecekatorca B Touke O. Haiaure otHomenus OM : OB
u ON:0C.

6.7. B paBHOGenpennoMm Tpeyronsauke ABC (AB = BC) Ha cropoxe BC
B3ATa ToYKa D TaK, yTo BD : DC=1:4. B KaKoM OTHOLIEHUH NpaAMasa AD
JeuT BeIcoTy BE TpeyronbHUKa ABC, cuMTas OT BepLIHHEI B?

6.8. Ha meauane AA, tpeyrombHuKa ABC B3sATa Toyka M, mpu4éM
AM :MA,=1:3. B xakoM OTHolIeHHH npaMas BM genut cropony AC?

6.9. Touxkn A, u C; pacrnonoxeHbl Ha cropoHax BC v AB TpeyroibHHKa
ABC. Orpesku AA; u CC, nepecekarorcs B Touke M. B kKakoM oTHOLIEHHH
nipamas BM penut cropony AC, et AC; :C1B=2:3uBA,:A;C=1:2?

6.10. B Tpeyronbuuke ABC u3BecTHO, uro AB =¢, BC =a, AC =b.
B xaxoM OTHOIIEHHUH [IEHTP BIIMCAHHOH OKPYXHOCTH TPeyroJbHHUKA AT
buccexTpucy CD?

TpeHUPOBOYHBIE 3a/1a4U

6.11. Ha cTropone PQ TpeyronbHHuka PQR B3ATa Touka N, a Ha CTOpOHe
PR —Ttouka L, mpuuém NQ = LR. Touyka nepeceueHus otpeskoB QL u NR
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JEJUT OTpe30K QL B OTHOIIEHHH M : 1, CYUTasA OT TOYKH Q. HaiiauTe oT-
Homenue PN : PR.

6.12. B TpeyronbHuke ABC 6Guccekrpuca AD genut cropoHy BC B oT-
Homenuu BD : DC =2:1. B xakoM OTHOUIeHUH MejHaHa CE AeJUT 3Ty
6uccexTpucy?

6.13. Ha ctopoHax AB, BC u AC TpeyronbHuka ABC B3fiTBl COOT-
BeTcTBeHHO TOYkH K, L u M, npuuém AK : KB=2:3, BL:LC=1:2,
CM :MA=3:1. B KakoM OTHOLIEHHH oTpe3ok KL AenuT orpesok BM?

6.14. B TpeyronpHHuKe ABC, IUIOIIaAk KOTOPOro paBHa 6, Ha CTOpPOHE
AB B3aTa Touka K, Aenduwas 3Ty CTOPOHY B oTHomeHHH AK : BK =2:3,
a Ha cropoHe AC B3fTa Touka L, genaumasa AC B orHomeHnd AL : LC=5:3.
Touka Q mepeceyenus npsmeix CK 1 BL oTcTOUT OT npsAMoil AB Ha pac-
crosHue 1,5. Halinure cropony AB.

6.15. B TpeyronbHuke ABC Ha ocHoBaHUH AC B3ATHI TOYKH P H Q Tak,
yto AP < AQ.TIpsameie BP u BQ aensat meauany AM Ha TPH paBHBIE YaCTH.
HzBecTHO, uTo PQ = 3. Haaure AC.

6.16. JlaH TpeyronbHUK ABC. M3BecTHO, yTo AB=4, AC=2u BC=3.
BuccexTtpuca yria BAC nepecekaet cTropoHy BC B Touke K. IIpamas, npo-
XozsAuiasa yepes TOUKy B mapannenbHo AC, epecekaeT pojo/nKkeHue Guc-
cexkTpHuchl AK B Touke M. Haitzure KM.

6.17. OKo0JI0 OKPYXKHOCTH OlTHcaHa paBHOOeApeHHasA Tpaneuus ABCD.
BokoBele cTopoHE! AB 1 CD KacarTcsa OKPY»KHOCTH B Toukax M u N, K —
cepearHa AD. B kakoM oTHollleHUH nipAMas BK aeJuT oTpe3ok MN?

6.18. OKon0 OKPY’KHOCTH ONucaHa paBHobenpeHHan Tpanenus ABCD.
BokoBas cropoHa AB KacaeTcs OKpPYXXHOCTH B Todke M, a ocHOBaHHUe
AD —B touke N. Otpe3ku MN u AC nepecekaroTcs B Touke P, MpUYEM
NP : PM =2. HaiiauTe otHowmeHue AD : BC.

6.19. Bo BIIHCaHHOM YeTHIPEXYronbHUKe ABCD HM3BeCTHBI OTHOLIEHHA
AB:DC=1:2u BD:AC=2:3. Hatizute DA : BC.

6.20. B TpeyronsHuKe ABC mpoBefieHa BeicoTa AD. IIpaMble, ofHa U3
KOTOPHIX COAEPKUT MeAuaHy BK, a BTopasd — 6ucceKTpHUcy BE, fesAaT aTy
BEICOTY Ha TPH PaBHBIX OTpe3ka. MaeecTHo, uro AB = 4. Halisure cropo-
Hy AC.

6.21% Tlpy KaKOM OTHOIIEHHUH OCHOBAHUE Tpaneuuy CyLlecTByeT Mps-
Mas, Ha KOTOPOH LIeCTh TOYEK IEepecevYeHHs C AUaroHaIMH, G0KOBBIMH
CTOPOHaMM M IPOAO/DKEHHAMM OCHOBAaHMH TpalelMH BBICEKAIOT IATh
PaBHBIX OTPE3KOB?

6.22% B Tpanenuu ABCD c 6okoBbiMu cropoHamMu AB=9 u CD =5
6uccexTpuca yria D nepecekaer 6uccekTpuce! yrios A ¥ C B Toykax M
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H N COOTBETCTBEHHO, a GHCcCceKTpHUca yria B mepeceKkaeT Te e Ape GHc-
CEeKTPHCH B TouKax L u K, mpuuém Touka K Je)KUT Ha ocHOoBaHUHU AD.

a) B xakoM OTHOIIeHHH npAmas LN JeluT CTOpoHY AB, a mnpamas
MK — cropony BC?

6) Hatigure otHowenue MN : KL, ecnu LM : KN =3:7.

6.23* 13 TouKkM A NPOBEJEHBl K OKPY;KHOCTH /iBe KacarenbHble (M H
N — TOYKM KacaHHA) U ceKylasd, llepecexarolnasd 3Ty OKPY>KHOCTb B TOY-
kax B u C, a xopay MN — B Touke P. M3BecrtHo, uTo AB:BC =2:3. Haii-
aure AP : PC.

Yxaszanue. [lyctb D u E —cepeaunsl xopi MN u BC cOOTBeT-
cTBeHHO, O — leHTp okpykHocTH. Toraa AP - AE = AD - AO = AM? =
=AB-AC.
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7. B Tpeyronsuuke ABC Meauana AD u 6uccexTprca BE neprneHauky-
JIAPHBL U llepeceKarTes B Touke F. Mi3BecTHO, YTO IUIOLA/Ab TPEYTOIbHHKA
DEF paBHa 5. Haiiaure iomaae TpeyronbHuka ABC.

Omeaem: 60.

Pew e H H e. TpeyronbHUK ABD paBHOOe[peHHbIH, TaK KaK ero buc-
cexTpuca BF spnsierTcs BeIcOTOH. [ToaToMy

AF =FD = Spapg = Saprg = 5.
A

B 1 D : C
Kpowme toro, BC =2BD = 2AB. Torza 1o cBOHCTBY GUCCEKTPUCHL TPEYTOMb-
HHKa

EC _ BC _,
AE ~ AB '
CrnenoBaTeybHO,
Sapec = 25aapE = 4Saper = 20, Saapc = 30.
3Ha‘{HT, SAABC:2’SAADC:6O' <l
* % %

[pu pemeHyy GoNBUIMHCTBA 3aJa4 3TOTO Pasjesa NPUMEHSIOTCH JBa
IIPOCTBIX YTBEPKAEHHA:

1) ecoiu Toyka M JiesKUT Ha cTopoHe BC TpeyroasHuka ABC, To Iiolna-
AU TpeyroabHUKOB AMB 1 AMC npolopuyoHaibHEl oTpeskaM BM u CM,
e Saame _ BM
"7 Saamc  CM?

2) ecnu npsmas nepecekaeTt cropoHsl AB u AC TpeyronbHuka ABC

(1M HUX NpojO/IKEeHHUA) B TOUKax P U Q COOTBETCTBEHHO, TO

Sawq _ AP AQ

Saasc  AB AC’
[lepBoe U3 3TUX YTBEPXKJEHUN BHITEKAET HEIOCPeJCTBEHHO U3 GOpPMY/IbI
IUIOMAaAX TPEYTONBHUKA M0 CTOPOHE M OITyIIeHHOH He Heé BBICOTe: Y Tpe-
yronbHUKOB AMB 1 AMC ofHa H Ta e BbICOTa, ONMylIeHHaa M3 obieit

BEpPIUHHEL A.

4 leometpus. NnaHumeTpus
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A A

B M Cc B Cc

Bropoe yTBepkJeHHe MOXHO JIETKO BHIBECTH M3 GOPMY/IbI [UIOLIASH
TPEYTONLHHKA 110 JBYM CTOPOHAM H YUy MeXAy HUMH: Y TPeyrOJIbHHKOB
APQ u ABC yrabl npu obuieit BepiiHHe A 1160 paBHBI, JHOO B CyMMe
cocrapyAnT 180°.

HarmoMHHUM Taxke, YTO OTHOIIEHHUE IUIoIaAei NOAOOHbIX TPeyToNbHU-
KOB PaBHO KBajpaTy KoahHIIHeHTa noao0us.

IMpumep 1. [lokaxkuTe, 4YTO MeJHaHBl TPEYTOIbHHKA pPa3bUBaIOT ero
Ha IIECTh pABHOBEJIMKHX TPEYTOJLHHUKOB.

JokxaszaTenbcTBo. IlycTb M —Touka IepecevyeHHss MeJuaH
AA;, BB,, CC, TpeyronsHuka ABC. Toraa

1 1 1 1
Sasmc = 35a8,8c = 3 (ESAABC) = g Saasc
A

G B,

M

B A C

AHaJIOTMYHO /I OCTAJIbHBIX MATH TPEYTONLHUKOB. TaKUM 06pa3oM, ILIo-
WaAb KaKAOTO U3 IIECTH TPEYroJbHUKOB PaBHA IECTON YacTH ILIOMIATH
HCXOJHOTO TPEeyToIbHUKA. O

ITpumep 2. Yepes cepeauny M cropoHb! BC napajnenorpamMmma ABCD,
IUIOIIa/lb KOTOPOr'o paBHa 1, ¥ BeplIMHY A IIpoBe/eHa IIpsMasi, llepeceka-
rolan auaroHans BD B Touke O. HaliuTe ruromaab 4eTbIpEXYyTroJbHHKA
OMCD.

5
Omaeem: 15
Pem e H u e. M3 nogobus tpeyronbHUKOB BOM 1 DOA HaxofuM, 4To
BO _ BM _ 1

oD~ AD _ 2
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BM
l'Ioa'rcuMy BD 3, a TaK KaKk —~ =

BC —
BO BM 111_ 1
SaomM = Bp "B SaBcp = 3°3°3 = 13-
B M

CrnepoBartesnbHO,

Somcp = Sasco ~SapoM = 3713 = 13

<

IMpumep 3. /luaroHaau pa3bUBarOT BEINYK/IBIH YeTHIDEXYTONbHUK Ha
TPEeYTONbHHKHM C IUIOWAAAMH S;, S,, S3 U Sy (S; U S;—Iwomangu Tpe-
YTOJIBHHKOB, TIpWIEKallMX K IIPOTHBOIIONOXHBIM CTOPOHaM ‘{ETbIPéX-

yronbHHKa). JJokaxuTe, 4T 5153 =_S5,5,.

JokasaTenscTBO. [lycTh AMaroHalaH BHITYKIOIO YETHIPEX-

yronsHuKa ABCD nepecekarorcs B Touke O,

Sanos =S1, Sasoc =S2, Sacop = S3:  Saaop = S

B
Cc

A D

S, A0 S,

S, _ A0 S; A0 51 _ 5 _
Torna s, ~oc 4 S, — oc’ T03TOMY 3 =3, CnenoBarenbHo, ;S5 =

=st4.

a
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7.1. HaliauTe ruiomazib TpeyroabHUKA, BEPIIHHEI KOTOPOTO — CEPefHy-
HBI CTOPOH TPEYTOJbHUKA IUIoIa 1 4.

7.2. Touku M u N pacnonoxeHsl Ha ctopoHe BC Tpeyronsauka ABC,
a Touka K — Ha cropoHe AC, npu4éM BM:MN:NC=1:1:2u CK:AK=
=1:4. 13BecTHO, YTO IUIOIAAbL TpeyroasHuka ABC paBHa 1. Haiiaure
IJIOLAJb YeTHIpEXYrolbHUKa AMNK.

7.3. Ha cropone AB TpeyronsHuka ABC B3AThl Touku M u N, npuuém
AM:MN :NB=2:2:1,

a Ha cropoHe AC — Touka K, npu4yém AK : KC =1: 2. HaliguTe wiowmazb
TpeyroibHHKa MNK, eciu miomazab TpeyroibHuKa ABC pasHa 1.

7.4. Yepes Toukd M u N, pgensumue cropoHy AB TpeyronbHuka ABC
Ha TPH paBHbIE YacCTH, [IPOBEJEHE! IIpAMbIe, MapasUle/ibHble cropoHe BC.
HaiiguTe miomazs YacTH TpeyrolbHMKA, 3aKIHOYEHHOH Mexay 3TUMH
NPAMBIMH, €CIIY IUIOIaAb TpeyroasHuKa ABC pasHa 1.

7.5. Ha croponax AB, BC u AC Tpeyronsauka ABC B3ATH ToukH C,

Ay ¥ B, COOTBETCTBEHHO, IPUYEM

AC, BA, CB, 1

CGB~ AC BA 2
Haiigute rioniasib TpeyronbHuka A,B,Cy, €ciu IIoags TpeyrojbHUKa
ABC pagHa 1.

7.6. CTopoHa TpeyronbHuKa paBHa 36. [IpsMas, nmapajuleibHas 3TOH
CTOPOHE, AeJIHT IUIoWab TpeyrolbHHUKa IononaM. Haliiure AnuHy oTpes-
Ka 3TOH NpAMOH, 3aK/II0YEHHOTO MeX/y CTOPOHAMH TPEYTOJIbHUKA.

7.7. U3 cepeiMHBl OCHOBAHUA TPEYI'OJABHMKA IUIOLIAAH S IPOBEAEHBI
NpsMble, MapajnenbHble HOKOBEHIM CTOpOHaM. HaiauTe Iuomajp Mnomy-
YeHHOro TakuM o6pa3oM mapasuiesiorpaMma.

TpernupoBouHbIE 3aa4H1

7.8. M3 TOYKM Ha OCHOBAHHH TPEYTONbHUKA MPOBEJEHHI MPAMbIe, Ta-
pasieibHble DOKOBBIM cTOpoHaM. OHM paszBGHBAIOT TPEYTOILHMK Ha Ia-
paienorpaMm M JBa TPEYTOJIbHUKA C IUIOMaAsaMu S, U S,. Haliaure mno-
majh napajuiejiorpaMmma.

7.9. B tpeyronsuuke ABC npoBezieHbl OuccekTpuchl CF U AD. HalauTe
OTHOIIIeHHe IUtomazieH TpeyronbHUKOB AFD u ABC, ety

AB:AC:BC=21:28:20.
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7.10. TpeyroJbHHK H BIMCAHHLIA B Hero poM6 MMewT o6Wui yrou.
CTDpOHh] TpeyroibHHKA, 3aKiaioyarolike 3TOT yroj, OTHOCATCA KakK m:n.
HaiiguTe oTHOMEHHe IUIONIAAHN pomba K IUIOIALU TPEYTOMbHUKA.

7.11. [Ipe npsaMble, Iapaje/bHble OCHOBAHHAM Tpaneluy, JeAT Kax-
Oyto 13 GOKOBHIX CTOPOH Ha TPH paBHbIE YacTH. Besa Tpamenus pasfese-
Ha UMH Ha TpH dacTH. HalzuTe wiomaab cpeHeH 4acTH, eCIH IUIoaau
KpalHHUX paBHBL 51 U Sj.

7.12. HeTeIpEXYTOJIbHUK Pa3jie€éH AHaroHalAMH Ha YETEIPE TPEYTOJb-
HHKa. [Inomanay Tpéx U3 HUX pasHs! 10, 20 ¥ 30, ¥ Kax1ad MEHbLIE IUIOWA-
ZIM 4eTBEPTOTro TpeyroabHKKa. HaliauTe mIomazsb AaHHOTO YEThIPEXYTOMb-
HHKa.

7.13. I[iomazax TpeyroJibHUKOB, 0O6Pa30BAHHEIX OTpe3KaMH JyaroHa-
JieH TpalellMH ¥ eé OCHOBAHHAMH, PaBHEL S U S,. HaauTe 1wiomas Tpa-
HETHH.

7.14. Ilnomane Tpanenuy ABCD paBHa 30. Touka P — cepefitHa 60oko-
BOH cTopoHHEI AB. Touka R Ha ctopoHe CD BribpaHa Tak, 4ro 2CD =3RD.
I[Ipamele AR u PD nepecekaloTcs B Touke Q. HaiiguTe miomazb Tpeyrob-
HUKa APQ, eciii AD =2BC.

7.15. JlaH BHIMYKJIBIH YeTHIPEXYTOMABHUK IUtomazud S. Hallaure rwro-
IaAb YeTHIPEXYTONbHUKA C BEPLIMHAMH B CepeJHHAaX CTOPOH JaHHOTO.

7.16. [laH BBHITYKJIbIH Y€TEIPEXYTOABHHK IUIOWAAK S. BHYTpH HEro BHI-
6HpaeTcsa TOUKA H OTOBPaKAETCss CHMMETPHYHO OTHOCHTENBHO CepefvuH
ero cTopoH. [lonmy4aroTcs yeTklpe BepLIMHBl HOBOrO YeThIPEXYTOJNbHHKA.
HaiiauTe ero mwomazb.

7.17. B tpanenuu ABCD (BC || AD) AuaroHajd mepecekalTcsa B TOY-
ke M, BC =b, AD =a. HaliguTe OTHOIIeHHE IUIOILIAAH TPEYTonbHUKa ABM
K IUTolaiu Tpaneyuu ABCD.

7.18. B paBHOGeapeHHOM TpeyroibHHKe ABC GOKOBBIE CTOPOHBI BC
¥ AC B /iBa pa3a bosble ocHOBaHUA AB. BUCCEKTpHCHI YIVIOB [IPY OCHOBa-
HUHM nepecekaroTrcsa B Touke M. Kakyio 4acTe TpeyronsHHKa ABC cocTaB-
JIfeT IUIOIAAL TpeyronbHuka AMB?

7.19. B tpeyronbHMKe ABC, mollaZb KOTOPOTrO paBHa S, NpOBeJEHbI
6uccexkrpuca CE u MezuaHa BD, nepecekatommecs B Touke O. Haligure
IJIOIaAb YeThIpéxyronbHuka ADOE, 3Has1, yrto BC =a, AC=Db.

7.20. B 1psAMOYTO/IbHOM TPEYTOJbHHUKE CHHYC MEHBIIIEro yIJla paBeH %

[NepneHAMKYIAPHO T'MIIOTEHY3e NpoBeJeHa NpsMas, pazbuBarolias Tpe-
VTOJIbHUK Ha /iBe pAaBHOBEIHMKHE 4acTH. B KAKOM OTHOLIEHHH 3Ta MpAMast
JEJTUT TUIIOTEHY3Y?
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7.21. Ha croponax AB u AD mapannenorpamma ABCD B3AThl TOYKH
M wu N Tax, yro npsamele MC 1 NC pa3buBaioT napajiejorpaMM Ha TpH
paBHOBenMKHe yacTH. Haiiaure MN, eciin BD =d.

7.22. B tpeyronsHuke ABC yron A paeeH 45°, a yron C ocTphiit. U3
cepeiMHEl CTOPOHE! BC omnyleH neprneHaukynap NM Ha ctopony AC. [Lio-
mazgu TpeyroibHukoB NMC u ABC otHocATes kak 1:8. Haliaure yriel
TpeyrosbHUKa ABC.

7.23. B TpeyronbHuke ABC u3 Toukd E cropoHs! BC mpoBezieHa Ipsi-
Mad, napajuiejibHasa BbicoTe BD U Ilepecekarolias cCTOpoHy AC B Touke F.
Otpe3ok EF pgenut TpeyrospHuk ABC Ha aBe paBHOBeNMKHe GUIYDHL.
Hatigure EF, eciu BD =6, % = %

7.24. Yepe3 HEKOTOPYIO TOYKY, B3ATYI0 BHYTPH TPEYTOJBHHMKA, IPOBe-
JeHBl TPH NpAMEIE, IapajuleibHble CTOPOHAM. DTH NpsAMble pa3bUBaroT
TPeyro/IbHUK Ha IIecTh YacTel, TPU U3 KOTOPBIX — TPEYTOJBHUKH C ILIO-
WagaMHu Sq, So, S3. HalauTe ruomazs AaHHOTO TPEYTOlIbHUKA.

7.25. B paBHOGeznpenHoMm TpeyroneHuke ABC (AB = BC) mnpoBezeHa
ouccextpuca AD. [lnomaau TpeyronbHUKoB ABD u ADC paBHEBI COOTBET-
CTBEHHO S; ¥ S,. HatiauTe AC.

7.26. [JuaroHanu BBHIMYKJIOTO 4eTeIpEXyronbHHKa ABCD nepeceKaioT-
cs B Touke E. M3BecTHO, YTO IIOIAb KaXAOTO U3 TpeyronbHUKOB ABE
¥ DCE pasHa 1, miomazb BCEro 4YeTHIPEXYTOJbHMKA He NPEBOCXOAHUT 4,
AD = 3. Haiigure cropoHy BC.

7.27. VI3 ToukH P, pacroysioXeHHOH BHYTPH OCTPOYTOJLHOI'O TPEYTO/lb-
HHUKa ABC, omylieHsl NNepneHAnKy/IApLl Ha ero CTOPOHHIL. JIIMHLI CTOPOH
¥ OIyILIEHHBIX HA HUX [EPIEHANKY/SIPOB COOTBETCTBEHHO paBHbl a U k, b
U m, ¢ u n. Haligure oTHOWEHHe IUIOWAAK TpeyrolbHUKa ABC K IUIomanl
TpeyTo/ibHUKa, BepLUIMHAMK KOTOPOT'O CIYaT OCHOBAHUA MepIeHANKY/IA-
POB.

7.28. VI3 TOYKH P, pacnonoxeHHOU BHYTPH OCTPOYTOJBHOIO TPEYTO/lb-
HHKa ABC, onyueHsl NepreHANKYAApsl Ha cTopoHe!l AB, BC u CA. Ilep-
NEeHAUKY/IAPbI COOTBETCTBEHHO paBHBI [, m, n. BelYHCIHTE IUIOMAAb Tpe-
yronbHuka ABC, eciu yriasl BAC, ABC u ACB COOTBETCTBEHHO paBHHI d,
Bury.

7.29. JaH napauienorpaMMm ABCD. Ilpsamas, npoxoadinas yepes Bep-
muHy C, nepecekaet npsameie AB U AD B Toykax K u L. Tlnomaau tpe-
yronbHukoB KBC u CDL paBHH p 4 q. HaliguTe nomazs napasienorpam-
Ma ABCD.

7.30. Ha 6okoBrix cropoHax AD v BC tpanenuu ABCD B3ATHl TOYKH
P u Q cooTBeTCTBEHHO, Ipr4éM AP : PD =3 :2. Otpesok PQ pasbupaer
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TparelHio Ha YaCTH, OAHA M3 KOTOPHIX I10 IUIOL[a/AH BABoe Oobllle ApyToi.
Ha#aure otHomenue CQ : QB, ecnin AB:CD=3:2.

7.31. Ha cropoHax AB, AC u BC npaBWIbLHOTO TpeyrojbHuka ABC
PAacIo/NIOKeHEBl COOTBETCTBEHHO ToukH C;, By H A; Tak, YTO TPEYroabHHK
A1B,C; — npaBunbHbiil. OTpe3ok BB; nepecexaeT cTropoHy C1A; B ToY-

. BO "
ke O, IpHYEM OB. = k. HaiiguTe OTHOLIeHHe IUIOMAAU TPEyroAbHHKA
1

ABC x miomazy TpeyroisHika A, B,Cy.

7.32. Ha cropoHax AB, BC u AC TpeyroibHuKa ABC B3fITHl COOTBET-

CTBEHHO TOYKH Cy, A; ¥ By, mpHué ﬁzgﬁ:_@l:g Hai -

L AL M EB, TPMEEM 7 =3¢ =g~ 1° aAuIe o

majb TPeyroJbHUKA, BEPIIHHEI KOTOPOTO — IIOMapHEIe NepeceyeH s OT-
peskoB AA;, BB,, CC,, eciv 1iomazs TpeyroibHuKa ABC paBHa 1.



§ 8. KacaTesbHasA K OKPY>KHOCTH.
Pelenue 3a71a4ym 8 U3 AHArHOCTUYECKOH paGoOTHI

8. M3 Touku M, exalleil BHe OKPY>KHOCTH ¢ LieHTpoM O U paguycoMm R,
npoBejeHHl KacaTenbHble MA u MB (A u B — touku kacanus). [Ipameie
OA u MB nepecekatorcss B Touke C. Haiigute OC, ecid M3BECTHO, 4TO
0Tpe30oK OM Je/IUTCA OKPYKHOCTBIO ITOIIONAM.

Omeem: 2R.

Pemenue. [lyctb K —Touka nepeceyeHHs: OKPY»KHOCTU C OTpe3-
koM OM. Torna OM =20K =2R.

C

B npamoyronbHoMm TpeyronbHHKe OAM kateT OA BABOE MEeHBIIE T'H-
noteHy3sl OM, 3Hauut, ZAMO = 30°, a Tak kak MO — GucceKTpHca yT-
jna AMC, to ZAMC = 60°. 13 npsMoyro/iibHOro TpeyroibHuka MAC Haxo-
AuM, yto ZACM = 30°, 3Hauurt, TpeyroisHuK MOC — paBHOGeJpeHHBIH.
CnepoBarensHo, OC =0M = 2R. <

* k%

B 1IKONBHEIX y4eOHMKAaX BCTpeyaloTcs JBa Pas3HbBIX OlNpee/eHHs Ka-
caTeNbHOH K OKpYXHOCTH. [lepBoe: mpsiMas Ha3blBaeTcsl KacaTelbHOH

l
MH M, v, M
. IT
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K OKPY>KHOCTH, €C/IH NpPAMas H OKPY)KHOCTh MMEIOT eMHCTBEHHYIO 006-
Iylo TOYKy. BTopoe: npsimas Ha3elBaeTcs KacaTeJbHOH K OKPYXHOCTH,
€CJIH OHa NPOXOJHT Yepe3 TOUKY, JeXKallylo Ha OKPYKHOCTH, U IepIeHAH-
KyJIipHa pajnycy, IPOBEJEHHOMY B 3Ty TOYKY.

OTH ompe/ie/IeHHA paBHOCHIIbHEI, T. €. €CJIH HEKOTOpast IpsiMas KacaeT-
€5 OKPY>XHOCTH I10 OJHOMY M3 3THX OIlpe/ieIeHHH, TO OHa KacaeTCA OKPY-
HOCTH H 110 BTopoMy. JlokaxeM 3To.

YreepaxzgeHue. [[ycmb npamas umeem C OKPYHCHOCMbIO €OUHCMEEH-
Hy1o obuyro mouky. Tozda npamas nepneHOUKYAAPHA paouycy OKPYHCHO-
cmu, npogedéHHOMY 8 3Ny MOUKY.

JoxasaTenbcTBO. IlycTk mpaMas [ UMeeT ¢ OKDPYKHOCTBIO
eJIUHCTBEHHYI0 00uIy0 Touky M. JlomycTHM, 4To paguyc OM OKpyX-
HOCTH, IIPOBEeJEHHBINH B 3TY TOUKY, He INepleHAUKYIspeH npamMoi [. To-
ria OIMyCTHM IlepleHAuKynsp OH H3 LleHTpa OKPYKHOCTH Ha NPAMYIO
| ¥ Ha npogokeHUH oTpe3ka MH 3a Touky H omnoxum orpesok HM,,
paBHbiH MH. TpeyroneHuxk MOM,; — paBHOGeJPEHHEIH, T.K. €ro Bbl-
cota OH aBnserca MeauaHol. 3Hauut, OM, = OM, T.e. Touka M,;, He
COBMajiaouias ¢ TOYKoi M, Takke JIEXXUT M Ha OKPYXHOCTH, H Ha IIpfi-
MOH [. A 3TO IPOTHBOPEYUT TOMY, YTO M — eMHCTBeHHas obIas Tovka
npsamoit | u okpyxHoctu. CregosarensHo, OM L [. Yro u TpeboBanock
JOKa3aTb. O

YrBep:kaenue. [Tycms meneps npamasn npoxodum uepes mouky M, ne-
HCAULYHO HA OKPYHCHOCMU, U nepneHOuKyasapHa paduycy OM, nposedérnomy
6 amy mouky. Toeda M — edurcmaenHas obuwas mouka npamoil | u oxpydic-
Hocmu.

JokxaszaTenbcTBo. [lpeinonroXum, 4TO 3TO He TakK, T.e. YTO
ecTh ellé XoTA 6B ofHa OTMWYHAA oT M obmas Touka M, mpaAMo# [
H oKpyxHocTH. Torna OM, =OM, 1. e. TpeyroipHUK MOM; — paBHOGe]-
PEHHEIH, YTO HEBO3MOXKHO, [IOCKOJILKY O/IMH M3 YIJIOB IIPH €r0 OCHOBAHHH
paseH 90°. CnegoBartenbHO, M — eMHCTBEeHHas obIlasa Touka NpsMoii [
U OKpy»KHOCTH. YTO U TpeboBanock JOKa3aTh. O

PaBHOCHJIBHOCTE OTIpeZle/IeHHH JloKa3aHa.
* * %

[Ipu pelleHMH 33/1a4, CBA3aHHBIX C KacaTeJIbHOH, Yyalle BCero MUCIolb-
3y10TCA CAeyIolHe NpocTekIre CBOHCTBA KacaTelbHOM.

Ecnu 13 Touky M, He nexxalieil Ha OKpy)»KHOCTH ¢ IleHTpoM O, mpoBeje-
HBI K OKPY/KHOCTH ZiBe KacaTeabHbele MA 1 MB (A ¥ B — TOYKH KacaHHs),
TO:

1) MA=MB;

2) MO — 6uccekTpuca yrina AMB;
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3) npsaMas MO nepreHAMKYAspHA OTPe3Ky AB M JI€JIHT ero Mnornoxam.

r M

IMpumep 1. Yron npu BepumHe A TpeyroinbHHka ABC pasen 120°.
OxpyxHocTb paguyca R kacaercA cTopoHbl BC M MpOAOMKeHHI CTOPOH
AB u AC. Halizute nmepumMeTp TpeyroibHuka ABC.

2RV3
3 -
Pemurenue. [lycte O — eHTp OKPYXHOCTH, D, E u F — TOYKH Kaca-
HHUA ¢ TpAMBIMUA AB, BC 1 AC COOTBETCTBEHHO, 2p — NEPUMETP TPeyTOo/b-
uuka ABC. Torna AD = AF, BE =BD u CE =CF. [TloatoMy

Omesem:

2p = AB+BC+AC = AB+ (BE+EC)+AC =
= (AB+BE)+ (EC+ AC) = (AB+BD)+ (CF+ AC) = AD+ AF = 2AD.
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TTockombKy Jya AO — 6uccektpuca yraa DAC, To £ZDAO = 60°. M3 nipa-

MOYTONBHOTO TpeyronbHuka ADO HaxopuM, 4to AD = 0D ctg60° = RT‘/E.
CrnepoBaTesbHO, 2p =2AD = %. <

IMpumep 2. [laHBl OKPY>KHOCTH paguycoB r U R (R >r). PaccTosgHue
Mex Iy WX IleHTpaMu paBHo a (a > R+ r). Haligure oTpesku ofIIKX Kaca-
TEJIbHBIX, 3aKJII0YEHHEIE MEX/Y TOUKaMM KacaHWs.

Omeem: \/a2 —(R+1)?, \/a2 —(R—r)2

Pem e H u e Ilycts O; 1 O, — LIEHTPHI OKPYKHOCTEH pafHuycoBr U R,
A 1 B— COOTBETCTBEHHBIE TOUKH KAacaHWA OKPY)KHOCTeH ¢ oblleil BHeI-
Heli kacaTesbHOH, C u D — c obuieii BHyTpeHHeH.

IIycTh P — ocHOBaHHe NepHeHJUKy/Apa, onmylleHHoro u3 O, Ha O,B.
W3 npaMoyronbHoro TpeyroasHuka O, PO, HaX0AUM, YTO

0,P = /0,03 - 0,P? = Va2 — (R—1)2,
B

[ycte Q — ocHOBaHUE MEpPNeHAUKY/IAPa, ONylieHHoro u3 O, Ha Inpo-
pomkerve O,D. U3 npamoyronbHoro TpeyronsHuka 0, Q0, HaXoAuM, 4TO

0,Q = /0,02~ 0,Q* = Va? - (R+1)2

CnepoBaTesibHO,

AB=OIP= az—(R—r)z, CD=OIQ: VGZ_(R'i"r)Z. <



IToagroroBUTEAbHBIE 3aJa4H

8.1. B oxpyxHocTH nmpoBefiéH guametp AB. TIpAMas, NIpoxoAALasn de-
pe3 TouKy A, nepecekaeT B Touke C KacaTe/JbHYI0 K OKPYKHOCTH, IpO-
BeJIEHHYIO Yepe3d To4Ky B. OTpe3ok AC AeNTHTCA OKPYKHOCTbIO MONONAM.
Haiigure yron BAC.

8.2, /IBe npsMble KacarTCsl OKPYKHOCTH ¢ LJeHTpoM O B Toukax A U B
1 NepeceKaroTes B Touke C. Haliiute yron MeXAy STUMH IPAMBEIMH, eC/IH
ZABO =40°.

8.3. B Gosnblueit U3 ABYX KOHIEHTPHUYECKUX OKPY)KHOCTEM (MMEIOLIMX
obuuil 1eHTp) npoBeAeHa XopAa, paBHasd 32 M Kacamwlascs MeHbIIer
OKPYKHOCTH. HaliguTe pajgMyc KauJ0H H3 OKPYXHOCTeH, ecId LIHpHHA
o6pa3oBaBllerocs Kojblia paBHa 8.

8.4. JIse npaMble, NPOXOAAIIMe Yepe3 TOUKY M, JeKalyio BHE OKPYX-
HOCTH C LlleHTpoM O, KacalTCsA OKPY»KHOCTH B TouKax A U B. Otpe3ok OM
[EUTCA OKPY)KHOCTBIO IonosiaM. B kakoM oTHOLIeHHH oTpe3ok OM ge-
JIATCA IpsaMoit AB?

8.5. V3 ofHOM TOYKH IPOBEAEHBI K OKPYKHOCTH [Be KacaTelbHBIE.
JnMHa KaxIoH KacaTeNbHOHM paBHa 12, a paccTosHHE MeAY TOYKaMH
KacaHusa paBHO 14,4. HaiiguTe paguyc oKpyKHOCTH.

8.6. [lpamad, npoxozduias yepe3 TOYKy M, yAaj€HHYIO OT LieHTpa
OKPYKHOCTH pazuyca 10 Ha paccrosHue, paBHOe 26, KacaeTCd OKPY»KHO-
CcTH B Touke A. Haligure AM.

8.7. OxkpyxkHOCTH paguycoB R u r (R > r) KacawTcsi HeKOTOPOH IIpA-
MOH. JIMHUA LEeHTPOB [IepeceKaeT Ty npsaMyto 1o ymiom 30°. Haiaure
paccTosiHHe MeXIy LIeHTPaMHU OKPY>KHOCTel.

8.8. U3 Toukn M mnpoBezeHsl KacaTelbHble MA 1 MB K OKDPYXXHOCTH
(A u B— touku kacauus). Halizure paguyc okpykHoctH, ecii ZAMB =a
U AB=a.

8.9. OkpyxHocTb ¢ HeHTpoM O KacaeTcs JBYX NapajllebHbIX MPAMBIX.
[lpoBesena kacarenbHasi K OKPY:KHOCTH, NepeceKarmllas 3TH IpAMble
B TOuKax A W B. Haiiaure yron AOB.

8.10. Ha OKpy»HOCTH paguyca r BBIOpaHsl TPH TOYKH TaKUM oOpasoM,
4YTO OKPYKHOCTb OKa3ajach pas3/ieI€HHOM Ha TPH AyTH, TpaJycHble Mephl
KOTOPBIX OTHOCATCA Kak 3 :4:5. B Toukax AeJleHHs K OKPY)KHOCTH ITIpO-
Be/IeHbl KacaTelbHble. HalauTe omaab TpeyroabHHKa, 06pa3oBaHHOTIO
3TUMU KacaTelbHEIMH.

8.11. PaccToAHMA OT KOHI[OB AAMeTPa OKPY>KHOCTH 10 HEKOTOPOH Ka-
caTe/IbHOH paBHH a ¥ b. Haiigure pasinyc OKpPy:KHOCTH.
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8.12. B mpsAMOYroJbHOM TpPEYTOJIBHHKE TOYKA KacaHUA BIMCAHHOH
OKDYXXHOCTH JIeJIUT THIIOTEHy3y Ha OTpe3kH, paBHble 5 1 12. HalguTe
KaTeThl TPeyroJbHHKA.

TpeHupoBOYHEIE 3a/jaYH

8.13. 13 Touku M, sexailei BHe OKPYKHOCTH pajiuyca 1, IpoBe/eHbl
K OKDY)KHOCTH /IBe B3aMMHO I1eplieHJUKY/IApHbIe KacaTeabHble MA 1 MB.
Mexay ToukamMu KacaHusi A 1 B Ha MeHbIeil gyre AB B3ATa NIPOU3BOJIb-
Has Touyka C, ¥ yepe3 He€ MpoOBeAeHa TpPeThs KacaTenbHad KL, obpa3yio-
mas ¢ KacaTelbHeIMU MA u MB TpeyronbHuk KLM. Haliiure nepumerp
3TOTr'0 TPEYTOJIbHHKA.

8.14. Ha ocHOBaHMM paBHOOEAPEHHOIO TPEYroJbHHKa, paBHOM 8,
KaK Ha XOp[e MOCTPOEHA OKPYKHOCThb, Kacarolasicsi OOKOBBIX CTOPOH
TpeyronsHuKa. HaliiuTe paguyc OKpy»XHOCTH, ec/iy BBICOTA, OIyIlleHHas
Ha OCHOBaHHe TPeYroJbHHKA, paBHa 3.

8.15. Pajimycel ABYX OKpy»KHOCTeH paBHEI 27 1 13, a paccTOSIHHE MEXIY
neHTpamMu paBHo 50. HaliauTe JIUHBI OOIIMX KacaTeabHBIX K 3TUM OKPYX-
HOCTAM.

8.16. /IBe OKPY:KHOCTH pajuycoB 4 1 3 ¢ ueHTpaMH B Toukax O, ¥ O,
KacaloTesi HEKOTOPOH NpsAMOM B TOUKax M; U M, COOTBETCTBEHHO U JiexKaT
II0 pasHble CTOPOHEI OT 3TOH mpAMOoM. OTHomeHHe oTpe3koB 0,0, u MM,

paBHO % Haiigure O,0,.

8.17. [IBe okpy»XHOCTH pajuycoB 12 u 7 ¢ neHTpaMH B Toukax O; 1 O,
KacaloTcs HEKOTOPOH NpAMOH B TouKax M; U M, COOTBETCTBEHHO H JleXaT
10 OJHY CTOPOHY OT 3ToMH mpsAMoi. OTHOLIeHHe OTpe3koB MM, u 0,0,
PaBHO %g Hatigure M, M,.

8.18. B npamoyroasHoM TpeyronbHuke ABC kateT AC paseH 16 U Ka-
TeT BC paBeH 12. M3 pentpa B pasguycom BC oONHMCcaHa OKPYXXHOCTb,
¥ K Hell NpoBeJieHa KacaresbHas, NapajiiensHan runorenyse. Karer BC
IPONIO/KEH 10 TIepecevyeHus ¢ NpoBeIEHHON KacaTeqpHOH. Onpenenure,
Ha KakKoe PacCTOAHHE MPOJO/DKEH KaTeT.

8.19. B npAMOyTroNbHOM TpanelMy MeHbllee OCHOBAHKWE PABHO BhICO-
Te, a Gonbliliee OCHOBaHMe paBHO a. Haligure GOKOBBIE CTOPOHEI Tparle-
IT1M, €CJIM M3BECTHO, YTO OZHA M3 HUX KacaeTcsA OKPYKHOCTH, TIPOXOAAIIEH
yepe3 KOHILIBI MEHBILEr0 OCHOBAHHA U Kacarollelcs H0bIIEro OCHOBaHHMA.

8.20. B tpeyronbHuke ABC u3BecTHoO, uto BC =a, ZA=a, £ZB=f.
Hafiaure paguyc OKpy>KHOCTH, Kacalomeicsa cTopoHsl AC B Touke A U Ka-
catoleics cropossl BC.
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8.21. [lan TpeyroabHUK cO cTopoHamu 10, 24 # 26. J[Be MEHBIIIHE CTO-
POHBI ABJAIOTCA KacaTeJbHLIMH K OKPYKHOCTH, LIEHTP KOTOPOH JIeKHUT Ha
Gonblrelt cTopoHe. Hafiute pagnyc OKpYKHOCTH.

8.22. HaliauTe AMMHY XOpAHL, €CIH ZIaH paJHyC I' OKPY>KHOCTH H pac-
CTOSIHHE d OT OJHOTO KOHIIA XOPABI 10 KacaTelbHOH, NMpoBeAEHHON Yepes
JPyroii e€ KoHell,

8.23. OauH U3 CMeXHBIX YIVIOB ¢ BeplIMHON A BZBoe 6osblue JpyTro-
ro. B aTH yI/ibl BIIMCAHBI OKPY:KHOCTH € LeHTpaMH O; u O,. HaliauTe yr-
JIbl TpeyronbHuka 0, AO,, eciiv OTHOLIEHHEe pPaJHUyCOB OKPYKHOCTeH paB-

HO \/.3‘

8.24. B paBHOGe[peHHO} TPaNeIMK C OCTPHIM YIJIOM & IIPU OCHOBAaHHUHU
OKPY>KHOCTb, TIOCTPOEHHasA Ha OOKOBOI CTOpOHE KakK Ha AuaMmeTpe, Kaca-
eTcs Jpyroi 60KOBOH CTOPOHEL. B KaKOM OTHOLIEHUHM OHA JeauT Gobliee
OCHOBaHHE Tpanenuu?

8.25. B okpyxHOCTH pazMyca 4 npoBeieHbl Xopia AB u puamerp
AK, obpasyrouuii ¢ xopzoi yrou % B Touke B mpoBejeHa KacaTelbHad
K OKPY>KHOCTH, IepeceKarolias NnpojonkeHHe Auamerpa AK B Touke C.
HaiiguTte meauany AM tpeyronbHuka ABC.

YkaszaHue Ewm O—UeHTP OKPYKHOCTH, TO HPSAMOYTOJIbHBIHA
TpeyronbHUK OBC — paBHObOEPEHHEIH.

8.26. Ha npamo#, npoxogsamieil yepes 1eHTp O OKPY)KHOCTH pajuy-
ca 12, B3aTel Touku A U B, npuuém OA =15, AB=05 u TouKka A JIEXKUT
mexay O u B. M3 Touexk A U B npoBefieHbl KacaTe/lbHBIE K OKPYKHOCTH,
TOYKHM KacaHHMs KOTOPBIX JIEXAT 110 OHY CTOPOHY OT mpamoit OB. Hatiau-
Te IIouaAb TpeyroabHuka ABC, rae C — To4yka IlepecedeHUs 3TUX Kaca-
TeJIbHBIX.

8.27. B yron ¢ BepminHoH A, paBHBIH 60°, BMcaHa OKPY)XHOCTD C LIeH-
TpoM O. K 5TOH OKpy)XHOCTH IIpOBe/ieHa KacaTebHas, MepeceKalollas
cropoHel yriia B Toykax B ¥ C. Otpesok BC mepecekaerca ¢ OTpes-
koM AO B Touke M. HaliauTe paguyc OKpY>KHOCTH, BIIMCAaHHOH B Tpe-
yronbHUK ABC, ecnu AM : MO=2:3uBC=7.

Yka3aHwue. Eciu JaHHasA OKPYKHOCTb KacaeTca npambix BC 1 AB
B TouKaxX P 4 Q cooTBeTCTBEHHO, a AH — BrIcOTa TpeyroibHuka ABC, To
AH _AM _ 2
0P — OM — 3> @ IIOTIYNIEPUMETP TPEYTO/IbHUKA ABC paseH oTpe3sky AQ.

8.28. Yepes TOYKY A OKPY>KHOCTH pajuyca 10 mpoBe/ieHb! Be B3aHMHO
TepneHJIUKYIApHbIe XopAbl AB U AC. BEIYHC/IHTE pajMyC OKPYKHOCTH,
Kacarolencs JaHHOH OKPYKHOCTH M IIOCTPOEeHHBIX XOpA, ek AB =16.

YkaszaH#e. OnycTuTe NepleHAUKYIAPH W3 I[EHTPOB OKPYXHO-

cTeii Ha xopay AB.



§9. Kacaromuecss OKpyXHOCTH. _
PeireHue 3aza4yu 9 U3 AUArHOCTHYECKOH paboThI

9. OKpPY)KHOCTH ¢ LeHTpaMu O; ¥ O, KacaloTcs BHeIHUM obpasom
B Touke C. [IpsaMas KacaeTcs 3THUX OKDY>KHOCTeH B PasIHYHBIX TOY-
kax A 4 B coorBercTBeHHO. Haiipgute yron AO,B, ecld M3BECTHO, YTO

tg LABC=3.
Omeem: 45°.

PemeHHe. Ilycth M — TOUKa nepeceyeHus oTpeska AB c obumei
KacaTenbHOH K JaHHBIM OKPYXKHOCTSIM, IIPOBeEHHOH Yepe3 X TOUKY Ka-
caununa C. Torna MA= MC = MB, snauut, ZACB=90°.

Omnyctum nepneHaukynap O,H u3 uentpa O, BTOPOH OKPY)KHOCTH Ha
eé xopay BC. Toraa H — cepeauna BC. V3 ycnoBus 3ajauu cieayeT, YTO

AC= %BC =BH, aT.X. ZBO,H=90°— Z0,BH = ZABC, TO NpsAMOYT0/lb-
Hble TpeyronbHUKH BO,H W ABC paBHHI 110 KaTeTy U NPOTHBOJIEKAIIe-
My ocTpomy yray. 3Hauut, O,B = AB. CrefoBarensHo, ZAO,B = ZBAO, =
=45°, <

* k %

B pasHbIX yyeOHHKax IPHUBOAATCH pasHble GOPMYIHPOBKU OIIpefese-
HHA KacalolMXCA OKPY)KHOCTeH:

1) roBOpAT, YTO /IBE€ OKPY>KHOCTH KacaloTcs, ec/id OHH UMeIOT eJHH-
CTBEHHYIO 0BIIIYI0 TOUKY;

2) T'OBOPAT, 4TO ABE pas3/IM4HbI€ OKPY>KHOCTH KaCarTCA, €CJIM OHH HMe-
10T 061ITyI0 TOYKY M 06110 KacaTeNbHYI0, IPOBEAEHHYIO B 3TOM TOYKe.
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ODTH oINpe/ie/ieH|s] pAaBHOCKH/IBHBI: €CJTH OKPY)KHOCTH KacaroTcs I10 Tep-
BOMY OIIpe/ieJIEHHI0, TO OHH KacaloTCA U 110 BTOPOMY, H Hao60poT.

I'oBOpAT, YTO OKPYKHOCTH KacaloTcsA BHEIIHMM ofpasom (kacaloTrcs
M3BHE), €C/IM MX LIeHTpH! JIeXaT 0 pa3Hble CTOPOHHI oT obIlel Kaca-
TesbHOH. EC/IM jXe LeHTpB! KacalolIMXCs OKPY)KHOCTEH JIeXaT 10 OAHY
CTOPOHY OT 00l1eil KacaTelbHOM, TO TOBOPAT, YTO OKPYIKHOCTH KAcalTCA
BHYTpeHHUM oOpa3oM (KacaloTcs U3HYTPH).

Camoe Ba)KHOe CBOMCTBO KacalolUXCsl OKPY»KHOCTeH — JTMHUA UX LIeH-
TPOB (T. €. IpsAAMast, IPOBeAEéHHAsA Yyepe3 LIeHTPH OKPYKHOCTEH) MPOXOAUT
yepe3 TOUKY KacaHud. JTOT GakT NpH pellleHHH 3ajlad Ha Kacarolludecs
OKPY>XHOCTH, KaK IIpaBHJIO, UCIIONb3yeTcs B IEPBYIO OYepeab.

Ec/iM B YC/IOBHU 3a/ja4y He YKa3aHO, KAKMM 00pa3oM KacaroTcst OKPYK-

HOCTH, TO HeoOXOAMMO paccMaTpHBaTh M CIyyall BHelIHero, ¥ ciydai
BHYTPEHHEr0 KacaHHA.

Ipumep 1. [IBe OKPY)KHOCTHU pajyca r KacaroTcs Dosblieil OKpyXKHO-
CTH pajuyca R — oaHa W3HYTPH, Apyras u3BHe, IPUYEM rpafycHasd Mepa
JYTH MeXJy TOYKaMH KacaHua paBHa 60°. HaHzuTe paccTosiHHE MeXAy
LIeHTPaMH MEHBILIHUX OKPY)KHOCTeH.

Omsem: v/ R> +3r2.
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P e m e H ¥ e. [TycTs okpy«HOCTH paauyca r ¢ qenrpamu O, H O, Kaca-
IOTCA OKPYXKHOCTH pajiuyca R ¢ neHTpoM O COOTBETCTBEHHO BHYTPEHHHM
M BHeIIHUM o6pasoM, npuuéM r < R. [ToCKONMBbKY JTHHHSA LEHTPOB /BYX Ka-
CalOIIHMXCA OKPY:KHOCTEH ITPOXOAUT Yyepe3 TOUKY HX KacaHusa, 00, =R-—r
n 00, =R +r. Kpome Toro, Z0,;00, = 60°. [lo TeopeMe KOCHHYCOB H3
TpeyronbHuKa 0,00, HaXoAHUM, 4TO

0,0 = (R+1r)*+(R-r)*—2(R+r)(R—r)cos60° =
= R+1)*+R-r)?=(R*-r") = R +3r%,

CiepoBarenbHo, 0,0, =1/ R? + 3r2, <

ITpumep 2. OxpyKHOCTH Pa3IHYHBIX paguycoB r U R ¢ neHTpamu O,
1 O, COOTBETCTBEHHO KacaroTcsA BHeIIHHM obpasoM B Touke K. IIpamasn
KacaeTcs 3THX OKPY)KHOCTeH B pa3/IMYHBIX TOYKax A W B, a BTOpas InpA-
MaA — B Toukax D u C COOTBETCTBEHHO.

1) Haiaure AB u orpe3ok MN obuieil kacaTeJbHOH OKPYXXHOCTEH,
IpOXOAALIeH Yepe3 TOUKY MX KacaHWs, 3aKIIOYEHHEIN Mexay oOIHUMU
BHEIIHHMMH KacaTeJbHbIMH AB 1 CD.

2) Joxaxwure, yto LAKB=/Z0,M0, =90°.

3) Jokaxwure, uro ABCD — onucaHHas Tpalelnus, U HalHAuTe eé BhI-
COTY.

Omeem: 1) 2+/R; 3) jf;.

Pemw e H ue. /Ins onpeAen€HHOCTH NMPEATIONOKHM, 4TO I < R.

1) Touka K nexxuT Ha oTpeske O,0,, TOCKONbKY OKPY)KHOCTH KacaloT-
cA BHemHHMM o6pa3om. IToatomy 0,0, = 0K + KO, =r + R. Y3 TOUKH
O, onyctum mepneHAUkyIAp O;F Ha paauyc O,B BTOpPOH OKDYHOCTH.
Toraa, Tak kak O,B L AB (kak paguyc, pOBeAEHHbIH B TOUKY KacaHH
c npamoit AB), O, F || AB. KpoMme Toro, npsiMble O; A u O, B napaiesibHbl,
TaK Kak o0e OHM IepIeHAUKY/IAPHBI KacaTelbHOH AB. (llefoBaTelbHo,

5 Teometpus. [naHUMeTpus
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YeThIPEXYToMbHUK O ABF — npsimoyronsauk. Touka F JIeXHT Ha OTpeake
0,B, noatomy

0,F = 0,B—BF = 0,B—0,A=R—r.

ITo Teopeme ITndaropa U3 MpAMOYTOILHOTO TpeyToabHUKa O;FO, Ha-
XOAUM, YTO

0,F = /0,02~ 0,F? = V/(r +R)* - (R—1)* = 2V/IR.

CnenoBarensHo, AB=0,F =2+vTR.

OTpe3ky KacaTelbHBIX, TPOBEAEHHEIX K OKPY)KHOCTH M3 OJHOM TOUKH,

paBHel, moatomy MK =MB u MK = MA. 3HauurT,
NM = 2MK = AB = 2VrR.

2) Tockonbky MO, u MO, — GUCCEKTPHUCH CMEXHBIX yIoB AMK
U BMK, yron O, MO, npamoii.

ITockonbky MA = MK = MB, meanana KM tpeyronbHuka AKB paBHa
nososuHe cropoHsl AB. CrenoBarenbHo, ZAKB=90°.

3) Myctb npaMele AB u CD nepecekatoTca B Touke O. Torna OA=0D,
OB =0C, noatomy CD = AB=2TR.

Toukn O, u O, nexar Ha Ouccektpuce yria AOD. Buccekrpuca
paBHOGeApeHHOTo TpeyronsHuka AOD SABSETCS €ro BBICOTOM, II03TOMY
AD 1 0,0, u BC 1L 0,0,, snauut, AD || BC u ABCD — paBHOGeipeHHas
Tpanenua. Otpe3ok MN -— eé cpeJiHss JTUHUS, TO3TOMY

AD +BC = 2MN = 2AB = AB+CD.
CnesoBarenbHO, B Tpanenu ABCD MOXHO BIHCATh OKPYHOCTE.

ITIyets AP — BbICOTa 3TOH TpareluuH. [IpAMOyToabHbBIE TPEeyroJlbHUKN

AB
APB u O, FO, n0o700HEbI, IOITOMY '(‘)A_PE = OTKY/Ia HaXOJJUM, YTO
1

0,0,’

AP = OF-AB _ 2VrR-2v/rR _ 4rR 4
- 0,0, r+R T r+R




IToaroroBuTE/IBHEIE 3aJa4X

9.1. Tpy paBHBIX OKPY)XHOCTH pajuyca R KacaroTcs Jpyr Apyra BHEL-
HUM obpazoM. HaiiiuTe CTOPOHEL ¥ YIVIbI TPEYTONBHUKA, BePUIMHAMH KO-
TOPOT'O CAYXKAT TOYKH KacaHH.

9.2, JiBe paBHBIX OKPYHOCTH KacaloTCsl U3HYTPU TPeTbel M KacarTca
Mexy coboit. CoelMHUB TPH LiIEHTPa, MOJTYYUM TPEYTOJbHHK C IIepUMeT-
pom, paBHbeIM 18. HaliauTe paguyc 6onblieil OKpyKHOCTH.

9.3. Tpu OKpY>KHOCTH paZuycoB 6, 7 1 8 monapHo KacarwTcsA APYyT Apy-
ra BHeIIHHMM obpasom. Haitaute ruioimasb TpeyroJbHHKA C BepIIMHAMHU
B LIEHTPAX 3TUX OKPY)KHOCTEH.

9.4. OKpyXHOCTH paguycoB 8 M 3 KacaloTcAd BHYTPeHHHM obpasoM.
M3 uentpa Gonblueil OKPY:KHOCTH IPOBEJEHa KacaTeJbHas K MeHbIUei
OKpY)KHOCTH. HaliiuTe paccTossHHE OT TOYKH KacaHHA 10 LieHTpa bonblied

OKPYKHOCTH.

9.5. [IBe OKPYKHOCTH pajHyca r KacaloTcs Apyr Apyra. Kpome Toro,
KakJad M3 HUX KacaeTcsA U3BHE TpeTbell OKPYXHOCTH pajguyca R B TOYKax
A U B cooTBeTcTBeHHO. HaliguTte paguyc r, ecid AB=12, R=8.

9.6. /lBe OKPY)XHOCTH pajJHyca I KacarTcsa Apyr Apyra. Kpome Toro,
KaXkJas U3 HUX KacaeTcss U3HYTPH TpeThel OKPYKHOCTH pajuyca R B TOY-
Kax A ¥ B coorBeTcTBeHHO. Haiizute paguyc R, ecnu AB=11, r=5.

9.7. JlaHa OKpY>XHOCTb paauyca R. YeThlpe OKPY)XHOCTH PaBHEIX pa-
JAUYCOB KacaloTcsl JaHHOH BHEIIHHM 00pa3oM, M KaKJas U3 3THUX HeThl-
PEX OKPY»KHOCTeH KacaeTcs ABYX Jpyrux. HaliauTe paauychl 3THX 4YeTHIPEX
OKPYIKHOCTEH.

9.8. TpH OKPY;KHOCTH pa3HbIX PaZUyCOB IONIAPHO KacaloTcA ApyT Apyra
BHeIHUM obpazoM. OTpesKH, COeMHAIOLIME UX LEHTPBI, 00pasyroT mps-
MOYTOJIbHBIH TpeyronpHUK. HalifuTe paguyc MeHbLIEH OKPYXHOCTH, €C/IH
pazuycel Gosbliei U cpeHel paBHH 6 1 4.

9.9. Ha npamoii, npoxoasinei yepes 1eHTp O OKPYKHOCTH paauyca R,
B3ATa TOYKA A Ha pacCTOAHHMM a OT LeHTpa. Haiigure paauyc BTOpoi
OKPYHOCTH, KOTOpas KacaeTcsa npaMoil OA B TOUKe A, a TaloKe KacaeTcA
JaHHOI OKPY>KHOCTH.

9.10. [laHBl OKpY:KHOCTH pazuycoB 1 u 3 ¢ obmum nentpom O. Tpe-
Thf OKPYKHOCTB KacaeTcs ux obeux. HaliguTe yron Mexay KacaTeJlbHbIMH
K TpeTbell OKPY>XHOCTH, IIPOBEJEHHLIMH M3 TOUKH O.

9.11. B yron, paBHbiii 60°, BnMcaHBl JBe OKPYXHOCTH, KacalollHecsd
Apyr Apyra BHelTHUM obpasoM. Paguyc MeHbIei OKPY)KHOCTH paBeH r.
Hatigure paguyc 6oabiieil OKpy>XHOCTH.

5*
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9.12. /IBe OKPY>KHOCTH KacaloTcA APYT JApyra BHYTPEHHHM 06pa3oM.
HMsBecTtHo, 4yTO ABa pajuyca Go/bliel OKPYKHOCTH, YTOI MEXKIY KOTOPBI-
MH paBeH 60°, KacaloTcs MeHbIIei OKPY)KHOCTH. Hali1uTe OTHOIIEHHE pa-
JAHYCOB OKPYXXHOCTEH.

9.13. B paBHOCTOPOHHHMH TPEYTOJBHHK BITHCaHa OKPYKHOCTb. JTOH
OKDYHOCTH ¥ JBYX CTOPOH TPeyTOJbHHKA KacaeTc MEHbIIAs OKDYH-
HOCTb. HallauTe cTOPOHY TpeyronbHHKA, eC/IH PafHYC MaIOH OKPY)KHOCTH
paBeH r.

9.14. B kpyroBoH CexTop ¢ leHTpaJIbHBIM YoM 120° BIucaHa OKpyxX-
HOCTb. Haiiaure e€ pasuyc, ecid paguyc AaHHOH OKPYKHOCTH paBeH R.

9.15. /IBe OKPY>KHOCTH KacaroTcsi BHEUIHUM 06pa3oM B Touke K. OaHa
npAMas KacaeTcsl 3THX OKPYKHOCTeH B pa3JMYHBIX TOUKaX A U B, a BTO-
pas — COOTBETCTBEHHO B pasiuyHbIX Toukax C u D. O6Lias kacareabHas
K OKPY>KHOCTAM, IPOXOAAIIAsA Yepe3 TOUKy K, mepeceKkaeTcs ¢ STUMH Nps-
MEIMH B Toukax M u N. Haiigure MN, ecnu AC=a, BD =b.

TpeHHPOBO‘IHbIe 3ajgaqyH

9.16. OxpyxHOCTb paguyca 2 KacaeTcs BHEIIHMM obpa3zoMm fpyroi
OKPYKHOCTH B Touke A. O6mas kacaTenbHas K 06eMM OKPY>XHOCTAM, I1po-
Be/IEHHAA yepe3 TOUKy A, lepeceKaeTcs ¢ [pyroi ux obieit kacaTenbHOH
B Touke B. HaliiuTe pajuyc BTOpOi OKPY>KHOCTH, ecii AB =4,

9.17. JIBe OKPY»KHOCTH KacalTcA APYT Apyra BHEIIHUM 06pa3oM B TOY-
ke C. Paguycel okpy:xHOocTel paBHHI 2 1 7. O6uias KacarenbHas K obeum
OKPY)KHOCTAIM, TIpOBeJEHHAs yepe3 TOUKy C, repeceKaeTcs C JPyrod HUx
obuieii kacaTensHOH B Touke D. HaiijuTe paccTOSHKeE OT lleHTpa MeHbIIeH
OKPY>XHOCTH /IO TOYKH D.

9.18. OKpy»KHOCTb pajuyca r KacaeTcsi HEKOTOPO# NMPAMOM B Touke M.
Ha aToit nmpaMoii o pasHble CTOPOHBI OT M B3ATH TOUKH A ¥ B, npuyém
MA = MB =a. HaliauTte pajuyc OKpPYKHOCTH, TTPOXOAALIeH yepe3 Touky A
¥ B u kacaromeicsa JaHHOH OKPY)KHOCTH.

9.19. OzHa OKPYXHOCTB OIMKMCAaHA OKOJIO PABHOCTOPOHHETO TPEyToJib-
HHUKa ABC, a BTOpas BIHCaHa B YTol A M KacaeTcA NEPBOH OKPYKHOCTH.
HaiiauTre oTHOLIEHHE PaJMyCOB OKPYKHOCTEH.

9.20. B OKpYXXHOCTb BIHCAaH paBHOOEIpeHHBIH TPEYTOJIbHHK C OCHO-
BaHHMEM ad W yIJIOM IIpH OCHOBaHHMU a. Kpome Toro, rocrpoeHa BTOpas
OKPYKHOCTB, Kacamolasacs nepBoH OKPY:KHOCTH M OCHOBaHHA TPEYroJb-
HHKa, IPUYEM TOYKA KacaHHWsA SBJIAETCA cepelMHOH ocHOBaHuA. Halaure
pajuyc BTOPOH OKPY’XHOCTH.
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9.21. /IBe OKpYKHOCTH ¢ ieHTpaMu O;, O, ¥ paauycamu 32, nepeceka-
ACh, AeNAT oTpe3ok 0,0, Ha Tpu paBHbIEe YacTH. HaliiuTe paguyc OKpy»X-
HOCTH, KOTOpas KacaeTcs U3HyTpH 06eUX OKPY»KHOCTeH B KacaeTcs oTpes-
ka 0,0,.

9.22. /IBe OKpPY»KHOCTH PafHyCcOB R M r KacaloTcst CTOPOH JaHHOTO YTa
M ApyT Apyra. HaliauTre paguyc TpeTheH OKPYKHOCTH, Kacaloulecs cTo-
POH TOT'O e yIJIa, LIeHTP KOTOPOil HaXOAUTCs B TOYKE KacaHWA OKPY>KHO-
cTel Mexzay coboH.

9.23. B TpeyronbHHKe ABC cropoHa BC paBHa a, pagvyc BIHCAHHOH
OKPY>KHOCTH paBeH r. Haliaure pazuycsl AByX paBHBIX OKDYXXHOCTEH, Ka-
cawlluxcd Apyr Apyra, eI ogHa U3 HUX KacaeTcsa cropoH BC u BA, a apy-
rasg — cropoH BC u CA.

9.24. /IBe OKPY>XHOCTH paguycoB 5 H 3 KacaroTca BHYTPeHHMM obpa-
3oM. Xopza Go/bleil OKPYKHOCTH KacaeTcs MeHblilel! OKPY)KHOCTH H [ie-
JIUTCA TOYKOH KacaHuA B oTHoleHuu 3: 1. Hallaure AnMHY 9TOH X0opabl.

9.25. /IBe OKPY)KHOCTH, PaZIHyChl KOTOPHIX OTHOCATCH KaK 9 —4+v/3 k 1,
KacaroTcs JpyT Apyra BHYTpeHHUM 06pa3oM. B 6oib1eii OKpyKHOCTH Ipo-
BeJIeHbI /IBe paBHBIE XOPAEI, Kacaroluuecs MeHbllleH okpy:kHocTH. OfiHa K3
3THX XOPZ IepleHAHKY/IIPHA OTPe3Ky, COeJHHAIOIeMY LIeHTPBl OKPYKHO-
crel, a Apyras Het. HaliauTe yron Mexzy 3THMH XOpJAaMH.

9.26. /IBe OKPYKHOCTH KacaloTcs BHyTPeHHHM obpasom. [IpsamMas, npo-
XoAAmas yepe3 LeHTP Oonbliel OKPYKHOCTH, IepeceKaeT e€ B ToYKax A
U D, a MEeHBIIYI0 OKPYXHOCTb — B ToukKax B u C. HalijuTe oTHOLIeHHe
pajuycoB OKpyxHocTeH, eciii AB:BC:CD=3:7:2.

9.27. JlBe OKpPYXHOCTH KacaroTcA BHYTpeHHHM obpasom. IIpsamas,
[IPOXOAALIAA yepe3 LIEHTP MEeHbIIed OKPYXHOCTH, IepeceKaeT GOIbLIyo
OKPYXHOCTE B TouKaX A U D, a meHblIylo — B Toukax B u C. Haiigure
OTHOIIEHHE PaJIMyCcOB OKPYXKHOCTel, ec/ii AB:BC:CD=2:4:3.

9.28. /IBe OKpyKHOCTH paZinycoB R ¥ r (R >r) KacaloTcA BHEIIHe B TOY-
ke C. K HUM npoBegeHa ob6Iias BHeIUHAA KacaTeabHasa AB, rme A U B—
TOYKH kKacaHudA. Haiigure croponsl TpeyronbHuka ABC.

9.29. /e oxpy;HOCTHU paguycoB R u r (R >r) KacaroTcs BHEITHHM 00-
pazom. [IpAman kacaeTcs 3THX OKPY)KHOCTeH B pa3/IMYHBIX TOYKax A K B.
Haitnute paguyc oKpy>KHOCTH, Kacatouieiics 06eHx JaHHBIX OKPYXXHOCTeH
¥ npsaMoit AB.

9.30. /IBe OKpY)KHOCTH KacaloTci BHENIHMM 00pa3oM B Touke C.
O61uas BHeLIHssA KacaTe/lbHas KacaeTcs MEePBOM OKPYXXHOCTH B TOYKe A,
a Bropo —B Touke B. Ilpamas AC mepeceKaeT BTOPYIO OKPYKHOCTb
B Touke D, ommumuHoM ot C. Haiinute BC, ecin AC =9, CD =4.
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9.31. /IBe OKPY)KHOCTH KacaloTcs APYT Apyra BHEITHUM 06pa3oM B TOY-
ke A. HaliauTe pagnycsl OKpYy:KHOCTEH, eC/IM XOp/bl, COEAMHAIOLIHE TOY-
Ky A ¢ TOYKaMH KacaHus ¢ O[HOH M3 0OIHX BHEIIHHUX KacaTe/lbHbIX, PaB-
Hbl 6 U 8.

9.32. Tpu OKpy»KHOCTH paaHycoB 1, 2 H 3 KacalTca APYyT Apyra BHENI-
HUM obpasom. HaliznTe pagnyc OKPY:KHOCTH, IIPOXOJSANIEH Yepe3 TOUKH
KacaHMA 3THUX OKPYKHOCTei.

9.33. /IBe OKDY:KHOCTH PaJMycoB 5 U 4 KacaloTcid BHEIIHUM obpasoM.
[lpsamasn, 'Kacarouiascad MeHbIIEH OKPYKHOCTH B TOYKe A, IepeceKaer
66nbiyio B TouKax B u C, npu4yém AB = BC. Haiiaure AC.

9.34. Touka B — cepeguHa otpeska AC, npuuéM AC = 6. IIpoBe/ieHH
TPH OKPYXXHOCTH pazuyca 1 ¢ uenrpamu A, B u C. HaliguTte paguyc yet-
BEPTOH OKPYXKHOCTH, KacaoleHcs Bcex TPEX AaHHBIX.

9.35. Touka B — cepeauna orpeska AC, npruyéM AC = 6. [IpoBesieHHl
TPH OKDPY»KHOCTH pajuyca 5 ¢ neHTpaMmu A, B u C. Haliaure paguyc 4et-
BEDPTOM OKPY>KHOCTH, Kacarolieiica Bcex TPEX JaHHBIX.

9.36. JlaHa OKpY»XHOCTb ¢ LleHTpoM B Touke O U paguycom 2. 13 koHLa
oTrpeska OA, NepeceKaroNUerocs ¢ OKPYKHOCTbIO B TOUKe M, rpoBefieHa
kacarenbHasa AK k okpyxxHocTH, ZOAK = 60°. HaliguTe paguyc OKpyKHO-
CTH, BIIMCAHHOH B yron OAK W Kacalomeica AaHHOM OKPY>KHOCTH BHEIl-
HHUM 06pa3oM.

9.37. B kpyre c nentpoM O xopaa AB nepecekaeT pagauyc OC B TOY-
ke D, npuuém ZCDA = 120°. HalizuTe paguyc OKPYy)XHOCTH, BIIMCAHHOMN
B yron ADC u Kacaromeicsa gyru AC, ecmu OC=2, OD= V3.

9.38. OKpyXHOCTH PaAinycoB I U R KacaroTcs Apyr Jpyra BHyTPeHHUM
obpazom. HaiiguTe cTOpOHY paBHOCTOPOHHETrO TPEYTOMBHHKA, Y KOTOPOTO
O/IHa BepUIMHA HAXOAMTCA B TOYKE KacaHUA JaHHBIX OKPYXHOCTeH, a JBe
JIpyTHe JiexKaT Ha pasHbIX JaHHBIX OKPYXKHOCTAX.

9.39. Paguychl OKpy:KHOCTeH S; M S,, KacalollMXcad B TouKe A, pas-
HBl R 4 r cooTBeTcTBeHHO (R > r). [IpAmas, npoxoaduas yepes TOYKY B,
JIeXalllylo Ha OKPYXXHOCTH S;, KacaeTcs OKpPY»KHOCTH S, B Touke C. Haii-
aute BC, eciu AB=a.

9.40. OTHOIIEHHE PaZiHyCOB OKPY>KHOCTeH S U S,, KacalolUXcA B TOU-
Ke B, paBHO k (k> 1). M3 Touku A, Jiexallled Ha OKPYy>KHOCTU S;, IIpo-
Be/leHa NpAMasd, Kacarouiascs oKPYXXKHOCTH S, B Touke C. Haiizure AC,
€CJIM M3BECTHO, YTO XOp/a, BhiceKaeMasa OKPY:KHOCThIO S, Ha TIpAMOM AB,
paBHa b.

9.41. OKpPYXHOCTh pazuyca 1 kacaeTcss OKpPY:KHOCTH pajuyca 3 B TOY-
ke C. Tlpamas, nmpoxoasmas depe3 ToukKy C, NepecekaeT OKPYXHOCTh
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MEHBIIEro pajuyca B TOUKe A, a GosblIero pajuyca — B Touke B. Hailgu-
Te AC, eciii AB=24+/5.

9.42. OKpyKHOCTb pajuyca 2 KacaeTcs OKPYKHOCTH pajuyca 4 B TOY-
ke B. [Ipamast, npoxoadAiuas yepes TOUKY B, nepecexaeT OKpPY»KHOCTb MEHb-
1Iero pajuyca B TOUKe A, a OKPYKHOCTb Oosbliero paguyca — B Touke C.
Haitaure BC, ecn AC =3v/2,

9.43. B yros BIHCaHO HECKONBKO OKPYKHOCTeH, pagruychl KOTOPbIX BO3-
pacraioT. Kaxaas cieayromas OKpy:KHOCTb KacaeTcs Ipeblylleil OKpyxK-
HocTH. HailauTe cyMMy AJIMH BTOPOH M TpeTbei OKpY»KHOCTEeH, ec/iv paju-
yc nepsoif paBeH 1, a II0IaAb Kpyra, O'PAaHHYEHHOI'0 YeTBEPTON OKPYHK-
HOCTBIO, paBHa 647,

9.44. Ha otpeske AB, paBHOM 2R, Kak Ha JuaMeTpe OCTPOeHa OKPYK-
HOCTb. BTOpasa oKpyXHOCTb TOIO e pajuyca, YTO U [1epBasd, UMeeT LeHTP
B To4YKe A. TpeTba OKPY;KHOCTb KacaeTcs INEPBOH OKPYXHOCTH BHYTPEH-
HUM 00pasoM, BTOPOH OKPY>KHOCTH — BHEIIHHUM 06pa3oM, a Takke Kaca-
erTca oTpe3ka AB. Haligure pasuyc TpeTbei OKPY>KHOCTH.

9.45. B Beimyx/10M YeThipéxyronbHHKe ABCD 3axmo4deHsl 1Be OKPYyk-
HOCTH OMHAKOBOTO pajuyca r, Kacaiolluecs Jpyr Apyra BHEIIHUM obpa-
30M. LIeHTp mepBo# OKPYKHOCTH HaXOJWTCA HA OTPe3Ke, COeAUHAIOMEM
BepIIMHY A ¢ cepeJuHOH F croponsl CD, a LIeHTp BTOPOH OKPYXXHOCTH
HaAXOJIUTCA Ha OTpe3Ke, COeAMHAOIEM BepluuHy C ¢ cepelMHOil E cToO-
poHbl AB. [lepBas OKpy»XHOCTb KacaeTcsi cTOpoH AB, AD u CD, a Bropas
OKPYXHOCTb KacaeTca cTopoH AB, BC u CD. Haligute AC.

9.46. B npaMoyronbHOM cekTope AOB M3 ToYKM B Kak U3 1{eHTpa Npo-
BesleHa ayra OC (C — ToyKa nepecedyeHHs 3TOH AyTH ¢ Ayrod AB) paauy-
ca BO. OKpy:HOCTb S; KacaeTca ayrd AB, ayrd OC u npamou OA, IpuuéM
TOYKH KacaHWs pas3/JMyHEl, a OKPY)KHOCTh S, KacaeTca Ayrd AB, npsmoi
OA u oxpyxHOCTH S, (TOYKM KacaHWA TAIOKe MOTIapHO pa3nauyHbl). Hai-
JAWTE OTHOIIEHHE Pajuyca OKPYKHOCTH S K PaZHyCy OKPYKHOCTH S,.

9.47% Ha orpeske AC BadTa Touka B u Ha oTpeskax AB, BC, CA xak
Ha JuaMeTpax IOCTPOEHHI ITONIYOKPYKHOCTH Sq, S,, S3 IO OJHY CTOPOHY
or AC. Haligure pasnyc OKpy>KHOCTH, KacarlleHcs BeeX TPEX MONTyOKpYH-
HOCTEH, eC/IH U3BECTHO, 4TO eé IeHTp y/aJleH oT npaMol AC Ha paccTos-
HHe a.

Yka3sasnue. [lpumennre popmyny l'epona.

9.487 /IBe OKPYXHOCTH pazuycoB r U R (r < R) kacawoTca JApyr Apy-
ra BHEIIHUM obpasoM. [IpsamMas kacaeTcss STHX OKPY)KHOCTEH B TOUKax M
H N. B Toukax A U B OKpY)XHOCTH KacaloTCA BHEIIHMM 06pa3oM TpeThel
OKpYKHOCTH. IIpamblie AB 1 MN nepecekatored B Touke C. M3 Ttouku C
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TIpoBe/ieHa KacaTe/bHaA K TpeTbeH OKpyXHocTH (D — Toyka KacaHus).
Haiipure CD.

Yxa3aHue. Touyka nepecedeHus npamelx AB 1 MN jieXUT Ha Ips-
MOH, IPOXOAAIIEH Yepe3 LEHTPH MEePBHIX ABYX OKPYKHOCTEH.



§10. ITlepecekarompecs OKPyHOCTH.
Pemenue 3az7a4u 10 U3 AHarHOCTHYECKOH paboThI

10. Ha xaTeTax NpsaMoOyTOJbHOrO TpeyroJlbHHKa Kak Ha JHaMeTpax Io-
CTpOeHHl OKpyHOCTH. Hafiaute ux obIyio Xopay, eclM KaTeThl paBHH 3
H4.

Omesem: 15—2 C

PemeHue. [lyctb CD—obmas xop-
Jla OKpY)XHOCTell, NTOCTPOEHHBIX Ha Kare-
Tax AC =3 1 BC =4 npsAMOYTroJbHOT'O Tpe-
yroneHuKa ABC Kak Ha guamerpax. Torza
ZADC = ZBDC =90° Kak BIMCaHHbIE VTIIE, A D B
onupamplecs Ha JUaMeTp. 3HA4YUT, TOY-
ka D nexuT Ha runoreHy3e AB, a CD — BeICOTa IIPAMOYTOJBHOI'O Tpe-
yronpHuKa ABC, npoBeJéHHasA M3 BePIUMHBI IPAMOTro yra.
ITo Teopeme Iludaropa AB= +v9+16=15, a mockonpky

SAABC' = %AC'BC H SAABC = %ABCD,

Tony4yaem %AC -BC= %AB -CD, oTKyZAa HaxoZHuM, 4TO

_ AC-BC _34_12

¢b AB T 5 5°

* % *

JloxakeM BaxkHeHIllee CBOMCTBO IepeceKarollMXCA OKPY:KHOCTEH.

YrBepikaeHue. JIuHUA YeHMPOB nepeceKkaryuxcsi OKpyHcHocmell nep-
neHOuKyaspHa ux obuetl xopde u deaum eé nonoaaMm.

JdokasaTenbcTBo. I[lycte AB— obmas xopja nepeceKalolux-
cs OKpykHOcTei ¢ ueHTpaMu O; U O,. Touku O, U O, paBHOyZAaJIEeHBl OT
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KOHILIOB O0Tpe3Ka AB, noatomy O;0, — cepeIHHHbII NepreHIUKYIISAp K OT-

pe3ky AB. YTo u TpeGoBasoch A0OKa3aTh. O
IIpumep 1. Paguychl ABYX NepeceKaroluXCs OKPYKHOCTeH paBHbI 13

u 15, a obias xopaa paBHa 24. Halizure paccTosiHHe MeXIy IIEHTPaMH.

Omeem: 14 wiu 4.

Pe e nue. [IycTb OKpyKHOCTb pazuyca 13 ¢ ueHTpoM O; H OKpPYH-
HOCTb paguyca 15 ¢ ueHTpoM O, mepecekarorcs B Toukax A U B. Torga
0,0, 1L AB u npamas 0,0, NpoxoauT Yepes cepeanny M orpeska AB.

M3 npsAMoyToNBHEIX TpeyroasHHKOB AMO, 1 AMO, o teopeme [Tuda-
ropa Haxo/[¥iM, 4To

MO, = V/132-122 =5, MO, =1/152-122=09,

(&) 4

Puc. 1 Puc. 2

Eciu To4kH O, u O, JIesKaT 1o pa3Hble CTOPOHBI OT IpAMoii AB (puc. 1),
TO

0,0, = MO, + MO, = 5+9 = 14.

Eciu »xe Touku O; u O, JexaT 110 OfHy CTOPOHY OT npamoii AB (puc. 2),
TO

OIOZZMOZ—MOI=9_5=4 <]

IIpumep 2. JIBe OKPYXHOCTH IlepeceKaroTcs B Toukax A U B. B kax-
JOH M3 3THX OKPYXKHOCTeH mposefeHbl xopael AC U AD, mpHuéM xopaa
OJIHOM OKpPYXXKHOCTH KacaeTcs Apyroi OKpy:kHocTH. Habizure AB, eciu
CB=a, DB=b.

Omeem: v ab.

PeureHH e M3 TeopeMsl 06 yIile MeXy KacaTelbHOH H XOpAoH ciie-
AYET, 4TO
Z/BAC = /BDA, /Z/BAD = /BCA,
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D

nostoMy TpeyroibHUKH ABC u DBA nopo6He! no aBym yrnam. CiesoBa-
TeIBHO,

AB _ BC

BD ~ AB’
OTKyZia HaXOAHM, 4TO

AB? = BC-BD =ab, AB =/ ab. <



[NlogroroBuTenbHbIE 3aJa4H

10.1. [Ipamasn, npoxoasAas yepes o610 TOUKY A JABYX OKPY>KHOCTeH,
nepeceKaeT BTOPHYHO 3TH OKPYKHOCTH B Toukax B ¥ C. PaccTosiHMe Mex-
[y TPOEKIHAMH IIeHTPOB OKPY)KHOCTEH Ha 3Ty NpsAMylo paBHo 12. Haiiau-
Te BC, eciid H3BeCTHO, YTO TOYKa A JIeXKHT Ha oTpe3ke BC.

10.2. OxpyxHocTH ¢ neHTpamu 0; u O, lepeceKaroTcs B TOUKax A U B.
WaBecTHO, yTO LZAO,B=90°, ZAO,B=60°, 0,0, =a. Haiizure paguycs
OKPYXXHOCTe¥.

10.3. OTpesoK, coeiMHAIIINM LIEHTPH! JBYX II€PECEKAIOIIMXCA OKPYX-
HocTel, AenuTea ux obuieit XopAoi Ha OTpe3kd, paBHble 5 W 2. Haiiau-
Te 06IIYI0 XOpAY, eC/IM M3BECTHO, YTO pajuyc OJHOH OKPYKHOCTH BABOE
6osple pagHuyca ApyTrom.

10.4. Yepes BepliHHY A OCTPOYTOJBHOI'O TpeyrojbHuka ABC IpoBe-
JeHa INpaMas, napaiienbHas cropoHe BC, paBHOH a, U Iepecekarouas
OKPYXHOCTH, NOCTpPOeHHble Ha cTopoHax AB M AC kak Ha JHaMeTpax,
B Toukax M u N, omiuunbx oT A. Haligure MN.

10.5. /IBe okpyXHOCTH IlepecekaroTesa B Toukax A U B. Yepes Touky A
npoBeZieHs! JuameTpsl AC U AD 3THX okpy»kHOcTeH. HaliauTe paccrosHHe
MEeXJY LIeHTpaMHu OKpY»KHocTell, ecnt BC=a u BD =b.

10.6. B TpeyroneHuke ABC Ha HaubonblieH cropoHe BC, paBHOI b,
BeIOMpaeTca Toyka M. HaiiiuTe HauMeHbIIee pacCTOAHUE MEX/Y LieHTpa-
MH OKPYXXHOCTeH, OIIMCaHHEIX OKOJIO TpeyrolbHHMKOB BAM u ACM.

TpeHUPOBOYHbIE 3aJa49H

10.7. /IBe OKPYKHOCTH PafHycoB 3 U 4, PACCTOAHHE MeXAy LieHTpaMH
KOTOPBIX PaBHO 5, NepecexaroTcs B TouKax A ¥ B. Yepe3s Touky B npoeeze-
Ha TpsMasi, llepeceKarouias OKPYyXHOCTH B TouKax C u D, mpuyém CD =8
M Touka B nexut mexy Toukamu C u D. HaliauTe iomaje TpeyrojbHUKa
ACD.

10.8. [lan pom6 ABCD. Paguycel OKpy»KHOCTeH, OIIMCAaHHBIX OKOJIO Tpe-
yronbHHKOB ABC n BCD, paBHsbl 1 ¢ 2. HaliguTe paccTogHHE MEXAY LIEH-
TpaMH 3TUX OKPYXKHOCTeMH.

10.9. /IBe OKPYXHOCTH PaauycoB +/5 U +/2 MepecekaroTcs B TOUKe A.
PaccTosiHHe MeXIy LIeHTpaMH OKpyKHocTeH paBHO 3. Yepes TouKy A npo-
BeJeHa IIpAMasd, NepeceKaonas OKPYXHOCTH B Toukax B u C Tak, 4To
AB=AC (Touka B He copnagaet ¢ C). Haiigure AB.
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10.10. IlepBas U3 ABYyX OKPY)KHOCTEH [IPOXOAUT 4Yepe3 LIeHTP BTOPOM
M nepecexaeT e B Toukax A u B. KacaTesbHad K NMepBOi OKPYXHOCTH,
MIPOXOAALIAA Yepes TOUKy A, AeUT BTOPYIO OKPY:KHOCTb Ha JYTH, rpajgyc-
HEle MepHl KOTODBIX OTHOCATCA Kak m :n (m <n). B kKakoM OTHOIIEHHH
BTOpas OKPYXHOCTb ZIEJTUT NIEPBYIO?

10.11. Yepes obuiyto Touky C ABYX PaBHBEIX OKPY)XHOCTEH IIPOBEJEHBI
[IBe TIpsMEIe, ITepeceKallue JaHHble OKPYXHOCTH B TOYKax A, B U M,
N cootBeTcTBeHHO. [IpAmMas AB nmapajiefibHa TMHUH LIEHTPOB, a NpAMan
MN obpasyeT yron a ¢ JHHHeH 1eHTpoB. M3BecTHo, 4To AB = a. Haiigu-
Te MN.

10.12. B napamienorpamme ABCD u3sBecTHBI cTOpoHE AB=a, BC=b
u yron ZBAD = a. HalizuTe paccTosHIe MeX/Iy lleHTpaMH OKPYXHOCTeH,
ONMCaHHBIX OKOJIO TPeyTolbHHUKOB BCD u DAB.

10.13. /IBe OKpPY>KHOCTH NepecekaroTca B Toukax A U K. Mx LieHTpbI
pacrosioXeHbl IO pa3Hble CTOPOHEI OT NPAMOH, cogepxailei orpesok AK.
Touxu B u C nexaT Ha pa3HbIX OKpYKHOCTAX. [IpAmas, cogepxamas OT-
pe3ok AB, kacaeTcsA OAHOH OKPY)KHOCTH B Touke A. [IpAmasi, comepainas
oTpe3oK AC, KacaeTcs Jpyroi OKPYXHOCTH TakXke B To4YKe A. J[nuHa oT-
pe3ka BK paBHa 1, snuHa otrpe3ka CK paBHa 4, a TaHreHc yrina CAB paBeH

1
——. Haiaure o b TpeyronbHUKa ABC.
7S V20 1ajb TPEYT



§ 11. OKpy>KHOCTH, CBSI3AaHHBIE C TPEYTOJbHHKOM
H 4eTbIPEXYyTOJIbHUKOM.
Pemenue 3agauu 11 U3 AUarHocTU4ECKOH pabOTHI

11. Ha#izuTe pajuycel BIMCAHHOM M ONKMCAHHOHM OKPY)XHOCTeH Tpe-
YToJIbHHKa CO CTOpoHaMH 13, 13, 24 u paccTofsHMe MeXJY LIeHTpaMH 3THX
OKPYXXHOCTEH.

Omeem: 16,9; 2,4; 14,3.

PemeHue. Ilycte CD — BbicoTa paBHOOEIPEHHOIO TPEYTOIbHHKA
ABC co cropoHamu AC =BC =13 u AB=24, O — 1leHTp ero OIMCaHHOHI

OKDPYKHOCTH pajinyca R, Q — IIeHTp BIIMCAaHHOH OKPYXHOCTH paAHyca r.
M3 npaMoyroneHOro TpeyroibHUKa ACD HaxoAHM, 4TO

CD = VAC?—AD? = {/132-122 =5, sin/CAD = % = 15—3

Ilo Teopeme CHHYCOB

__ BC___ 13 _
T 2sinZBAC T, 5 =16.9.
13

Paziyc OKPY>KHOCTH, BITHCAHHOM B TPeyro/JbHHK, paBeH IUIOLIaAHX Tpe-
YTOIBHHKA, AeIEHHOH Ha ero NoaynepuMeTp, MO3TOMY

Sasasc _ AD-CD 12-5

"= AC+AD — ACYAD — 1312 — &%
C
+Q
B NA
D
0

3ameTuM, 4yTo yroa CAD MmeHblIe 45°, Tak KaK ero TaHreHc MeHble 1
(tg LCAD = % = % < 1), srayur, yron BCA Tymnoi, noatromy Touku O H Q
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JIeXKaT 110 PasHEle CTOPOHEI OT MpsAMOi AB. Ciie0BaTeNbHO,

0Q =0C—-CQ=0C—(CD—-QD) =R—(CD—r) =
=169-(5-24) =143. <

* k %

B 3TOM paszesne MBI pacCMOTPUM METOABI HaXOXKAEHHA PaZiyCcoOB OIHU-
CaHHOM, BIIMCaHHOHN U BHEBIIMCAHHBIX OKPY>KHOCTEH TPEYTONBLHUKA, A TaK-
Ke 3a/layM, CBAI3aHHbIE C BIIMCAHHBIMHU U ONHMCAHHBIMH YETHIDEXYTOJIbHU-
KaMH.

M3BecTHO, 4TO OKOJIO Ka)KAOTO TPEyTroAbHHKA MOXHO OITHCATh OKPYXK-
HOCTb, ¥ TIPATOM TOJIBKO OZIHY. L[eHTp ONHCaHHOH OKPYKHOCTH TPeyTroib-
HHMKa — TOYKa IepecevyeHus cepeMHHBIX NeplIeHAHKYIAPOB K ero CTopo-
HaM. L[eHTp OKpPY>KHOCTH, ONHCAHHOH OKOJIO NPAMOYTOJIBHOI'O TPEyroib-
HHKa, — CepeIMHa TMIIOTEHY3bl, LIEHTP OKPY>KHOCTHU OCTPOYT'OJIbHOT'O Tpe-
YTOJIbHHKA PacIOIOXXeH BHYTPH TPeyToJIbHHKA, LIeHTP ONHCAaHHOM OKPYX-
HOCTH TYIIOYTOJIBHOI'O TPEYTrOJIbHHKAa — BHE TPEYT'OJIbHHKA. Bo MHoOrux
CIy4yasax paguyc R onHcaHHOW OKPYKHOCTH TpeyroilbHHKa yA06HO Haxo-

AMTH C TIOMOIIBIO TEOPEMBI CHHYCOB: R = 5——, 11e a — CTOpoHa Tpe-

YTOJIbHUKA, @ & — YTOJI, IPOTUBOJIEXKALIUH 3TOH CTOpOHE.
Ilpumep 1. Hadiaure paguyc OKpPYKHOCTH, ONHMCAaHHOH OKOJNO Tpe-
yTOJIBHUKA CO CTOPOHAaMHU a, b u b.
b2

\ 4b% —a? i

Pemenue. [lepsenil cnocob. Iycte D — cepeanHa ocHoBaHua BC
paBHOOezipeHHOr0 TpeyronbHHka ABC co cropoHamu AB=AC =b u
BC =a. M3 npAMoyTonbHOro TpeyronsHuka ADB HaxouM, 4To

Omeem:

_BD _a
cos ZABD = AB = 25"

Torza

2
sin ZABC = sin ZABD = 1/ 1~ cos2 /ABD = \/ 1- %.

CnefoBaTenbHO, eCId R — pajuyc OKpY»HOCTH, ONMHCAHHOM OKO/IO Tpe-
yroasHuka ABC, TO

AC b b?

R= T = =
2sin ZABC @ Jar-at
4b* —a
2 1-——
\/ 4b?
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Bmopotl cnoco6. IlpopomxuM BeicOTy AD [0 Nepece4eHHs C OIH-
CaHHOM OKPYXHOCTbIO TpeyrombHHka ABC B Touke E. Torga AE — mua-
MeTp OKpy»HocTH, ZABE = 90°, a BD — BrICOTa IPSMOYTOJIBHOIO Tpe-
yronbHuKa ABE, npoBeséHHas H3 BEpUIMHHI IIPAMOIO YIJa, MO3TOMY
BD?*=AD-DE, uu

&
\

W3 aToro ypaBHEeHHA HaXoAUM, 4YTO R = ——b———. <
Vab? —a?
Ipumep 2. HaiiguTe pajuyc OKPYKHOCTH, OIHCAaHHOH OKOJO Tpe-
YroJlbHHKa CO CTOpoHamH 13, 14, 15. ‘

65
Omeem: e
PemeHue. IlycTh @ — yroa, nNpoTHBOJIEKALUH
cTopoHe, paBHO# 15. Torga U3 TeopeMbl KOCHHYCOB I10-

nydaeMm
169+4+196—-225 5

2-13-14 13"
CremoBatensHo, eciid R — pagnyc OKpy»KHOCTH, OTTMCAHHOH OKOJIO IaHHO-
o TpeyroanHKa, TO

cosa =

15 15 _ 15 _¢65 y
T 2sina 2 12 8"
5 2 =
21- () 13
* * *

H3BecTHO Taxe, YTO B JIOOOH TPeYroJbHUK MOXXHO BIIHCATb OKPYXK-
HOCTb, ¥ IPUTOM TOJIBKO OAHY. BHcceKTpUCE TpeyTrolIbHUKA [lepeceKaoT-
CcA B O,U,HOI:'I TOYKe., JTa TOYKa paBHOyZa/eHa OT CTOPOH TpEyroJbHHKa,
TIO3TOMY OHa M eCThb I[eHTpP BIIMCAHHOM OKPYXHOCTH TPEYTOJIbHHKA.
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BHCCEKTPUCH IBYX BHEIIHHX H TPETHET0 BHYTPEHHETO YITIOB TPEYTOMb-
HHUKa TAKKe [IePeceKaloTes B OJAHOM Touke. JTa TOYKAa paBHOyJaJeHa OT
CTOPOH 3THX YIVIOB, TIO3TOMY OHa — IIEHTP OKPY»KHOCTH, Kacarolekica of-
HOM CTOPOHBI TPEYTONBLHHKA U TIPOJO/DKEHHH IBYX APYTHX €0 CTOPOH, T. €.
LIEHTP BHEBIIMCAHHON OKPY’KHOCTH TPEYTONbHHKA. Y KaXKA0ro TPeyro/b-
HHKa eCTb TPH BHEBIIHCAHHBIX OKPYKHOCTH.

JlokakeM /iBa BaxkHbIX $aKTa, CBA3AaHHBIX C BIIHCAaHHOM M BHEBIIUCAH-
HOM OKPYXHOCTAMH TPeyTOJIbHHKA.

YrBepxaeHnue 1. Ecau snucaHHasa OKPYH#HOCMb KACAEMCS CIMOPOHbL
AB mpeyzonsnuka ABC 8 mouke M, mo AM =p — a, 2de p — noaynepu-
Mmemp mpeyzoabHuka ABC, a a=BC.

JoxasaTtenbcTBo. ObosHaanm AC = b,
AB =c. Ilycte K ¥ L —TOYKHM KacaHWs BIIHCaH-
HOM OKPYXHOCTH co cTopoHaMu AC U BC coOTBeT-
creBenHo. Torga

a=BC=BL+LC=BM+CK =
= (AB—AM) + (AC - AK) =
= (c— AM) + (b— AM) = b+c— 2AM,

OTKy,quM=E-4%=p—a. a

YrBepxaenue 2. Ecau okpyxcHocmb kacaemcs cmopoHbt BC mpe-
yeonbHuka ABC, npodonncernus cmoponst AB 8 mouke N u npodonxcenus
cmopoust AC, mo AN = p, 20e p — nosynepumemp mpeyzonbHUKA.

JokasaTtenbcTBo. O06o3znaunm BC = aq, A
AC =b, AB =c. IlycTb OKpPYKHOCTb KacaeTcsi CTOpO-
HBl BC B Touke P, a mpogomxeHua ctopoHel AC — B
Touke Q. Torma B C

2p =AB+BC+AC = AB+ (BP+CP)+AC =
= AB+ (BN +CQ) +AC =
= (AB+BN) 4+ (CQ+AC) = AN+ AQ = 2AN,
oTkyza AN =p. O
L
[Ipy BHIYMC/IEHHH PaZiMyCOB BIMCAHHON M BHEBIIUCAHHOH OKpPYXHO-
CTeH MOJNE3HbI TAKOKe CIeayrolre GopMyJibl A IUIOIMaAH TPEYTolbHHKA.

YrBepiaenue. Ecau p — noaynepumemp mpeyzonbHUKd, r— paduyc
€20 BNUCAHHOU OKPYHCHOCMU, 4 T, — paduyc 8HEBNUCAHHOLU OKPYHCHOCMU,

6 leometpwusa. MaanumeTpus
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Kacarowetica cmopoMbl, pasHoll d, mo
S=pr, )
S=(p—alr,. (2)

JokaszatensctBo popmysel (1) uanaraercs B yuebHuke. JokakeM dop-
myny (2).

JokxasaTenscTso. O6osnayum BC =a, AC=b, AB=c. Ilyctb
0, — LIeHTp BHEBITHCAHHOM OKPYXHOCTH TpeyronbHuKa ABC, kacatomei-
ca cTopousl BC, P, N ¥ Q — TOYKM KacaHHsa 3TOH
OKPY>XHOCTH €O CTOPOHOH BC U IPOAO/DKEHUAMH CTO-
poH AB 1 AC cooTBeTCTBEHHO. Toraa

S =Samc = SAAORB +5AA0,,C —SABOGC =
= 2AB-O,N +3AC-0,Q—3BC-0,P =
= %cr,J + %bra - %ara =

r.=((p-ar,. O

_¢tb—a
2

PaccMOTpHM Ha IIpHMepax HECKOJIBKO CIocoboB
HaXO)K/IeHHA PaZMyCOB BIIMCAHHBIX ¥ BHEBITHCAHHBIX
OKDY>XHOCTEH TPEYTOIbHUKA.

ITpumep 3. CropoHs! TpeyronbHUKa passl 10, 10, 12, Haiiaurte paau-
yCBI BIIMCAHHOH M BHEBIHCAHHBIX OKPYKHOCTEH.

Omeem: 3; 12; 8; 8.

Pemenwue. IlycTs r — pasuyc BIIMCAHHOH OKPY:KHOCTH TPEYTO/b-
HHKa ABC (AC=BC=10,AB=12), r,, 1, ¥ 1, — pailyCbl BHEBIMCAHHBIX
OKDYHOCTEH, Kacaromuxcsa cTopoH AB, AC 1 BC cooTBeTCTBEHHO, O, Oy
¥ O, — UX LIeHTpLl, S — IUTomaAb TpeyroabHuKa ABC, p — ero nonynepu-
MeTp.

Ilepebiii cnocob. Bocmombayemesi U3BecTHOH ¢opmynoin S = pr. Ilo-
ckonbKy BbicoTa CK TpeyronsHHMka ABC paBHa 8, To S = 48. CrenoBa-
Te/bHO,

_S_48_
r= =16 3.

Ecim okpyxHOCTE ¢ LeHTpoM O, KacaeTcs IPOJO/IKEHHA cTOpoHbl BC

B Touke M, To u3 nofobus tpeyronbHUKoB CMO, u CKB HaxonuM, 4To
BC+BM _ .. BC+BK

r.=OM =BK- 9% = - XM = pe. B

—6.16 _
—6-8 =12.
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C

Oc

[TycTe OKPYXHOCTB C BeHTpoM O, KacaeTcs NPOAOIKeHHs CTOPOHEI AB
B ToyKe F, a npofo/oKeHusa cTopoHsl AC — B Touke E. ITockoneky CO, —
6uccexrpuca yra BCE, a CK — 6uccexTprca ero cMexHoro yrina ACB, To
£0,CK =90°. TToatromy O,CKF — npAMOyTOIbHHK. Clle/IoBaTeNBHO,

p,=r,=0,F=CK=8.

A

/ K B F

Bmopoti cnoco6 (BBIMHCIEHHE PaJUyCcOB BHEBIIMCAHHBIX OKPYXHOC-

teit). [[pumeHUM GopMyny r, = —E—a. B HamreM ciyvae

p

S __48 _ _ . _ S __ 48 _
= =12, n == T T -0

8.

Tpemuii cnoco6 (BeraMcAeHHe r u r,). [Tockombky AO — BucceKTprca
TpeyronsHuka AKC, To
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a Tak kak OK =r, noiry4aem

O
INockonbky AO, — BuccexTpuca BHelIHero yria TpeyroibHuka AKC, To

OK AK _ 6 _3

0oC_AC 10 5°

aTak Kak O, K =r,, 10

HanoMHUM HEKOTOpble YTBEep)KAEHUA, OTHOCAIMECH K BIHCAHHBIX
M OMHCAHHBIM YeTHIPEXYTOILHUKAM.

Teopema 1. Jlna mozo umofbt 0KONO UeMbIPEXY2ZONbHUKA MOXCHO Obl-
JI0 ONUCAMb OKPYHCHOCMb, HeobX00UMO U 00CMAamouHo, umobsL cymma ezo
d8yX NpOomMuEononoNCHbLX Y2noa boLna pagHa 180°.

Teopema 2. /J[nsn mozo umobel 8 8binyknblil YemMblPEXY20bHUK MONCHO
6bLI0 enucams OKPYHHOCMb, HEob6x00UMOo U 0OCMAMOUHO, Ymobsl CyMMmbl
€20 NPOMUBONONONCHBLX CMOPOH ObLIU PABHDL.

IMpumep 4. Oxo/0 YeTHIPEXYToAbHHKA ABCD MOXHO OIHUCATh OKPYXK-
HOCTh. M3BecTHO, uTo AB=3, BC=4, CD=5 u AD =2. Halifure AC.

299
11~
Pe e H u e. O6o3Hayum yron ZABC =a. Toraa

AC? = AB®+ BC?* — 2AB-BCcosa = AD? +CD? — 2AD - CD cos(180° — a),

Omaem:



Penrenve 3agauu 11 u3 ABMarHoCTHYECKOH paboTh 85

94+16—-2:-3-4cosa=4+25+2-2-5cosa.
B

a

D

1
M3 sToro ypaBHeHHUA HAXOJUM, YTO COS & = 11 CrnenoBaTebHO,

2 .3.4.L =299
AC"=9+16+2-3-4-77 = 37 <
IMpumep 5. TepumeTp paBHOOGepPeHHON TPamNel|H, ONMCAHHOH OKO-
JI0 OKPY>KHOCTH, paBeH 2p. HaliiuTe NpoeKIHIo JHaroHaIu TpanelHH: Ha

60/BIIee OCHOBAHME.
1

Omeem: 5P-

Pee Hue. [IpoeKlia JUaroHaad paBHOOex-
PEeHHO# Tpameuud Ha GOJbIIEe OCHOBaHHE paBHA
IIOJIyCYMME OCHOBAHMi, a T.K. Tpameuus OIMCaH-
Had, TO CyMMa OCHOBaHHIl paBHa cymMMe GOKOBBHIX
cTopoH. CreaoBaTe/bHO, CyMMa OCHOBAaHHH paBHA IONYIIepHMETPY Tpa-

o 1
IIellH, a IIoJYyCyMMa OCHOBaHHUH — YeTBEPTH IIepHMETpa, T. €. Ep <



IToaroroBuTeNbHBIE 3a/la4H

11.1. BokoBas cTopoHa paBHOOEAPEHHOro TPEYTOMbHUKA PaBHA 2, YTOI
NpH BeplHHe paBeH 120°. HaiiauTe AaMeTp ONMCAHHOH OKPYXHOCTH.

11.2. Mox KakuM YIJIOM BHAHA M3 TOYEK OKPY>XHOCTH Xopza, paBHas
paauycy?
11.3. B paBHoGeapenHoMm TpeyronbHuke ABC (AB = BC) npoBeleHa

BbicoTa CD. Yron BAC paBeH a. PajiMyc OKpy»KHOCTH, NTPOXOZslIel yepe3
TOYkH A, C ¥ D, paBeH R. Haiizute mwiomazap TpeyroiasHuka ABC.

11.4. KaTeThl IpAMOYTONBHOr'O TPEYTOJIbHUKA PAaBHEL a U b, a THIIOTe-
Hy3a paBHa c¢. HalauTe pasnyc BIMCAHHOM OKPYXHOCTH.

11.5. Jlan TpeyroneHMK cO cTOpoHamu 3, 4 1 5. HalauTe pasinychl ero
ONMCaHHOM, BIIMCAHHOW M BHEBIHCAHHBIX OKPYXKHOCTEH.

11.6. [lan TpeyroibHMK co cTopoHamu 13, 13 u 10. Haligute paauycel
€r0 ONMKMCAHHOM, BIIHCAHHON U BHEBIMUCAHHBIX OKPY>KHOCTEH.

11.7. JlaH TpeyToNBHHUK cO cTopoHaMH 13, 14 u 15. HaiiguTe paauycel
€ro ONMHCAHHOMH, BNHCAaHHOH ¥ BHEBIIHMCAHHBIX OKPY>KHOCTEH.

11.8. B paBHOGepeHHBIN TPEYTOJIbHHK C OCHOBAHHEM, PABHBIM d, BITH-
CaHa OKPYXHOCTb, U K Hell IpoBeJleHb! TPU KacaTelbHble Tak, YTO OHM
OTCEKaroT OT JaHHOT'O TPeyTroJbHHKA TPH MaJeHbKHX TPeyTro/JbHHKA, CyM-
Ma IepHMeTpoB KOTOPHIX paBHa b. HaiiauTe 60KOBYIO CTOPOHY AaHHOTO
TPEYTOJbHHKA.

11.9. Tlpoexuua GOKOBO# CTOPOHBI paBHOOEAPEHHOH TpameluH Ha
Gosblllee OCHOBaHHE PaBHA a, CpeJHssA JWHHUA Tpaleldy paBHa b, a oct-
PHIL yroJ TIpH OCHOBAaHHMH paBeH 45°. HaiiguTe pajuyc OKpYKHOCTH,
OIIMCAHHOM OKOJIO Tparelnyy.

11.10. OcHoBaHuA paBHOGeAPEeHHOM TpaellMH paBHH 9 U 21, a BBICOTa
paBHa 8. HafizuTe paZuyc OKpY>KHOCTH, OIIMCAHHOH OKOJIO TpanelyH.

TpeHHpOBOYHBIE 3a7a4H

11.11. Tpanenust ABCD ¢ ocHoBanusamu BC =2 u AD =10 TakoBa, 4To
B HEE MOXHO BIIMCATh OKPY)KHOCTb M OKOJIO HE€ MOXKHO OIIHCATh OKPYX-
HocTh. Onpegenure, rje HAXOAUTCS LIEHTP OMHCAHHOH OKPYXHOCTH, T. €.
PAacIioNoKeH OH BHYTPH TPalelMy, WIK BHe €€, WIH e Ha OJHOH U3 CTO-
poH Tpanelnuu ABCD. HaiuTe Takke OTHOIIEHHE PaJHyCcOB OITMCAHHOHN
¥ BIIMCAHHOM OKPY>KHOCTEH.



TpeHHpOBOYHEIE 3aJa9H 87

11.12. B npsAMOYTOIbHOM TPEYTOJbHHKE OTHOLIEHHE pajuyca BIIHCaH-

. . 2 .
HOM OKPY}HOCTH K Pa/iHyCy ONMCAHHO# OKDYXHOCTH paBHO ¢ . Hakzure
OCTpBIE YT/IBI TPEYTONbHHUKA,

11.13. B mpamoyronbHEIH TpeyronbHUK ABC c yriom A, pasHbiM 30°,
BMMCaHa OKPYKHOCTb paAnyca R. Bropas OKpy:KHOCTb, Jexalllas BHe Tpe-
YTONBbHHKA, KacaeTcA CTOpoHE BC M NPOAC/HKEHHH ABYX APYTHX CTOPOH.
Haiinute paccTosHHe MEXAY LIEHTPaMH 3THX OKPYKHOCTEH.

11.14. B TpeyronsHuke PQR yron QRP pasen 60°. Haliaure paccros-
HUE MeXJy TOYKaMU KacaHHA CO CTOPOHOH QR OKpYKHOCTH pajuyca 2,
BIIHCAHHOH B TPEYTONBHMK, ¥ OKPY)XHOCTH pajuyca 3, Kacaroulefcs Ipo-
JOJKeHHH cTopoH PQ H PR.

11.15. PaBHOCTOpPOHHME TpeyronbHHK ABC cO CTOpOHOH 3 BmHMcaH
B OKpyxHOCTb. Touka D JIeXXUT Ha OKPYXXHOCTH, IIpHYEM xopaa AD pas-
na /3. Haiigure xopast BD u CD.

11.16. IlycTe O — LIEHTP OKPY)KHOCTH, OIIHCAHHOH OKOJIO TPEYTO/IbHH-
xa ABC, ZAOC = 60°. Haigute yron AMC, rae M — 1eHTP OKDPY»KHOCTH,
BIIMCAaHHOH B TpeyroJbHHUK ABC.

11.17. B tpeyronsauke ABC u3BecTHO, yro AC =b, ZABC = a. Haii-
JUTe PaZinyc OKPYKHOCTH, MPOXO/silell Yepe3 LeHTP BIMCAHHOTO B Tpe-
yronbHHK ABC Kpyra u BepmuHb A U C.

11.18. B OKpy»XHOCTH NpoBefeHs! ABe xopasl AB=a u AC =b. [lnvHa
ayra AC, He cozepkaieil Touku B, BaBoe Goiblie AMHHEL ZyTH AB, He
cogepxailei Touku C. Haiigure paguyc OKpy»HOCTH.

11.19. M3 ToukH M Ha OKPY>KHOCTH IIPOBEJEHHI TPH XOpAb: MN =1,
MP =6, MQ =2. Ilpu stom yrist NMP u PMQ pasHbl. Hafizure paguyc
OKDYHOCTH.

11.20. Yepe3 BepmiMHE A U B TpeyroibHHKa ABC NPOXOAHMT OKPYX-
HOCTBb pajiMyca r, nepecekatomas cropoHy BC B Touke D. Haiiziute paauyc
OKDYHOCTH, ITpoxozsiiell yepes touky A, D u C, et AB=c 1 AC=b.

11.21. lleHTp ONMMCAaHHOM OKPY;KHOCTH TPEYTOJAbHHMKA CHMMETpPHYEeH
€ro IIeHTPY BIIMCAHHOH OKDY)XHOCTH OTHOCHTENIbHO OZHOH M3 CTOPOH.
Hatizure yIiiel TpeyrolbHHUKA.

11.22. Yron npyM OCHOBaHMM paBHOOEAPEHHOTO TPEyToNbHHKA pa-
BeH (. HalauTe oTHOIIEeHWe paauyca BIIMCAHHOH B JaHHBIN TPEYTOJILHUK
OKPY>XHOCTH K paJHyCy OIMMCAHHOM OKPY)XHOCTH.

11.23. B TpeyronbHuke ABC c nepumeTpoM 2p cropoHa AC paBHa a,
octpslil yron ABC paseH a. BnucanHas B TpeyroibHUK ABC OKpPYKHOCTh
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¢ ueHtpoM O Kacaetcsa cTopoHbl BC B Touke K. HalauTe mwiomagp Tpe-
yronsHuka BOK.

11.24. B tpeyronpauke ABC ¢ nepuMeTpoM 2p ocTphlf yroa BAC pa-
BeH . OKPYXHOCTE € LIeHTPOM B To4Ke O KacaeTcs CTOpoHBl BC U ITpoAoi-
XKeHHH cTopoH AB 1 AC B Toukax K ¥ L cooTBeTCTBeHHO. Toyka D JTeXHT
BHYTpHU oTpe3ka AK, AD = a. HaliauTe 1uroma/ib TpeyronbHuka DOK.

11.25. B TpeyronbHUK BIIMCaHa OKPYKHOCTb paguyca 4. OnHa U3 CTO-
POH TpeyrolbHHKa pasjleleHa TOYKOH KacaHWs Ha 4YacTH, paBHEIE 6 ¥ 8.
HatiguTe Be Apyrue CTOPOHBI TPEYTONBHUKA.

11.26. IlpsamoyronbHbIE TpeyronbHuK ABC pasfenén BeicoTod CD,
TIpOBeZIEHHOM K I'MIIOTEHY3e, Ha IBa TpeyroiabHuKa: BCD u ACD. Paauycer
OKPYXHOCTeH, BITUCAHHBEIX B 3TH TPEyTOJbHUKH, PABHEL 4 U 3 COOTBET-
cTBeHHO. HaliinTe pajuyc OKPYy>KHOCTH, BIMCAHHOH B TpeyronbHuk ABC.

11.27. K OKpy>XHOCTH, BIIMCAHHOM B TPeyTOJBHHK CO cTopoHam# 6, 10
U 12, npoBejeHa KacarenbHas, Nepecekawmias ABe OOMbIINE CTOPOHEL.
HaiizuTe nepuMeTp OTCEUYEHHOTO TPEYTOIBHHKA.

11.28. OKpy:XHOCTb, BIMCAHHAA B TPEeYTOJBHHK, TOYKOH KacaHHA Je-
JIMT OZIHY M3 CTOPOH Ha OTPe3KH, paBHBIE 3 U 4, a IPOTHBOJIEKALIHH 9TOH
cTOpoHe yroa paBeH 120°. HaiiauTe rwiomazab TpeyroabHUKA.

11.29. Ilycts CD — meauaHa TpeyronbHUKa ABC. OKpPyKHOCTH, BIIH-
caHHble B TPeYrolbHUKH ACD 1 BCD, xacarotcesa oTpeska CD B Toukax M
u N. Hatigute MN, eciu AC —BC=2.

11.30. Ha ocHoBanuu AB paBHOGezpeHHOTO TpeyronbHuka ABC B3dTa
Touka D, npuuém BD — AD = 4. HaliiuTe paccTOAHHE MeXIy TOYKaMH,
B KOTOPBIX OKDYKHOCTH, BIIMCaHHBIE B TpeyroJbHUKH ACD u BCD, Kaca-
10TCA oTpeska CD.

11.31. B 4erripéxyronsHuke MNPQ pacnojioskeHbl /IBe HellepeceKaro-
Iecss OKPYXXHOCTH TaK, YTO OJHa M3 HUX KacaeTcs cTopoH MN, NP, PQ,
a apyrasg — cTopoH MN, MQ, PQ. Touku B 1 A JexaT COOTBETCTBEHHO Ha
cropoHax MN u PQ, mpuyéM oTpe3ok AB kacaerca o6eHx OKPyKHOCTeH.
Hamaure anuny croponsl MQ, ecii NP =b 1 mepHMeTp YeThIpEXyroIbHH-
ka BAQM 6Gosnblile neprMeTpa YeTHPEXYTOMbHHKa ABNP Ha BeTHYUHY 2p.

11.32. Oxono OKpy>XHOCTH pazuyca R onucaH napannenorpamm. [lio-
ajpb YeTBIPEXYTONbHHKA C BepUIMHAMH B TOUKAaX KacaHHs OKDPYKHOCTH
U napainsienorpaMMa paeHa S. HalauTe cTOpPOHEI TapaiienorpaMma.

11.33. B uerwripéxyronvHuke ABCD cropoHa AB paBHa cropoHe BC,
auaroHanas AC paeHa cropoHe CD, a ZACB = ZACD. Pasiuychl OKPYKHO-
CTeH, BIHCAHHBIX B TPEYTOIBHUKH ACB U ACD, oTHOCATCA Kak 3 : 4. Haii-
[WUTe OTHOLIEHHE TUIONIa/Iel 3THX TPEYTOJIbHHKOB.
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11.34. IlepumeTp TpeyronbHHKa ABC paBeH 8. B TpeyronbHHUK BIIHCaHa
OKPYKHOCTb, U K Hell IpoBe/ieHa KacaTe/bHas, Iapajule/ibHas CTOpOoHe
AB. OTpe30K 3TOi KacaTelbHOM, 3aKJII04EHHBIH MeXAy cTopoHamH AC
u CB, paseH 1. Haiiaure cTopoHy AB. .

11.35. PasMyc BIUCAaHHOH B TpeyrolbHHK ABC OKPY)KHOCTH paBeH
V'3 —1. Yron BAC paBeH 60°, a paaryc OKPYXKHOCTH, KacarolleHcst CTOPo-
Hbl BC ¥ TIpojiomkeHuii ctopor AB u AC, paseH /3 + 1. Haitaure yrisl
ABC u ACB.

11.36. B napamnenorpamme ABCD ocTpeifl yron BAD pasen a. Ilycts
04, 0y, O3, O4 — LIeHTPHI OKPYXXHOCTEH, ONMMCAHHBIX OKOJIO TPEYTOIbHHU-
kxoB DAB, DAC, DBC, ABC cooTBeTcTBeHHO. HaliauTe OTHOIIIEHHE TIONa-
Iy yeThpéxyronbHuka 00,050, K Iomaay napanaeaorpamma ABCD.

11.37. Oxono TpeyroibHHKa ABC onucaHa OKpy»XHOCTb. Mezuana AD
IIpoZio/DKEHA [0 IlepecedeHHA ¢ 3TOM OKpYKHOCThIO B Todke E. M3BecTHo,
yro AB+ AD =DE, Z/BAD =60°, AE = 6. HaliauTe 1omajgs TpeyrolbHH-
ka ABC.

11.38. B yeThipéxyronbHUK ABCD MOXXHO BIIHCATh U BOKPYT HEI'0 MOX-
HO OITHCaTb OKPYKHOCTb. JlMaroHaly 3TOrO YeThIPEXYTONbHHKA B3aHMHO
NepneHANKYIAPHEL. HaliiuTe ero miomaib, ecniy paguyc OMMCAaHHON
OKDYKHOCTH paBeH R 1 AB=2BC.

11.39. Paguyc OKpY»XHOCTH, ONMHMCAHHOH OKOJIO OCTPOYTOJBHOTO Tpe-
yronbHHKa ABC, paBeH 1. M3BecTHO, 4TO Ha 3TOH OKPY)KHOCTH JIEXXHT
LIEHTP APYTOH OKPYXKHOCTH, IPOXOAALIEH Yepe3 BeplIMHb A, C 1 TOYKY
nepecevyeHHs BBICOT TpeyroabHuKa ABC. Haiiaure AC.

11.40. Iloa KakMM yIVIOM BH/JHA M3 BEPIIMHBEI NIPAMOIO yIjla IpAMO-
YTOJILHOTO TPEYTONbHUKA MPOEKLHA BIIMCAHHOH OKPYKHOCTH Ha THIIO-

TeHy3y?
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Pemenue 3azaum 12 U3 fUarHoCTUYECKOH paboThl

12. Ha npogomxenuu AnaMeTpa AB OKPY>KHOCTH OTJIOXEH OTpe30ok BC,
paBHbIH AuameTpy. [Ipamas, npoxoasinasn yepes TouKy C, KacaeTCsa OKPYX-
HOCTH B Touke M. HaiiguTe mnomane TpeyroabHuka ACM, ey pajuyc
OKPY)KHOCTH paseH R.

Omeem: %Rz V2.
Pem e Hue. ITlycte O — nentp okpyxuoctd. Torqza OM L CM. B nps-

MOYTOJIbHOM TpeyroibHHKe OMC wm3BecTHO, 4yTo OM =R u OC = OB +
+BC=R+2R=3R. Torza

CM =v/0C*~0M? =V/9R*~R? = 2RvZ, sinZOCM =24 =R = 1.
M
CneznosatenbHoO,
SAACM=%AC.CM-sin4ACM=%-4R.ZR¢§.%:§R2¢§_ 4

* kK

STOT pas/zies NOCBAIeH TeopeMe O IIPOU3BeJJeHUH OTPEe3KOB Ilepeceka-
IOLIMXCA XOPJ OKPY»KHOCTH, TeOpeMe 0 KacaTellbHOH M ceKyllleH, a Takke
BAXKHOMY CJIEJICTBHIO U3 3THX TEOPEM.

Teopema. IIpousgedeHust Ompe3k08 NepecekaroUsUXcs XopO OKPYHCHO-
cmu pasHsl, m. e. ecau xopost AB u CD okpyxcHocmu nepecekaromcst 8 mou-
ke M, mo AM - MB=CM - MD.

A
D
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Teopema (0 KacaTenbHOH M ceKymied). Ecau us mouxu, Jexcauetl
8HE OKDYHCHOCMU, NpogedeHbl K OKPY¥HOCMU KACAMENbHAA U CeKywyas,
mo npou3seederue ecell cekywjell Ha eé BHEUIHIOW HACMb PABHO Keadpa-
My KacamensHOll, m.e. ecau mouka M pacnonojena eHe OKDYHCHOCMU,
npsamas, npoxodawdn yepe3 mouky M, kacaemcs okpyscHocmu e mouke C,
a 8mopas npamas, npoxodsauyan uepe3 mouky M, nepecekaem okpy#cHOCMb
8 moukax A u B, mo MC?=MA-MB.

C

CneacrBHe. A AaHHOM TOYKH M, JaHHOH OKPY:KHOCTH M 060
npsAMOM, IPOXOAsleH depe3d Touky M M nepecekarouliedl OKpPYKHOCTb
B To4YKax A U B, npoussegenue MA - MB ofHO U TO Xe.

Ilpumep 1. PaccrosHue OoT TOYKM P 0 LieHTpa OKPYXKHOCTH pajuy-
ca 11 paBHO 7. Yepe3 Touky P npoBejeHa XOpAa, paBHas 18. Haiinure oT-
Pe3KH, Ha KOTOpble JeHTCA XOpAa TOUKOMH P.

Omaem: 12 u 6.

PemeHHue. IlycTe O —1LeHTP OKPYKHOCTH, AB — ZlaHHaA XopAa.
ITposeaém guamerp CD, cogepxamuit Touky P (P mexay O u D). O6o-
sHayuM PB=x. Toraa

AP=18—-x, DP=0D-0P=11-7=4;
PC=0P+0C=7+11=18.

A

U3 TeopeMel 0 Iepecekaromuxcs xopax nonydaeM AP - PB=PD - PC, wiu
(18—x)x=4-18. V13 aTOro ypaBHeHHs HAXOAHM, 4TO X=12 Win x=6. <
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Ipumep 2. M3 Touku A, Jexalled BHe OKPY)KHOCTH, NPOBEAEHEI
K OKDY»XHOCTH KacaTeJIbHadA U ceKyllas. PaccToAHNHe OT TOYKH A 10 TOUYKHU
KacaHMs paBHO 16, a pacCTOSIHHE OT TOUYKU A A0 OAHOI M3 TOUEK INepece-
YeHHA CEKYIeH ¢ OKPYXHOCTbIO paBHO 32. Haliiure pagnyc OKpyXHOCTH,
€CJIH PacCTOAHME OT eé LeHTpa /10 CeKyIleH paBHo 5.

Omeem: 13.

P e e H ¥ e. [TycThb cekyias nepeceKaeT OKPY>KHOCTb B Toukax Bu C,
a M — touka Kacanua. Torga AM =16, AC =32, AB + BC = 32. Tlo Teo-
peMe o KacaTelbHOi M cekymieit AM? = AC - AB, win 16% =32(32 — BC).
Orcroga HaxoAuM, uTo BC =24,

o 16

5 8

CUB A

[Tycte K — npoekuusa uentpa O AaHHOH OKPYXHOCTH Ha xopay BC.
Pazyyc OKpy»KHOCTH HaxoiuM 1o TeopeMe [Tudaropa 13 mpaMOYrolbHOTO

TpeyronbHuka OKB: R=0B=1/0K?+ BK?=+/25+144=13. <
Ipumep 3. Jokakure, 4TO npsiMasd, NPOXOAAIIad yepes TOUKH Iepe-
CeyeHHs ABYX OKPYXKHOCTEH, JEIHUT MOIoi1aM oOIIyIO KacaTebHYI0 K HUM.
JokasaTtenscTBoO. Ilycte A U B—TOYKM nepeceyeHHd ABYX

okpyxHocteil, MN — obuan kacarensHad (M u N — TOYKM KacaHUA),
K — touka nepeceuyenus npameix AB u MN (A mexzy K u B).

A

M K N
Toraa MK?=KB-KA u NK*=KB KA. CnefoBatensio, MK =NK. 0O



IToaroroBuTebHbIE 3a4a4H

12.1. Touka M BHYTPH OKPYKHOCTH [€JIUT XOPAY 3TOH OKPYKHOCTH Ha
oTpe3ku, paBHble a U b. Yepes Touky M nposezeHa xopAa AB, fenAmasncs
Toukoii M nmononam. Haiiaute AB.

12.2. /lnaroHasy BIKCAHHOTO YeThIpéxyronbHuKa ABCD nepecexatoT-
ca B Touke K. M3BecTHo, uto AB=a, BK =b, AK =c, CD =d. Haiigure AC.

12.3. V3 TOUKHM, pacnoNoxeHHOoH BHEe OKPYHOCTH Ha PacCTOAHUU v'7
OT LEHTPA, NPOBE/IeHA CEeKyIIas, BHYTPEHHAA YacTh KOTOPOH B/BOE MeHb-
Lle BHelIHe¥ M paBHA pafiuycy OKpYKHOCTH. HaliauTe pasuyc OKpyX-
HOCTH.

12.4. Yepes Touky M npoBefeHHl ABe NpAMele. OfHa U3 HUX Kacaercs
HEKOTOPOH OKDYXXHOCTH B TOUKe A, a BTopas IlepeceKaeT 3Ty OKPYXHOCTh
B Toukax B u C, npuuyém BC =7 u BM =9. Hailigure AM.

12.5. M3 ToukH A INIpoBeZeHHl Ba Jy4a, IepeceKaloliide AaHHYIO
OKPY>KHOCTb: OAMH—B Toukax B u C, apyroi —B To4ykax D u E. Us-
BeCTHO, uTo AB=7, BC=7, AD =10. Haligure DE.

12.6. Touka M yzaneHa OT LeHTPa OKPYKHOCTH pajuyca R Ha paccTo-
auue d. [IpAMasd, poxozamias yepes TOYKY M, epeceKaeT OKPY)KHOCTb
B Toukax A W B. Halaure npoussenenue AM - BM.

12.7. B xBagpar ABCD co CTOpPOHOM a BIUcaHa OKPYXXHOCTh, KOTOPas
KacaeTca cTopoHHs! CD B Touke E. HaliguTe xopay, COeAMHAOIIYIO TOYKH,
B KOTOPEBIX OKPY>KHOCTb IlepeceKaeTcs ¢ npsamMoii AE.

12.8. B npamoyronbHOM TpeyroibHuKe ABC yron A npamoi, kateT AB
paBeH a, paguyc BIIMCAHHOHM OKPYXHOCTH paBeH r. BIMcaHHas OKpyX-
HOCTh KacaeTcsi KaTeTa AC B Touke D. Halaute Xopay, COeAHHSIOLIYIO
TOYKH NepecedeHHs OKPY>KHOCTH C ITpAMOii BD.

12.9. Ha 60koBO#l cTOpoHe paBHOGEAPEHHOrO TPEYTOIbHHUKA KaK Ha
JHaMeTpe IIOCTPOeHa OKPYKHOCTB, AeJIALIas BTOPyio 60KOBYIO CTOPOHY Ha
OTpeskH, pasHble a u b. Haligure ocHOBaHHe TpeyToJbHHKA.

12.10. B oxpyxHocTH ¢ unentpoM O nporeaeHwl xopZAsl AB u CD, ne-
pecekaromuecs B Touke M, npuuém AM =4, MB =1, CM = 2, Haiizute
yron OMC.

TpeHupoBoYHBbIE 3aa4u

12.11. B OKpy>XHOCTb BIIMCAH 4YeThIpEXyronbHUK ABCD, npuuyém AB
ABJIAETCA [HAMETPOM OKDPYKHOCTH. /luaroHanu AC u BD mepecekarorca
B Touke M. M3BecTtHO, yTo BC =3, CM = %, a IUIollaZb TPeyrolbHUKA
ABC prpoe 6Gobllle TIOIAAH TpeyronbHuKa ACD. Haiinnte AM.
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12.12. Yepes Bepumnnsl B u C TpeyronbHHKa ABC TIpoBeJeHa OKPYX-
HOCTB, KOTOpas nepecexaeT cTOpoHy AB B Touke K, a cropoHy AC —
B Touke E. Hatinure AE, 3Has, uro AK =KB=a, /BCK =qa, ZCBE=f.

12.13. OKpyXHOCTB, [TOCTPOEHHas Ha cTopoHe AC TpeyronbHHKa ABC
KaK Ha JuaMeTpe, IIPOXOAUT Yepes cepefHHy CTOPOHB! BC H IepecekaeTr

B TouKe D mpoJo/mkeHUe cTOPOHHI AB 3a Touky A, npuuém AD = %AB.
Haitnure mwiomaas tpeyronsauka ABC, ecmn AC=1.

12.14. Kaxxaaa u3 GOKOBBIX cTOpoH AB U BC paBHOGeApeHHOro Tpe-
yronbHHMka ABC pasjeieHa Ha TpY paBHble YacTH, M Yepe3 yeThlpe TOY-
KM JIefIeHHs Ha 9THX CTOPOHAaxX IpoBeJeHa OKPYXKHOCTh, BBICEKaloLasa Ha
ocHoBaHHH AC xopay DE. Ha¥uTe oTHOIIeHHe IUIOIajed TpeyroJbHH-
koB ABC u BDE, ecii AB=BC=3 u AC=4.

12.15. OKpYXHOCTb, AMAMETP KOTOpOii paBeH v/10, IMPOXOAMT yepes
coceiHHe BepIIUHBI A U B npaMoyroabHuKa ABCD. inivHa KacaresbHOM,
IIpoBeZéHHOH U3 TOUKH C K OKPYXXHOCTH, paBHa 3, AB=1. Haiaure cTo-
poHy BC.

12.16. OKpPy>HOCTb NPOXOAMT Yepe3 coceHUe BepmHHEl M u N mpa-
MoyronbHMka MNPQ. JliMHa KacaTelbHOH, NPOBENEHHOH W3 TOYKH Q
K OKPY>XHOCTH, paBHa 1, PQ = 2, Halizure mwiowase NpsMOyrojlbHHKa
MNPQ, ecii JUaMeTp OKDY>XHOCTH paBeH +/5.

12.17. Touku A, B, C, D — nocneoBaTebHbIE BEPIIHHBL IPAMOYTOIb-
HuKa. OKpPYy»KHOCTb IIPOXOJUT Yepe3 BepIIMHB A ¥ B ¥ KacaeTcsa CTOPOHEL
CD. Yepes BepmuHy D mpoBejeHa NpsiMas, KOTOpas KacaeTcs TOH ke
OKpY>KHOCTH B Touke E, a 3areM IlepecekaeT IIPO/O/DKEHHE CTOPOHEI
AB B Touke K. Haligure mwiomazas Tpanenuu BCDK, ecid M3BeCTHO, YTO
AB=10uKE:KA=3:2.

12.18. HaiiauTe pasinyc OKPYyXHOCTH, KOTOpas BeIceKaeT Ha 06eux cTo-
POHax yI7ia, PaBHOT'O @, XOP/Hl, paBHbIE d, €CJIM U3BECTHO, YTO PACCTOAHHE
Mexay OmpKalIIiMK KOHIIAMH 3THX XOPA paBHO b.

12.19. Cropona kBazapata ABCD paBHa 1 M fIB/IfIeTCA XOpZAOH HEKO-
TOPOH OKPYKHOCTH, IPHYEM OCTaJbHBIE CTOPOHHI KB3Zpara JieXaT BHe
3TOH OKpYyKHOCTH. KacarensHasa CK, nmpoBeéHHasA U3 BepuuHbl C K 3TOH
e OKPY>KHOCTH, paBHa 2. HalizuTe AaMeTp OKPYKHOCTH.

12.20. B mpsMoyroieHOM TpeyroabHuke ABC c katetamu AB =3
U BC =4 yepe3s cepeauHbl cTOpoH AB 1 AC nIpoBe/ieHa OKPYXHOCTh, Kaca-
romasca xarera BC. HaiiguTe AJIMHY OTpe3Ka THIOTeHy3:H AC, KOTOPBIH
JIEXUT BHYTPH 3TOH OKPY>XHOCTH.

12.21. B tpeyronsHuke ABC cTopoHa BC paBHa 4, a MeAHaHa, Ipo-
BeAIEHHAA K 3TOH cTopoHe, paBHa 3. Halinure anuHy obieit xopasl ABYX
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OKpY)KHOCTeH, KaXkJjad U3 KOTOPHIX IIPOXOAMT yepe3 TOYKY A M KacaeT-
¢ BC, npuuéM ogHa KacaeTcs BC B Touke B, a BTopas — B Touke C.

12.22. OKpy>KHOCTB, IIpoXoAdlas yepes BepluHel B, C U D napaiie-
norpamma ABCD, kacaercs npsaMoit AD U nepecekaeT npamMyio AB B Tou-
Kax B u E. Hatizure AE, ectu AD=4 u CE=5.

12.23. 13 ToukH A, HaxoZseicsa Ha PaCCTOSHUH 5 OT LieHTpa OKPYX-
HOCTH pasinyca 3, npoBejieHHl ABe cekyine AKC u ALB, yron Mexay KoTo-
peimu paBeH 30° (K, C, L, B— TOYKH IepeceyeH s CeKYIIHX C OKPYXKHO-
cThbi0). Haiizure romans TpeyrombHuka AKL, ecti IUIoOmaAb Tpeyroib-
HHKa ABC pasHa 10.

12.24. Ha npamoii pacnonoxeHe! Toukd A, B, C u D, cieayrouue Apyr
3a IpyTOM B YKa3aHHOM Iopsaxe. M3BecTHo, yTo BC =3, AB=2CD. Yepes
TOYKH A U C IpOBeZleHa HEKOTOpas OKPYKHOCTb, a 4epe3 TOYKH B u D —
apyrast. Mx obuas xopza nepecekaeT orpesok BC B Touke K. Haliaure BK.

12.25. B paBHOGenpenHom Tpeyronbauke ABC (AB = AC) npoBeJeHEl
6uccexTpucsl AD, BE, CF. HaiiguTe BC, ecnu uaBecTHO, uto AC =1, a Bep-
IIHMHA A JIEXHUT Ha OKPYXHOCTH, poxoasiel yepes Touk D, E u F.

12.26. OkpyxKHOCTb KacaeTcsi CTOpoH AB u AD npsaMOyroJpHHKa
ABCD wu npoxogutr uyepe3 BepuinHy C. CropoHy DC oHa nepecexaeT
B Touke N. HaliauTe mwiomaae Tpaneuuu ABND, eciu AB=9 u AD =8.

12.27. Ha ogHOH M3 cTOpOH yIia, paBHoro a (a < 90°%), ¢ BepIUHHOH
B Touke O B3ATHl TOUKU A U B, npuuém OA =a, OB = b. Haiigure pazu-
yC OKPY>XHOCTH, IIpOXoJsllleii yuepe3 TOUKH A ¥ B U Kacarouelicsa Apyrof
CTOPOHBI yTJIA.

12.28. Ha xatetre AC mpsAMOYTOJbHOrO TpeyroibHHKa ABC Kak Ha
JAHaMeTpe IIOCTPOeHa OKpyxHocTh. OHa NepeceKaeT FUNOTeHy3y AB B TOY-
ke E. Ha cropoHe BC Baara Touka G Tak, 4TO OTpe3oK AG mepecexa-
€T OKPYXXKHOCTb B TOYke F, npu4éMm orpe3sku EF u AC napajuieibHEl,
BG=2CG u AC =2+/3. Haiiaute GF.

12.29. B napasuieniorpamme ABCD yron BCD pasen 150°; a cropoHa
AD paBHa 8. Halzure paguyc OKpPYXHOCTH, Kacarouleiica mpamoit CD
H [IpoXoAsAlleil yepe3 BepIIMHY A, a Takke lepecekalollleil cropony AD
Ha pacCTOSAHHH 2 OT TOYKH D.

12.30. OxpyxHOCTBP M npsAMas KacaloTcsa B Touke M. M3 Touek A U B
3TOH OKPYKHOCTH OIYILEeHE IePIIeHHUKYJISIPEI Ha NIPSMYIO, paBHEIe a U b
COOTBETCTBEHHO. HaiiuTe paccrosHHe oT TOUKH M A0 npamoit AB.

12.31. OKpyXHOCTb, BIIMCAHHAA B TpeyroibHUK ABC, genur MeauaHy
BM Ha Tpu paBHHIe yacTu. HalauTe otHomenHe BC : CA: AB.
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12.32. /IBe OKpY>KHOCTH paZiMycoB R U r NepeceKarTcs B TOUKax A U B
Y KacaroTcs IpsaMoi B Toukax C u D cooTBeTcTBeHHO; N — TOUKa nepece-
4YeHHA NpAMEIX AB u CD (B Mexay A u N). Haiaure:

1) paguyc OKpY>XHOCTH, OIIMCAaHHOM OKOJIO TPeyrolbHUKa ACD;

2) OTHOIIEHHE BBICOT TPeyroNbHUKOB NAC 1 NAD, onylieHHbIX U3 Bep-
WHHH N.

12.33% PaBHOGeipeHHas TpanewLsa ¢ ocHoBaHUAMK AD 1 BC (AD > BC)
OITMCaHa OKOJIO OKPYXXHOCTH, KOTOpas KacaeTcs CTOpOoHBI CD B To4yke M.
Otpesok AM mnepecekaerT OKpyHOCTb B Touke N. Haligure oTHoLIe-
HHUe AD K BC, ecnin AN : NM =k.

12.347 B tpaneuun ABCD c ocHoBaHusamMu AD u BC yron A paBeH 45°,
yron D pasen 60°. Ha fuaroHasAx Tpanenyuy Kak Ha AHaMeTpax MoCTpo-
€HBI OKPY)KHOCTH, Itepecekarolpecs B Toukax M u N. Xopaa MN nepece-
KaeT ocHoBaHHe AD B Touke E. Haligure otHolenue AE : ED.



§13. Yribl, cBA3aHHBIE C OKPYKHOCTBIO. MeTo/
BCIIOMOraTelbHOM OKPYKHOCTH.
PemeHue 3a7a4u 13 U3 AuarHocTU4ecKoH paboThl

13. OKpy»XKHOCTb S; MPOXOAMT 4Yepe3 IEHTP OKPYKHOCTH S, H Ilepece-
KaeT eé B Toukax A ¥ B. Xopzia AC OKpY)KHOCTH S KacaeTcs OKPY>KHOCTH
S, B TOUKE A M JeJHUT IEPBYIO OKPY>XHOCTb Ha JAYTH, rpajlyCHbIE MEPHI
KOTOPBIX OTHOCATCSA Kak 5 : 7. HalianTe rpafycHble Mephl IyT, HA KOTOpBIE
OKPY»KHOCTb S, JeIUTCs OKPY>XKHOCTBIO S .

Omeem: 150° u 210°.

PemeHnHue. IIyctb O; 4 O, — LEHTPHI OKPYXXHOCTEH S; U S, COOT-
BETCTBEHHO. Torza

agne 5 1eme
£A0,C = 360° 55 = 150°.

[Mockonbky £0,AC =90° (paguyc, IpoBeAEHHEINR B TOUKY KacaHUs, Iep-
NeH/MKY/IAPEH KacaTelbHoit), oTpe3ok O,C — IHaMeTp OKPYXHOCTH S,
TIO3TOMY

LAO,C = 3/A0,C = 75"

Toraa rpazycHas Mepa AyTH OKPYXKHOCTH Sy, 3aKII0UYEHHON MEXJY CTOPO-
Ham¥ yria AO,C, paBHa 75°, a rpagycHas Mepa Ay AB OKDY)KHOCTH Sj,
copepXKanieicss BHYTpH OKPYXXHOCTH S, paBHa 150°. CiesgoBaTeNbHO, KO-
IIOJIHMTEIBHAN K Hel yra OKPY»KHOCTH S, paBHa 360° — 150°=210°. <«

* ok ok

HanoMmH#uM, 4TO yrjioBas BeJIHYHHA AYT'H — 3TO YIJIOBaA BEJIHYHHA CO-
OTBETCTBYIOIETO 3TOH AYTe LIEHTpaJIbHOI'O yTIJjia.

7 [leometpus. MnaHumeTpusa
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BrycaHHEIN yTON paBeH MOJOBHHE YIVIOBOH BEIHYHHBI COOTBETCTBYIO-
LIEro LeHTpaJbHOro yrma (ayru). OTciofa ciefyeT, YTO BIIMCAHHEIE YIIBL,
onupalolrecs Ha OfHY U Ty ke AYTY, PaBHEL, T. . ecJIH TOYKH A u B nexatr
Ha OKDY>XHOCTH I10 OAHY CTOPOHY OT IIPAMOI, cogep:kamieit xopay CD, To
ZCAD = ZCBD. Ec# e TOYKH A U B JiexaT 1o pasHble CTOPOHBI OT Mpsi-
moit CD, To ZCAD + ZCBD=180°.

A
A B a
“
A ¢ 80° —a D
S
B
Yron MexIy KacaTelbHO# U XOp/oi paBeH Mo- A B

JIOBHHE YTJIOBOH BEJHMYMHBI AYTH, 3aKIIOUEHHOM
MeX/Jy HMMH, T. €. eCJIH NIpAMas KacaeTcAd OKPYK-
HOCTH B TOYKE A, TOYKa B JIeXHT Ha 3TOH npsA- c
MOH, a Touka C — Ha OKPY)KHOCTH, IIDHYEM BCe
TPH TOYKH pasjMYHBI, TO YIVIOBas BeJIHYHMHA YT-
Jia BAC paBHa NOJIOBHHE YIJIOBOM BeJIMYUHEL AYTH
AC, 3axmouéHHoM BHyTpH yria BAC.
Ipumep 1. JloKaKuTe, YTO YTON MEXAY Mepe- A @ C
CEKAIOIMMHCA XOp/laMH paBeH IOMyCyMMe YIJIO-
BBIX BEJIHYHH IIPOTHBOIIOJOXHBIX AT, BBEICEKae-
MBIX Ha OKPYXHOCTH 3THMH XOpAaMH, T.e. eC/H
Xopasl AB u CD mepecekaroTcsa B Touke M, Jexa-
el BHYTPH OKPY)XHOCTH, TO yIJIOBas BEJIMYHMHA |
Kaxzoro us yros AMC u BMD paBHa IOXyCyM-
Me YIJIOBBIX BeNH4UH AyT AC ¥ BD, 3aKII09EHHBIX B
BHYTPH 3THX YTJIOB. p
JloxaszaTtenbcTBo. [lycTte yrmoBele BenuurHE AyT AC ¥ BD,
3aKIIOYEHHBIX BHYTPH yIi10B AMC v BMD, paBHbI a ¥ 3 COOTBETCTBEHHO.
ITo TeopeMe O BHENIHEM YTJIe TPEYTOMbHUKA

a+f
5
Yro u TpeboBanoCck AOKA3aTh. O

IIpumep 2. [loKaKMTe, YTO YrOJ MEXAY CEKYLIMMH, IIpOBeAEHHBIMHU
K OKPY>KHOCTH H3 TOYKH, JiexKalled BHe OKPY;KHOCTH, pPaBeH IOTypa3HOCTH

[Slke

ZAMC = ZMBC + /MCB = /ABC + /DCB = % +
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YIIOBLIX BEJIHYHH AYT, COAEPXKAIMXCA BHYTPH 3TOrO yI/a, T. €. €CJIM TOY-
Ka M JIeXMT BHe OKPYXKHOCTH, OAHA IpsAMas, IpoXoAslas yepes 3Ty ToY-
Ky, IepeceKaeT OKPYKHOCTb IIOCIe0BaTeIbHO B TOYKax A U B, a BTopas
npAMas, npoxojdimasn yepe3 Touky M, — B Toukax C u D, To yryioBas Be-
MM4YuHa yraa BMD paBHa MoiypasHOCTH YIJIOBBIX BennyrH ayrT BD u AC,
3aK/II0YEHHBIX BHYTPH 3TOrO yIJIa.

JdoxaszaTenbcTBo. Ilycts yrnosre BentHuuHH ayr AC u BD,
3aKMIOYEHHEIX BHYTpH yrnoB AMC u BMD, paBHH @ ¥ [ COOTBETCTBEHHO

(a<B).

[lo TeopeMe O BHELIHEM YIJIe TPEYrOJIbHUKA

£BMD = LAMC = £BCD — ZMBC = £BCD — ZABC = -g——-g' = '82

Ilpumep 3. KacarenbHasa B Touke A K ONMCAHHOH OKPY)KHOCTH Tpe-
yronbHuKa ABC nepecekaeT npamyio BC B Touke E; AD — 6GHcCeKTpHCca
TpeyroabHUKa ABC. JlokaxmTe, yto AE =ED.

JoxaszaTtenbcTBo. IlycTb Touka E JIEXHT Ha IPOAO/DKEHHH
cropoHs! BC 3a Touky B. [IpuMeHHB TeopeMy 06 yIjle MexIy KacaTebHOH
H XOpZIOH H TeopeMy O BHENIHEM yTJie TPEYTOAbHHKA, IIOMy4HM, YTO

ZEAD = LEAB+ £BAD = ZACB + £DAC = ZEDA.
A

: BUC

3Ha4HT, TpeyronbHUK ADE ApndeTcA paBHOOEIPEHHEIM, ClIeA0BaTeNbHO,
AE=ED. O
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IIpumep 4. B kpyre nposenu TpH xopaAbl AB, BC, CD ¥ OTMETHIH HX
cepeaunsl M, N u K cooTBeTcTBeHHO. M3BecTHO, 4yTo ZBMN = a. Haiiau-
Te ZNKC.

Omeem: a wiu 180° — a.

Pem e H ue. [TycTb ToukH A ¥ D n€at 1o OgHY CTOPOHY OT IPAMOH
BC. Ilockoneky KN 1 MN — cpesHHe THHHHK TpeyronbHHKOB BCD u CBA,
to KN || BD u MN || AC. TToaToMy

£ZNKC = /BDC = ZBAC = ZBMN = a.

[TycTb Touku A M D siexaT nmo pasHble CTOpPOHE! OT npsamoii BC. Ilo-
ckonbKy KN ¥ MN — cpenHue nMHMHM TpeyronbHUKOB BCD u CBA, TO
KN ||BD u MN || AC. ToaTomy

ZBMN = /BAC, ZNKC = ZBDC.

B
<7

D
3HaYHT,
ZBMN + ZNKC = ZBAC+ £BDC = 180°.
CnenoBaTelbHO,
ZNKC = 180° — ZBMN = 180° — a. <
-

Eci IpH pasMBHIIUIEHUH HaZ 3afiadyeif yAaéTcs 3aMeTHTh, 4TO KaKHe-
TO YEThIPE TOYKH JIEKAT Ha OAHOH OKPYXKHOCTH, TO JajbHeHIIHe paccyx-
JEeHUs CBOJATCA K M3BECTHBIM CBOWMCTBAM YIJIOB, CBSI3aHHBIX C OKPYMKHO-
CTBIO. OTOT MeTOo/ 0OBIYHO HA3LIBAXOT METOAOM BCIIOMOTraTe/IbHOH OKPYK-
HOCTH.

OtmeTHM Hanboee H3BECTHRIE YCIOBHSA, TPH KOTOPHIX YETHIPe TOYKH
JieXKaT Ha OAHOH OKPY)KHOCTH.

1) MoxHO yKa3aTb TOYKY, paBHOYJAJIEHHYIO OT paccMaTpHBaeMbIX TO-
yek A, B, Cu D.



Pemenve 3ajaqu 13 U3 AMarHOCTHYeCKOi paboThl 101

2) U3 Touex A ¥ B oTpe3ok CD BUjeH ITOJ NPAMBIM YITIOM.

3) U3 Touek A M B, nexamux mo ogHy CTOPOHY OT npsamoit CD, oTpe-
30K CD BUWZIeH 1o/ OAHUM M TEM XKE YIJIOM.

4) Touku A u B nexat 1o pasHble CTOPOHBI OT IpsAMoi CD, U IIpH 3TOM
cymma yrioB CAD u CBD paeHa 180°.

5) Touyku A 1 B nexxaT Ha OJHOH CTOPOHE HepasBEPHYTOIO yIJia C BED-
muHo# O, Touku C ¥ D — Ha Apyro#, u npu sTom OA-OB=0C-OD.

6) Otpesku AB u CD nepecekarotcs B Touke O, 1 ipy atom OA-OB =
=0C-0D.

IIpumep 5. MaBecTHo, yTo BM 1 CN — BBICOTHEI TpeyronbHuka ABC,
npu 3ToM MN =10 u BC =26. HailiiuTe paccTosgHHE MeXIy cepelrHaMu
orpe3koB MN u BC.

Omeem: 12.

Pemenwne. Ilyerse P u Q — cepefuHsl oTpeskoB BC 1 MN cooT-
BeTCTBEHHO. M3 Touek M u N orpe3ok BC BHZAeH mnof NPAMBIM YIJIOM,
3HAYMT, 3TH TOYKH JIEXKAT Ha OKPYKHOCTH ¢ guamerpoM BC. Touka P —
LUEHTP OKPYKHOCTH, a Q — cepeanHa xopasl MN, noatomy PQ L MN.

13 npaMoyronpHOro TpeyroasHuka PQM HaxoguM, 4To

PQ = /PM2—QM? = /132 —52 = 12. <

IIpumep 6. OcHoBaHMe CD, auaroHanb BD u GokoBas cTopoHa AD
Tpaneuru ABCD paBHH p. BokoBas cropoHa BC pagHa g. Haliaure aua-
roHazub AC.

Omeem: v/ 4p? —q>.
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Pemenue OKpyXHOCTh C LIEHTPOM B TOYKE D H pajMycoM p
TpOXOAUT Yepe3 Touku A, B u C. Ecn CC; — AnaMeTp OKPY»KHOCTH, TO
ABCC, — paBHOGeapenHas Tpaneuusi, AC; =BC=q.

INMockonbky ZCAC; =90° (Touka A JeXHUT Ha OKPY)KHOCTH C JHAMET-
poM CCI):

AC? = CC? - AC? = 4p* — ¢*.

CregoBarenbHoO, AC = 4/ 4p? — g2. <



IMoaroroBuTeIbHBIE 3ajaYH

13.1. Oxpy)XHOCTb KacaeTcsl CTOPOH yIVIa C BepIIMHON A B Toukax B
K C. Halizure rpagycHble MepHl AyT, Ha KOTOPHE OKPYXKHOCTb AETHTCH
ToukaMu B u C, eciu ZBAC =70°.

13.2. ITycts AB u AC — paBHble XopAbl, MAN — kacaTejibHas, rpagyc-
Has Mepa ayru BC, He coaepikameit Touku A, paBHa 200°. HaliguTe yrinl
MAB u NAC.

13.3. Tpeyroneuuk ABC paBHobOezpeHHEIH. Paguyc OA ONMHCAHHOTO
kpyra obpasyer ¢ ocHoBanuem AC yron OAC, pasubiii 20°. Haiimure
yron BAC.

13.4. OKpY»XHOCTb OIHMCaHa OKOJIO PAaBHOCTOPOHHEro TPEeyroJbHHKAa
ABC. Ha pyre BC, He cofepxaliedl TOUKy A, paclosioxeHa Toyka M,
JenAmas rpaZyCcHyl0 Mepy 3To# Ayru B oTHolleHuu 1: 2. Haiigure yribl
TpeyronbHHKa AMB.

13.5. Toukn A, B, C u D nocnefoBaTeIbHO PACIIONOKEHBl HA OKPYX-
HocTH. M3BecTHO, 4TO rpaiycHEle Mephl MeHblux Ayr AB, BC, CD u AD
oTHocATeA Kak 1:3:5:6. Hafiaure yrbt yeThpéxyronsuuka ABCD.

13.6. OKpy»XHOCTb IPOXOAWT uYepe3 BepmMHEI A M C TpeyroabHMKA
ABC, nepecekas ctopoHy AB B Touke E u cropoHy BC B TO4ke F. Yron
AEC B 5 pas 6onbie yria BAF, a yron ABC pasen 72°. Haliaure paguyc
OKpY»KHOCTH, ey AC =6.

13.7. Y3 Touxu P, pacrnonoeHHOH BHYTPHM OCTPOTO yIJla ¢ BepIIH-
HOM A, omyieHsl nepneHAuKynsapsl PC v PB Ha cTopoHs! yria. Mi3BecTHo,
yro ZCBP =25°. Haitaure yron CAP.

13.8. B oKpy>XHOCTb BOHCaH IIpAMOYroJbHHUK ABCD, cTropoHa AB Ko-
Toporo paBHa a. Y3 koHua K guamerpa KP, napa/iesbHOro CTOpoHe AB,
cropoHa BC BuziHa noA yrinoMm 3. HaizauTe paAHyc OKPY)KHOCTH.

13.9. B BrimywioM 4eThlpéxyronbHuke ABCD u3BecTHo, yto ZBCD =
=80°, ZACB=50° u LZABD =30°. Haiigute yron ADB.

13.10. B BhimyxsioM deThipéxyronbHuke ABCD u3BecTHO, uro ZACB =
=25° ZACD =40° u £ZBAD =115°. Haiiaute yron ADB.

13.11. B BrimyxsioM YeThIpEXyronbHHKe ABCD HM3BecTHO, 4TO

ZABC =116°, ZADC =64°, LCAB=35" u /ACAD =52°.
HarizuTte yron Mexay UaroHalaMu, ONMMPAaLHUNACA Ha CTOPOHY AB.

13.12. B yeThipéxyronbHuke ABCD M3BeCTHO, 4TO

ZABD = LACD = 45°, /BAC=30°, BC=1.

Haiigure AD.
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13.13. Bo BnMcaHHOM 4eThIpéxyronbHuKe ABCD HU3BECTHBI YIVIbL:
ZDAB=a, [LABC=f, ZBKC=y,

rae K —Toyka nepeceyeHus guaroHaneil. Haigure yron ACD.

TpeHHpPOBOYHEBIE 3aja4U

13.14. Oxono tpeyronsHuka ABC, B koTopoM BC =a, /B=a, ZC=f3,
oIKcaHa OKpYXHOCTb. BucceKkTpHca yIa A nmepeceKkaeT 3Ty OKPYKHOCTb
B Touke K. Halizure AK.

13.15. Tpeyronpauku ABC u ADC umeloT obuiyio ctopony AC; cro-
poHel AD u BC nepecekaioTcs B Touke M. Yrasl B u D paBHb mo 40°.
Paccrosnue mMexay BepimiHamu D u B paBHO cTopoHe AB, ZAMC =70°.
Ha#gure yranl TpeyronsaukoB ABC u ADC.

13.16. BHyTpH yIJIa ¢ BepuiuHo# O Basita HekoTopas Touka M. Jlyu OM
obpa3syeT CO CTOPOHAMM yIJia yIVIbl, OAHH W3 KOTOPOro GOJbIIE APYroro
Ha 10°; A ¥ B—npoekuuy Touk M Ha cTOpPOHH yria. Hadiaure yron
Mex Ay npAMbIMH AB 1 OM.

13.17. BepmMHa yria BeIMYHHOH 70° CIy>KUT HavaloMm Jiyda, obpa-
3yIOIIero ¢ ero cropoHamu yriel 30° u 40°. M3 HeKOTOpO# Toukd M Ha
9TOT JIyd MW Ha CTOPOHBI yIVIa OINYLIEHbl NepleHAUKY/SIpEl, OCHOBaHUSA
KOTOpHIX — A, B 1 C. HaliguTe yrisl TpeyroasHHuka ABC.

13.18. B ocTpoyTronbHOM TpeyroabHiKe ABC U3 OCHOBaHHA D BHICOTEHI
BD omnymieHs! mepneHAUKYAApel DM u DN Ha cTopoHH AB u BC. V3BecT-
HO, yTo MN =a, BD =b. Haiigure yron ABC.

13.19. Xopaa AenuT OKPY)KHOCTb Ha IYTH, IpajyCHble Mephl KOTOPBIX
oTHOcATeA Kak 11:16. Haliaure yron Mexay KacaTe/lbHBIMH, IIPOBEJEH-
HBIMH 4epe3 KOHIIBI 3TOH XOpZHL.

13.20. PaccrogHMe Mexay LeHTPaMH HellepeceKalol[UXCA OKPY:KHOC-
Telf paBHO a. JIOK&)KHTe, YTO TOYKH IlepecedeHHsi OOIIMX BHELIHHX Ka-
caTeJbHBIX C OOINMMM BHYTPEHHMMH KacaTeJbHEIMH JIEKAT Ha ORHOM
OKPY>XHOCTH, ¥ HalJHTe e€ pajuyc.

13.21. B Tpeyronbuuke ABC mpoBenensl 6uccekTprchl AD u BE, me-
pecexaronyieca B Touke O. M3BecTHO, uTo OF =1, a BepuirMHa C JIEKHUT
Ha OKpPYKHOCTH, ITpoxoZsilei yepes Touku E, D u O. HaliaguTe cTOpOHHI
M yI7sl TpeyronbHuKa EDO.

13.22. B TpeyronbHuKe ABC yronm B mpAMoOii, BelHYHHa yrila A paB-
Ha a # 45°, Touka D — cepeJuHa THAIOTeHy3H. Touyka C, CHMMeETpHYHA
Touyke C OTHOCHTeNIbHO npsAMoi BD. Hatiaure yron AC,B.
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13.23. Ha cropoHe AB TpeyronbHHKa ABC BO BHEIIHIOI CTOPOHY IO-
CTPO€H PaBHOCTOPOHHMI TpeyronbHUK. HaliiuTe paccTosHMe MeXAy ero
LIeHTPOM M BepiiuHo# C, ecni AB=cu ZC=120°.

13.24. B 4detnipéxyronbHuke ABCD ymiel B U D nipamele. /luaroHanib
AC obpa3yeT co ctopoHoii AB ocrtpeiii yron 40°, a co croponoit AD —
yron 30°. Halizure ocTpelit yron mexay guaronanamu AC u BD.

13.25. B npsaMoyroipHOM TpeyroibHuke ABC yros nnpy Bepiumse A pa-
BeH 60°, O — cepeArHa TMNOTEHY3H AB, P —IIeHTp BIHCAHHOH OKPYX-
HoctH. Haiigure yron POC.

13.26. B napasuienorpamme ABCD ocTpslit yron paBeH a. OKPYXHOCTb
pazuyca r NpoxXoAuT Yyepe3 BepwnHbl A, B, C U nepecekaeT npAameie AD
1 CD B Toukax M u N. HaiiguTe miomazab TpeyroibHuKa BMN.

13.27. OKpy»>XHOCTB, IIpOoXoAsiias Yepe3 BeplIMHH A, B u C mapainie-
norpamma ABCD, nepecekaer npsimele AD 1 CD B Toukax M u N COOTBET-
cTtBeHHO. Touka M ypaneHa oT BepmiuH B, C 1 D Ha paccToaHusa 4, 3 1 2
cooTBeTcTBeHHO. Haiigute MN.

13.28. B OKpy»>XHOCTb BIIMCAH YeThIpEXYTONbHUK ABCD, AuaroHamu Ko-
TOPOTO B3aMMHO NEePHEeHAUKYIAPHBL U llepeceKaloTcsa B Touke E. [Ipamadn,
TIpoxofsAilas 4yepe3 TouKy E ¥ neprneHAuKyaspHas Kk BC, nepecekaeT CTo-
poHy AD B Touke M. [lokaxure, uyro EM — mequaHa Tpeyronbuaika AED,
U HaliauTe eé anuny, ecii AB=7, CE=3, ZADB=aq.

13.29. [lan TpeyronbHUK ABC. M3 BepmmHB A TIpoBefieHa MeAHaHa
AM, a u3 BepmuHb B — MezuaHa BP. M3BecTHo, uTo yron APB paBeH
yriy BMA. Kocunyc yrna ACB paeel 0,8 u BP = 1. Haklizure miomazs
TpeyroabHHKa ABC.

13.30. B tpeyronenuke ABC yron ABC paseH a, yron BCA paseH 2a.
OKpy>KHOCTB, IIpoxoasailas yepe3 ToYKH A, C M IeHTP ONMHMCAHHOH OKO-
Jio TpeyronbHHKa ABC OKDy)XHOCTH, NepeceKkaeT CTOPOHy AB B Touke M.
HajiguTte oTHomenue AM Kk AB.

13.31. Touyka E nexuT Ha NpPOJO/DKEHUH CTOPOHBI AC paBHOCTOPOH-
Hero TpeyronbHuka ABC 3a Touky C. Touka K — cepeguHa otpeska CE.
[Ipamas, npoxojAillasd yepe3 TOYKYy A NepNeHAHUKYIAPHO AB, U npAMmasd,
npoxozAumana yepes Touky E nepnensukynspHo BC, nepecekaloTcs B TOY-
Ke D. HaitguTe ymiel TpeyronbHuka BKD.

13.32. BHe NpaBWIBHOIO TpeyronbHuka ABC, Ho BHyTpu yria BAC B3s-
Ta Touka M Tak, uto yros CMA pasen 30° u yron BMA paeeH a. Halizure
yron ABM.

YKxa3aHue. Touka M NEXHUT Ha OKPY:KHOCTH C LEHTPOM B, Ipoxo-
Astiie yepes Touku A u C.
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13.33. B Tpamenun MNPQ (MQ || NP) yron NQM B ABa pa3a MeHbLIe
yrina MPN. M3BecTHO, 4TO

NP=MP=%, MQ=12

HaiizuTe 1iomass Tpaneyy.
Yxa3aHue. Touka Q JIeXKUT HAa OKPYKHOCTH C LieHTpPOM P, IIpoxo-
asameit yepes Touku M u N.

13.34. Jlan yrom, paBHbIH a. Ha ero 6uccexktpuce B3sta To4yka K; P
U M —npoexkuyu K Ha cTopoHBI yria. Ha oTpeske PM B3sTa TOYKa A,
npuyéM KA = a. [IpamMas, npoxoasuas yepes A nepneHAUKyAsapHo KA, ne-
pecexaeT CTOPOHEI yIJla B Toukax B u C. HaliauTe miomajs TpeyrolbHU-
ka BKC.

Ykaszanue. BK=CK.

13.35. Ha Guccextpuce yrna ¢ BepmnHOH L B3ATa Touka A. Touku K
U M — OCHOBaHMA NEPHNEHAMKY/IAPOB, ONYIIEHHBIX U3 TOYKH A Ha CTOpPO-
Hbl yrna. Ha orpeske KM BasaTa Touka P (KP < PM), 1 yepes He€ NepIieH-
JHKYAPHO OTpe3Ky AP npoBeZeHa Ipamas, lepecekarouias npamyio KL
B Touke Q (K mexay Q u L), a npamyto ML — B Touke S. M3BecTHO, YTO
ZKLM =a, KM =a, QS =b. Hatigure QK.

13.36. B BrimyksioM ueThIpéxyronbHuke ABCD IpoBeieHBl AUaroHa-
au AC v BD. UssecTHoO, yTo AD =2, ZABD = ZACD =90°, a paccTos-
HUEe MeXAY LEeHTPaMM OKPYKHOCTeH, BIMCAHHBIX B TPeYroJbHHUKH ABD
u ACD, paBHO V2. Haiizure BC.

YxasaHue. H3uenrpos O; u O, OKpyKHOCTeH, BIMCAHHEIX B Tpe-
yronbHHKH ABD u ACD, oTpe3ok AD BHAeH MO OAHHM H TeM K€ YITIOM.
LleHTp OKPYXXHOCTH, npoxojsaiei yepes Toyku Oq, O,, A ¥ D, JeXHUT Ha
OTHMCAHHOH OKPY>XHOCTH YeThIpéxyronbHuKa ABCD.

13.37% B Tpeyronbuuke ABC nepneHAHKYIAD, NPOXOAALIMH yepes ce-
peAnHy cTopoHbl AB, nepecekaer IpaMyo AC B Toyke M, a nmepneHaH-
KyJsAp, NPOXOAAIMH Yyepe3 cepeflMHy CTOPOHLI AC, MepeceKaeT MpAMYIO
AB B Touke N. M3BecTHo, yTo MN = BC 1 npamas MN nepneHAuKyAApHa
npsmoi BC. Haligure yriel TpeyronsHuka ABC.

Yk a3anue. PaccMoTpuTe /1Ba Cory4as: yron B TYmo# Wi OCTPBIA.
Touxku M, N u cepeauHbl cTopoH AB M AC J1eXaT Ha OfHOM OKDY>KHOCTH.

13.38* B paBHOCTOpPOHHHH TpeyronbHHUK ABC BrMcaHa IIOIYOKDYX-
HocTh ¢ LieHTpom O Ha cropoHe AB. HekoTopas KacaTeJbHasdA K IOJIy-
OKPY?KHOCTH IlepecekaeT cTopoHbl BC U AC B Toykax M U N cooTBeT-
CTBEHHO, a IIpsAMasd, IPoXoJAllasa yepe3 TOYKH KacaHHuA CTOpoH BC u AC
C IOJIYOKPY:KHOCTBIO, IlepecekaeT oTpe3kd OM ¥ ON COOTBETCTBEHHO B
Toukax P u Q. Haiiaure PQ, ecii MN =2.
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Yxasaunwue. [lycte D—TodyKa KacaHHsA MOJYOKPY>XHOCTH CO CTO-
poHoit BC. U3 toyexk D u O oTpe3aok QM BHAEH NOA OAHHM H TeM e

yrioM, MQ — BeicoTa TpeyroisHuka MON, PQ = %MN .



§14. BciomorareibHbIe MOAOOHBIE TPEYTOJIbHHUKH.
Pemenue 3azaum 14 u3 guarHocTuyeckoi paboTsl

14. Ha ctopone AB TpeyronbHuka ABC oTMeyeHa Touka D, IpH4éM
ZBCD = /BAC. UsBecTHO, uto BC =a, AC =b, AB=c. Haiigure CD.

0 . ab C

meem: .

Pew e H u e. Tpeyronbuuku CBD u ABC
110706HEL 110 ABYM yT/aM, T. K. ZBCD = ZBAC
[0 yCJIOBHIO, a Yroj IIpH BepliMHe B —
obmuit. 3HAYMUT, COOTBETCTBYIOLIHE CTOPO-

HBl 3THX TPEYTOJBHHUKOB IIPOMOPIMOHAIb-
HBI, T.e. % = BC . CnenosatensHo, CD =
_ BC-AC AC ab B D A

TAB ¢ <

B HEKOTOpPEHIX, YacTO HENpOCTHIX, 3a/ladyax KJIK4eBas HIes COCTOHT
B OTBICKaHMH Napbl NOA0OHBIX TPEyroJbHUKOB. Kak npaBuio, B OJHOM U3
TPeyTOoNbHHKOB 3TOH Iaphl MO0 ecTh ABa M3BECTHHIX OTpe3ka, MHbo ux
JIETKO HalTH, a B JPyroM — OJMH M3BECTHEIH oTpe3oK. M3 cooTBeTCTBYIO-

Iiel MPONIOPIMH HaXOAAT HY)KHEIH OTPe30K.

IIpumep 1. B tpanernun ABCD MeHbInas guaroHans BD neprneHauKy-
JapHa ocHoBaHMAM AD u BC, a cyMMa OCTpPHIX VIVIOB IIPM BeplIMHAax A
1 C paBHa 90°. OcHoBaHHa AD =a, BC =b. Haliiute 60KOBEIE CTOPOHHI
TparneuHH.

Omsem: \/a(a+b), \/b(a +b).
Pemenwne Kaxawit u3 yrnos BCD u ABD B cymMMe c ymIoM A
cocraenger 90°, noaromy ZBCD = ZABD, 3Ha4WT, TPEYTONbHUKH ABD

¥ DCB nogobHus no AByM yriaam. Torga gg ig.
cC b B
a A

Otcioaa HaxonuM, uto BD = +BC - AD = v ab. CiiefoBaTelbHO,
CD = VBC2+BD? = Vb2 +ab = \/bla+b),
AB=\/BD2+AD2=\/a2+ab=\/a(a+b). <
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Ipumep 2. K oxpyxkHOCTAM paauycoB r H R (r < R), KacaroIHMCcA
BHEIIHHM 00pa3oM, poBejeHE! 06lie BHEIIHHe KacaTenbHele. OfHa U3
HHX KacaeTcs NEPBOM OKPY»KHOCTH B TOUKe A, a BTOpoi — B Touke B. Ka-
caTeJbHBIE NepecekatoTes B Touke O. Hataute OA.

Omeem: OA= %ﬂ.

—-r

Pem e ue. M3 uenrpa O; nepeoii OKPy>KHOCTH OITyCTHM I1€pIeHAH-

Kynap O4F Ha paguyc O,B BTOpOi# okpy:xHocTH. Toraa

0,F = /0,02~ 0,F% = y/(r + R)2 = (R—1)? = 2VTR.

B
>

A

il
NG

INpamoyronbHEe TpeyronbHUKU OAQ; u O1FO, mozo6HEL, IO3TOMY

9QA _OF o L = Ror
OA ~ O,F’ 0A ~ 2/iR’
CnepmoBarenbHo, OA = %. <

IMpumep 3. M3 Touku M, jexalleldl BHE OKPY:KHOCTH, NPOBEEHE
K 3TOH OKDY»KHOCTH JIBe KacaTeJlbHble. PaccTosHUA OT TOUkH C, Jiexalei
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Ha OKPYXHOCTH, J0 KacaTeJbHBIX paBHH a ¥ b. HalizuTe paccTogHHe OT
Touku C Ao npsaMmoin AB, rae A ¥ B — TOUKH KacaHUs.

Omseem: v ab.
PemeHue. Ilyers P, Q, N — ocHOBaHMA NEPNEHAUKYIAPOB, OITy-

IIeHHBIX U3 TOYKK C Ha npaMmeie MA, MB, AB COOTBETCTBEHHO. JIoKaXeM,
4TO TpeyroJbHUK PCN nmogoben tpeyronbHHKy NCQ.

P

A

B
Q

JeiicTBUTeNbHO, oTpe3ok AC BuzieH M3 ToueK P u N 1oz npsAMEBIM yT-
JIOM. 3HAQYHT, TOYKK P 1 N nexaT Ha OKpPYHOCTH ¢ AxameTpom AC.

AHanoruyHo ToukH N 1 Q iexat Ha OKpy)XHOCTH ¢ AuameTpoM BC. Tlo-
stomy £ZCPN = ZCAN = ZCAB, a 13 TeopeMHl 06 yT/ie MeXay KacaTeJbHOH
H XOpAo# cienyet, yto ZCAB = ZCBQ = ZCNQ, 3Hauut, ZCPN = ZCNQ.
AnamoruuHo ZCNP = ZCQN.

P

B

3ua4yuT, TpeyronbHHKH PCN 1 NCQ nogo6Hb no AByM yriam. Torza

% = C%%’ noatoMy CN2=CP-CQ=ab. Cregosarensto, CN=+vab. <
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14.1. BokoBasA cTOpoHa TpeyroJbHUKA pasjie/ieHa Ha [ATh PaBHBIX Ya-
CTeli; uepe3 TOUKH Je/leHHs [IpOBeieH ! IIpsAMELe, NTapajlle/IbHble OCHOBA-
HUI0. HalizuTe OTpPe3ku 3THMX MPAMEBIX, 3aKIIOUEHHEIE MEXIY OOKOBBHIMH
CTOPOHaMH, ecJId OcHOBaHHe paBHO 20.

14.2. Touka M pacnonoxkeHa Ha OOKOBOH cTOopoHe AB TpaneluuH
ABCD, npuuéM AM : BM = 2: 1. Ilpamas, npoxoasmas yepe3 Touky M
napasienbHo ocHoBaHusAM AD u BC, mepecekaeT 60koByio cropoHy CD
B Touke N. Haiigute MN, ecii AD =18, BC=6.

14.3. Ha GoxoBrix cropoHax AB u CD tpanenuu ABCD oTMeuyeHbl TOY-

KH M U N COOTBETCTBEHHO, IIPHYEM AM % = % Hafigure MN, ecnu

MB —
BC=awu AD =b.
14.4. Ha puarosansax AC u BD tpanenuu ABCD B3ATbI COOTBETCTBEH-

HO Touku M u N, mpu4yém AM : MC = DN : NB=1:4. Halizure MN, eciu
ocHoBaHuA AD=a, BC=b (a>b).

14.5. B npAMOYTONBHEIN TPEYTONBHUK ¢ KaTeTaMH 6 ¥ 8 BIIMcaH KBaj-
PAT, UMEIOII[HIi C TPEYTONbHUKOM 001 mpamoii yron. Haiaure ctopoHy
KBajpara.

14.6. B npaMoyroasHOM TpeyronbHKHKe ABC xateT AB pageH 21, a Ka-
TeT BC paBeH 28. OKpy:KHOCTB, eHTP O KOTOPOH JIEKUT Ha TMIOTEHy3e
AC, xacaetcs oboux xaTeToB. HalauTe paznyc OKPY*KHOCTH.

14.7. Touka M nexuT Ha 60K0BOH cTopoHe AC paBHOGeApeHHOTO Tpe-
yronpHHUKa ABC c ocHoBanueM BC, npuuém BM = BC. Haliaute MC, ecin
BC=1u AB=2.

14.8. Touka D nexuT Ha cropoHe AC TpeyroabHHMKa ABC, nmpu4ém
ZABD = /BCA. Haiigute otpesku AD u DC, eciu AB=2 u AC=4.

14.9. luaroHaaH BHITyKIOro YeThIpéxyroabHuka ABCD pasHel 12 1 18
M nepecekaroTcsd B Touke O. HalauTe cTOPOHE YeTBIPEXYTONMbHHKA C Bep-
LIIHHAMH B TOYKAX MepeceyeHHs MeJuaH TpeyrolbHHKoB AOB, BOC, COD
u AOD.

TPEHHPOBO‘IHBIE 3ajga4yH

14.10. B kpyre npoBezseHbl ABe xopAel AB u CD, nepecexarouyecs
B Touke M; K — Touka mepeceuenusi buccekTpuce! yra BMD ¢ xopzoi
BD. Haiigute otpe3ku BK u KD, ecnu BD = 3, a IJI0OIIaAH TPEYTONBHHKOB
CMB u AMD oTHocaTes Kak 1: 4.
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14.11. B ipAMOYTO/NBEHOM TPAaIelny OCHOBaHUsA PaBHEI 17 1 25, a 60/b-
mas 6okoBasA cTopoHa paBHa 10. Yepes cepesvHy M 3TOi CTOPOHBI MPO-
BeZIEH K Hell NepneHAuKy/Isap, NepeceKauiil IpoJo/bKeHHe BTOpoi 6o-
KOBOH CTOpPOHHI B Touke P. Haiigure MP.

14.12. B trpaneuuu ABCD paunbl ocHoBaHusa AD =12 u BC = 8. Ha npo-
JIOJDKeHHMH CTOPOHEI BC oTiokeH oTpe3ok CM = 2,4. B KakoM OTHOLIEHUH
npamada AM pendt nowae Tpanenud ABCD?

14.13. Yepe3 Touky nepeceyeHHUsA JMaroHajaed TpameluH IpoBeJeHa
npsAMasd, apajieibHast ocHoBaHMAM. Halaure AnuHy oTpeska 3ToH mps-
MOH, 3aK/II09EHHOrO BHYTPH TpalellyH, ec/id OCHOBAHHA Tpallel[UH paB-
Hbl a U b.

14.14. B yron BnHcaHbl Kacarolpecsd BHEIIHHM 06pa3oM OKPY:KHOCTH
pazauycoB r 4 R (r <R). IlepBasi M3 HUX KacaeTcA CTOPOH yIJia B TOYKax A
U B. Hariaure AB.

14.15. OcHoBaHHUsA Tpamnelyy paBHH a U b. [IpAMas, mapaiaeabHas oc-
HOBaHMAM, pa3buBaeT Tpallel[{l0 Ha /ZiBe TpallellHH, IUIOIaAH KOTOPHIX
OTHOCATCA Kak 2 : 3. HaliiuTe AIHMHY OoTpe3ka 3TOH NpAMOMH, 3aKIOYEH-
HOT'O BHYTPH TpaIelxH.

14.16. OKONO OKPYXHOCTH OIMcaHa paBHoOeApeHHas Tpanenus. Bo-
KOBas CTOPOHA TpanelWH PaBHa 4, OTPe30K, COeAHHAIOUIMN TOUYKH Kaca-
HHsA BOKOBBIX CTOPOH C OKPY)XHOCTBIO, paBeH 1. HaliiuTe fHaMeTp OKpPYX-
HOCTH.

14.17. B HexoTOpHIH yroJ BIHCaHa OKPYKHOCTb paauyca 5. Xopaa,
COeIMHAIONAA TOYKHM KacaHusA, paBHa 8. K OKpY)XHOCTH NpoBe/ieHH! JiBe
KacaTeJibHbIe, NTapajUleNbHble Xope. HalauTe cTOPOHBI IIOJy4eHHOH Tpa-
MeLHH.

14.18. PaccTtoanue oT neHTpa O OKpPYKHOCTH, OIMCAHHOM OKOJIO Tpe-
yroneHHKa ABC, o cropoHbl BC paBHo 1. HaiijiuTe paccTogHHe OT TOYKH
IlepeceyeHUs BBICOT 0 BepIIMHEL A.

14.19. Yepes Touky C mpoBeJeHH JBe NIPAMBIe, Kacalouiyecs 3aJaHHoi
OKDY)KHOCTH B TOuKax A ¥ B. Ha Gosnbiueii U3 ayr AB B3dATa Touka D, Aad

koTopoit CD =2 u sin ZACD - sin ZBCD = % Haiigure paccTossHue OT TOY-
kW D o xopanl AB.

14.20. B rpanenuun ABCD ocHoBaHue AB = a, ocHoBaHHe CD =b
(a < b). OkpyHOCTh, IpOXOAAILAA Yepe3 BepluMHbl A, B u C, Kacaercs
cropoHs!l AD. Haliaure auarosans AC.

14.21. Touka nepeceyeHUA MeJuaH TpeyroibHHWKa ABC, BepliHHa A
M cepeJHHEl cTOpOoH AB u AC JexaTr Ha ofHOHM OKpyxHocTH. Haiaute
MeJHaHy, IPOBeIEHHYI0 U3 BepIIHHBI A, eciikt BC =a.
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14.22. V13 BepIIKHLI TYIIOrO yIi1a A TpeyrojibHHUKa ABC onyllleHa BEICO-
Ta AD. [TpoBeZieHa OKPY>KHOCTB C LIEHTPOM B TO4YKe D paguycoM, paBHLIM
AD. Ona nepecexaeT CTOpOHEHI TpeyronbHUKa AB 1 AC B Toukax M u N co-
oTBeTCcTBeHHO. HaiinuTte cTopoHy AC, eyl H3BeCTHO, YTo AB=c, AM =m
u AN =n.

14.23. B tpeyronsanke ABC yron C — Tyno#, D — Todka nepece4eHHs
npsiMoii DB, meprneHAUKY/IApHOH K AB, u ipamoii DC, neprneHAUKy/IAPHOH
K AC. BeicoTa TpeyronpHUKa ADC, npoBeAE€HHas U3 BepIIKHH C, repece-
xaeT AB B Touke M. U3BecTHO, yTro AM =a, MB=>. Halizute AC.

14.24. Yepe3 UEHTP OKPYKHOCTH, OIMHMCAHHON OKOJMO TPEYTrONbHUKA
ABC, npoBeieHHl NpsIMble, IepIeHAuKy/IApHble cropoHaM AC u BC. 31u
npAMBlE NepeceKaloT BhIcOTy CH TpeyronbHMKa WM €€ NpOAoDKeHHe
B Toukax P 1 Q. M3BecTHo, uTo CP =p, CQ =q. Halizure paguyc oKpyx-
HOCTH, OITMCAaHHOM OKOJIO TpeyroibHuka ABC.

14.25. Yepes eHTp O OKPY>XHOCTH, OIIMCAaHHOH BOKPYT OCTPOYTONBHO-
ro TpeyrojibsHHuKa ABC, NpoBeJieHa npaMas, nepneHAuKy/sapHas BO u ne-
pecekarollias oTpe3ok AB B Touke P U IpoJo/DKeHHe oTpe3ka BC 3a Tou-
Ky C B Touke Q. Haiiaure BP, el U3BeCTHO, 4To AB=c, BC=a 1 BQ=p.

14.26. YeTbipéxyronbHUK ABCD BIMcaH B OKPY>KHOCTb. JlnaroHans AC
siBnsieTcss OuccekTpucor yria BAD u mepecekaeTcs C AuaroHaapio BD
B Touke K. Haiigure KC, eciu BC=4, a AK =6.

14.27. IlpogomxeHHe MeIHaHbl TpeyroabHuKa ABC, IpOBeEHHON H3
BEPIIHHB A, MepeceKaeT ONHCAHHYIO OKOJIO TpeyrolbHHKa ABC OKpYX-
HocTh B TouKe D. Hatiaure BC, ecin AC=DC=1.

14.28. Pasuyc OKpY»KHOCTH, OITMCAHHON OKOJIO TpeyrojibHHMKa KLM,
paBeH R. Yepes BepmuHy L npoBejeHa INpsAMasd, NeplHeHAMKY/IApHas
cropoe KM. DTy mpsaMmyio mepecekalT B TOYKax A M B cepefuHHEIe
NepreHJUKyIapel K cTopoHaMm KL u LM cooTBeTcTBeHHO. M3BeCTHO, 4TO
AL =aq. Haiigure BL.

14.29. B okpyxHocTH npoBejeHbl auaMeTp MN u xopaa AB, nmapai-
JNenbHas guamerpy MN. KacarensHasi K OKpY:KHOCTH B Touke M nepece-
KaeT npsAMble NA 1 NB cOOTBeTCTBEHHO B Toukax P u Q. M3BecTHo, 4TO
MP = p, MQ =q. Hailante MN.

14.30. B tpaneuun ABCD c ocHoBanuaMH AD u BC guaronanu AC
U BD mnepecekarorca B Touke E. Bokpyr TpeyronsHMKa ECB omnucaHa
OKDPY>XHOCTE, a KacaTe/bHas K 3TOM OKPY»KHOCTH, ITpOBeéHHas B Touke E,
nepecekaeT NpsaMyo AD B Touke F TakuM o6pasoM, 4To TOYKH A, D U F
JieXaT NmocjeloBaTeNbHO Ha 3TOH nmpsaMoi. MasecTHo, uto AF =a, AD =b.
Hatigute EF.

Yka3aHue. Tpeyroasuuku AEF u EDF nomo6Hbl.

8 Teometpun, MnadumeTpus
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14.31" BokoBas ctopoHa AB Tpamnenud ABCD nepneHAHKY/IApHa OCHO-
BaHUAM AD u BC. [IpaMasn, nepneHAUKY/IsspHas cTopoHe CD, mepecekaeT
cTopoHy AB B Touke M, a ctopoHy CD —B Touke N. M3BecTHO Takxe,
yro MC =a, BN =b, a paccTossHHe oT ToukH D fjo npsamoit MC pasHo c.
HariguTe paccTosHHE OT TOYKM A 10 IpAMoi BN.

Ykasanue. Ilycte AK ¥ DL — BBICOTEl TPEYrOJIbHHKOB ABN u
DCM. C nomoubi0 MeToJa BCIIOMOTATeJIbHOH OKPYXHOCTH JOKaXXHATe
nozobue 3THX TPEYTOIbHHUKOB.

14.32% B tpeyronbHUK ABC co cropoHamMu AB=6, BC=35, AC =7 BIH-
caH KBa/IparT, [Be BepIIMHEI KOTOPOro JeXaT Ha cTopoHe AC, oHa Ha CTo-
poHe AB ¥ oiHa Ha cTopoHe BC. Uepe3 cepeauHy D cTopoHsl AC Y LIEHTP
KBajZpara IpoBefieHa NpaMasdi, KoTopas IepeceKkaeTcs ¢ BelcoToi BH Tpe-
yronbHHKa ABC B Touke M. HaiiguTe miomaapb TpeyroabHika DMC.

Yxa3anue. Touka M — cepearHa BeicOTH BH.

14.33* /IBe OKPY)KHOCTH KacaloTcs APYT Apyra BHYTPeHHMM o6pazom
B Touke A. Xopzaa BC 6omblneil OKPYy)KHOCTH KacaeTcsi MeHbIIeH B TOY-
ke D. [Ipamas AD BTOpHYHO IepeceKaeT GOJNBIIYI0 OKPYXKHOCTb B TOY-
ke M. Haiigure MB, ecii MA=a, MD =b.

Yka3aHue AM — buccekrpuca ymia BAC, TpeyronbHUkHM ABM u
BDM mniopo6HBL.

14.34* IaruyronbHUk ABCDE BIHCaH B OKPYKHOCTB. PaccToanusa oT
TOYKH A 710 nipaMeix BC, DC u DE paBHbI COOTBETCTBEHHO a, b u c. Haii-
JHTe PacCTOSTHHE OT BEPIIUHKI A /10 ipsMoit BE.

Yxaszauwue. [lycrs Touku K, L, M u N — ocHOBaHHA NeprIeHAUKY-
JIIpOB, ONyIIeHHBIX U3 BepIIMHE A Ha npsaMele BC, DC, DE u BE cooTBeT-
ctBeHHo. TpeyronsHuku AKL u ANM nofo6HEL.
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15. Yrnel pu BepmmHax A M C TpeyroabHHKa ABC paBHH 45° ¥ 60°
cooTBeTcTBEHHO; AM, BN u CK — BEICOTH TpeyrolbHMKa. Haliaure ot-

MN
HOIIGHHE Zrr .
Omeem: _é_ﬁ
P e ur e H ¥ e. V3 npAMOyTroibHBIX TpeyroJsHUKOB BNC v AMC Haxo-

M, 4TO
CN = BCcos60° = $BC, CM = ACcos60° = 2AC,

IIO3TOMY

1
ov _2%¢ _ B
CM % ac AC
3HauuT, TpeyroabHUK CMN nonobeH TpeyroibHUKY CAB 1o ABYM CTOpPO-

HaM ¥ yIIy Mexay HuMH (yron C — obimumii), Ipu4éM Ko3pHUITHEHT TIO-
J0o6us paBeH i—ﬂg =3 CnemoBarenbHo, MN = EAB.
AHaJIOTMYHO IOIY4HM, YTO TpeyronbHUK AKN mogo6eH TpeyrolbHHUKY

ACB, npr4émM KoadpuLueHT nogobusa paBeH ‘/75 3uayut, KN = TZBC.
Ilo TeopemMe CHHYCOB

AB _ sin60° V3 V2 /3

CieioBaTeNbHO,
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* * %

W3BecTHO, YTO cepeIMHHbIE NePNEeHANKYASAPEL K CTOPOHAM Tpeyrob-
HHKa [lepeceKaloTess B ofHO# Toyke. OTCI0Aa MOXHO BBIBECTH, YTO MNpH-
MBI€, Ha KOTODBIX JIE}KAT BBICOTH TPEYTOJBHHKA, TaKKe INepeceKaroTcs
B OJJHOH ToYKe. ITO MOMKHO cZlelaTh Tak. Yepe3 BepUIMHBEI JaHHOI'O Tpe-
yrolibHHKa TNPOBEJEM IpAMEBle, Napaje/lbHble IPOTHBOIEKAIIUM CTO-
poHaM. PacCMOTPHM TPeyTo/bHHK C BepIIMHAMH B TOYKaX IlepecedyeHHs
NPOBEZIEHHBIX NIPAMBIX. BEICOTHI MCXOZHOrO TpeyrojibHHMKA JlexaT Ha ce-
PEAVHHBIX INepleHAuKyaapax nocrpoeHHoro. [loaToMy coaepalue HMxX
NpAMBIE NIePECeKarTCsA B OZHOM TOUKe.

OTMeTHM HEeKOTOphle Ba)KHble CBOMCTBA BBHICOT M TOYKH HX Ilepeceye-
HHA — OPTOLIeHTpa TpeyroibHUKa (AA;, BB; u CC; — BBICOTHI HENPAMO-
yronbHoro TpeyronbHuka ABC, H — OPTOLEHTP TPEYTOJbHHKA).

1) Touxu B, C, B; u C; Jexar Ha OAHOH OKPY>KHOCTH, IpH4YéM BC — eé
JHaMeTp.

2) TpeyronpHuk ABB; nonoben TpeyronbHuky ACC;.

3) LAB,C,=ZABC.

4) TpeyronsHuK AB,C, nogobeH TpeyronsHUKY ABC, mpuuém koaddu-
IIMeHT ToZ00Ms paBeH | cos ZA|.

5) PaccrosiHue oT ToYKY H 70 BepLIMHEI TPEYTOJbHKKA BABOe Gosblle
paccToAaHus OT LeHTpa O ONMMCcaHHOM OKPYKHOCTH O CTOPOHEL, IIPOTHBO-
ITOJIOKHOM 3TOH BepIIMHE.

6) £ZBAH = ZCAO.

7) OA L B,C;.

8) ToukH, CHMMeTpPHYHEIE OPTOLEHTPY H OTHOCHUTENIBHO CTOPOH Tpe-
YTOJIBHHKA, JIeXXaT Ha OIIMCAHHOH OKPY)KHOCTU TpeyTOJIbHHKA.

JoKaXkeM 3TH CBOMCTBA JJi1 OCTPOYTOJIBHOIO TpeyrolbHHKa. C HEKO-
TOPBIMH HeCyLleCTBEHHbBIMH M3MEHEeHHAMH 3TO JOKa3aTelbCTBO TOAHTCSA
Y AJ1A TYTIOYTOMBHOTO.

JoxazaTenbCTBO. PacCMOTPHM OCTPOYTONbHEIH TPEYTOMBHHK
ABC. W3 Touexk B; 4 C; cropoHa BC BHAHA 110/ NPAMBIM YIJIOM, 3Ha4HT,
9TH TOYKH JIEKAT Ha OKPY)KHOCTH ¢ AuameTpom BC.
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[TpAMoyTONbHbIE TPeYToNbHUKH ABB, U ACC; of06HB! 110 IBYM YIJIaM.
[TpoTHBONONOXKHBIE Ykl CBC; U CB;C; BIIMCAHHOIO YeThIPEXYTOJb-
Huka BC;B,C B cymMmMe cocTassaioT 180°, noatromy

ZABC = /C,BC = 180° — ZCB,C, = ZAB,C,.

TpeyroneHuk AB;C; momobeH TpeyroabHHKy ABC IO ABYM YI/IaM.
I[Tyctb k — ko3 duuneHT mogobus. Toraa

AC
k = == = cos ZBAB; = cos ZBAC
AC
(AC; 1 AC — COOTBETCTBYIOUIME CTOPOHEI MOAOGHBIX TPEYTOJbHHUKOB

AB,C, u ABC, T. K. OHH JIeKaT IPOTHB PaBHBIX YIVIOB, a ‘:——% — OTHOILIeHHEe
npunexamero k yray CAC, kaTeTa K THIIOTEHy3e B IIPAMOYTOJBHOM
TpeyronsHuke ACC,).

Tepnesauxynsapsl OM U ON, onylleHHble M3 lieHTpa O ONMCaHHOH
OKPY>KHOCTH Ha CTOPOHHI cooTBeTcTBeHHO BC 1 AC, nMpoXoAsAT yepes ce-
peAuHsl 3THX cTopoH. Torga MN — cpefHAs IMHUA TpeyroibHuka ABC.
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3nauutr, MN || AB u MN = %AB, aT.x. OM L BC u AH 1 BC, 10
OM || AH. Ananoruuso, ON || BH. Tpeyronsuuxk AHB mogofeH Tpeyrosib-

HUKY MON 1o aByM yriam, npu4éM koagdHiiHeHT nogobus % paBeH 2.
CnezpoBarenbHo, AH =20M.

IMycts myyn AA, u AO mepeceKaloT OIMCAHHYI0 OKPYXXHOCTb B TOY-
Kax P u Q cootBeTcTBeHHO. Torga ZAPQ = 90°, NOCKONBKY TOYKA P JIEXHUT
Ha OKPYHOCTH ¢ JuameTpoM AQ. Xopas! PQ 1 BC napasiesibHbl, T. K. OHH
HepIeHAUKYIAPHBL OJHOH M TOH JKe NpsAMoii AP, 3HauWT, 3aKII0YEHHEIE
Mexay HUMH Ayry CQ ¥ BP paBHEL. Torza paBHH H ONIMpalolIHecs Ha 3TH
JyTH BriMcaHHble yrisl CAQ u BAP. CiegoBarensto, ZBAH = ZCAO.

Ha xacaTenpHOH K ONMHCAHHON OKPY>KHOCTH TpeyronbHHKa ABC, mpo-
BEZIEHHOH 4epe3 TOYKy A, OTMETHM Takyio Todky K, yrto Touku K u B
JIeXarT 110 pasHble CTOPOHEI OT NpsAMoi AC. V13 TeopeMbl 06 yTyie Mex Ay Ka-
caTeqbHOH M X0pAo# ciezyeT, yto ZKAC = ZABC. Ilo paHee foKa3aHHOMY
ZABC = £AB,C,, 3Hauurt, ZKAC = £LAB,C,. CiegoBatensHo, AK || B;C,,
a nockonpKy OA 1 AK, nonydaem OA 1 B,C;.
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3ameTtuM, uro ZBHC = /B,HC; = 180° — ZBAC. IlycTb P; — TOuKa,
CHMMeTpPHYHas OpToLeHTpy H oTHocHTenbHO npamoii BC. Toraa ZBP,C =
= /ZBHC, noatomy £BP,C = ZBHC = 180° — ZBAC. 3Ha4yHT, 4eTHIPEX-
yronpHHK ABP,C — BriMcaHHbIH. Torza Touka P; JIEXKHT Ha ONMHMCaAHHOH
OKPYXHOCTH TpeyroibHHKa ABC, a 3Ha4yMT, cOBNajaeT ¢ ToukoH P. Yto
U TpeGoBaoch J0Ka3aThb. O

ITpumep 1. B ocTpoyroasHOoM TpeyroibHUKe ABC H3 BepIIMH A U C
omyieHH BeICOTEl AP ¥ CQ Ha ctopoHrl BC U AB. M3BeCTHO, YTO IUIO-
maje TpeyronbHuka ABC paBHa 18, iomazb TpeyroabHrka BPQ paBHa 2,
a PQ=2+/2. HaiiauTe paauyc OKpyHOCTH, OIIHCAHHOH OKOJIO TPEYTO/b-
Huka ABC.

Omeem: 5.

NN

Pemenue. Tpeyroneauku BPQ ¥ BAC 1ojo6HEI 10 JBYM yIjIaM.
[Mocko/NbKY OTHOLLIEHHUE HX IUIoMazeil paBHO 2 TO K02 HILIKEHT 10-

2_1
187 9’
1
Zobus paBeH 3- 3uauut, AC =3PQ=6v2.

B

A C
C apyroit cTopoHsl, KoadgdunueHT nogobus paBeH % =cos £B. Tlo-
3TOMy €0sZB = % Toraa sin £B = & Eciu R — paguyc onMcaHHOH
OKDPY»KHOCTH TpeyroibHHUKa ABC, TO 110 TeOpeMe CHHYCOB
—_AC 5. (2.292) 2
R_2sin£B_6‘/§'(2 3 )—2' <

Ipumep 2. OTpe3KH, COEAUHAIOLINE OCHOBAHUs BBICOT OCTPOYTO/b-
HOTO TPEYTOMbHMKA, 06Pa3yIoT [1PAMOYTONBHBEIA TPEYTONBHMK C THIIOTe-
Hy30H, paBHo# 10. HaliguTe paguyc OKpy»KHOCTH, ONIMCAHHOH OKOJIO HC-
XOIHOTO TPeYTOJIbHUKA.

Omaem: 10.

PemeHnue. [lycte H—Touka nepeceyeHus BhICOT AA,, BB,, CC;
TpeyronsHuka ABC, ZA,CB; =90°, A;B, =10; A,, B,, C, — TOUKH I1e-
peceveHHA [IPOAO/DKEHHH BEICOT COOTBETCTBEHHO AA;, BB, CCy C OKpy3-
HOCTBIO, OITMCAHHOH OKOJIO TpeyroabHHKa ABC.
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Toraa A,, B, C; — cepeguHsl oTpe3koB HA,, HB,, HC,. 3HauuT, A, B;,
B,C;, A;C, —cpejHHe JHHHH TpeyroibHukoB A,HB,, B,HC,, A,HC,,
TO3TOMY CTOPOHBI TpeyrolbHHKa A;B,C, COOTBETCTBEHHO Iapasule/IbHbl
CTOpOHaM TpeyroiabHHka A;B,C;, npuuém A,B, =2A,B,, A,C, =2A,Cy,
B,C,=2B,C,. CiefoBarejbHO, TPEYTOJIbLHUK A,B,C, TakKe NpAMOYroib-
HEBIH, a ero runorexysa A,B, Basoe boneie A; B, T.e. paBHa 20. Crezo-
BaTeJbHO, PagHyC OKPYXHOCTH, OTIHCAHHOM OKOJIO TPEYTONbHUKA AyByCy
(a 3HauuT, 1 oKoso TpeyronbHuka ABC), pages 10. <

IIpumep 3. B ocrpoyronsHom TpeyronbHuke ABC NpOBeJjeHbl BEICOTEI
AM u CN, O — LleHTp OHCaHHOH OKO/10 TpeyroibHHUKa ABC OKPY)KHOCTH.
HaectHO, yTo LABC = 3, a iomaas deTeIpéxyronbHuKka NOMB paBHa S.
Hasigute AC.

Omsem: 24/S5tgf3.
Peme H He. I[lyctb OB=R — pagxyc OMHCAHHON OKPYXHOCTH Tpe-

_,_ AC
yroabHHKa ABC. Torga OB L MN u OB=R= Zsinf"
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CnenoBaTellbHO,

AC 1
2sinff ~ 4

§=2MN-OB = 3ACcosf- AC?ctg .

Ortciopa HaxoauMm, uto AC=2,/Stgf3. <



IMoaroToBUTEIBHBIE 3a/Ia4H

15.1. CTopoHa TpeyroNbHHKA paBHA /2, YIIBL, TIPUIEXauie K Heii,
paBHbl 75° u 60°. HaiiguTe OTpesok, CoeAHHAIONIHI OCHOBaHHA BHICOT,
MIPOBEAEHHBIX U3 BePIIHH 3TUX YIJIOB.

15.2. Ha ctopoHe BC TpeyronsHuKa ABC Kak Ha JMaMETPE IOCTPOEHA
OKPYXHOCTb, Nepecekatolas cTropoHsl AB u AC B Toukax M U N cooT-
BeTcTBeHHO. Haiizute ruomazas TpeyronbHuka AMN, eciu wiomaab Tpe-
yronbHuKa ABC paBHa S, a yron BAC paBeH a.

15.3. Touka M, nexamias BHe Kpyra ¢ guamerpoMm AB, coejuHeHa
cToukaMH A u B. Otpesku MA u MB nepecekatoT OKPY>KHOCTb B To4YKax C
¥ D coorBeTcTBeHHO. [lowmaaes Kpyra, BIMCAHHOIO B TPEyTrOJbHUK AMB,
B yeThlpe pasa Oosblle, YyeMm IUIOMA@ZAb Kpyra, BIIMCAHHOI'O B TPEYro/b-
HUK CMD. Hafizure yIiasl TpeyronbHUKa AMB, eclu U3BeCTHO, YTO OAHMH
13 HHUX B [IBa pasa Goblile ApyToro.

15.4. Orpesok AB—uaMeTp OKPY:KHOCTH, a Touka C JIEXKHT BHe
okpyxHOCcTH. Otpe3ku AC 1 BC mepeceKarTcss ¢ OKPYKHOCTBIO B TOY-
kax D 1 M coorBercTBeHHO. Haiiaute yron CBD, eciau 1uiomagu Tpe-
yroasHUKOB DCM u ABC oTHocATCA Kak 1:4.

15.5. B TpeyronbHuke ABC Ha cpeaHeii tuEuu DE, napannenbHol AB,
KaK Ha JHaMeTpe IIOCTPOEHA OKPYXKHOCTh, IlepeceKkamuas cTopoHsl AC
¥ BC B Toukax M u N. Haiiaure MN, ecniu BC=a, AC=b, AB=c.

15.6. B rpeyronsHuke ABC u3BecTHO, 4T0 AB=c, BC=a, ZABC=120°.
HalizuTe paccTosiHHe MeX/y OCHOBaHHAMHM BBICOT, IPOBEAEHHBIX M3 Bep-
mwuH A u C.

15.7. B rpeyronsuuke ABC nposezensl BeicoThl AD u CE. Haiiaure AC,

_ _3 DE _
eciu BC=a, AB=b, Yo =k.

15.8. Bricotsl BM 1 CN OCTpOYroJbHOTO HepaBHOOEAPEHHOro Tpe-
yronsHUKa ABC mnepecekatorca B Touke H. CropoHy BC IpOZOMKHIN
0 mepeceueHuss ¢ npsaMoii MN B Touke K. CKOMBKO Tap MOZOOHBIX
TPeyTrOJIbHHUKOB IIPH 3TOM MOJY4YHIOCh?

TpeHHpOBOYHbBIE 3aJa4u

15.9. B octpoyroibHOM TpeyronbHEKe ABC ¢ yriaom C, paBHBIM 30°,
BBICOTHI TepecekaloTcss B Touke M. Haligure ruromaze TpeyroabHHKa
AMB, ecii pacCTOSHWE OT 1IEHTPA OKPYXXHOCTH, OIMCAHHOH OKOJIO Tpe-

V3

yroabHuKa ABC, so ctopoH BC 1 AC COOTBETCTBEHHO PaBHEI V2u 3 -
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15.10. B TpeyronbHuKe ABC nipoBefeHbl BEICOTE BM ¥ CN, O — LIeHTp
BIIMCAHHOH OKpYKHOCTH. Mi3BecTHO, uTOo BC =24, MN = 12. HaliguTe pa-
JUYC OKPY>KHOCTH, OITMCaHHOM OKOJO TpeyroibHuKa BOC.

15.11. BricoThl TpeyroabHHKa ABC nepecekaroTcs B Touke H. MaBect-
HO, 4TO OTpe30oK CH paBeH paZlycy OKPY>KHOCTH, OIHCAHHOH OKOJIO Tpe-
yroasHUKa. Hafiaure yron ACB.

15.12. BeicoTel TpeyronbHuKa ABC nepecekarores B Touke H. Vspecrt-
Ho, yto CH = AB. Haiigure yron ACB.

15.13. B Tpeyronsuuke ABC u3BecTHO, uTo AB=2, AC =5, BC =6.
Halizure paccTosiHMe OT BepIIMHLL B 10 TOYKH IlepecedyeHHs BBHICOT.

15.14. Ha cTropoxe AB TpeyronbHuka ABC Kak Ha iHaMeTpe II0CTPoeHa
OKPYHOCTB, Ilepecekatouas cTopoHsl AC u BC B To4ykax D ¥ E cOOTBeT-
cTBeHHO. [IpsAman DE [euT IUIomab TpeyrolbHMUKa Iononam 1 obpasyeT
c npsimo AB yron 15°. Haliaure yriel TpeyroibHuka ABC.

15.15. B ocrpoyronsHoM TpeyronsHuke ABC mpoBefileHbl BEICOTE CM
U AN. MaBecTHO, 4yTo AC =2, a rIolaZb Kpyra, OlIMCaHHOI'O OKOJIO Tpe-

yroibHHKa MBN, paBHa % Hatiaure yron mexay BeicoToit CM u cTopo-
Ho# BC.

15.16. B ocTpoyronbHOM TpeyroiabHuke ABC u3 BepmuH A 1 C Ha cTO-
ponrl BC u AB omymens BeicoThl AP u CQ. Haiigure cropony AC, eciun
M3BECTHO, YTO MepuMeTp TpeyroibHuKa ABC paseH 15, mepuMeTp Tpe-
yronsHuKa BPQ paBeH 9, a pauyc OKPY>KHOCTH, OIIMCAaHHOM OKOJIO Tpe-

yronsHUKa BPQ, paBeH %

15.17. Otpe3ky, COeAMHSAIOIME OCHOBAHMA BHICOT OCTPOYTOJIBHOTO
TpeyroiAbHUKa, paBHEI 5, 12 u 13. HaiiguTe pajuyc ONHCAaHHON OKOJIO
TPEYTOJIbHUKA OKPYKHOCTH.

Yxazanwue. [lpognure BHICOTBI TPEYrOJbHHKA O I€PECEYEHHUA
C ONMHCaHHOM OKPYXKHOCTHIO. [loyynTCa TPEyToNbHUK, 10406HbIH JaHHO-
My ¢ koadduienToM 2.

15.18. OTpe3ku, coefHHAIIME OCHOBAHHUA BEICOT OCTPOYTOJILHOTO
TpeyToAbHHKA, paBHbl 8, 15 1 17. HalizuTe IUIOIIaAb TPEYTOJbHHKA.

15.19. ITpogomxenus BoicoT AM U CN OCTPOYTOIBHOIO TPeyroJlbHUKA
ABC nepeceKaroT OIHCAaHHYI0 OKOJIO Hero OKPY»KHOCTb B To4Kax P U Q.

" o 6a
HaliguTe paguyc onHCaHHOH OKPY)KHOCTH, ecni AC =a, PQ = 5

YkasaHnHue. [lycte H—To4yKka Ilepece4yeHHs BLHICOT TPeyrolibHHKa
ABC. Torpa M — cepeauna HP, N — cepeayna HQ, a TpeyronbHUK BMN

noao6eH TpeyronbHUKY BAC ¢ koabdHIHeHTOM cos ZB.
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15.20. B ocrpoyroneHoM TpeyronsHuKe PQR (PQ > QR) nposefieHbl
BbICOTH PT u RS; QN — AxaMeTp OKPY>KHOCTH, OTMIMCAaHHOH OKOJIO Tpe-
yronbHHKa PQR. M3BeCTHO, YTO OCTPBIM yToa MeXAy BeicoTaMH PT U RS
paBeH a, PR =a. HaiiauTe wiomagps YeTelpEXyroabHUKa NSQT.

Ykasaunue. QN LST.

15.21% B TpeyronbHuKe ABC mipoBeieHE BeicoTa AH, paBHas h, MefHa-
Ha AM, paBHas m, u 6uccektpuca AN. Touka N — cepeauna otpeska MH.
HaiiauTe paccrosiHue OT BEpIIMHEI A 0 TOYKH IepeceyeHHs BhICOT Tpe-
yronpHUKa ABC.

Yxasanue. Ilycte F—To4yka nepeceyeHHs BBICOT, O — LIEHTp
OINMCAHHOW OKPYXKHOCTH TpeyronbHuka ABC, N, — Touka mepeceyeHus
C 3TOH OKpYXHOCTBIO IpofomxeHus 6uccekTpuckl AN. Torga AF =20M,
N — cepeauna AN, a TpeyronbHHK ONN; NIpAMOYTONBHBIN.



JuarHocrudyeckas pa6ora 1

1. Oxomo TpeyrolbHHKAa CcO cTOpoHaMmH 6, 8 u 10 omucaHa OKpYX-
HocTh S. HaHpuTe MaKCHMMasbHBIA PaJUyC OKPY)KHOCTH, KacarolleHcs
MeHbIIIed CTOPOHHI TPEYTONbHHKA B €€ cepeJuHe U OKPY:KHOCTH S.

2. Jlan TpeyronsHUK co ctopoHamMu AB =BC =17, AC = 30. HaiiguTe
o61Iyto XopAy OKpyXKHOCTe# ¢ Auamerpamu AB u AC.

3. B BrIywIOM YeThIpéxyronbHuKe ABCD u3BecTHO, uto ZCBD =58°,
ZABD =44°, /ADC =78°. Hatigure yron CAD.

4. OKpYXHOCTb KacaeTcss cTOpoH AB u AD mpsMoyronbsHuka ABCD
M IlepecekaeT cTOpoHy DC B eAMHCTBEHHOH Touke F, a cropoHy BC —
B eAWHCTBeHHOH Touke E. HafizuTe mnomazap Tpamenuu AFCB, eciu
AB=32, AD=40u BE=1.

5. B tpeyronpuHke ABC mposefeHbl BhicOTHI AA,, BB, u CC,. HUs-
BECTHO, 4T0 ZBAC =120° u AA; = 6. Haiigure BHICOTY AP TpeyroJbHHKa
AB,C;.

6. LleHTp OKPY>XHOCTH, BIIMCAHHOH B YeTHIPEXYTONBHUK, JIEYKHUT Ha €ro
JUAroHa M, paBHOH 5. M3BeCTHO, YTO NMEPHMETP YeTHIPEXYTONBHHKA pa-
BeH 14, a iuomaAk paBHa 12. HalaKdTe BTOPYIO AUAaroHanIb U CTOPOHEI 4e-
THIPEXYTONbHUKA.
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1. /lse cTOpoHEI TpeyronbHMKa paBHb 10 1 12, a MeanaHa, NpoBeAEH-
HafA K TpeTbeH CTOpOHe, paBHa 5. HaliuTe TpeThio CTOPOHY M IUIOMIAb
TpeyToJbHHKA.

2. OxpyxHOCTH ¢ ueHTpamMu O; ¥ O, KacaloTcsi BHEIIHMM obpa-
3oM. KpoMe Toro, obe aTH OKPY)XHOCTH KacarTCs BHYTpeHHHM obpazom
OKPYXHOCTH paguyca R ¢ ueHTpoM O. HaiizuTe nepuMeTp TpeyroibHHUKa
00,0,.

3. Toukn D u E pacnonoxeHbl Ha cropoHe AC tpeyronsHuka ABC.
IIpamele BD u BE pasbuBaroTr Meguany AM tpeyroibHuka ABC Ha TpH
paBHBIX oTpe3ka. HaliguTe miowane TpeyronbHuKa BDE, eciH Ioiomazs
TpeyronbHKMKa ABC paBHa 1.

4. CropoHa AB mpaBWIbHOTO mectuyrombHuka ABCDEF pasHa v/3
1 ABJIAETCA XOPAOH HEKOTOPOH OKPY)KHOCTH, TPUUEM OCTaIbHEIE CTOPOHEI
IIeCTHYTONbHUKA jIe)aT BHE 3TOH OKpyxHocTH. [IpsmMas, mpoxozsias
yepe3 BepliMHy C, KacaeTcs OKPYXHOCTH B Touke M. II3BecTHO, 4TO
CM = 3. Haiiaure JuamMeTp OKPYKHOCTH.

5. lleHTp oKpy»KHOCTH pajuyca 6, kKacaroieica ctopod AB, BC u CD
paBHoGespeHHOH Tpanenuun ABCD, nexxur Ha e€ GoiblieM OCHOBaHWH
AD. OcHoBanue BC paBHO 4. HalifiuTe paccToAHHE MeX/IY TOYKaMH, B KO-
TOPHIX OKPYKHOCTb KacaeTcsi GOKOBBIX CTOpoH AB 1 CD 3To#i TpaneluH.

6. Yrubl IpH BepuiuHax A U B Tpeyronsuuka ABC paBusl 75° 1 45° co-
OTBETCTBEHHO, AA; 1 BB, — BBICOTHI TpeyrolbHHKA. KacarenpHasd B TOU-
ke C K OKPY>XHOCTH, OIIHCAHHOH OKOJIO TpeyrojJbHHMKa A,B,C, nepeceka-
eTcA ¢ npAMoi AA; B Touke K. M3BectHo, uto CK = a. Haitaute paguyc
OKPY>KHOCTH, OITMCAaHHOI oKo/0 TpeyronsHuka ABC.
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1. MesuaHa ¥ BbICOTA TIPAMOYTOILHOTO TPEYTONbHHUKA, IPOBEEHHbIE
M3 BepIIMHBI IPAMOTrO YIJa, paBHbI 5 U 4. HaliznTe KaTeTsl.

2. HalizuTe NnepuMeTp TPeYrodbHHKA, OJUH W3 YIJIOB KOTOPOTO pa-
B€H @, a pajuycel BIIUCAHHOH M ONMMCAHHOM OKDPY)KHOCTelH paBHH ' U R
COOTBETCTBEHHO.

3. B TpeyronpHuk ABC co cropoHamMu AB=18 u BC =12 BnucaH na-
pannenorpamMmm BKLM, npuuém Touku K, L u M nexat Ha cTopoHax AB,
AC 1 BC cooTBeTCTBEHHO. M3BecTHO, YTO IUIOLa/lb TapajiielorpaMmMa co-

cTapJseT g mwiomaay TpeyroibHuKa ABC. Haijgure CTOPOHEI Tapasuiesio-

rpamma.

4. OK0J10 IPAMOYTOJNILHOTO TpeyroibHUKa ABC onycaHa OKpYKHOCTb.
PaccTossiHUA OT KOHLIOB A ¥ B runoreHy3ssl AB 0 NpAMO#, KacaroieHhcs
OKPYXHOCTH B TouKe C, paBHBI a u b coorBeTcTBeHHO. HaiiuTe KareTh!
AC u BC.

5. B npAMoyronsHOM TpeyronbHHKe ABC ¢ NpAMBIM YIZIOM IIPH Bep-
muHe C ctopoHa CA =4. Ha katete BC B3fTa Touka D, npuuém CD =1.

Oxpy»HOCTb painyca % NpOXoAuT Yepe3 Toyku C u D u kacaerca B TOY-
Ke C OKpPY>KHOCTH, OIIMCaHHOMH okoJo TpeyronbHUka ABC. Haliaure 1uio-
maze TpeyrojbHuKa ABC.

6. Ha cTopoHax NpsAMOYTONBHOrO TPEYTOJIBHUKA C KaTeTaMu d U b mo-
CTPOEeHBI KBaJpaTHl, JIeKalllyie BHe TpeyrolbHuKa. HaiiznuTe mwiowaas Tpe-
YroJIbHHMKA C BepIIMHAMH B LIEHTPaxX KBaZpaTOB.
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1. Ha croponax AB, BC u AC tpeyronbHuKa ABC, 1uomasas KOTOporo
paBHa 75, pacrionoxeHsl Touku M, N 1 K cooTBeTcTBeHHO. M3BecTHO, uTO
M — cepeayina AB, miomazb TpeyroneHuka BMN paBaa 15, a mwiomaab
TpeyronbHuKa AMK paBHa 25. Halaure mwiomajs TpeyroabHHka CNK.

2. OKpY)KHOCTb S C [IeHTPOM B BEPIIMHE [IPAMOro yIia IPAMOYTOIbHO-
ro TPeyrolbHUKA KacaeTcs OKPYKHOCTH, BIIMCAHHOM B 3TOT TPEYTONbHHK.
HaiiguTe paguyc OKpy>XHOCTH S, €CJTH U3BeCTHO, YTO KaTeThl TPeYTONbHH-
Ka paBHBI 5 1 12,

3. KaTeThl IpAMOYTOIBHOTIO TPEYTOJIbHUKA PaBHbI 3 U 4. HaliauTe 1wio-
maab TPEYrolbHHUKA C BEPIIHHAMHM B TOUKAX KaCcaHHA BIIMCAHHOM OKPYyX-
HOCTH CO CTOPOHAaMH TPeyr'oJIbHHKA.

4. Yepes cepeiuHy HOKOBOI CTOPOHBI paBHOOEIPEHHOTO TPeyTONbHH-
Ka co cTopoHamH 12, 18, 18 npoBeieHa npsiMas, pa3bUBaOIas TPeyroib-
HHK Ha 4YacTH, IUIOIIaJH KOTOPBIX OTHocATcA Kak 1:2. Haiipure pnuHy
OTpe3Ka 3TOH NPAMOH, 3aKII0YEHHOTO BHYTPY TPEYTOJIBHHKA.

5. OkpyxHOCTSb ¢ HeHTpoM O, BlMcaHHas B TpeyroibHUK ABC, Kacaer-
cs1 ero cTopod AB 1 AC B Toukax M 1 N. OKpy»KHOCTb ¢ IleHTpoM Q BITHca-
Ha B TpeyrolbHUK AMN. Haiigute OQ, eciu AB=13, BC=15u AC=14.

6. BrcceKkTpHCcE BHYTPEHHUX YIJIOB TPEYTOIbHHKA TPOIO/IKEHE! A0 Tie-
pecedeHHs C ONMCAHHOM OKOJIO TPEYTOMbHHUKA OKPY’KHOCTBIO. B pesysbTa-
Te MONapHOro COeJUHEHMS ITHX TOYEK MOMYYHJICA HOBBIM TPEeyTONbHUK.
M3BecTHO, YTO YIVIBI MCXOZHOTO TpeyronbHuKa paBHH 30°, 60° 1 90°, a ero
TIOMA/b paBHa 2. HaliuTe IUIOMA/b HOBOTO TPEYTONBHHUKA.
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1. Ha karete BC npAMOyTonbHOTO TpeyronbHuKa ABC Kak Ha AlaMerT-
pe MOCTPO€HAa OKPYXKHOCTB, lepecekalollas IMnoTeHysy AB B Touke D,
npuyuéM AD : BD =1: 3. BricoTa, onynieHHas U3 BepIIMHE C IPAMOTo yIia
Ha r'unoTeHysy, paBHa 3. Haliaure katet BC.

2. /luaroxanb paBHOGepeHHOM Tpaneluy eUT eé TYIoi yroi mormo-
naM. MeHblllee OCHOBaHHe TpalellMy paBHO 3, epuMeTp paBeH 42. Haii-
JUTE IUIOIAAb TPaNeLHH.

3. OKpyXHOCTH pajMycoB r U R kacaloTcad BHEIIHMM 06pa3oM B TOY-
ke K. [IpaAMas KacaeTcs 3THX OKPYXHOCTeH B PaslM4YHBIX TOUKax A u B.
HaiiguTe momaas TpeyroasHuka AKB.

4. Haiigure KOCHHYC yIJla IPH OCHOBaHMM DaBHOGeIpEHHOTO Tpe-
YTO/IbHHKA, €C/IM TOYKa IlepeceyeHHs ero BBHICOT JIEXKHUT Ha BIIMCAHHOH
B TPEYTO/IbHUK OKPYKHOCTH.

5. Touka M menuT cpeJHIO JMHUIO TpeyroabHUKa ABC, napauleib-
HYI0 cTopoHe BC, Ha OTPe3KH, OAMH M3 KOTOPHIX B TP pa3sa /UIMHHee Jpy-
roro. Touka N Taioke AenHUT cTOpoHy BC Ha OTpPe3KH, OAMH H3 KOTOPHIX
B TpH pasa JJIMHHee Jpyroro. B kakom OTHOIIEHWH npaMad MN fenut
IUIolaas TpeyroibHuka ABC?

6. ILtomaabs pomba ABCD paBua 2. B rpeyronbHuk ABD BhnucaHa
OKPY>XHOCTb, KOTOpas KacaeTca cTopoHH AB B Touke K. Yepes Touky K
mpoBefieHa npsaMas KL, napamiensHas guaroHanu AC pomba (Touka L
JNeXUT Ha cTropoHe BC). M3BecTHO, 4TO IUIomans TpeyroabHUKa KLB

paBHa % Haiiaure xocunyc yrna BAD.

9 leometpua. MnanumeTpus
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1. HatiguTte pasuyc OKpy>XHOCTH, KacaloeHcs JByX KOHIIEHTPUYECKHUX
(MMeromMX OfIMH U TOT JKe IIeHTP) OKPYKHOCTeH pajuycoB 3 U 5.

2. OKpYy>HOCTB, IOCTPOEHHAs KaK Ha [HaMeTpe Ha MeHblIel 60KOBOMH
CTOpOHEe MPSAMOYTONbHOM TpamneluH, Kacaetcs Gonbireit 60koBO cTOpO-
HBI, paBHOH a. HaliauTe cpeHio0 IUHHIO Tpalneliy.

3. Touxa D aenut ocHoBaHue BC paBHOOEIPEHHOTO TPEyTOJbHHKA
ABC Ha 7iBa oTpe3Ka, OHH M3 KOTOPEIX Ha 4 Goinblue apyroro. Haiiaure
pPacCTOAHME MexAy TOYKaMH, B KOTOPHIX BIIMCaHHBbIe OKPY>KHOCTH Tpe-
yronbHUKOB ABD u ACD kacaiores oTpeska AD.

4. luaronanu AC ¥ BD BIMCAaHHOTO B OKPY>KHOCTb YeTHIPEXYTOIbHHKA
ABCD nepecekaloTcs B Touke QQ oA IpAMEIM yrioM. IlpsaMbie AB u CD
nepecexarTcqa B Touke P. MaBectHo, 4yTo BC =5, AD =10, BQ = 3. Haii-
aute AP.

5. Ilpamas, napannenvHas ctopoHe AB TpeyronbHnka ABC, kacaeTcs
€ro BIMCAHHOM OKPY»KHOCTH. OTPe30K 3TOH NpAMOH, 3aKII0YEHHBIH BHYT-
PH TpeyrolbHHKA, paBeH 2,4. Halizure ctopoHy AB, eClii MU3BECTHO, YTO
nepuMeTp TpeyroabHHKa ABC paBeH 20.

6. /lan paBHO6eapeHHEIH TpeyroabsHUK ABC ¢ ocHOoBaHueM AC. OKpyx-
HOCTB paguyca R c neHTpoM B Touke O IPOXOAUT yepe3 TOYKH A U B u 1ie-
pecexaet npsamyio BC B Touke M, ommyHo# oT B 1 C. Haligure paccros-
HHEe OT ToYkH O /10 LIEHTPa OKPYKHOCTH, OIIMCAHHON OKOJIO TPeyrobHU-
ka ACM.



[Ipunoxenne 1. U36paunbie 3a/ja4¥ TPEHHPOBOYHbBIX
M DK3aMeHallMOHHbIX paboTt 2010 u 2011 rozoB

1. B Tpeyronburke ABC u3BecTHO, uTo AB=18, BC=16, cos ZB= %r
AH — BrIcoTa. Yepes Touky H, npoBejieHa NpsMas, OTceKarolas OT Tpe-
YroNbHHKA NOA06HLINM eMy TpeyrolbHHK U llepeceKarolas CTopoHy AB B
Touke M. Haiinnre HM.

P ew e H u e. [Io TeopeMe KOCHHYCOB

AC = \/ABZ+BC2—2AB-BCCOSLB= \/1824—162—2-18-16-% =18,

ITO3TOMY TPeyronbHHK ABC paBHOGeApeHHEIH ¢ OCHOBaHHeM BC, 3HAYMT,
H — cepeauHa BC.

3aMeTHM, YTO CyLIeCTByeT POBHO JBa CIy4yad PAcIoNOKeHHS TOUKH
M Ha cropoHe AB: iubo ZBHM = /BCA (puc.1), iu6o £ZBHM = £BAC
(puc.2).

A A
18 M 18
M
I In '
C 8 H 8 B C 8 H 8 B
Puc. 1 Puc. 2

B mepBoM K3 aTHX ciyyaeB HM || BC. Torza HM — cpefHAA THMHHA Tpe-
yronbHuKa ABC, ciefoBarensHo, HM = -;—AC =9.

I[TycTe Teneps ZBHM = ZBAC. Torga TpeyroabHHK BAM mogobeH pas-
HObeJpeHHOMY TpeyroibHUKY BAC, ciefoBaTeNlbHO,

HM = HB = 3BC = 8. a
Omeem: 9 wiu 8.
2. Touka H — ocHOBaHMe BEICOTH TpPeyroJbHHKA CO cTOpoHaMH 10, 12,
14, onyleHHOH Ha CTOPOHY, paBHyIo 12. Yepes Touky H, npoBeJeHa Ips-
Mas, OTCEKalollasA OT TPeyroJIbHUKA I0A00HBIH €My TpeyroJbHHK U Nepe-
ceKarwllas CTOPOHY, gaBHyro 10, B Touke M. Haligutre HM.

Omeaem: A WIH 14
'3 -
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3. Touka P — ocHOBaHHe BHICOTHI TPEYTONLHHKA CO CTOPOHaMH 6, 7, 8,
OIyILIEeHHOH Ha CTOPOHY, paBHy1o 7. Yepes Touky P, mpoBezeHa IpaAMasn,
OTCeKaoLlas OT TPEYTOJIbHUKA II0400HBIH eMy TPeyroJbHHUK M Nepeceka-
olas CTOPOHY, paBHYIO 6, B Touke Q. Hatizute PQ.

Omeem: % WIH 2.

4. B TpeyronbHuke KLM H3BecTHO, uTo KM =15, LM=12, cos LM = % s
KE — BricoTa. Yepes Touky E, mpoBefieHa npaMas, OTCEKaras oT Tpe-
YTOJIBHHKA TOAOOHBIH eMy TpeyrolIbHHK U Nepecekarolas cropoHy KM B
Touke F. Hamngure EF.

Omaem: 7,5 wiu 6.

5. PaccTossHHE MeX Ay LeHTpaMH OKpPyXKHocTeH paauycoB 1 1 9 paBHO
17. OTHX OKpYKHOCTeH U MX 001eH BHelIHeH KacaTeJbHOM KacaeTcs Tpe-
Thf OKPYXHOCTb. HalinuTe eé paauyc.

Pew e H u e. JlokaxeM cHadasa cleayronee yreepskaenue. Eciu a —
paccTosHHe MeXJy LeHTpaMH OKPYKHOCTeH pajuycoB r U R, obumas
BHEIIHAA KacaTelbHasd KacaeTCcAd 3THX OKPY)KHOCTEH COOTBETCTBEHHO B

ToYKax A ¥ B 1 ipu 3ToMm @ =1+ R, To AB=+/a?— (R—r)2.
Je#cTBHTENBHO, MycTh 07 U Oy — LIEHTPH OKPYXHOCTEH pajnycoB I

¥ R cootBeTcTBeHHO (pHcC. 3). Vi3 Touku O, omycTHM nepneHauKkyasap O, Q

Ha npamyto O, B. M3 npamoyrossHoro TpeyronbHHKa 01 Q0, HaxoauM, 4TO

0,Q = /0,02~ FO? = v/a? - (R—1)2.

CneposarensHo, AB=0,F = y/a? — (R —r)?. YIBepKeHHe JOKa3aHo.

Puc. 3
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B 9acTHOCTH, eC/IH OKPY)XXHOCTH KacaloTcs BHEIIHHM o6pasoM, ToO
a=R+r. B aToMm cry4ae

AB =/ (R+r)?—(R-r))* = 2VRr.

[TycTs x — pafuyc MCKOMOW OKpyx»HOCTH, C —eé TOYKa KacaHHA C
npsmoi AB. o Joka3aHHOMY

AB=+4/172-(9-1)? =15,

AC =4/ (x+1)2—(x—1?=2vx,
BC =/ (x+9)%— (x-9)% = 2/9x = 6Vx.

Ecu vckoMas OKpY:KHOCTB KacaeTcs npamMoii AB B Touke C, Jexamieit

Mexay A 1 B (puc.4), To AC + CB = AB, win 2y/x + 6+/x = 15. Torza

Jx= %S- CnefoBaTeNbHO, X = %45

Puc. 4

Ecnu MckoMasa OKpYKHOCTL KacaeTcd IpAMoit AB B Touke C, Je-
JKallled Ha Npofo/pkeHUH orpeska AB (puc.5), To CB — AC = AB, wiu

64/x—24/x=15. Torga /x= %5 Crel0BaTeNbHO, X = —2-1%5
[TycTh MCKOMas OKPYXKHOCTb pajHyca X Kacaercsa NpsAMoH AB, BHYT-
peHHHUM oOpa3oM KacaeTcs OKPYKHOCTH C LIeHTpoM O; B TOUKe A, a BHelll-

HHUM 06pa3soM — OKPYKHOCTH ¢ neHTpoM O, (puc.6). Toraa AB =2+/9x,

win 15=6+/X, OTKyZa HaXoAUM, 4TO X = P
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Puc. 7

HakoHell, ec/ii HCKOMast OKPYKHOCTb paZiyca X KacaeTcsa npsaMoit AB,
BHYTPeHHHM 00pasoM KacaeTcs OKPYXKHOCTH ¢ lLieHTpoM O, B Touke B,
a BHEIIHUM 06pa3oM — OKPYXKHOCTH ¢ leHTpoM O; (puc.7), To aHao-

MYHO NONYYUMM ypaBHeHHe 15=2+/1-x, U3 KOTOpPOro HaxoJHM, 4YTO X =
225
== <

Omeem: 225225 25 oy 225
64’ 16° 4 4
6. PaccTrosiHHe MeXAy lLleHTpaMH OKPY:KHOCTeH pajuycoB 1 ¥ 9 pas-
HO 17. DTHX OKpy>KHOCTei 1 UX ob1iei BHYTPeHHel KacaTeJbHOH KacaeTcst

TpeThs OKpYXHOCTb. Halifute eé paguyc.

Omeem: 21 WA @.
4 4
7. Ilnomaar Tpaneunu ABCD paBHa 90. /lHaroHaju IepeceKarTcs
B To4yKe O, OTpEe3KH, COeAHHAIOLINE cepeJuHy P ocHoBaHHA AD ¢ BepmH-
HaM4 B u C, nepeceKaloTcs C AuaroHalAMH Tpaneluy B Toukax M u N.
Haiizure ruromagp 4eTbipéxyronsanka OMPN, ecji 0fHO U3 OCHOBaHHWM
TpaneLuy BBoe BoNblie JPYroro.
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Pemenue. Ilyctb AD =2BC (puc.8). YerhipéxyroneHuku ABCP
1 BCDP — napannenorpaMmsl, noatomy M u N —cepeauHsl BP u CP,
3HauuT, CM ¥ BN — Me uaHbl TpeyronbHuKa BPC.

B a C

A a P a D
Puc. 8

I[Tycts h — BrIcoTa Tpaneuuu. [Tonoxkum BC =a, AD = 2a. Toraa

Sascp = &220'31 = %ah =90, ah=60.

CiegoBaTelbHO,

11 1
SOM.PN = ‘SABPC - § 2ah = g -60 = 10.

Paccmorpum ciry4ait, korga BC =2AD (puc. 9). [Tycte h — BBICcOTa Tpa-
neyu. [Tonoxxkum BC =2a, AD =a, AM =3t. Toraa ah =60.

TpeyronbHuk AOD nopobeH TpeyronbHuky COB c koadduimeHTOM

‘gg 2 , a TpeyronbHUK AMP nogobeH TpeyronbHuky CMB ¢ koadduuu-

GHTOM

a
AP _ 2 _ 1
BC  2a 4
Torza
MC = 4AM = 12t, AC =AM+ MC = 3t+12t = 15¢,
I P AM E 3
AO-SAC—St, 20 =3-
DN _3
AHaIOTHYHO, Do =35
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B 2a C

M

A a/2 P a/2 D

Puc. 9

. 1
Bricota TpeyronbHiKa AOD, npoBe/€HHas U3 BepuinHbl O, paBHa 3k,
3HAYMT,

SﬁAOD = %a-%h = %ah = é'60= 10,
AM AP 31
Sapne = Saamp = 20 apSarop =53¢ 10 =3.
CnefoBaTebHO, SOMPN =SAAOD - SADNP _SAAMP =10—-3-3=4. <

Omeem: 10 wiu 4.

8. Ilnomane Tpaneuuu ABCD paBHa 405. /luaroHaau NepecexarTcs
B Touke O, OTPe3KH, CoeJUHALHe cepeHy P ocHoBanuA AD ¢ BepIlH-
HaMmu B ¥ C, nepecekaloTcs ¢ AUAaroHaIsAMM Tpaneluu B Toukax M u N.
Haitgure miowaas Tpeyroabiuka MON, eciii OAHO M3 OCHOBaHUH Tpare-

IIHHM BABOE BOJIBINE IPYTOro.

Omeem: 45 HIIA 36
"% T

9. Ilnomazae Tpaneuun ABCD pasha 240. /luaroHaau lepeceKkaroTcs
B Touke O, OTPe3KH, coeJHHAONLHe cepeiHy P ocHoBaHuA AD ¢ BepIllH-
Hamu B u C, nepecekaroTcs ¢ AUaroHaasiMM Tpaneuyu B Toukax M u N.
Hatizure ruromaae yetsipéxyronsunka OMPN, eciiy 0fHO M3 OCHOBaHHH
Tpameluy BTpoe Gonblile APyTOTo.

Omeem: 27 Wi = -

10. Inomaae Tpaneyuu ABCD paBHa 240. /luaroHany nepecekarwTca
B Touke O, OTpe3KH, COeUHAIONIHe cepeJHHy P ocHoBaHHA AD ¢ BepIlH-
HaMH B u C, IepeceKaroTcs ¢ AUaroHaasAMH TpaneluH B Toukax M u N.
Haiaure ruioiae TpeyronbHuka MON, ecliy OHO M3 OCHOBaHMI Tpare-

IIUH BTpOe GOMbIIe APYTOro.

27 o135
Omeem: 5 WIH 29
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11. B OKpy>XHOCTH, paJuyc KOTOPOH paBeH 5, IpoBe/ieHa Xxopja AB=38,
Touka C neXXUT Ha xopge AB Tak, uro AC : BC =1:2. HaiiguTe paguyc
OKPY)KHOCTH, Kacaloleiics JaHHOM OKPYXHOCTH U Kacarolleics Xopasl AB
B Touke C.

Pem e H ¥ e. [lycT E —npoexuus LeHTpa O JaHHOH OKPYKHOCTH Ha
xopay AB. Torpa E — cepegvna AB u

OF = V0A?— AE?2 = /25— 16 = 3.

Ecin uckoMast OKpYKHOCTE € [eHTPoM Q M paZiHycoM r KacaeTcs JaH-
HOHM B TOuKe D, TO

0Q=0D-QD=5-r, CE=AE-AC=4-3-8=73.
[Tycrs F — npoexuus Touku O Ha npamyto QC. Torna OFCE — npaMo-
YTONBHHUK, Mo3TOMY CF=0E=3 1 OF =CE = %
PaccmoTpuM ciydaii, korga Toukud O M Q JIeXar 110 pasHble CTOPOHBI
oT npaMo# AB (puc. 10). Torna QF =QC + CF =QC + OE =r + 3. Ilo Teo-

peme IMudaropa 0Q? =QF* +OF?, wm (5—r)?=(r+3)?+ 1#’6 U3 atoro

8
YPAaBHEHHA HAXOAUM, UTO I'=g.

Puc. 10 Puc. 11

Ecnu ke Touke O 1 Q JIeXar 1o oAHy CTOPOHY oT pAMoi AB (puc. 11),

1
TO aHAJIOIMYHO [10JYYHM ypaBHeHHe (5 — rE=(r-3)°%+ _9§ M3 KOTOPOTO
HaWJEM, 4YTO X = % <
8 32

Omeem: 5 WM 5.
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12. B TpeyronsHuke ABC AB=14, BC=6, CA=9. Touka D JeKUT Ha
npsmoi BC Tak, 4ro BD : DC =1:9. OKpYyKHOCTH, BIIMCAHHBIE B TPEYTO/Ib-
Huku ADC u ADB, kacalorcs cTopoHsl AD B Toykax E u F. Haligure JnuHy
oTrpeska EF.

Omeem: 4,9 unm 5,5.

Pemenwue JoxaxeM CcHayana ciefymoliee yrBepxkzeHue. Eciu
OKPYXKHOCTB, BIIMCaHHadA B TpeyroibHMK KLM, KacaeTcsi ero CTOpPOHBI

MK 5 toue P, 7o MP =2 (MK + ML~ KL).
JokasaTtenbcrso. I[Iycte Q U R—ToU-
KM KacaHWfA BIIMCAHHOH OKPY)XHOCTH Tpe-
yronbHuka KLM co ctopoHamu ML u KL cooT-
BeTcTBeHHO (puc.12). Torga
MQ =MP, KP=KR, LQ=LR,
KL=KR+LR=KP+LQ =

= (MK — MP) + (ML -MQ) =

= MK+ ML - (MP+MQ) =

= MK + ML — 2MP.

CnegoBartenbsHo, MP = %(MK + ML — KL), uto

U TpebOBaNIOCH JOKA3aTh.

Bepuémcsa k Hamel 3azade. ITycTh BriMcaHHBIE OKPYHOCTH TPEYTO/Ib-
HUKOB ADC u ABD kacawTca oTpe3ka AD B Toukax E ¥ F COOTBETCTBEHHO,
npuyéM Touka D nexuT Ha otpeske BC (puc.13). Torza no foxazaHHOMY

Puc. 12

AE = %(AD+AC—CD), AF = %(AD+AB—BD),

A A

Puc. 13 Puc. 14
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3HAYHT,
EF = |AF — AE| = ‘%(AD +AB—BD)—%(AD+AC—CD)’ =
= Z|AD + AB—BD — AD — AC+CD| = 5|AB— AC —BD +CD| =
= %;ABmACﬂ SSBC+ %BC‘ = %‘AB—-AC+§BC‘ =
= %}14—9+§-6’ =%

[TycTs Teneps Touka D exuT BHe oTpeska BC (puc.14). Toraa oHa Je-
KT Ha NPOAO/DKeHUH oTpeska BC 3a TOUKY B. AHAJIOTMYHO NpeAbIAyIIeMY
CIIyyaro

EF = |AF — AE| =
— LlaB—ac-BD+cD| = 2{aB-ac—- 1Bc+ 2BC| =
2 2 gBC+3
R —Yha_ _ 11
= 7|AB— AC+BC| = 1|14-9+6| = ..

13. B tpeyroneHuke ABC AB=15, BC=8, CA=9. Touka D nexur Ha
npsamoi BC Tak, uto BD : DC = 3 : 8. OKpyXHOCTH, BIIUCaHHbIE B TPEYTO/Ib-
Huku ADC u ADB, xacalorcs cropoHsl AD B Toukax E u F. Halizure piuny
oTpe3ka EF.

53

Omeem: 7 wiu IEE

14. B napannenorpamme ABCD GHCCEKTPUCH YTJIOB TIPH cTOpoHe AD
Jenat cropoHy BC Toukamu M u N Tak, ytro BM : MN =1: 5. Haliaure BC,
eci AB=3.

Pemre nue. INonoxum BM =x, MN = 5x. Touka M JIeXHT MeXAy
To4yKaMH B U N, tak kak BM < MN.

Paccmorpum wryyaid, korga AM u DN — GHCCEKTPHCH YIJIOB IIPH Bep-
muHax A 1 D napamnenorpamma ABCD (puc. 15).

B x M 5x N 3 C

Puc. 15
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Tpeyronbuuk ABM — paBHOGeApeHHBIH, Tak kKak LAMB = /MAD =
= /BAD, noatromy BM = AB=3, T.e. x = 3. Torna MN = 5x = 15. AHa-
JIOTUYHO, TpeyroabHUK DCN — Taxke paBHoOeapeHHBIH W CN = CD =
= AB = 3. CineznoBaTelbHO,

BC=BM+MN+CN =3+15+3 =21

B x M Sx N C

Puc. 16

IlycThb Tenepb GHUCCEKTPHUCH YIJIOB IPH OCHOBAaHHH AD — 310 1yun AN
u DM (puc. 16). Toraa tpeyronsHuk ABN 1 DCN — paBHOOepeHHEIE,
CM=CD=AB=3, BN=BM+MN=x+5x=6x u BN=AB=3. 13

_ 1
paBeHcTBa 6x = 3 HaXO[HUM, YTO X = 5 CrneaoBareybHO,

BC=BM+CM=x+3=54+3=

D=
NI
A

Omaem: 21 unu 3,5.

15. B napanienorpaMme ABCD GHCCEKTPHUCEHL YIJIOB MPH CTOpoHe AD
Jenar cropoHy BC Toukamu M u N Tak, 4ytro BM : MN =1: 7. Haiigure
BC, ecnmu AB=12.

Omeem: 13,5 wiu 108.

16. OKpy»KHOCTb BIIMCaHa B paBHOGeApeHHyI0 TpanelHio, OCHOBAHHSA
KOTOpoi#i paBHbl 18 U 50. [IpsAMas, npoxoAdlnas yepes LEeHTP OKPY>KHOCTH
M BEPIIMHY TpamnelyH, OTCeKaeT OT TparellH TpeyrolbHHUK. Haiaure oT-
HOLlIeHHe IUVIoLaAH 3TOr0 TPeYyroJbHHKA K ILIOIAAH TpaneHH.
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P e w e H u e. [TycTb OKPY>XHOCTB paZiuyca R c neHTpoM O, BIHCaHHAasA
B paBHODOeApeHHY0 Tpanenuto ABCD ¢ ocHoBaHuAMH BC =18 u AD =50,
Kacaercs OOKOBOI cTOpOHH AB B Touke M, a ocHoBanuit AD u BC —B
Touykax K u L coorBeTcTBeHHO. Toraa

BM=BL=1BC=9, AM=AK=3AD =25,
AB =AM +BM = 25+9 = 34.
Orpeszok OM — BbICOTa NIPAMOYTONBHOTO TpeyroabHuka AOB, npoBeA€H-
Hasd M3 BepIIMHBI npsamMoro yrna AOB, nostomy R=O0OM = v AM-BM =
=4/25.9=15.
[TycTe mpsiMas, 0 KOTOPOH TOBOPHUTCA B YCIOBHHM 3aJa4M, NPOXOAMT

yepe3 BepIIHHYy B U NepecekaeT OocHOBaHHe AD Tpamnelnudud B TOuke P
(puc. 17). LIeHTp OKPY»KHOCTH, BIIUCAHOH B YTOJ, JIOXKUT Ha OUCCEKTpUCe

Puc. 17

yrna, noasromy ZAPB = /CBP = ZABP, 3Ha4uT, TpeyroibHuUK ABP —
paBHObe/peHHEIH, AP = AB = 34. CnefloBaTeNbHO,

Sanse = 2Saopp = 2+ 3AB-OM = 2.2 -34-15 = 510.
Ecmu S — mromazb Tpaneudu ABCD, a h — eé BeicoTa, To h=2R =230,

§= 3(AD+BC)h = 3(18+50) -30 = 34-30 = 1020,
Saase _ 510 _ 1

CrenoBaTenbHO, S — 10202

(Mckomoe OTHOIIeHHEe MOXHO BBIYMCIMTH M MHade. ITycth K u L —
TOYKHM KacaHWA BIMCAaHHOH B Tpamelnuio OKPYXHOCTH C OCHOBaHUAMH
BC u AD cooTBerctBeHHo. Tora K u L — cepeAHbl OCHOBaHHH, TPAMO-
yronpHele TpeyroabHUKH POL U BOK paBHEI 1O KaTETy M NMpUIEXKAIEMY
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OCTPOMY YIJIY, TIO3TOMY TPEYTONbHUK ABP paBHOBENHK IIPAMOYTOIBHOH

Tpaneuud ABKL. CiefioBaTenbHO, Saapp = %S ABCD)-

TMocKo/IBKY Tpanelus paBHOOeApeHHas1, /s IPAMOH, Npoxojsiel Je-
pe3 BepuIMHY C, TIONMYYHM TOT XKe pesysbTar.

B 18 C 16 E

Puc. 18

[TycTh Tenepk yKazaHHas NpsAMas IPOXOJUT Yepea BepuInHy A (puc. 18),
nepecekaeT GOKOBYI0 cTopoHy CD B TOouke Q, a NMpOAOC/IKEHHE OCHOBa-
HuA BC —B Touke E. TpeyronsHuk ABE — paBHObegpeHHbli (£AEB =
= £DAE = ZBAE), noatomy

BE=AB=34, CE=BE—-BC=AB—BC=234-18=16.

TpeyronbauK AQD mnopobeH TpeyronbHHKY EQC ¢ xoadduiHeHTOM

AD 25
TE= % =g » 3HAYMT, eIy QH — BrIcOTa TpeyronbHuKa AQD, To

=25, 25 55250 =Llap.og=1.50.230 _ 6250
QH_BBh_33 30 = 11° SAAQD—ZAD QH_ZSO 1~ 11
S 20 65
AAQD 11
CieoBaTeNbHO, S 7020 = 1122
Tor e pe3ynbpTaT AJIA NPAMOH, IPOXOJAILEH Yepe3 BepluHy D. <

o 1 625
meenmnt: 2 WA 1122°

17. Oxpy»KHOCTb BIIMCaHa B paBHOOEPEeHHYI0 TpalneLHo, 6osbliee oc-
HOBaHHe KOTOPOH paBHO 24, a CHHYC yTJIa IIpH DoJIbLIIeM OCHOBAHUH PaBeH

3
5 - [IpAMas, npoxozANias Yepes LEHTP OKPYKHOCTH ¥ BEPIIHHY TparneruH,

OTCeKaeT OT TpallellMH TpeyroibHUK. HalauTe oTHOLIEHWe [UI0IAaAH 3TO-

rO TPeyroJIbHUKA K IUIOIA/IM TPAIELHH.

omeem: L o BL
maeem. 2 HIIH 130"
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18. Touku M, K u N JjiexxaT Ha CTOpOHax cOOTBeTcTBeHHO AB, BC u
AC TpeyronbHuka ABC, npuuém AMKN — napasiejorpamm, IUomazgb

KOTOPOT'O COCTaB/AAET g wIomwaAMu TpeyroabHuka ABC. Haiaure auaro-

Hanb MN mapanienorpaMmma, eCId M3BeCTHO, 4To AB =21, AC=12 u
ZBAC =120°.

Pem e u e. [lycte momaas TpeyronbHuka NKC paBHa S, a Cl; k.
Tpeyronsuuk ABC mozoben TpeyronbHuky NKC ¢ koadduiueHToM %,
a TpeyroibHUK MBK — tpeyronbHuky NKC ¢ xoadduumueHTom I—I—k,

Io3TOMY

Saasc = (%)25‘&:«:@ = ( ) S,
Sampx = (I_EE)ZSANKC = (1 )

Samkn = Saasc — Sankc — SamBk = (%) 5—-8§—- (Tk) S= % (%)25,
WIH

-

—kP-(1-k)? =3, %k*—9k+2=0,
OTKyZla HaX0JHuM, 4To k = % Wik k= %
B nepBoMm M3 3THX ciydaeB (puc. 19)
AM=NK=3AB=3-21=7, AN=MK=3AC=32-12=8.
CrnenoBaTeybHO,

MN = V AM? + AN2 — 2AM - AN cos 120° = /49 + 64+ 56 = /169 = 13.

Puc. 19

Bo Bropom ciygae (puc. 20)

AM:NK=§A3=§-21=14, AN=MK=%AC=%-12=4.
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Puc. 20

CrnenoBaTesbHO,

MN = v AM2 + AN? — 2AM - AN cos 120° = /196 + 16+ 56 =

=2v/494+44+14=24/67. «

Omeem: 13 wiu 2v/67.

19. Toukn A, B u C sexaT Ha cTOpoHax cooTBeTcTBeHHO KL, LM u
KM TpeyronbHuka KLM, npuuém KABC — mapasienorpamm, IUlomaib

KOTOPOT'0 COCTaB/sAeT % wiowaau TpeyronbHuka KLM. Haiaurte aua-

roHanb AC mapasiesorpaMMa, ecii H3BecTHO, uto KL=8, KM =12 u
=7
cos ZLKM = 15
Omeaem: 8 wiu 2+6.

20. TlpsiMan, nepneHAMKY/IApHAasA HMIIOTEHY3€ IPAMOYTOIBHOIO Tpe-
YTOJIbHUKA, OTCEKAaeT OT HEero 4eTHIPEXYTONBHHK, B KOTOPBIH MOXXHO
BIMCATh OKPYXHOCTb. HaliiuTe paguyc OKpPY:KHOCTH, eC/Id OTPE30K 3TOMH
NIpAMOH, 3aK/IIOYEHHBIH BHYTPU TpeyrojibHHKa, paBeH 6, a OTHOLIEHUe

3
KaTeToB TPEYTOJlbHUKA PaBHO 7

PemeHnue. 3aMeTHM, YTO OKPY>KHOCTb, BIIMCAaHHAsA B YETHIPEX-
YTONMBHUK, O KOTOPOM TOBOPHUTCA B YCJIOBHH 3aJa4M, — 3TO OKPYXXHOCTb,
BIIMCAHHAA B JAHHBIH MPAMOYTOJbHBIH TPEYTOJbHHK.

[TycTh BIHCaHHAA OKPY)KHOCTb NPAMOYTOMBHOrO TpeyroiabHHKa ABC

KacaeTcsl KaTteta AC B Touke D, Katera BC —B To4YKe E, a THIIOTEHY3Hl

AB—B TOuKe F, a % = % [ycte O — LIeHTp 3TOH OKPYKHOCTH, I — eé

paauyc. O6osnauum £BAC = a. Toraa

W W

ta_§£_§ cosa—i sina—g tg__s_@p_a__ =1
8A=72c = -5 -5 gz_l+cosa_1+§_3'

10 lfeomeTpus. MnaHumMeTpUA
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[IpeAnoONOXHUM, YTO NpsAMas, MPOXOAALIAA Yepes TOYKY M, Jexallyro
Ha TUIIOTeHY3e, NTepIeHAUKYIApHa THIIOTeHY3€e, KacaeTcd OKPYXKHOCTH B
Touke P u nepecekaeT KateT AC B Touke N (puc. 21). V13 npAMOYTONBHBIX

A A
8
M
r
N F
r r
r (@)
r
-
C E B
Puc. 21

TpeyroibHUKOB AMN u AOF Haxogum, 4To
MN 6 _ _ OF _
AM—tga—%-B, AF'tg%"

YeTsipéxyronbHUKH ODCE 1 OFMP — KBaZpaThl CO CTOPOHOH I, IIO3TOMY
MF=0P=r, AM=AF—-MF=3r—r=2r=28.
CnemoBarenbHoO, r =4,
ITycTb Tenepk npsiMasi, IPOXoAsAILad yepes ToUKy M, Jexallyro Ha TH-

TOTeHy3€e, NepIeHAUKY/IApDHA [HIIOTeHy3e, KacaeTca OKPY)KHOCTH B TOUKe
P u nepecexaet karet BC B Touke N (puc. 22). Toraa

BM = MN ctg ZMBN = MNtga = 6.% - g,
AB = AF +MF +BM = 3r+r % = 4r+§,
a TaK KakK
AB= AC _ AD+DC _ AF+DC _3rir _ .
cosa cosa cosa E
9 9
TO 4r+§:5r. CriemoBaTeNlbHO, r=s. 4
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Omsem: 4 uiu 4,5.

21. Tlpsamas, nepneHAHKy/IApHaA DOKOBOH CTOPOHE paBHOOEIPEHHOTO
TPEYTO/MbHHUKA, OTCEKAeT OT HEro YeThIPEXYTONbHHK, B KOTOPBIM MOXKHO
BIMCATh OKPY)KHOCTh. HaliuTe pasilyc OKPY»HOCTH, €CJIM OTPEe30K Ips-
MOM, 3aKII0YEHHBIH BHYTPH TPEyroJbHHKa, paBeH 6, a OTHOLIeHHe BOKO-

o 5
BOi CTOPOHEBI TPEYTONbHHKA K €r0 OCHOBAHMIO PaBHO &.
Omeaem: 5,25 unu 5,5.

22. C ueHTpoM B Touke O, pacro/loXeHHOH Ha OUCcCeKTpHce yIia, pas-
Horo 60°, mpoBeJeHa OKpYXHOCTb paauyca 4. Hailqure paauyc oKpyx-
HOCTH, BIIMCAHHOW B JaHHBIH Yroll M Kacarlleilcs JaHHOH OKPY)XHOCTH
BHEIIHUM 06pa3oM, eCyIi M3BECTHO, YTO PAacCTOSHUE OT TOYKH O 10 Bep-
IIHHEL yT71a paBHO 10.

Pemenwue. Ilycrh Q — UeHTpP MCKOMOM OKPYXXHOCTH pajgdyca X,
M — rouka KacaHUs C JaHHON OKPYKHOCTBIO, B — TOYKa KacaHus ¢ OZHOHU
U3 CTOPOH JJaHHOI'O YTJIa C BEPIIHHOH A.

LleHTp OKPYKHOCTH, BIIMCAHHOH B YTOJ, JIEKUT Ha GHCCEKTpHCE yIia,
noatoMy £ZBAQ = 30°. M3 mpAMOYTO/IBHOTO TPEYTolbHUKA BAQ HaX0IuM,
uyTo AQ =2QB=2x.

[Tycte Touka Q nexut mexay A u O (puc. 23). JIMHUA LIEHTPOB
KaCaroMXCAd OKPYXHOCTeH MPOXOAUT Yepe3 TOYKY MX KacaHWs, MO3TOMY
A0 =AQ+QO, win 10=2x+ (x+4), oTKyZa HaxOANM, UTO X = 2.

Puc. 23
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Puc. 24

Ecnu Touka O nexut mexzay A u Q (puc. 24), to AQ =A0 + 0Q, wiu
2x=10+(4+x), oTkyza x =14. <
Omeem: 2; 14.

23. /laH npAMOYTONbHEIH TpeyronbHHUK ABC ¢ katetamMu AC =12 u
BC =5, C ueHTpoM B BepliHHe B npoBeZieHa OKPYKHOCTL S paauyca 8.
HaitguTe paguyc OKpy>KHOCTH, BMIMCaHHOH B yron BAC u BHemHuM 06pa-
30M KacalolleHcsa OKpPYKHOCTH S.

PeureHue. Obosnauum ZBAC = a. Toraa
tga=—— =% (:osoz—B sina—i
82 =7c T 120 =13 =13
[TycTh X — paguyc UCKOMOH OKpY»KHOCTH, O — eé LeHTp, D — Touka
KacaHuA ¢ Jy4oM AC, M — Toyka KacaHMsA C OKPY>XHOCTbIO S, E — mpo-

ekuua Toukd O Ha npamyio BC. LIeHTp OKPY»KHOCTH, BIMCAaHHOM B yToI,
JIe)KHMT Ha ero 6HucceKTpHce, 3HAYHT,

g LOAD =ctg S = 1B _ B -5

W3 npsaMoyronsHoro TpeyroasHuka OAD HaxoAuM, 4ToO

AD = ODctg% = 5x.
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3ameTHM, YTO YCJIOBHIO 33/layd YAOBJETOPAIOT JBE OKPYKHOCTH:
LIeHTP OAHOM pacmnoioXeH BHYTpH TpeyroiabHHKa ABC (puc. 25), a LleHTp
BTOpOH — BHe (pHc. 26), NTpHYEM MCKOMasA OKPYXHOCThb KaCcaeTcA OKPYX-
HOCTH S BHEIIHHM 00pa3oM, 3HaYHT,

BO =BM+MO =8+x.

Puc. 25

B mepBoM ciy4ae To4ka D jiexxuT Ha Katete AC, IO3TOMY
OE=CD=AC—-AD =12-5x, BE=BC—CE =BC—-0D =5-—x,
npuiéM AD < AC, T.e. 5x <12, x < % ITo Teopeme [Mudaropa
BO? = OE*+BE?,
WIH

B+x)2=(12-5x)2+(5-x)%, 25x*—146x+105=0, x< =

OTKyJa HaxoAuM, YTO X = -g-—é—
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Puc. 26

Bo BrOopoM ciyyae Touka D eHT Ha NpoJo/DKeHUH KaTeTa AC 3a TOY-

C, no3TtoMm
o Y OE =CD =AD—-AC =5x—12,

npuyém AD > AC, T.e. x> 1?2 Torza

B+x)%= (5x—12)°+(5-x)%, 25x*—146x+105=0, x> 2,
OTKyZa HaxoAuM, 4yTo X =5 (3T0 3Ha4MT, uTo OD = BC, T.e. Toyka E cOB-
najiaeT ¢ BepIIHHOI B). <

.21
Omeem: 55 WIH 5.

24. JlaH npAMOYTO/NbHBEIH TpeyroabHuk ABC ¢ katetamu AC =36 u
BC=27. C ueHTpoM B BeplliHHe B IIpoBeJieHa OKPYXHOCTE S paauyca 18.
Haiizure pazuvyc OKpY>KHOCTH, BIMcaHHOM B yron BAC M kacamwolledcs

OKDY:KHOCTH S.
Omeem: 7 wiu 27.
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25. PaccTosiHUA OT TOYKH M, pacIioNOXeHHOH BHYTPH YyIVIa, paBHOTO
60°, 10 CTOpPOH yI/a paBHH 1 ¥ 2. HailaguTe pagnyc OKpPY»KHOCTH, BITHCaH-
HOH B 3TOT YTOM ¥ TIPOXOAsAILEeH Yyepe3 TOUKy M.

Pem e Hu e. Ilycte A — BepuIMHa AaHHoro yraa, B u C — npoexuuu
To4ykH M Ha cTopoHHl yria, BM =1, CM =2, E — To4ka nepece4yeHu Mps-
MbIX AB u CM. Torna ZAEC =30°.

W3 npAMOyTronbHEIX TpeyronbHUKOB BME u CAE HaxoAHMM, 4TO

ME =2BM =2, AC=CEtg30°=(CM+ME)- 242

g ( ) \/— =2+2)—= f' \/—

[ycte O — LIEHTP OKPY»KHOCTH pajuyca R, BnucaHHOH B yron BAC u

npoxojsmei yepe3 ToUKy M, P — To4yKa KacaHHA OKPYXHOCTH C JIy4OM

AC. Jlyu AO — 6uccextpuca ymna BAC, moatomy ZPAO = 30°. Torma
AP =0P ctg30° =RV3.

Puc. 27

PaccMOTpHM NIPAMOYTONBHYIO Tpanenuo PCMO, B KOTOpo#H

OM=0P=R, CM=2, CP=|AC—AP|= ‘%—R«/ﬁ‘.
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[Tycts Q — oCHOBaHHe nepreHAUKY/IApa, ONyIeHHOro U3 Touku O Ha CM.
Torga

MQ=|CM—-CQ|=|CM—-0OP|=|2—R|, 0Q=CP= —Rﬁ‘.

’ +
V3
Ilo Teopeme Iudaropa MQ? + 0Q? = OM?, unu
4 2 2
2-R?+ (£ -RVE) =R
@-R+ (75 -RV3)

TToc/te 0ueBMAHBIX YIPOIEHMI TOMyYHM KBapaTHOe ypaBHeHHe IR —

—36R + 28 =0, 13 KOTOPOro HAaXoAUM, yTo R=2% % V2. Yenosuio 3aaqu
YZAOBJIETBOPAIOT ABE OKPYXKHOCTH. <

Omeem: 2+ %ﬁ
26. PaccTosHHA OT TOUKH M, pacloNOKeHHOH BHYTPH NPSAMOrO yTJa,
JI0 CTOPOH yT/ia paBHHI 1 1 3. HafiguTe pajuyc OKpyKHOCTH, BIIMCAHHOH B

3TOT YTOJ ¥ MPOXOASIIeH Yepe3 TOUKY M.
Omeem: 4+ /6.

27. Jlee CTOPOHBI TPeyTOJbHHUKA PaBHBI 5 U 6, KOCHMHYC yT/Ia MeXZAY

HUMH paBeH ¢ . Haiiure cTopony KBajpara, Bee BEpUIMHbI KOTOPOT'O pac-
TIOJIO}KEHBI HAa CTOPOHAX TPeyroJbHHKA.

Pemenwne. I[lycteh B TpeyronmbHHKe ABC H3BeCTHO, 4To AB = 6,
AC=5, Z/BAC=aqa, cosa= % Torzga

sina =11—-cos?a= 1,0‘1_2;’5:%.

ITo TeopemMe KOCHUHYCOB

BC = \/ABZ+AC2—2AB‘ACcosa= \/36+25—2-6-5-% =35,

3HAYMT, TpeyroibHUK ABC — paBHOGe peHHBII.

PaccmoTpuM ciydai, korga cropoHa KL = x kBagpata KLMN pacno-
JIoX<eHa Ha OCHOBAHMHU AB TpeyroneHHka ABC (puc. 28), BepmyHa M —
Ha 6oxoBo# cropoHe AC, a BepimirHa N — Ha 60xoBoi#i ctopoHe BC. ITycTs
BeicoTa CH TpeyronbHuka ABC nepecekaeTcs co CTOpoHOM MN kBaapara
B Toyke Q. Toraa

CH=ACsina=5-g =4, CQ=CH-QH=4-x.

C
Tpeyronsuuk CMN noznobeH TpeyronbHUky CAB, moatomy E‘E = %, WIH
4-x _x _ 12

—% = g OTKYAA HaX0ZuM, 1TO X = ==
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Puc. 28

[Tycts Teneps cropoHa KL = y kBagpara KLMN pacnonoxeHa Ha 60-
KOBO# cTOpoHe, AC (puc. 29), BepmrHa M — Ha 60KoBo# cTopoHe BC, a
BepurnHa N — Ha ocHoBaHUHU AB. IlycTh BeicoTa BP nepecekaeT CTOPOHY
MN xBazpara B Touke F. Torga

BP=ABsina=6-3 =2, BF=BP-FP=2-y.
BF _ MN
TpeyronbHuk BNM nogo6eH TpeyronbHUKY BAC, noatomy BP = AC WM
24
5 Y _ Y 120
% =5, OTKy/Ia HaXOUM, YTO y = 7.
B wiydae, KOrza CTOpOHa KBajpaTa pacio/iioXxeHa Ha GOKOBOH CTOpOHe
BC TpeyronsHuKa ABC, IOMTYy4UM TOT Y€ pe3y/bTar. <
Omesem: 12 WIH 120
"5 49 °

28. /IBe cTOpPOHH TpeyroAbHHKa paBHH 10 M 13, KOCHHYC yIla MeX-

5 o
Ay HUMH paBeH 7. HaiiuTe cTOpoHy KBaZpaTa, Bee BEpILIMHEL KOTOPOTO

pacIionoXXeHBl Ha CTOPOHAX TPeyroJbHUKA.
Omeem: 50 WIH —1-@.
11 289
29. Yepes BepLIHHY B NpaBAIbHOIO LIECTHYroabHHKa ABCDEF mpo-
BeJleHa MpsAMas, nepecexarwuas guarodais CF B Touke K. F3aBecTHO, 4TO
aTa npsAmMas pa3bHBaeT MIeCTHYTOJAbHHK Ha YacTH, IUIOIAAH KOTOPHIX OT-

HocaTca Kak 1:2. Ha#aure otHomenue CK : KF.

PemeH H e. [lyctb O — LleHTp NpaBUIBHOTO TpeyroabHuka ABCDEF,
S —ero mwromaab. Toraa

1 1
SaBer = SpcpE = 55: Saasr = Sascp = Sasoc = gS'
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PaccMOTpHM CTy4aii, korga Touka K pacronoxeHa Mexy Toukamu O
¥ F (puc. 30). Torga npsimas BK nepecexkaer cTOpOHYy EF B HEKOTOPOH

A B

Puc. 30

Touyke M, mpuyém

1 1o 1._1
Saemr = 35, Sapmr = Sapur —Saasr = 35~ S = S,

1 1 1
Sasme = Saper —Sasmr = 35— 35 = gS = Sanur-
Tpeyronbauku BME v BMF paBHOBEJIMKH, 103TOMy BM — MeauaHa Tpe-
yronsHuKa BEF. Tpeyroasuuk BKC nogoben TpeyronsHuky MKF ¢ ko3d-

duuuenrom 2 (FM || BC, BC =EF =2MF), ciieoBaTeibHo, %ﬁ =2.

[TycTth Temeps Touka K nexxur Mexay C 1 O (puc. 31). Toraa npAamas
BK nepecekaeT ctopoHy DE B HEKOTOPOMH Touke N, IpUUYEM

1 1 1
Spcor = 55, Speon = 35, Sascp = Saasr = gSs
1 1 1
Sasvp = Spcon —Sascp = 35— S = §5s
1 1 1

Sasne = Spepe ~ Speony = 55— 35 = gS = Sapnp-

Tpeyronbuuku BNE w1 BND paBHOBeJHKH, noaToMy BN — MeauaHa Tpe-
yronbHUkKa BDE.

[lycts auaronanu CF u BD nepecekatorca B Touke L. Toraa L — cepe-
auHa OC, OL — cpenussa nuHus TpeyronbHuka BDE, a Tak kak N — cepe-
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A B

auHa DE, To K — cepeanHa OL. O6o3naunm OK =z. Torza

CL=0L=2z, CK=CL+LK=2z+2z= 3z,
OF =0C=CK+4+0K=3z4+2=4z, KF=0K+OF =2+43 = 5z.
CregoBaTenbHO, %=§z—=§. <
Omeem: 2:1 wiH 3:5.

30. Yepes BepiminHy A npaBuwibHOro mectuyronsHuka ABCDEF npose-
JleHa npAMas, nepecexawomasa npamyio CF B Touke K. M3BecTHO, YTO 3Ta
npsAMas pasbHBaeT MIECTHUYTONLHHK Ha YacTH, IUIOMAZM KOTOPBIX OTHO-
caresa Kak 1:11. Hatizure otHowmeHue CK : KF.

Omeem: 5:1wm 1:3.

31. JlaH nIpsiMOYTOJIbHBIHM TpeyronbHUK ABC ¢ IpAMBIM YIJIOM IIDH Bep-
wuHe C, CH — ero BricoTa, BD — meauana. [Ipameie DH 1 BC nepeceka-
1oTca B Touke E. OKpy»XXHOCTE, npoxoasawas yepes Touku D u H, kacaercs
npsaMoit BC B Touke M. Haliaure CM, ecyii U3BecTHO, yto DE=9, DH=7
M ToyKa E JiexxuT Ha ayde BC.

Pew e H ¥ e. OTpesok HD — MeauaHa NpAMOYTOJbHOTO TPEYTOJIBHU-
ka AHC, npoBeA€HHas U3 BePLIMHEI NPAMOTO yIa, noatromy CD =HD =7.
W3 mpaMoyronsHOro TpeyroasHyuka DCE HaxoAuM, 4yTo

CE = VDE2—CD? = /92— 72 = /32 = 4+/2.
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[To TeopeMe o KacaTeJbHOH M CeKyllei
EM? = ED-EH = ED(ED+DH) = 9(9+7) = 9-16,
3HayMT, EM =+/9-16=12.

A
H
D
9
E c M B
Puc. 32
A
H
7
D
9 7
M E C B
Puc. 33
Eciv Touka C nexxuT Mexay Toukamu E u M (puc. 32), To
CM =EM —EC = 12-4V2.
Ecnu Touka E nexut mexay C u M (puc. 33), To
CM = EM +EC = 12+ 4V2. <

Omeem: 12+ 4+2.

32. /laH npsAMOYTO/IbHBIH TpeyroasHHK KLM ¢ IPAMBIM YIJIOM IIPH Bep-
mrmHe L, LR — ero BeicoTa, MQ — Meauana. I[Ipamele QR ¥ LM nepeceka-
I0TCA B TOuke P, nexamed Ha myde LM . OKpy:KHOCTb, TPOXOAALLAA Yepe3
TO4YKH Q H R, KacaeTcsa npamoi LM B Touke N. Hafizure LN, eciiy U3BecCT-
HO, yTo QR=9 u PQ =16.

Omeem: /7 wiu 9+/7.
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33. BricoTa paBHOOEPEHHOTO TPEYTOIbHHKA, ONYIEHHAS Ha OCHOBa-
HHe, paBHa 63, TOUKa KacaHUA BIIHCAHHOH OKPY>KHOCTH ¢ GOKOBO#H CTOPO-
HOI1 JIeIUT 3Ty CTOPOHY B OTHOIUEHHH 20 : 9, cuuTas OT ocHOBaHHA. Haii-
AWUTE pajuyc OKPYXHOCTH, KacawllleHcsd CTOPOHBI TPeyrolbHUKa U Ipo-
JO/DKEHHH JBYX JIPYTHX €ro CTOPOH.

P e m e H u e. [Tepsblii cnocob. [lycte AD — BbICOTa paBHOGEAPEHHOIO
TpeyroibHHKa ABC, omylieHHasa Ha ero ocHosaHue BC, O — LIeHTp BIIH-
CaHHOM OKPY)XHOCTH, P — Touka eé kacaHus ¢ 60koBOH cTopoHoii AB. Ilo-
J03HUM AP =9x, BP =20x. Torna AB=AP + BP =29x, BD =BP =20x.

Io Teopeme Iudaropa AB> — BD? = AD?, unu

(29x)? — (20x)? = 63%, 9-49x* =72.9?,
OTKyZa x = 3. 3HauHur,
AP =9x =27, BD=20x=60, AB=29x=87.
O6o3nauuM ZBAD = a. M3 IpAMOYTO/NBHOTO TpeyronbHuKa ABD Haxo-

UM, 4TO t G_Q_G_O_E
AHM, E=2p =63~ 21"

[TycTe OKPYKHOCTE € LleHTpoM O; H paZMycoM I, KacaeTcs NpoZoLKe-
HHM 60KOBBIX CTOPOH AB 1 AC B Toukax F U G cOOTBETCTBeHHO (pHc. 34),

Puc. 34
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a Taxke ocHoBaHuA BC. Torza D — To4Ka KacaHHs, I03TOMY
BF = BD =60, AF = AB+BF = AB+BD = 87+60 = 147.
CnepopaTtenbHo,
r = 0,F = AFtga = 147- 33 = 140.

I[MycTs Temepb OKPYKHOCTS ¢ LIeHTPoM O, pajiiyca r, KacaeTcsi H50KOBOM
CTOPOHEI AB, npojomxeHHa ocHoBaHUA BC B Touke Q H NMPOAO/LKEHHA 60-
KOBOH cTopoHbl AC B Touke K (puc. 35). LleHTp OKpYKHOCTH, BIHCAHHOM

Puc. 35

B YTOJ, I&XHT Ha ero 6uccekTpuce, noatomy AO, U AD — BUCCEKTPHCE
cMexHbIX yrioB BAK u DAB, 3xauut, ZDAO,=90°. Torna ADQQO, — nps-
MOYTOIbHHK. CliefoBarenbHo, r, =0,Q =AD =63.

Pazuyc okpyHOCTH, KacatomeHcs: 60koBoi ctopoHsl AC M TpogoKe-
HUH ocHoBaHuA BC U BOKOBOM CTOPOHH AB, TakKe paBeH 63.

Bmopoil cnocob. Ilycts S — miomazns Tpeyronsuuka ABC, p — ero mo-
nynepumetp. Torza

S = %BC-AD - %-120-63 = 3780,

_ S 3780 _ 3870 _
n=3TBC — 147-120 = 27 — 140,
_ 3780 _ 3780 _
= Ta7-87 = 60 — 0 <

Omeem: 140 wn 63.
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34. BricoTa paBHOOE/[pEeHHOTO TPEYTONbHUKA, ONyIleHHas Ha OCHOBaA-
HUe€, paBHa 45, TOYKa KacaHUA BIMCAHHOH OKPY>KHOCTH ¢ 60KOBOH CTOpO-
HOM JIEJIUT 3Ty CTOPOHY B OTHOILEHHH 8 : 9, cyMTad OT OCHOBaHMA. Haliau-
Te pajHuyc OKPY)KHOCTH, KacarolleHcsa CTOPOHBI TpeyroJlbHHKa M IIPOZOJI-
EeHHH ABYX JPYTHX €ro CTOPOH.

Omesem: 40 wiu 45.

48
35. Paccroanue MeXAy napalebHBIMH IPAMEIMH paBHO 5 Ha oz-

HOM M3 HUX JIEKUT Touka C, Ha Apyroi — TOYKU A U B, IpU4EM TpeyTob-
HUK ABC — paBHOGepeHHEIH. M3BeCTHO, YTO pajuyc OKPY>KHOCTH, BITH-

caHHOM B TpeyronbHUK ABC, paBeH g Haiinure AB.

Pe e H H e. 3aMeTuM, uto 1ubo AC = BC, nubo AC = AB.

PaccmoTpum nmepBBIM M3 3THX ciaydaeB (puc. 36). Ilyctb M u H —
TOYKM KacaHWA BIIMCAHHOH OKpYHOCTH TpeyronbHHKa ABC c 6okoBoi
cTopoHoit AC ¥ ocHOBaHHEM AB COOTBETCTBEHHO, O — LIEHTP BIIMCAHHOH

C

8/3 710}
8/3

A H B
Puc. 36

okpyxHocTH. Torga CH — BricoTa, MejHaHa U GHCCEKTPUCA TPEYTONbHH-
xa ABC. O6osHaunM ZACH = a. B npsAMOYTOJILHOM TpeyroisHuke COM
M3BECTHO, YTO

8
_8 —CH-OH-=38_8_813 . _OM_ 5 _ 5
OM—B, OC=CH OH—5 3= 15 Sma_OC_alﬁ_ls'
Torpa
_12 _5 - _48 5 _
cosa =13, tga=gs, AH =CHtga = S 17 =4

1
CnenoBarenbHo, AB=2AH =8.
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C
a
a N
48/5 8/3
A N
b
. .
H Ab K a B
Puc. 37

PaccmoTpuM BTOpo# cayvai (puc. 37). Ilycte K, L U N — Touku
KacaHHA BIIHCAHHOH OKPYXXHOCTH paBHOOeZpeHHOro TpeyronbHHKa ABC
¢ GokoBeIMH cTopoHamMu AB, AC u ocHoBaHHeM BC COOTBETCTBEHHO,

CH= %ﬁ — BbIcoTa TpeyrosbHuka ABC, OK =0OL=0ON =r = g — paau-
yC ero BIHCaHHOM okpyxHocTH. O6o3Hauum BK = BN =CN =CL =aq,
AK = AL =b. Torna

Saasc=3AB-CH=2(a+b), Saupc=17(AB+AC+BC)-r=5(2a+b).

W3 paBeHcTBa ?(a +b)= 3 (2a + b) nony4aem, uto a =4b. Torza BN =

=a=4b, AB=a+b=>5b, a Tak kak BO — BucceKkTpHca TpeyroJibHHKa
ANB, T0

ON T BN 4 &

3HayuT, AN = —ON =23~ 6. Ilo Teopeme INudaropa AB? — BN?=AN?,

win 25b% — 161‘.)2 = 36, OT}(y,L'La HaxozuM, uto b = 2. CilesoBaTenbHO,
AB=5b=10.
(3amMeTHM, YTO BO BTOPOM CiIy4ae TpeyrolbHHK ABC — TYIOYTOJIb-
HBHIH, Tak KaKk AN < BN). <
Omsem: 8 wiu 10.

36. PaccTosiHMe MexZy NapajuleJbHBEIMU IPSIMBIMHE paBHO 24. Ha oz-
HOI M3 HUX JIeKUT Toyka C, Ha JPYrod — To4kH A U B, IpUYEM Tpeyrob-
HHUK ABC — paBHOOeZIpeHHBIN M OCTPOYTONbHBIH, a ero 60KOBasg CTOPOHa

pagHa 25. Haiizure paguyc OKpy»KHOCTH, BIMCAHHOH B TpeyrolbHUK ABC.
1

.21 15
Omesem: 7 WM
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1. a) BucceKTpHChl CMEXHBIX YITIOB NMEPIeHAUKY/IAPHEL.
6) BucceKTpHCH BHYTPEHHHX OAHOCTOPOHHKMX YTJIOB MPH JBYX Iapas-
JIEIHBIX NMPAMBIX H CEKyILIeH epneHuKy/ApHbIL.

2. a) Eciu 6ucceKTpUCH, NpoBeAéHHbIe U3 BepiiuH B U C TpeyroibHu-

ka ABC, nepecekaroTcs B Touke O, T0 ZBOC=90° + %AA.
6) Eciii 6UCCEKTPUCH BHENTHHMX YTVIOB IPH BepuiMHax B 1 C Tpeyroib-

HHKa ABC nepecekatoTcs B Touke Q, To ZBQC=90° — %LA.

3. a) Ecnu MeaMaHa TpeyrojlbHHKA paBHA [IOJIOBHHE CTOPOHEI, K KOTO-
pOii OHa IIpOBe/ieHa, TO TPeYroAbHUK IIPAMOYTOJNbHEIA.

6) MeauaHa MpAMOYTOIBHOIO TPEYTONbHUKA, IPOBEAEHHAA U3 BEPLIN-
HBI IIPSIMOTO yIJIa, paBHA IIOJIOBHHE I'HIIOTEHY3HI.

4. a) OTpe3oK, COeAUHAIONAN cepeArHEl AUaroHalel Tpaneiyu, pa-
BeH II0JIypa3HOCTH OCHOBAaHUH.

6) Ecyiv cymMa yTioB TIpH OZHOM M3 OCHOBaHHH Tpamneuu# pasHa 90°,
TO OTPE30K, COEAHHAIMIMI cepeHHB OCHOBAHUH TpameldH, paBeH MX
TIOYPa3HOCTH.

5. [Tpoekuus 6OKOBO# CTOPOHB paBHOGEIPEHHOM TpaneLny Ha OCHO-
BaHHMe paBHa NOJypa3HOCTH OCHOBAaHHI, a MIPOeKIHA JUaroHall — Momy-
CyMMe OCHOBaHHH.

6. CBOJCTBA OKPY>XHOCTH.

a) JJuameTp, NepneHUKY/IAPHEIA XOpZe, AeJUT eé IOoIoiaM.

6) luameTp, NMPOXOAAIINK Yepe3 cepelHHY XOPABI, He ABJAIOLIEHCA
AWaMeTpOM, [ePIEeHJUKYIApEH 3TOH XOpJe.

B) CepeilMHHBIN NIepIEeHAHUKY/IAP K XOpAe MPOXOAXT Yepes LIEHTP OKPYk-
HOCTH.

r) PaBHBIe XOpAHl YAAIEHH OT LIEHTPa OKPY>KHOCTH Ha paBHEIE pacCcTo-
SHHSA.

) XopAbl OKPYXKHOCTH, yZaNéHHEIE OT LIeHTpa Ha paBHbIe PACCTOSHHUA,
PaBHBEL.

e) OKpY>KHOCTb CHUMMeTpPHYHA OTHOCHTE/ILHO LIEHTPA ¥ OTHOCUTEILHO
J0boro CBOero JUaMeTpa.

k) JlyTH OKPY»KHOCTH, 3aKJI0YEHHEIE MeXAY NapasielbHEIMH X0OpAa-
MH, paBHBHIL.

7. a) 3ameuamensHoe cgoiicmeo oKpyxcHocmu. TeoMeTpHYeCcKoe MEeCTO
TOYeK M, U3 KOTOPEIX O0Tpe3oK AB BHZIeH noj NnpsMeM yrioMm (LAMB =
=90°), eCTh OKPYXHOCTB ¢ JHaMeTpoM AB 6e3 Touek A H B.

11 leometpus. MnaHumeTpua
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6) TeomeTpuyecKkoe MecTO ToyeK M, M3 KOTOPHIX OTpe30K AB BuzeH
noz ocTpeiM yrinoM (£ZAMB < 90°), ecTb BHEWIHOCTh Kpyra € JUaMer-
poM AB 6e3 Toyek npsimoii AB.

B) I'eoMeTpuueckoe MecTo ToueKk M, U3 KOTOpHIX OTpe30K AB BHJeH
noz TyneiM yrinom (£ZAMB > 90°), ecTb BHYTPEHHOCTb Kpyra ¢ JuUaMerT-
poM AB 6e3 Touek oTpeska AB.

r) l'eoMeTpHYecKoe MECTO TOYEK, U3 KOTOPEIX OTpe30K AB BHIEH IOJ
JaHHBIM YIJIOM, €CThb ABe AYTH paBHBIX OKPY)KHOCTeil ¢ ob1ieii Xxopaoi AB,
Jie)callye Mo pasHble CTOPOHBI OT NpAMoi AB, 6e3 Todyek A u B.

8. a) JIMHUA LIeHTPOB JBYX ITepeceKalolMXcs OKPYKHOCTeH NepneH/iu-
Ky/IsipHa X o6lieif xopJe U JeNUT eé Iononam.

6) JIuHUA LeHTPOB JBYX KaCAIOU[HUXCA OKPYKHOCTEH IIPOXOAHT depes
TOYKY KaCaHHA.

9. a) Paguyc oKpy>XHOCTH, BIIMCAHHOH B MPAMOYTOBHBIH TPEYTOJIbHHK

. a+b—c
C KaTeTaMu a, b ¥ TUNIOTEHY301i ¢, paBeH —

6) Ectn M — ToYKa KacaHusa co CTOPOHOH AC OKPY)KHOCTH, BIIHCaH-
HOH B TpeyroibHUK ABC, To AM =p — BC, rie p — noiynepuMeTp Tpe-
YTOJIbHHKA.

B) Ecyti okpyxxHOCTB KacaeTcst ctopoHsl BC TpeyronbHuka ABC u nipo-
JOKEeHUH cTopoH AB U AC, TO pacCTOsiHME OT BepIUMHBEI A 10 TOYKH Ka-
CaHUA OKPYXHOCTH C TIPAMON AB paBHO NOJNyTIEpUMETPY TPEYTOJbHHUKA
ABC.

r) Ecnu okpyxHOCTh, BIMcaHHAaA B TpeyrolbHUK ABC, kacaeTcs CTo-
poH AB, BC u AC cooTBeTcTBeHHO B Toukax K, L u M, a /BAC =a, T0
ZKLM =90° — 3.

A) Ecnu npamble, TpoXoAsnyde yepe3 TOYKY A, KacalTCsad OKPYXKHO-
¢t S B Toukax B u C, TO LEHTp BIMCAHHOW OKPYXHOCTH TPEYTOJIbHUKA
ABC nexuT Ha OKPY)KHOCTH S.

e) Eciu paccTosiHMe MeXIy LeHTpaMM OKpPYXKHOCTeH paguycoB r U R
PaBHO @ ¥ @ > R +r, TO OTPe3KH OOIIMX BHEIIHHUX U OOIIUX BHYTPEHHHX
KacaTeJbHbIX, 3aKJIIOUEHHBIE MEXAY TOYKAaMU KacaHWs, PaBHBI COOTBET-

CTBEHHO
Va?*—=(R-r? u va*—(R+r)?

10. Ecinu oxpy:kHOCTH pazuycoB r 4 R ¢ uentpamu O, u O, Kacaior-
csl BHEIIHMM 00pa3oM B TouKe K, a IIpsAMas KacaeTcsl 3THUX OKPY»KHoCTel
B Pa3/IMYHbIX ToYKax A U B M nmepecekaeTcs ¢ obLiell KacaTeJbHOH, Ipo-
xopsameli yepes touky K, B Touke C, To LZAKB =90° u £0,C0O, =90°,
a oTpe3ok AB ob6eii BHellIHel KacaTebHOH OKPY>XHOCTel paBeH OTpe3Ky
obuieii BHyTpeHHel KacaTelbHOH, 3aKII0UEHHOMY MeXAy 06LMMH BHel-
HuMU. O6a 3TH oTpe3ka paBHH 2v/Rr.
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11. a) Yron MexJy KacaTeJlbHOH U XOpAOH, IPOBEAEHHOM Yepe3 TOUKY
KacaHKs, paBEH NNIOJIOBHHE y‘[‘JIOBOfl BEJIMYHHBI AYTH, 3aKJIHYEHHOH MeXay
HHUMH.

6) Yron Mexay nepecekarollMMHCA XOpAaMH paBeH MoTycyMMe IIPOTH-
BOIIOJIOXKHEBIX YT, BEICEKAEMBIX XOpAaMH.

B) YroJ MeXxay ABYyMA CeKYIIMMH paBeH I101ypa3sHOCTH YT, BhICEKae-
MBIX CeKYIIMMH Ha OKPYKHOCTH.

12. a) Eciu npamas, npoxozsinad yepes TOYKy A U neHTp O BIIMCaH-
HOH OKPY>XHOCTH TpeyroibHHKa ABC, BTODHYHO IIEPECEKAET ONMMCAHHYHO
OKPYKHOCTb 3TOTO TpeyroibHHKa B Touke M, TO TpeyroabHHkM BOM
1 COM paBHObGeJpeHHEIE.

6) Popmyna Sinepa. Eciu Oy, O, — LEHTPbI BIUCAHHON M ONHCAHHOM
OKpYXHOCTel TpeyronbHuKa ABC, a r 1 R — paguychl STHX OKPY»KHOCTeH,

TO OIOZ= V R2 —ZI‘R.
13. a) Ec/ii YeTHIPEXYTONBHUK MOYKHO BIMCATh B OKPYXKHOCTb, TO CYyM-
Ma ero NpOTHBOMNOIOXKHBIX YIJIOB paBHa 180°.

6) EciM cymMMa DPOTHBOIIOJIOMHBIX YIJIOB YeTBIPDEXYTONbHHKA paB-
Ha 180°, TO OKONIO HETO MOJKHO OIIMCATh OKPY)XHOCTb.

14. a) Ecnu B YeTHIPEXYTONBHHMK MOXKHO BIIHCATh OKPYMHOCTB, TO CYM-
MBI €ro IPOTHBOIONIMKHBIX CTOPOH PABHBIL.

6) EC/IM CyMMBI IIPOTHBOIIOIOKHBIX CTOPOH BBIMYKJIOTO YETHIPEXYTOb-
HHKa paBHBI, TO B HEI'O MOKHO BITMCATh OKPY)KHOCTb.

15. a) Ec/ti B Tpamneluo MOKHO BITUCATh OKPYXXHOCTh, TO HOKOBasA CTo-
POHa Tparelnyy BHIHA U3 LIEHTPA OKPYKHOCTH 10/, TPAMBIM YIJIOM.

6) Ecin OKpYXHOCTh BIIMCAHA B PaBHOOEAPEHHYIO Tpalenuo, To 6o-
KOBasl CTOpPOHA TpalneLyy paBHa eé cpe/iHel JMHHH.

B) Eci B Tpanenuio MoMXHO BIIMCATh OKPYKHOCTb, TO PaJUyC OKPYX-
HOCTH eCThb Cpe/iHee IPONOpLMOHAIbHOe (CpeZiHee reoMeTpHYecKoe) OT-
Pe3KOB, Ha KOTOPEIE TOYKA KAacaHWsA JAelTUT GOKOBYIO CTODOHY.

16. a) 3ameuamensroe cgolicmso mpaneyuu. Touka nepecevyeHus Jua-
TOHaJell Tpaleluyy, TOYKa IepecedyeHus NPoLo/DKeHHH GOKOBBIX CTOPOH
M cepeJUHBI OCHOBAHUH JIeXKAT Ha OFHOM NPAMOH.

6) OTpe3ok NMpAMOH, NapajielbHOH OCHOBAHHAM TparnelyH, 3aKIio-
YEHHBII BHYTPH TpameluH, pasbuBaeTcs eé AuaroHalsAMH Ha TPH 4acTH.
Torza oTpeskH, NMperawpuiie K 60KOBHIM CTOPOHAM, PaBHHI.

B) Eciu yepes TOUKy mepeceyeHMs JuaroHasnel TpanelMH ¢ OCHOBa-
HUAMU a ¥ b poBezeHa npsiMas, napaJlieNbHas OCHOBaHHUAM, TO OTpe-
30K 3TOH NPAMOMH, 3aK/IIOYEHHBIH MeXAy GOKOBBIMM CTOPOHAMM Tpare-

2054 aBenzib
LiuH, p a+b’
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r) Ecnu Tpanenus pasZe/ieHa NpsaMoii, apaslebHoH eé OCHOBaHUAM,

PaBHBIM a U b, Ha ZiBe PaBHOBEIHKHE TPaMellH, TO OTPE30OK ITOH NPSAMOIA,
.. . a’+b?
3aKIIOYEHHEIN MeX/ly G0KOBEIMH CTOPOHAMH, PaBeH 4/ —

n) EcnM Tpanewus paszesieHa NpAMOii, apaieNbHOM eé OCHOBaHUAM,
paBHBIM a Y b, Ha ABe MofoOHEIE TpaleluH, TO OTPE30K 3TOH IPAMOH,
3aKTIOYEHHEIH Mexx/1y 60KOBBIMHM CTOPOHAMHU, DaBeH Vab.

17. a) Ecau BBy u CC, — BBICOTHI TpeyroibHUKa ABC, TO TPeyroJlbHHUK
AB,C, nopoben TpeyronbHUKY ABC, npuuéMm koaddunueHT nozobus pa-
BeH |cos ZA|.

6) Ecnmm H — Touyka mepeceyeHHs BBICOT TpeyroibHHMKa ABC, a O —
LIEHTP €ro OMMCAHHOH OKPYXHOCTH, TO oTpe3oK AH BaBoe Gonblie pac-
CTOAHMA OT TOYKH O 710 ceperHbl cTOpPOoHEL BC.

B) Toukn O, H 1 Touka M nepeceyeHHA MeJHaH TpeyroibHHKa ABC
Je)KaT Ha OAHOH npaMoi (npsimas Dilnepa), npU4éM TouKa M JIEXKUT Ha
orpeske OH u OM :MH=1:2.

r) Ecin BB u CC; — BBICOTHI TpeyronbHuKa ABC, a O — LIeHTp Onu-
caHHOM OKpyxkHocTH, TOo OA L B,C;.

A) ToukH, cMMMeTPHUYHBIE TOYKE TepeceyeHMs BLICOT (OPTOLIEHTDY)
TpeyroibHUKa ABC oTHocHUTenbHO TNpAMEIX AB, AC u BC, nexar Ha
ONMCAaHHOH OKPYXHOCTH TpeyronbHHKa ABC.

e) ToukH, CHMMeTPHYHEIE TOYKe IepeceyeHHMA BBICOT TPeyTOJbHHKa
ABC OTHOCHTeJIbHO cepeJiiH ero CTOPOH, JIeXKaT Ha OIIHCAaHHOH OKPY»KHO-
CTH TpeyroibHuKa ABC.

%) Ecnmu AA,, BB, u CC, — BBICOTEL OCTPOYTOJIbHOTO TPEYTrOJbHU-
ka ABC, To 6uccekTpuchl TpeyrombHHKa A;B;C, (opToTpeyroibHHKa
TpeyronbHUKa ABC) nexar Ha npameix AA,, BB, u CC,. Eciu xe Tpe-
yronbHHK ABC TYIIOyTOJMBHBIHM, TO Ha 3THX NPSAMEIX JieXKaT GUCCEKTPHCH
JIByX BHEIIHHX U TPeThero BHYTPEHHETO YIJIOB TpeyroibHuKa A1 B, C;.

18. a) [IpousBeZieHNA OTPE3KOB MEPeCceKAIOIIUXCA XOP/, OKPYXHOCTH
PaBHHL.

6) Teopema o xacamensHol u cexyujell u cnedcmeue u3 Heé. Eciu U3
OJIHOM TOYKH NpOBeJeHBl K OKPY>XHOCTH KacaTelbHasd U CeKylljas, To Ipo-
u3BeJleHHe BCcel ceKyllell Ha eé BHELIHIOIO YacTh PaBHO KBaJpaTy Kaca-
TeJIbHOH.

[Tpou3BesieHHe Bceif cexylleit Ha eé BHEUTHIOO YacTh JJIA JaHHOH Tou-
KH H JJaHHOH OKPY>XHOCTH MOCTOAHHO.

B) IlpAMas, mpoxofsllas dyepe3 TOUKH NMepecedeHHsA JBYX OKPYMKHO-
cTel, AeUT 1oMojIaM O6IIYI0 KacaTeNbHYI0 K HHM.

r) Obuue xopzs!l (WIM UX IPOJO/DKEHMs) TPEX IOMapHO IepeceKaro-
LIMXCS OKPY)KHOCTEH NTPOXOAAT Yepes OfHY TOUKY JIH60 MapajeibHbl.
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19. Cpedrue nponopyuoHAnbHbLE 8 NPAMOY20LHOM Mpey2onbHUKe. BhI-
COTa MPAMOYTOJBHOTO TPEYT'OJBHUKA, ITPOBEJEHHAA H3 BEPIIUHKI IIPAMO-
ro yriaa, ecTb CpejHee NpONOPLHOHaNbHOE (CpeJHee reoMeTpHYEeCKoe)
NPOEKIHH KAaTeTOB Ha THIIOTEHY3y, a KaKJABIH KaTeT ecTb cpeJHee IIpo-
MOPIHOHA/NLHOE I'MIIOTeHY3bl X CBOeH MPOoeKIHH Ha THIIOTEeHy3y.

20. a) Cnedcmeue u3 meopemst KocuHycos. CyMmMa KBaJpaToB JHaroHa-
Jieif mapajureJiorpaMMa paBHa CyMMe KBaJIpaTOB BCEX ero CTOPOH.
6) Popmyna ona meduaHsi mpeyzonbHukd. Ecium m, — MeanaHa Tpe-

. 1
YTONbHMKA, NPOBEAEHHAA K CTOPOHE ¢, TO M, = 5 V 2a%+42b% —c2, rae a
¥ b — ocTanbHEIE CTOPOHBI TPEYTONBHUKA.

21. Popmynwt 05 buccekmpucst mpeyzonbHuka. EC/U a H b — cTOPOHEL
TPEYroNbHUKA, ¥ — YTOJ MEXIY HHUMH, | — OHcceKTpHca TPeyrolbHHKA,
npoBejEHHas U3 BEPUIMHE 3TOro yIia, a @’ U b’ — OTpeskH, Ha KOTOphIe
6HcceKTpHCa JEUT TPEThIO CTOPOHY TPEYTOIbHHKA, TO

2abcos !

l = sz, 12 = ab—a’b’.

22, @opmynst dns nrowadu mpeyzonvHukd. Eciu a, b ¥ ¢ — CTOPOHEI
TPEeYTONIbHUKA, &, 3 U Y — IPOTHUBOJIeXKalHe UM yIIIbL, h,, hy u h, — BEICO-
Thl, IPOBEJIEHHbIE U3 BEPIIHH 3THX YIJVIOB, p — MNOMYIIEPUMETP TPeyrob-
HHKa, R — pajiuyc onucaHHOH OKPY>KHOCTH, T, Ty, Iy H I, — PaJHyChl BIH-
CaHHOI M BHEBIIMCAHHLIX OKPYXKHOCTeH, Kacalol[HXcsl CTOPOH a, b u ¢ co-
OTBETCTBEHHO, a S — IUIOLIa/lb TPEYTONbHUKA, TO

1 1 . b
§=gah,, S=gjabsiny, S= %, S=pr, S=(p-ar,
S=+p(p-a)(p-b)(p—c) (dopmyna lepona),
op2. . . _ a*sinfsiny _ hyh, _
S =2R"sinasinfsiny, S= sin(B17)’ S=5aS, S= .

23. a) [Tnomazp 4YeTHIPEXYTONBHHUKA C TIePIeHAUKY/IAPHEIMH JUArOHa-
JIAIMH paBHa IOJIOBHHE IIPOMU3BeleHUA AUaroHaleH.

6) ILromazns n060ro 4eTHPEXYroNbHUKA PABHA NTOJIOBHHE NIPOU3BEe-
HHA AHaroHajsei Ha CHHYC yI/Ia MeXAY HHMH.

24. a) MeauaHa pa3buBaeT TpeyTroJIbHUK Ha JBa PABHOBEHKHX.

6) Tpu MezMaHbl pa3bHBAIOT TPEYTOIBHUK Ha IECTh PABHOBETHKHX.

B) Eciu m1omap TpeyronsHUKA paBHa S, TO TJIOIMIAJAEL TPEYTOAbHHKA,

3
COCTaBJICHHOI'O U3 eI'0 MeJHuaH, paBHa ZS.

r) Eciu Touyka D siexxut Ha cropoHe BC TpeyronbHuka ABC wiu Ha eé
Saaps _BD
SAADC Dc’

MIPOAOIKEHUH, TO
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2) Eciu Touku P u Q nexar Ha cropoHax AB 1 AC wiM Ha MX IIPOAOI-

KEHMAX, TO Sanrg — AR, ﬂ.
Saapc AB AC

25. a) CepeguHbl CTOPOH JIIOGOro 4eTHIPEXYTONIbHHKA SBJIAIOTCA Bep-
LIMHAMM NapajlUleJiorpaMmma, IpH4YéM IUIola/b IapasiesorpaMMa BABoe
MeHblI€e IUIOIAZH YeThIPEXYTONLHUKA.

6) CepeguHEI IBYX MPOTHBOMOIOXHEIX CTOPOH T060T0 4eTHPEXYTOb-
HUKa M CePeJIMHBI ero AHaroHaiei 6o ABIATCA BePLUIMHAMY ITapajlie-
sorpamma, Iu6o nexar Ha OfHOM IPAMOM.

26. [lMaroHa Iy 4eThlpEXYrobHHUKA NepHeH/AUKY/ISIPHEL TOTAA U TOIBKO
TOT/Za, KOrjja CyMMEI KBaPaTOB IPOTHBOIONOXHEIX CTOPOH PaBHEL

27. Ecu guarodanu AC u BD yeTslpéxyronbHuka ABCD, BIHMCaHHOIO
B OKPY»KHOCTb paguyca R ¢ neHTpoMm O, nepecekaroTcs B ToYke P U nep-
NeHAUKY/APHEL, TO

a) paccrosiHde oT To4kH O 710 CTOPOHEI AB BABOE MeHblIle CTOPOHHI CD;

6) meguaHa PM TpeyroabHUKa APD nepleHIuKy/IApHa cTopoHe BC;

B) AB%+CD? + AD? + BC*=8R?, PA?+PB?+PC?+PD*=4R?;

r) IIomaab 4eThIpéXyronlbHHKa ABCD paBHa %(AB -CD + BC- AD),
npuyYéM 714 J060ro Apyroro yeThlpéxyronbHuka ABCD ¢ TeMH e CTo-

pOHaMH IUVIOLIAAbL MeHbllle, YeM %(AB -CD+BC-AD).

28. [IBe OKPY»KHOCTH KacaloTca BHyTpeHHUM o6pasoM B Touke M. Ecin
AB — xopza 6onblieit OKpY)XHOCTH, Kacarolascsa MeHbUIEH OKPYXHOCTH
B Touke T, To MT — 6uccexTpuca yrma AMB.

29. Ectu BiMcaHHasA OKPY;KHOCTb KacaeTcA CTOPoH AB u AC Tpeyroisb-
Huka ABC B Toukax M u N, a P — Touka nepecedeHus npamoit MN c 6uc-
CeKTpHcoi yria B, To ZBPC =90°.

30. OkpyscHocmb Anoanonus. TeoMeTpHYECKOe MECTO TOYEK, PaccTo-
STHUA OT KaXKA0H M3 KOTOPHIX /10 ABYX AaHHBIX TOYEK OTHOCATCA Kak m:n
(m#n), eCTb OKPYKHOCTb.

31. Teopema ITmonemesa. CymMMa HpPOM3BEAEHHH MPOTHBOMOIOKHBIX
CTOPOH BIIMCAaHHOTO YeTLIPEXYTOJbHHKA paBHA MPOHM3BEJEeHHIO ero jJua-
roHazuem.
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511 1344, 512. 75 513. —%P _ 514 —fﬂ 515. 6
A1 44, 5.12. S s SM. o 515 6

d 24 mn(m+n) VER
516. dy/2+7. 517. == 518 TSGR 5190 P 7. 5.20. 5.
2cos—+3
521 28 522 cp=vE, cE= &, pE= L, _2\/_ 523, —3—,
5 5 5 6cos§+1

5.24.2; S=tg72° =/ 5+2+5. 5.25% ab—2a.
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§ 6. [loaroToBHTENbHbIE 3a/a4YH

6.1. 1:7, cyuras or C. 6.2. 2:1, cuuTas OoT ToYkH B. 6.3.5:24. 6.4. 8:13.

6.5.20:21; 6:35. 6.6.5:6;8:25. 6.7.1:2. 6.8.1:6, cuuTas OT TOYKU A.
a+b

6.9. 1:3, cuuras ot Touku A.  6.10.

TpeHupoBOYHbIE 3a/ja49H

6.11. n:m. 6.12. 3:1, cumras oT BepmumHe A. 6.13. 1:1. 6.14. 4. 6.15. 10.
6.16. 2v6. 6.17. 1:3. 6.18. 3:1. 6.19. 1:4. 6.20. vI3. 6.21* 1:2.
6.22%a)1:1,5:9;6) 5:21. 6.23*4:3.

§ 7. IToAroTOBHTEAbHBIE 3afa4yH

711 7.2 2

2 1 1 S
5 7335 74.3. 75.3. 76 18V2. 7.7. 3

TpeHﬂpDBO‘IHble 3ajgavyu

78. 2,/5,5,. 7.9. %. 7.10. (mzfz)r 7.11. sl;’—sz 712, 120.
703, (V5 + V)% 704, 2. 715 5. 716, 25, 747 (ai—i}z 7.18. <.
709, S UCEEO S 720.2:1. 721 3d. 7.22.45°, 90°, 45°. 7.23, 9ﬁ.
7.24. (VS; + V5, + V5;)% 7.25.2—“52(Sl+32). 7.26.3. 7.27. — ¢

Vm kmc+nma+knb

(Isiny +msina + nsin f3)?
2sinasinfsiny

7.28.

7.29. 2./pg. 7.30. 13 :23. 7.31. 1 + 3k.
1
7.32. 7

§ 8. [loaroToBUTENbHbIE 3aJa4H

8.1. 45°. 8.2. 80°. 8.3. 12 u 20. 8.4. 1:3, cuvras ot Touku O. 8.5. 9.

8.6.24. 8.7.2(r+R)mwm 2(R-r). 8.8. 4 . 8.9.90°. 8.10. r*(2V3+3).
a

2co0s —
2

8.11. “T“Lb 8.12. 8 u 15.

TPEHHPOBO‘-IHI:IC 3ajgayu

8.13. 2. 8.14. ? 8.15. 48 u 30. 8.16. 14. 8.17. 10. 8.18. 15 mmm 3.

819, %4 5¢ gog @0 ATE g1 120 goy J3ar. 8.23.90°, 45°,
77 sina 2 17
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45° wm 90°, arctg3, arcctg3. 8.24. sin2a. 8.25. 2¢/9+6v2. 8.26. 150

8.27. 8.28. 8.
3J‘ 8.8

§9. IMoaroToBHTEAbHBIE 3aJaYH

9.1. R, 60°, 60°, 60°. 9.2. 9. 9.3. 84. 9.4. 4. 9.5 24. 9.6. 55.

2
9.7. R(vV2Z +1). 9.8. 2. 9.9. IR 2Ra 9.10. 60°. 9.11. 3r. 9.12. 1:3.

9.13. 6rv/3. 9.14. R(2V/3-3). 9.15.

a+b

TpeHHpOBOYHEIE 3alauH

9.16.8. 9.17.3v2. 9.18. #. 9.19.3:2wm1:2. 9.20. 1ga, §ctga.

2rR
9.21. 7. 9.22. +R 9.23. 2r+

Rr 15 20
9.28. zm, 21"\} R+r 2R R+r 9.29. —(_\/l_izl:—\/t_’)z 9.30. 6. 9.31. — s 3
9 9 9 9

4
9.32. 1. 9.33. 12. 9.34. 2 W3 9.35. 50 WM 35 9.36. 2 = 5»/5.

Rv3 r
937. 2v21 — 9 wm 3 + 2V3. 938, ——Y" 939, a/1+—.
V2 —rR+R? R

\/§

0.42.2J3. 9.43.127. 9.44. X

9.24. 8. 9.25. 30°. 9.26. 3:2. 9.27. 3.

9.40. b\/k2+k. 9.41 9.45, 2r+/5.

4(21~/‘)

S

9.46. 9.47: 5. 9.48: R_

§10. INoaroroBUTEAbHbIE 3aa4YH

av2 2a av2 2a
10.1. 24. 10.2. , , .
3+l B+l M Ao Va1

a+b la —b| b
) WIH 5 10.6.2.

10.3. 2v/3. 10.4. a.

10.5.

TpeHHpPOBOYHBIE 3aJaYUH

384 345
25 - 10.8. 5 - 10.9.

10.12. |ctga|y/ a®+ b®> —2abcosa. 10.13. 5 +;/E.

n—m

10.7. om

10.10.

10.11. acosa.

e
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§11. [loaroToBHTENbHBIE 3aa4H

1L1 4. 11.2. 30° wim 150°. 1L3. R%tga. 1L4, H2=C.

1s. 5,1,6,3,2

2
169 10 15 65 , 21 b—a {a® + b2
11.6. 247 3° 7,12, 12. 11.7. 48—,4, ?,12, 14. 11.8. 7 - 11.9. —
85
1L.10. 2.
TpeHHPOBOYHLIE 3aa4H
1111 Bue; %1_4. 112 arcgd, arcergd. 113 2RV 114 V3.
11.15. v3,2v3 wm 2+3,v3. 1116. 165° wm 105°. 1117 b o
ZCOSE
2
8. —S—. m19. 2,/ 1.2 21 367, 36°, 108",
1/4‘,_12_ b2 15 c
P . 1 2, Q 1 a
11.22.tg551n2<p. 11.23.§(p—a) tg3- 11.24. Ep(p—a)tgi. 11.25.13 u 15.
3
1126.5. 1127.16. 11.28.4v3. 1.29.1 1030.2. 113Lb+p. 1132 5.
1133.9:14. 1134.2. 1135.30°,90°. M36.cgla 1137 22, 1138, SR2

11.39. V3. 11.40. 45°.

§12. lMoaroToBHUTEJIBHBIE 3a1a4H

12.1. 2Vab. 12.2. E’;id 12.3. 1. 12.4. 12 wnu 3v2. 12.5.0,2. 12.6. |[R*—d?|.
2a 2ar o
12.7. 7 12.8. Tars 12.9. y/2a(a+b) wm /2b(a+b). 12.10.90°.

TpeHHpPOBOYHEIE 3aJa4H
1211, % 12.12. 52— (\/sin? p+8sina—sin B). 1213 %. 12.14. V2.

2sina
1ﬂa2+b2+20bsin%

12.15. —2(\/5 +1). 12.16. /5 + 1. 12.17. 210. 12.18.

2msE
2
1219, v10. 12.20. 2. 1221 2. 1222 28 1223 & 1224 2
10 3 5 5
12.25. ﬂ_%ll- 12.26. 40. 12.27. W 12.28.1. 12.29. 2(5+2v3).

12.30. v/ab. 12.31.5:10:13. 12.32. V7R, \/g. 12.33* 8k —1. 12.34* /3.
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§13. [MoaroToBHUTEAbHbIE 3aJaUH
13.1. 110° u 250°. 13.2. /MAB = /ZNAC = 40° win /ZMAB = /ZNAC = 140°.
13.3. 35° wnm 55°. 13.4. 40°, 80°, 60° wau 60°, 20°, 100°. 13.5. 96°, 132°, 84°,
48°, 13.6. 3. 13.7. 25°. 13.8. a 13.9. 50°. 13.10. 25°. 13.11. 81°.

2|cosfl”
13.12. V2. 13.13. ﬁ*—ﬁi‘l‘
TpeHUpOBOYHLIE 3aJaYH
acosﬂ%"
13.14. ———2—. 13.15. ZBAC =110°, ZBCA=30°, ZDCA = 60°, ZDAC = 80°.
sin(f +a)
13.16. 80°. 13.17. 30°, 40°, 110°. 13.18. arcsin%. 13.19. 25—71:. 13.20. g
13.21. 1; 1; v/3; 120°; 30°; 30°. 13.22. 90° + @, ecn a < 45°; 90° — a, ec-
JH a > 45°. 13.23. % 13.24. 80°. 13.25. 15°. 13.26. 2r2sin’asin2a.
/49— 9tg?
13.27.5. 1328 Y5 —E% 13202 1330 L. 13.31.90°, 60°, 30°,
sina 3 4cos“a
bz_ 2
13.32. 180° - 2a. 13.33. 0. 1334. a’ergy. 13.35. o 13.36. V3.
2

13.37% LA=60", ZB=15°, ZC=105° wnu £A=60°, ZB=105°, ZC=15°. 13.38:1

§14. IToaroroBHTENBHBIE 3a1a9H

141 4,8 12, 16. 14.2. 10. 14.3. 3“;2&’. 14.4. %5 b

14.7. % 14.8.1u3. 14.9.4,6,4,6.

14.5. 2—74. 14.6. 12.

T]JEHHPOBO':IHLIG 3ajgadyHn

2ab 4rJTR

2. uae T
2 2 2 2

14.15. \/ w — \/ @ 14.16. 2. 14.17. 5, 20, 32§ 2—; 14.18. 2.

14.19. 23£ 14.20. Vab. 14.21L 92—3 122 T 1423 \a@+b).

2
14.24. /Pg. 14.25. 56‘3. 14.26. 2. 14.27. V2. 14.28. Ba—. 14.29. /7q.

1410. 1 u 2. 1411 35 14.12. 1 : 1. 14.13.

14.30. \/a(a—b). 14.31t%. 14.32?37‘/5. 14.33: Vab. 14.341 5.

§15. [ToaroTOBHTENbHLIE 3aJaYH
2 2_ .2
151 1 15.2. Scos’a. 15.3. 60°, 40°, 80°. 15.4. 30°. 15.5. SEEL=E),

15.6. % at+ct+ac. 15.7. v a®+b2x2abk. 15.8.10.
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TpeHHPOBOYHBIE 3a/ja4H

15.9. -E;‘/_E 15.10. 8v/3 wm 24. 15.11. 60° wim 120°. 15.12. 45° wmm 135°.

25 24
15.13. —. 15.14.45°,75°,60°. 15.15.30°. 15.16. —. 15.17.13. 15.18.340.
= 4.45°,75%,60 5
Sa 1 2 * m? — h?
15.19. 3 15.20. Sa‘ctga. 15.21% oh

JuarHoctudeckas pa6ora 1

1 9 240 R 24 o 4.4,
Lowms 2,20 3580 4180 5.3 623434,
[uarnocTudeckan pa6oTa 2
1.2v97,48. 2.2R. 3.03. 4.23. 5.3?6. 6. a.

JduarsHocTHyeckas pa6ora 3

1.25,4V5. 2.2(rctg 5 +2Rsina). 3.8,6 wm 4,12. 4. \/a(a+b), y/bla+b).

(a+b)?
R

5.4. 6.

JAuarsoctudeckas pabora 4

1.15. 2.2(¥/2%1). 3. g 4. /97w v/57. 5.4. 6.1++/3.

JuarHocruyeckas pa6ora 5

2rRVrR 2 1 9 1
1.6. 2.96. 3. TIR 4.5. 5.§PUIHﬁ. 6.5.

JuarHocrHyeckasi pabora 6

Liwm4. 2.5 3.2 4.203—‘/5. 5.6wm4. 6. R
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