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IIpegucioBue

OTo mocobue mpeAHAa3HAYEHO JIA MTOATOTOBKY K PELIeHUI0 33aJad Mo
TeMe «YpaBHEHUS U CHCTeMbl ypaBHEHU» 1, B YaCTHOCTH, 3aZa4u 13 esu-
HOTO TrocyzapcTBeHHoro sk3ameHa (ET'D) mo maremaTtuke (IIpodrIbHBIN
YPOBEHB).

3azaua 13 mpeacTasisfer coboil ypaBHEHNE WIN CUCTEMY YPaBHEHMUI.
Kito4eBBIM IIPM3HAKOM 33ZayM fIBJSIETCS HEOOXOAMMOCTb OTOopa Io-
JIydeHHBIX B pe3yJbTaTe pelleHUsA TOI'0 WIM MHOTO YpaBHEHH:A KOpHel
B COOTBETCTBUU C BBITEKAIOIINMU U3 YCIOBUA OrpaHUdYeHUAMU. [Tpu sToM
[T pellieHus 3aZauu 13 Heo6X0AMMO YBepEHHOE BiIaJieHre HaBBIKaMU pe-
IIIeHUA BCEX TUIIOB YpaBHEHUH 1 CUCTEM YpaBHEHUH, M3y4aeMbIX B OCHOB-
HOM M CTaplleii IIKOe: LeJIBIX PAllIOHAIBHBIX, APOOHO-PAllIOHAIBHEIX,
MPPalMOHAIBHEIX, TPUTOHOMETPUYECKUX, TIOKA3aTeIbHBIX, JOrapupMU-
YeCKUX.

st Toro 4To6sl moAroToBKY K EID czenaTh MakcuManibHO 3ddek-
THUBHOH, B 1mocobre BKIIOUEHBI 3aZlaHus, COOTBETCTBYIOI[ME BCEM IIECTH
GYHKIIMOHATBHO-YHCIOBEIM JIMHUAM IIKOJIBHOTO Kypca, U OIKCAHBL OC-
HOBHbIe MeTOZbI pellleHUs ypaBHEHUM U cHCcTeM YpaBHEHUH JId KaxKou
13 3TUX JUHUN. Takoe IOCTpOoeHUe TOCOOsI, C OHOM CTOPOHEI, TO3BOJIUT
BBISIBUTH CYIIECTBYIOIINE MPOOeNbl U MpobIeMHbIE 30HBI B IIOATOTOBKE
C LENbI0 UX YCTPaHEHWS U BBIPAOOTKU YCTONYMBHIX HABBIKOB peIIeHs
ypaBHEHUM U CUCTEM YpaBHEHUH, a ¢ Jpyroi — II03BOIUT UCIOAb30BAThH
KOMIUIEKCHBIN TTOAXOZ MPU OPraHU3AllNM U MPOBeJeHUN 0000IIaronero
ITIOBTOPEHMUS.

PasymeeTcs, mpuCTynaTh K H3y4eHUIO METOJOB pelleHUs ypaBHe-
HUN U CUCTEM YypaBHEHHUMN, COOTBETCTBYIOIIUX IO YPOBHIO CJIOKHOCTU
3agzave 13 EI'D mo maTemaTvKe, MMeeT CMBICI TOJIbBKO B TOM CJydYae,
€CJIU pellleHre MPOCTEHITNX YPaBHEHUN 0 KaXJ0H U3 GYHKIIMOHAIBHO-
YHCJIOBBIX JIMHUM IIKOJIBHOI'O Kypca He BhI3bIBaeT HUKAKUX 3aTpyAHEHUH.
I IpoBepKU HaBBIKOB pellleHUs TaKUX YpaBHEHUM HY)XHO IpeJBapu-
TeJIbHO PEUIUTh TPEHWPOBOYHBIE M JUArHOCTHUYECKHE PabOTHl MOCOOHS
C. A.IlectakoBa «EI'D 2017. Maremartuka. [IpocTelile ypaBHeHuUd. 3aja-
ya 5 (mpoQuibHBIN ypoBeHB)» (M.: MITHMO, 2017). ITocsie 3TOro HY>KHO
BBINTOJIHUTH BBOZHYIO JWAarHOCTUYECKYIO PabOTy HACTOALIETO HOCOOUA.
OHa CcOCTOUT U3 ABYX 4YacTel: B epBOM IIpeJCcTaBIeHbl 12 ypaBHEeHUN —
IO ZIBa HA KaXKAYI0 QYyHKIIMOHAIBHO-YHCJIOBYIO JIMHHUIO IIKOIBHOTO KypCa,
BO BTOPOM, MMelolel Ty e CTPYKTYypy, — 12 cucTeM ypaBHeHUi. BHavase
HY>KHO DEIIUTb MEPBYIO YacThb, IIOCTApaBIIMCh YIOXWUTBCA B ZBa daca.
Ecnu npolieHT IpaBWIbHO BBHIIOJHEHHBIX 3alaHU OKaXeTcsd He MeHblIle



4 Ipeaucnosue

75, MOXKHO TIepeXOJUTh K pelleHUIo 3aJa4d BTOPOM yacTu. B mpoTuBHOM
cilydae HY»KHO OIpeJeIUThb, KaKKe 3a/1a4M BHI3BIBAIOT 3aTpyAHEHUsI, 06pa-
TUThCSA TTPH HEOOXOJUMOCTH K pa3bopy 3aZia4, U3y4UTh METO/BI PEIIEHU,
BBHITIOJTHUTh TPEHUPOBOYHBIE PABOTHI U TOJBKO MOCJIE 3TOTO MEPEXOAUTH
K pelleHUI0 33/]a4 YacTU 2, MOCTapaBIIUCh MOTPAaTUTh Ha Hee He Gojsee
ZIByX 4acoB. Eciu mpoIieHT IpaBWIbHO BHIITOMHEHHBIX 33laHUM U 3/ech
OKa)XeTcs He MeHbllle 75, MOXKHO IepeiTH K pelleHUIo CAe[YIoUUX Jua-
THOCTUYECKUX PaboT, nHaue — 06paTUThCS K METOZAM peIlleHUs COOTBET-
CTBYIOIIUX CUCTEM, Pa306paThCs B HUX, PEIUTh TPEHUPOBOYHBIE PAGOTHI
Y TOJIBKO MTOTOM — OCTaBINIUECS AUATHOCTUYECKUE. B 060M cilydae TIpu
HaJIM4uY YpaBHEHUMN WM CUCTEM YpaBHEHUH, BBI3BABIIMX 3aTpyJAHEHUS
WIN peIIeHHBIX HEMpaBWIbHO, HYXXHO MpopaboTaTh COOTBETCTBYIOIIMI
MaTrepua mocobust U PeUTb TPEHUPOBOUHBIE PAOOTHI.

ITocobue cofep:KUT 6 AUATHOCTUYECKUX U 15 TPEHUPOBOYHBIX PaboT,
a Takke pa3bop 3aZiad BBOJHOM JUArHOCTHUYECKON paboThl U HEOOXOAU-
Mble MeTOAMNYecKHe peKOMeHJalUU IO PelleHHI0 YpaBHeHUU U CUCTeM
YpaBHEHUH, POWLIIOCTPHUPOBAHHbBIE GOTBITUM YUCIOM IIPUMEPOB.

[ToguepKkHEM, UTO B MOCOOME BKIIOUEHBI 33/IaHs, B OCHOBHOM OTBeYa-
oIV 10 YPOBHIO CJIOXKHOCTHU 3azanuio 13 EI'D no matemartuke, U IIOATO-
TOBUTEJIbHBIE 3a/IaUH.

[Ipu noAroTOBKE K pelleHuIo 3ajad EAMHOro rocyapcTBEHHOI'O 9K3a-
MeHa C pasBepHYTHIM OTBETOM BaXHO IIOMHUTH cieayollee. [IpoBepka
OTBETOB OCYILECTBJIAETCA dKcIepTaMu. [loaToMy NpuBOgUMMOE pelLIeHune
JIOJDKHO coflepykaTh BCe HeOOXOAMMBbIE MOSICHEHUS M 000CHOBAaHUA U OBITh
MTOHATHBIM HE TOJBKO €TI0 aBTOPY, HO U JIIOOOMY KOMIIETEHTHOMY YeoBe-
Ky, B YaCTHOCTHU, ITPOBEPAIOLIEMY.



JluarHocTudyeckasa pabora

Yacts 1. YpaBHEeHUA
Pemute ypaBHeHUe.
1. 3(6x* —13x +6)* — 10(6x* — 13x) = 53.
2. x> =9+ |x+3|=x*+x—6.

X" =4x5+4x*—7x =2
X7 —4x°+3x2—4x—4
2 x—=5 _ 1

4. x2—2x-3 +x2—1 T x2—4x+3°

5. (x—3)y/x*—5x+4=2x—6.

[3—x [x—1
6. m-l—?) m—‘l-.

7. sin 3x +sin4x + sin 5x =0.

3.

8. arcsin x (4 arcsin x + arccos x) = 2.
9. x-2¥4+3=3-2"+x.

10. 4Sinx + 25728inx —=18.

11. log; (x*—12) +0,5 logs x%2=0.

7
12. log, 2 —log, x+ ¢ =0.

YacTs II. CucTemMbl ypaBHeHUIl

PemmTe cucteMy ypaBHEHUH.

xy+x+y=11, x?+2y? 3
1. =9
x?y +xy*=30. ) Y
+2y*\2 5
{x2+y2:z, (T) =x"+2y“—3y+9x.
2.
x+y+2z=-0,5. {ﬁ+ﬁ:7,
x_Y_5 \vw=10.
yox 6’ . Vx+y+2x+y+2=7,
X'y =S, " | 3x+2y=23.



6 JluarHoctuyeckas pabora

gy __Q—tgy
A/ y+cos?x—2+cosx=0, 3-3%Y4+2=3 ,
7-{ d 10.{

Vx—2+6cosy=0.
2sin*x+3sinx+1 _

8. vy > 11. { ilofz()g: 2=210g(9) x®,
b'e =0.
y+4«/§cosx:0. Y

ysin?x —sinx—1=0.

817 —4. 9% 43 _ 2log; (sinx) +3log,(sinx) +1

9. 4/1—2siny 12. log, (—cosx) 0,
vVx+3+cos2y+1=0. \/y—7=«/§cosx+1.




YacTh I. YPABHEHUA

[JTaBHBIM 3TAIlOM pelleHws JII060r0 YpaBHEHUS BIISAETCS CBeEHIE €T
K OZIHOMY WM HECKOJIbKUM MPOCTEUINM ypaBHeHusAM. [1of mpocTenm-
MU YpaBHEHUSAMHU B 3aBUCUMOCTH OT IIPUHA/IEKHOCTH K TOU WIN WHOM
OYHKIMOHATBHO-YKMCIOBOM JMHUN IMKOJBHOTO Kypca IMOApasyMeBaroTCs
ClleAyrouue:

® [UIS IeJIBIX PAIIOHAIBHBIX YPaBHEHUH — JIMHENHbIE U KBaZpaTHbIE
VpaBHEHUST;

® /i1 IPOOHO-pAIIMOHAIBHBIX YPaBHEHU I — ypaBHEHUs BUAA ‘)g% =0,
rae f(x) u g(x) — MHOTO4YIEHBI IEPBOU WJIN BTOPOU CTEIEeHMU;

® /17151 UppallOHAIbHBIX YPaBHEHUM — ypaBHeHUs BUza 4/ f (x) =g (x),
rae f(x) — MHOTOWIEH IepBOU WX BTOPOU cTemeH!, g(x) — MHOTOWIEH
CTETNEHU He BHIIIE TIEPBO;

® /I TPUTOHOMETPUYECKUX YpaBHEHUN — ypaBHEHUS BUZA Sinx =da,
cosx =a, tgx =a, rAe a — JeWCTBUTEIbHOE YHUCJIO;

® /I TIOKA3aTeNbHBIX YPaBHEHWHN — ypaBHEHUA BUZA af® =p, e
a — TIOJIOXKUTEIBHOE 1eHCTBUTENIbHOE YHC/IO, OTIMYHOE OT eIUHHUIILI, b —
JIeACTBUTENIbHOE YUCIIO, f (X) — MHOTOWIEH ITepPBOM WIN BTOPOU CTETIEHH;

e /1 Torapu$MUIecKUx ypaBHeHUN — ypaBHeHus Buza log, f (x) =b,
rae b — IefiCTBUTENIPHOE YMCIO, d — IIOJIOKUTENBHOE JIEeHCTBUTENHHOE
yucso, ommaHoe ot 1, f(x) — MHOTOWIEH ITepBON WM BTOPOU CTEIEHU.

CylecTByeT ZiBa OCHOBHBIX CITocoba CBeJeHUsS YpaBHEHUS K OJHOMY
WIM HECKOJIbKUM MPOCTEUIINM: anrebpandeckrie mpeobpa3oBaHus U 3a-
MeHa repeMeHHOM. Kpome Toro, peliieHre HEKOTOPHIX YpaBHEHUH Tpeby-
€T TIPUMEHEHUS TaKUX CBOMCTB PYHKITHI, KaK MOHOTOHHOCTh U OTPaHU-
YEeHHOCTb.



§ 1. Llesible panioHabHbIE YPAaBHEHUS

Kak yxe oTmedasoch, IpOCTeHIIMMU LeJbIMU (CJIOBO «palllOHAaJIb-
Hble» WHOTZA OyZeM OIyCKaTh) YPaBHEHHUSAMU SIBJSIIOTCA JIMHEHHBIE U
KBaZipaTHble. PellleHre MPaKTUYECKU JIIOOBIX IIEJBIX YpaBHEHUH, B TOM
YuCJe U TeX, KOTOPhle MOJIyYeHbl M3 APOOHO-palMOHANbHEIX, UPPALIUO-
HaJIbHBIX, TPUTOHOMETPUYECKUX, ITOKA3aTENbHBIX U JIOTapUOMUYIECKUX
YDPaBHEHMI IIOCPeACTBOM 3aMeHHl IIepeMeHHOH JMO0 WHBIM CIHOCO60M,
CBOJWTCA K peUIeHUIO0 JWHEUHBIX U KBaZpaTHbIX ypaBHeHuiul. IloaTo-
My yMeHHe ObICTpPO U 6e3 OmMOOK pellaTh JUHEHHBIE W KBaJpaTHBIE
VpaBHEHMS SIBIAETCS OJHUM W3 BaKHEUIIMX: OOWAHO, MPUAYMAaB CIIO-
co6 pelleHUs OTHOCUTENBHO CJIOXKHOM 3a/laud U CBeld ee K JIMHEHHOMY
WIN KBAaJpaTHOMY ypaBHEHUIO, OIIMOUTHCA Ha MOocieHeM Iiare. Jlamee
pelileHye JIMHEHHBIX U KBaJpaTHBIX YpaBHeHUH He paccMaTpuBaeTcs (pe-
KOMEH/eTCs pellaTh UX CAMOCTOSTENBHO), a cpa3y Iocjie UX IPUBeJeHUs
K CTaHJapTHOMY BU/Y BBITMCHIBAIOTCS KOPHHU.

PaccMOTpUM OCHOBHBIE CIIOCOOBI PEIlIeHHs IeJIbIX PallMOHATbHBIX ypaB-
HeHUH.

1. Asrebpandeckuie peoOpa3oBaHU

OJHUM M3 OCHOBHBIX CIIOCOOOB CBEJEHUS YpaBHEHUA K OJHOMY WU
HECKOJIbKUM TIPOCTEHIITUM SBJIAIOTCA anrebpandeckue mpeobpa3oBaHUs
OZIHOM WM 06erx ero yacreil. B Takux ciaydasx, KaK MpaBWIO, BCE Wie-
Hbl ypaBHEHUs MEPEHOCAT B OFHY U3 €T0 YacTel, MPUBOAAT IMOJ00HBIE
Y TIBITAIOTCS Pa3JIOXKUTh TMOMyYEeHHOE BBIpAKEHHWE Ha MHOMXUTENTU. JIjist
IIEeJIBIX YPaBHEHUM C 3TOH IeIbI0 OOBIYHO HCIIONMB3YIOT (GOPMYJIBI CO-
KpallleHHOTO YMHOXKeHUA. VIHOT/Ia, YTOOB MPUMEHUTH OAHY U3 GopMys
COKpAIIleHHOTO YMHOKeHUs, TpebyeTcss MPUMEHUTh UCKYCCTBEHHOE IIpe-
obpa3oBaHue: J06aBUTh U BEIYECTh HEKOTOPOE BhipaxkeHue. Eciiu yaaeTcs
«yTaflaTh» KOPEHb I€JIOTO0 PallMOHAJBHOTO YpaBHEHUS CTEMEHM BHIIIE
BTOPOM, T.e. KOpeHb X, MHorowieHa p(x) B JIeBOM 4acTu ypaBHEHHUA
p(x) =0, To MOXXHO TIOHU3UTH CTeIleHb YpPaBHEHUA, BOCIIOJb30BABIINChH
TeM, yTo Torza p(x) = (x — xy)q(x) U cTeneHb MHOrowieHa q(x) HIKe
cTeneHu MHOTOWIeHa p (x). st momydeHus Gopmyasl p (x) = (xx — xy)q(x)
HCITIOJTb3YIOT MO0 pa3ioKeHue Ha MHOXKUTENH, TUOO leJieHHe CTONOUKOM
MHOTOWIeHa p (X) Ha X — X. B HEKOTOPBIX CIIyYasIX /JIsI TOTO YTOOBI CBECTH
ypaBHEHUWE K JUHEHHOMY WIH KBaZIpaTHOMY, AOCTATOYHO BOCIOJIb30-
BaThCs YCJIOBUEM PaBeHCTBA CTelleHel. PacCMOTPUM IpUMEpPHI pelleHUs
I[EJIBIX YPaBHEHUH C TIOMOIIbIO anrebpanveckux npeobpasoBaHuii, HaYaB
C JIMHEWHBIX U KBaJpaTHBIX YpaBHEHUU C MppalMOHaNIbHBIMU K03ddU-
IIMeHTaMH, KOTOPbIEe, HECMOTPsI Ha UX MPUHA/JIEKHOCTb K TPOCTEHNIINM,
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IIOpO¥ BBI3BIBAIOT HepaspelluMble TPYAHOCTH V BBHIIYCKHUKOB WMEHHO
B CWIY UpPallMOHATbHOCTH KO3GOUIIMEHTOB.
IIpumep 1. Pemure ypaBHeHUE
2(V3-x)+V3@2-x)=2V3-4.
Pemenne. /laHHOe ypaBHeHUe fBJAETCA JUHEHHBIM. BrIMOIHUM He-
06x0MBIe TTpeoOpa3oBaHuUS:

2(V3-x)+V32-x)=2V3-4 &
& 2vV/3-2x+2V3-V3x=2V3-4 &
& 43— (V3+42)x=2vV3-4 & (V3+2)x=2V/34+4 &

2v3+4 _ 2(v3+2)

S x = x = 2.
V3+2 V3+2

= X =

Omeem: 2.
IIpumep 2. Pemute ypaBHeHUE

2x2 = (2V3+3v2)x+ /6 +2=0.

Pemrenue. /lanHoe ypaBHeHUe fBiAeTcA kBajpaTHBIM. Halizem auc-
KpPUMUHAHT D ypaBHeHUA:

D= (2V3+3v2)?—4-2- (V6+2) =
—12+12/6+18-8V6—-16 = 14+4/6.

JIVICKPUMHMHAHT [pe/CTaBiIsieT co00i BRIpaXKeHKe BUAA p + q+/T. B Tom
cIydae, eciii 3TO BBIpaXKeHHe ABJIAETCA MTOTHBIM KBAZpaToM, OOBIYHO HC-
MOJB3YIOT PacCy:KJAeHuA, aHaJIOTU4YHble cleAylomuM. [IpeAnonoxuM, 4To
JVICKDUMUHAHT ABJIAETCA KBaZ[paToOM CyMMBI 4uces a U b:

(@+b)? =14+4+/6.

[TycTh cyMMa KBaZpaTOB 3THUX UMCEN paBHA 14, a UX yABOEHHOE MPOU3-
BeZleHre paBHO 4v/6. Torma ab = 2v/6. Hanbonee BepOATHEIMU «IIpeTeH-
JleHTaMHi» Ha poib d U b aABnAoTes mbo 2 u V6, 6o 2v/2 u v/3, mbo
2v/3 1 v/2. TTocKobKy cyMMa KBaZipaToB HCKOMBIX 4rcesl paBHa 14, To 3To
gucna 2v/3 u V2. CnegoBatensho, vD = 2+/3 + +/2. Toraa mo dopmyie
KOpHel KBa[paTHOTO YpaBHEHU:

2v3+3v2+24/3+2 _
1= 4 5 xl—\/§+\/§,
[—t
_ 2V3+43V2-2V3-V2 o= Y2
Xy = 4 2 2

Omeem: V3 + x/z; \/75
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Ycnogue paseHcmea cmeneHetl

Ypasrenue suzga (g(x))?"*1 = (p(x))***!, rae n — HaTypaabHOe uMC-
JIO, B CWIY CBOMCTB CTEIEHHOM GYHKIMM C HEYEeTHHIM HaTypaJlbHBIM
IoKa3aTeJeM paBHOCWIbHO ypaBHeHMIO g(x) = p(x). YpaBHeHUe Buza
(g(x))z" = (p(x))z”, rle n— HaTypajbHOe YHCJIO, B CWIy CBOWCTB CTe-
MeHHOU (YHKITMY C YeTHBIM HaTypaJbHBIM TOKa3aTeJeM DPaBHOCHIBHO

p(x)=qx),
p(x)=—q(x).
IIpumep 3. Pemure ypaBHEeHUE
(x—3)°+*-2x-13=0.
Pemenune. ITlepenuiieMm ypaBHeHUe B BUJe
(x—3)°=—-(*-2x-1)>
Jlanee, mockonbky a® = (a?)3, —b% = (—b)3, nonyuum
(x—3)"% = (—x*+2x+1)°.
B cuny Toro, 4to ¢’ =d® < c=d, nociesHee ypaBHeHNUE TPUBOAUTCH
K BuzAy (x —3)? = —x? + 2x + 1. [lepeHeca Bce WieHH ypaBHEHHUA B Jie-
BYIO YacCTh, PaCKpHIB CKOOKU, pUBe/s MOJ00HbIE U pa3genuB obe 4acTu

[IOJIy4YEHHOTO YpaBHEHUA Ha YUCJIO 2, MONYYMM KBaJpaTHOE ypaBHEHUe
x% —4x +4=0, eIMHCTBEHHBIM KOPHEM KOTOPOTO ABJAETCS 2.

COBOKYITHOCTHU

Omsem: 2.

Pasznoncenue Ha MHONcUMenuU

Cpeny 1ebIX YpaBHEHME CTEIIEHU BBIIIE BTOPOM, pellaeMbIX C II0-
MOII[BIO Pa3jioKeHUs Ha MHOXUTeNMU (jIs 4ero MpUMEHTIOT GOPMYJIbI
COKpAIIleHHOTO YMHOXKEHUsI M BBIHECEHHE 3a CKOOKY OOIIero MHOXKHUTe-
JIS1), MOYKHO BBIJENUTH CUMMETPUYECKOE ypaBHEHME TPETHEro IMOpPsAKa
ax®+bx? + bx + a=0. [leperpynmnupoBas caraeMble U BLIHOCA 33 CKOOKY
obiue MHOXuTenH, moayduM a(x® + 1) + bx(x + 1) = 0. IIpumeHUM
B JIEBOM 4YacTH ypaBHeHMS GOpPMY/Ty CyMMBbI KyOOB U BHOBb BBIHECEM
OOIITHIT MHOXXUTENDb 3a CKOOKY:

a(x+1)(x*—x+1) +bx(x+1) = (x+ 1 (ax?—ax+a+bx).

TakuM 06pa3oM, ypaBHeHHe CBOJUTCA K JIHMHEHHOMY ypaBHEHHMIO x + 1=
=0, KOPHEM KOTOPOTO fABJIAETCA YUCAO —1, ¥ KBaJPaTHOMY ypPaBHEHHUIO
ax?>—(a—b)x+a=0.

OTMeTHM, 4TO I GONBIIMHCTBA APYTUX LeILIX YPABHEHUH CTEIIeHU
BBILIIE BTOPOI CTAHZAPTHBII aJTOPUTM pellleHus yKasaTh He YAaeTcs, HO
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MIPaKTUYeCKH BCErZla B UX PelleHNH MOXKHO CYIeCTBEHHO NMPOJBUHYTHCS,
cyefysl OZHOU U3 TPeX «HHCTPYKLUMI», WIN «IIPaBWI»: «IIPUMEHU GOpMY-
Jy», «100aBb U BEIUTU», «yTaZiail KOpeHb». PACCMOTPUM HECKOIBKO ITpUMe-
POB.

IIpumep 4. Pemnte ypaBHeHUE
5x® —21x*—21x+5 = 0.

PerteHue. IleperpymnmnupoBaB cjlaraeMble U BBIHOCA 32 CKOOKY 001ive
MHOXUTeMH, monyuuM 5(x> + 1) — 21x(x + 1) = 0. [lpuMeHUM B JeBoi
YacTH ypaBHeHUs GOPMYJIY CyMMBI KyOOB ¥ BHOBb BEIHECEM OOIIUIT MHO-
JKUTEJb 32 CKOOKY:

5(x+1D(x%—x+1)—21x(x+1) = (x+1)(5x%>—26x+5).

TakuM 06pa3oM, ypaBHeHUE CBOAUTCSI K JUHEHHOMY ypaBHEHUIO X +
+ 1 =0, xOpHEM KOTOpOr'0 ABJAETCA YUCIO —1, U KBaAPaTHOMY ypas-

1
HeHu10 5x? — 26x + 5 =0, KOPHAMM KOTOPOT'O ABJIAKOTCA YMCIa = U 5.

5
Omegem: —1; %; 5.
IIpumep 5. Pemure ypaBHeHHe
xt=2x3+x*-9=0.

PemieHue. DTOT MPUMep WLTIOCTPUPYeT TpUMeHeHne GOpMyJl COKpa-
IIeHHOTO yMHOXeHHsA. CHadama BOCIo/b3yeMcs GopMyJIoil KBajipaTa pas-
HocTH ABYX umcen: x* — 2x® 4+ x? = (x? — x)2. Temepb ypaBHEHHE MOX-
HO mepenucath Tak: (x — x)? — 32 =0. [IpuMeHuB GOPMy/Ty PasHOCTH
kBazparos, nomyduM (x2 —x —3)(x2 —x+3) =0, otkyza x2 —x—3=0
160 x? — x +3=0. Kopaamu ypaBHeHus x> — x — 3 =0 ABJAKOTCA YUCIA

1-v13  1++/13 2 o o
u— . YpaBHeHUe x“ — x + 3 =0 felCTBUTEIbHLIX KOPHEN He
MMeeT B CWIy OTPULATeIbHOCTU AUCKPUMUHAHTA.

1-/13 1+/13
2 2

Omeem:
IIpumep 6. Pemute ypaBHEHUE
=4+ -+ x—D(x—3)+ (x—3)*>+(x—3)° =6.
Penrenme. /Inq peleHusa ypaBHEHUSA BHOBb BOCIIOIb3yeMCS IPAaBUIOM
«IpuMeHU Gopmyry». BeipaxkeHue
(=42 + (x =49 (x—3)+ (x—3)*

IpeACTaBiAeT cOO0 HETOTHBIN KBaIpaT CyMMEBI uncesa X — 3 u x — 4. Io-
3TOMYy ecJM YMHOXHUTb €ro Ha PasHOCThb 3TUX umcenl (x —3) — (x — 4),
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MIOJIyYUM PasHOCTb Ky0oB aTux uucen. Ho (x —3) — (x —4) =1, moatomy
(=4’ +x—Dx—3)+(x—3)*=(x—-3°—(x—4)°.
Temnepb ypaBHEHME MOXKHO TIEpeUcaTh TakK:
=+ (x—3P3-(x-93+x—3)% =6,
OTKY/ia, TPUBE/S OA0OHbIE U pa3ZieivB 06e YacTH ypaBHEHUs Ha YUCIIO 2,
nonydaeM (x —3)%=3. 3Haunut, x —3= 3«/5, ux=3+ V3.
Omeem: 3+ V3.

IIpumep 7. Pemmute ypaBHeHue x* +4x —1=0.

Pemrenue. /i TOro 4ToOBI PELIUTD 3TO ypaBHEHHE, IOMPOOyeEM IIpU-
MEHUTb K ero JIeBOil YacTy MPaBUIO «06aBb U BBYTH», ZOMOMHUB X* 710
KBaJpaTa CyMMBI:

xt+4x—1= (M +2x*+1) —2x* +4x—2 =
=2+ 12 -2(*—2x+1) = (x®*+ 12 —2(x - 1)%
Harnee,
12 -2(x— 1% = 2+ 1% - (V2x—v2)* =
= (*+1+vV2x = V2) (x> +1—-V2x+v2).
HonyqaeM ZABa KBaJpaTHBIX YPaBHEHUA:
+V2x+1-vV2=0 u xX*—V2x+1+Vv2=0.

Kopuamu ypaBHeHus x2 + v2x + 1 — +/2=0 asagrorca uncia

—V2—-V4v/2-2 " —V2+V4v/2-2
5 .

2

Ypasrerue x? — v2x + 1+ /2 =0 geiicTBUTEILHEIX KOPHElH He MMeeT
B CWIy OTPULATEJIbHOCTU AUCKPUMMUHAHTA.

—V2-V4vV2-2 —V2+V4V/2-2
2 ’ 2 '

Ipumep 8. Pemute ypasHenwue 2x> + 3x% —1=0.

Omeem:

Pemenne. JleBas 4yacTh YpaBHEHUA IPeZCTaBIAET cO60M MHOTOWIEH
TpeThel CTelleH! C [eJbIMU KodddurmeHTamu. [l penieHus ypaBHEHU
TAKOT'O THUMA CJefyeT NMPUMEHUTh UHCTPYKIUIO «yraZiaii KOpeHb», BhIAC-
HUB, He SABJIIETCS JIM KaKoe-HUOYb IeJI0e YUCIO X, KOPHEM YpaBHEHUS.
Takoe YMCJIO HY>KHO UCKAaTh CPeAU JenuTenell cBOOOAHOrO wieHa. B ca-
MOM JIeJie, €CJIU X, — KOPEHb KaKOT0-TN00 LIeJIor0 YpaBHEHUS C L[eTbIMU
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koadduIeHTaMu, HalpuMep, ypaBHeHus ax> +bx? +cx +d =0, To npu
€ro IIOAICTAHOBKE B ypaBHEHME IIOIyYMM BEPHOE YHCIOBOE PaBEHCTBO
axg + bxg + cxg +d =0. Tak Kak KaXX[oe M3 TpeX IIEPBBIX CJaraeMbIX
JIEBOM 4aCTU 3TOI'0 PABEHCTBA JEJUTCA Ha Xj, TO U MOCAeAHee cIaraeMoe
d JOIDKHO AENUTHCA Ha Xo. AHAJIOTUYHbIE PACCYKeHUA IPUMEHUMEBI U /17T
YpaBHEHUH CTelleH! BhIle TpeTbel. Eciiu Takoe 4uCiIo X CyILecTByeT, TO
JIEBYIO YaCTh YPaBHEHUA MOXKHO OyZleT Pa3/IoXKUTh HAa MHOXKUTENU, OFHUM
13 KOTODPBIX ABIAETCHA X — Xg. JJIA 3TOrO ciefyeT «pa3bWUTh Ha IIapbl»
JIEBYIO YacTh YPaBHEHUA TAKUM 00pasoM, YTOOBI B Ka)XK/JOH Iape MOXKHO
OBLIO BBIIEIUTD MHOMKUTEIb X — X, TUO0 BEIIIOIHUTD JieJieHre MHOTOuIe-
Ha Ha MHOTOWIEH cTonbukoM. Tak, uyncio —1 ABJsAeTcs KOPHEM JaHHOTO
YpaBHEHU, B YeM MOXKHO Y6eAUThCs IPOCTO IPOBEPKOIi. Teneps J1eByio
JacTh yPaBHEHHA MOXHO I1peobpa3oBaTh CJeyOMKM 00pa3oM:

23432 —1= 23 +2x)+(x?—-1) =
=2x2(x+ D+ x+Dx-1) = (x+1D2x%+x—-1).
TaxuM obpasoM, x = —1 ub0o 2x2 + x — 1 =0. KopHAMHU TOC/TETHETO

ypaBHEHUA ABJIAOTCA yncaa —1 u 0,5.
Omegem: —1; 0,5.

Ypasuenus, codepaicaujue 6osee 00HOI nepeMeHHO

VYpaBHeHUs, coAepkalue 6ojee OHOM TepeMeHHOMN, OOBIYHO CTaBAT
B TYNUK HEAOCTATOYHO IIOATOTOBIEHHOTO BHITYCKHUKA, XOTS B GOIBIINH-
CTBE CJIy4aeB UX peliieHue He TpebyeT U30UIPEeHHBIX TPeobpa3oBaHuil WiIn
HEeCTaHJAPTHHIX NMOAXO0Z0B. Kak mpaBwio, Takue ypaBHEHUS SBIIAIOTCS
KBaZIpaTHBIMU OTHOCHTEJIBHO OJHOM W3 IepeMeHHBIX, U KIIUYeBasd ufes
3aKJII0YaeTCsd B MCCIEAOBAaHUU AVMCKPUMUHAHTA YPAaBHEHUSA: U3 YCIOBUS
€ro HeOTPUIATETbHOCTH HaXOAATCS JOIYCTUMbIe 3HAYeHUSI BTOPOU IIepe-
MEeHHOM.

ITpumep 9. HaiiguTte Bce mapsl (x; y) 4ucen X U Y, A KaKI0H u3
KOTOpBIX 5x2 — 4xy + y? —8x+2y +5=0.

Pemenne. IlepemnncaB JaHHOe ypaBHEHUEe KaK KBaJpaTHOE OTHOCHU-
TETBHO X, MOJIYIUM

5x2—4(y +2)x+y*+2y+5=0.

I[Tyctb D — AMCKPYMUHAHT YPABHEHMS, TOTZA
D4 +22-507+2y+5),

OTKYyZa, paCKpbIB CKOOKHU U IIpuBEAA HOLLO6HI)I€, HaXO0aM

D
7=y tey—9=-(y-3)>
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D .
Ecnmu y # 3, To 7 < 0, 1 ypaBHeHUe He nMeeT pewmeHu. Ecim y =3, To

2(y+2)

S =2.

D
= =0, uTorma x =

4
Omsem: (2; 3).

2. 3ameHa mepeMeHHOM
YpasHenue suda a - F2)+b-f(x)+c=0

Takue ypaBHeHMA (MX MHOIZA HA3BIBAIOT TPEXWICHHBIMH) SABJIAIOT-
c OZHMMM M3 Haubo/lee paclpoCTpaHeHHbIX. HaBepHoe, caMBlif H3-
BECTHBI IIPHMep 3TOrO THIA YpaBHEHHi — GUKBAj[paTHOE ypaBHEHHe
ax* + bx? + ¢ =0 (3mech f(x) = x?%). 3ameHolt TepeMeHHOH t = f(x)
TpexwIeHHOe ypaBHeHMe CBOAMTCA K KBAJPaTHOMY OTHOCHTETBHO Ile-
peMeHHO# t ypaBHeHuIo at? + bt + ¢ =0. B kauecTBe IepBOro MpHMepa
I0I06HOTO TUIIAa YpaBHEHWI paccMOTpUM 3azady 1 yactu I BBOAHOIM
JIMAaTHOCTHIECKOH PaGoTHL.

IIpumep 1. Pemiure ypaBHeHUE
3(6x* — 13x+6)* — 10(6x* — 13x) = 53.

Pemenue. O6osHauuM 6x> — 13x + 6 yepes t. Toraa 6x2 — 13x =t —6
U ypaBHeHMe mpumeT Buz 3t% — 10(t — 6) =53, oTkyza 3t? — 10t +7=0.

7
KOpHHMI/I TIOJIy4Y€HHOI'O KBaZI[paTHOT'O YPAaBHEHUA ABJIAIOTCA YUCIa 1u §

CaenaeM obpaTHyto 3aMeHy. [Ipu t = 1 monyuum ypasHeHue 6x2 —13x +
+6=1, oTkyza 6x%2—13x+5=0. KopHsaMuU nocnegHero ypaBHeHUs ABJIA-

I0TCA YUCIa % u g Ipu t= % MONy4UM ypaBHeHUe 6x2 — 13x + 6= %, OT-

Ky/la, yMHOKUB 0be 4acTy ypaBHeHus Ha 3, monyyaeM 18x% —39x +18=7
u, 3HaunT, 18x% —39x +11=0. KopHAMU nocneaHero ypaBHeHUs ABJIA-

1 11

FOTCA YUCIa 5 U .
o 1,15 11
meem: 35 55 35 & -

IIpumep 2. PemuTe ypaBHeHUE
32x—1*—16(2x—1)*+16 = 0.

Pemenne. CgenaeM 3aMeHy IIepeMeHHOM: z = (2x — 12, 2=0. Ypas-
z=4,

HeHUe puMeT BUJ: 3z2 — 16z + 16 = 0. KOpHM 3TOr0 ypaBHeHHU: 4
=3
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Yenosuio z = 0 yaoBieTBOpsIeT KaX/AbIN U3 KOpHeH ypaBHeHU:A. BepHeMca
K IIepeMeHHOH X:

r 3
[2x—1=2, xX=5,
2x—1= -2, __1
(2x—1)*> =4, X=-%
= _ /4 o
3 2v/3
mo1=—yf | 2
B L 23

1 V3—-2 V342 3

Omeem: —=

2° 23 243 0 2
Ypasnenue suda (x —a)(x —b)(x —c)(x—d) =k, 20e a+b=c+d

YPaBHeHI/Ie YKa3aHHOI'O TUIIa IIOCJE€ IIE€PEMHOXEHUA ABYX IIE€PBBIX
" IBYyX IIOC/TIEAHUX CKOOOK B JIEBO¥ 4aCTH JIETKO r[peo6pasoBaTL K BUAy

0?2 —(a+b)x+ab)(x® - (a+b)x+cd) =k

Y CBECTH K KBaZ[paTHOMY 3aMEHOM
t=x*—(a+b)x wm t=x*>—(a+b)x+ab.

VHorza jieBas 4acTh TaKUX YpaBHEHUH MpeAcTaBisgeT cob60ii mpousBee-
HUe€ [BYX KBaJpaTHBIX TPEXWIEHOB U TpebyeT IpeABapUTENbHOTO Pa3yio-
’KEHHA KaKJ0ro U3 HUX Ha MHOXKUTEJIN.

Ipumep 3. Pemmre ypaBHeHue (x2 —4x +3) (x?+ 6x +8) +24=0.

Pemrenue. Pa3noXuM KaKIBIA M3 KBaJpaTHBIX TPEXWIEHOB B JIEBOU
JacTy ypaBHeHHUA Ha MHOxuTenu. KopHamu TpexuneHa x2 — 4x + 3 apis-
toTes yucna 1 u 3, mostomy x? — 4x + 3 = (x — 1) (x — 3). KopHamu Tpex-
4ieHa x>+ 6x + 8 ABnAOTCA yMcaa —4 ¥ —2, TO3TOMY

xX24+6x+8= (x+4)(x+2).
Ter[epb AaHHOE ypaBHEHI/Ie MOXXHO HepeanaTb B BUJE
x—Dx—-3)(x+4)(x+2)+24=0.

IMockonmbky 1+ (—2) =3+ (—4), mepeMHOXUM CKOOKH JIEBOU YaCTH TIONTY-
YEHHOT'O YpaBHEHMS CIEAYIONIUM 06pa3oM: TIEPBYIO C TIOCTAEAHEHM, a BTO-
pyio ¢ TpeTbeit. Momyuum (x2 + x — 2) (x? + x — 12) + 24 = 0. Czenaem
3aMeHy mepeMeHHOH. ITyctb t = x2 + x — 2. Torga x?> +x —12=t — 10,
U ypaBHeHMe npumeT BuJ t(t — 10) + 24 =0, oTkyza t> =10t +24=0.
KopHAMU TONTy4eHHOTO KBaZpaTHOTO YpaBHEHUA ABIAIOTCA Yuciaa 4 u 6.
Cnenmaem ob6paTHyto 3aMeHy. [1py t =4 moTyYnM ypaBHeHHe X2 + x —2 =4,
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oTkyza x% + x — 6=0. KopHAMYU MOC/Ie/IHEro ypaBHeHHs ABIAIOTCA 9UC/Ia
—3 u 2. [Ipu t = 6 ToTy4nM ypaBHeHUe X2 + x — 2 =6, oTKyaa x> +x — 8 =
—-14++/33  —-1-+433

2 1T 2

=0. KOPHHMI/I OTOr'o YpaBHE€HUA ABIAIOTCA YUCIa

-1-33. -1++/33
== —5 .

Omeem: 5 ;

-3, 2;
YpasHenue suda (x —a)(x —b) (x —c) (x —d) =kx?, 20e ab=cd #0
Takvie ypaBHEHUs CBOAATCA K KBAZPATHBIM TIOC/IE CIEAYIOIUX MTPe0s-

pa3oBaHuii. [lepeMHOXUM /IBe TIEpBHIE U /[BE MOC/HeAHUE CKOOKU JIeBOM

YaCTH C YYETOM TOTO, UYTO ab =cd:

(x? = (a+b)x+ab)(x? - (c+d)x+ab) = kx?.

Teneps, yYUTHIBast TO, 4TO X 7 0 (MHaAYe OAHO U3 4McCen d, b, ¢, d AOHKHO

OBITH PABHO HYJIIO, a 3TO MPOTUBOPEYUT YCIOBUIO), PaszeanuM obe JyacTu

ypaBHeHMs Ha X2 cIeAyIoIKIM 06pa3oM:

(xz— (a+b)x+ab) (xz - (c+d)x+ab) —k

X X

OTKyZia (x—l—a?b%-(a%—b)) (x+a7b+(c+d))=k.

O6o03HauuB t = x + a?b wim t=x+ a?b +a+ b, momydnM KBagpaTHOE
ypaBHEHHE.

IIpumep 4. Pemmre ypasHeHue (x + 2)(x + 3)(x +8) (x +12) =4x2.

Pemtenue. I[lepeMHOXHUM TEPBYIO U MOCIEAHIOID, a TAaKXKe BTOPYIO
Y TPETHIO CKOOKY JIEBOM YacTu:

(x*+14x +24) (x* + 11x +24) = 4x°.

3ameTuM, 4T0 X =0 He SBIAETCI KOPHEM YpaBHEHUS, U pasfiesiiM o0e
9acTy ypaBHEHUs Ha X2 cie/IyroIuM 06pasoM:

(x2+14x+24) (x2+11x+24) —4
X X '

BBINIOIHUM IIOWIEHHOE JeJIeHNE B KXK/J0M U3 CKOOOK JIEBOM YaCTH IIOCIIE -
HETO ypaBHEHUS U MEPETPYINUPYEM CIaraeMble:

(x+Z+14) (x+ 2 4+11) =4
X X
Temepb MOXXHO cZiesiaTh 3aMeHy fepeMeHHOH. [IycTh t =x + 2X—4 + 14. To-

rma x + 2x_4 + 11 =t — 3 u ypaBHeHue npumer Buf t(t — 3) =4, oTKyZAa

t? — 3t — 4 =0. KopHAMM TOJIy4EHHOTO KBaJ[PaTHOTO YPABHEHUs ABJAIOT-
cs1 yncna —1 u 4. Caenaem obpartHyto 3ameHy. [Ipu t = —1 nomxydum ypas-

HeHUe x + % + 14 = —1, orkyaa x>+ 15x + 24 = 0. KopHamu nocies-



§ 1. Llesible panrioHaMbHbIE YPaBHEHUS 17

—\/129 —15+\/12

—15
HEro ypaBHEHUA ABJAIOTCA 4ucia 5 .Jput=4

MIOIyYMM YpaBHEHUe X + % +14=4, otkyza x>+ 10x + 24 =0. Kopaamu
3TOr'0 ypaBHEHUA ABIAIOTCA uucia —6 u —4.

—15— \/12 —15++129
-

Omsem: ; —6; —4;

YpasHenue suda a- f2(x) +b- f(x)-g(x)+c-g%(x)=0
Takoe ypaBHeHHe HasblBaeTcs OJHOPOAHBIM YpaBHEHHEeM BTOPOTO IO-
psAzka. OHO CBOAMTCA K KBaZ[paTHOMY ypaBHEHHIO IIOcCjIe JeeHus obe-

. . . (x)
ux yacTeit Ha g2(x) U BBeZleHUSA HOBOH IepeMeHHOH t = f( )" Crnegyet

TIOYEePKHYTh, YTO MPH JeleHuH Ha g2 (X) MOKeT IPOU30HTH HOTeps Kop-
Hell ypaBHEHUs, [MOITOMY 00s13aTeIbHOU ABISETCA IMPOBEpPKa TEX 3HaYe-
Huil X, Ipu KoTophix g2(x) =0. Ec/iM 3TH 3HAaYeHMs ABIAIOTCA KOPHAMH
HCXOZTHOTO ypaBHEHUs, TO UX TaKXKe CJIeAyeT BKIIOYUTb B OTBET. JIpyroi
croco6 pemnieHus OJHOPOJHOTO YPaBHEHHUsI COCTOUT B PACCMOTPEHUHU €TO
KaK KBa[paTHOTO OTHOCUTENIBHO OAHOM 13 QyHKIUM [ (x) win g(x).

IIpumep 5. Pemure ypaBHeHUE
o= 1D%+x(x%2=1) = 2(x+ 1>
Pemenne. IlepemnuiieM ypaBHEHUE CJIEAYIOUIIIM 06Pa3oM:
(> =x)*+ (P —x)(x+1) —2(x+1?* = 0.

3ameTuM, 4To X = —1 He fABJSIETCS KODHEM YpaBHEHUSA, U pa3jenuM obe
vacTu ypaBHeHus Ha (x + 1), [Tomyuum

xX2—x\%2  x*—x .
(x+1) T F —2=0.

CzienaeM 3aMeHy IepeMeHHOl. ITycTh t= >

s 1 Torza ypaBHeHMe IIpU-

MeT Bug t* +t — 2 =0. KOpHAMYU MOTy4eHHOTO KBAJPaTHOTO yPaBHEHUS

ABJIAIOTCA YUCIa 1 u —2. CaenaeM obpaTHyto 3ameny. [Ipu t =1 monryuum
2

x+ 1
HeHus ABNAoTCA uucaa 1 — /2 u 1+ v/2. [Ipu t = —2 noyYum ypaBHeHue

J;;f —2, oTKyza x2 + x + 2 =0. DTo ypaBHeHMe He UMeeT KOpHeli, Tak

KaK ero JUCKpUMUHAHT OTPUIlaTeNIeH.
Omsem: 1—+/2; 1+ /2.

ypaBHEHUEe =1, otkyza x> — 2x — 1 =0. KopHAMU MOCTIeJHETO YPaB-

Vpaswenue suda ax*+bx3+cx?+bx+a=0, 20e a #0

Takoe ypaBHeHUe, KO3QPUIMEHTH KOTOPOTO CUMMETPUYHEI OTHOCH-
TeJIbHO CepeZINHEl, Ha3bIBaeTcsd BO3BPAaTHHIM YpaBHEHUEM YeTBEPTOro II0-
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paaka. K kBagpaTHOMY ypaBHEHHIO €70 MOXKHO CBECTH CJIEAYIOMIUM 06pa-
30M. BeiHeceM 061I1ie MHOXKUTENU U TIEPETPYIIIIUPYEM ClIaraeMbIe B JIEBOI
YacTH ypaBHEHWS:

alx*+ 1D +b03E+x)+cx? =0.

3amerum, 4T0 X =0 He fABJsAETCA KOPHEM ypaBHeHHUs (uHaue a =0, 4TO
TIPOTUBOPEYUT yCIOBUI0). PaszienuB obe YacTH MOCTeIHEro ypaBHeHHs
Ha X2, TIONy4uM 1 .

a(x%;) +b(x+ ;) +c=0.

1 1 1
Mycts t =x + 1. Torza t?=x>+2+ 7> OTKyza x%+ = t? — 2. Temepb
ypaBHeHHe MOXHO TepemnucaTh Tak: a(t? — 2) + bt + ¢ = 0. Tocreanee
ypaBHeHUe ABIAeTCS KBaJPaTHBIM OTHOCUTEIbHO epeMeHHOi t.
CxosKee ¢ pacCMOTPeHHBIM ypaBHeHMe BH/a
ax*+bx®*+cx*—bx+a=0

MOXHO CBE€CTU K KBaZIpaTHOMY aHa/JIOTUYHBIM o6p330M, TIOJIyYUB YpaBHE-

HUe , 1 1
a(x +—2)+b(x——)+c:0
X X

o 1
" cAejiaB 3aME€HY IIEPEMEHHON t=x— ;, OTKyZa
1 1
t2=x2—2+F, XZ+F:t2+2’

U, clefoBaTenbHo, a(t? +2) + bt +c=0.
IIpumep 6. Pemmre ypasHenue x* —3x® +4x? —3x+1=0.

Penrenue. 3amerum, 4To X =0 He ABJIAETCA KOPHEM ypaBHeHUA. Pas-
ZeUB 00e YacTH TIOCIeJHETO YpaBHEHUA Ha x2, IeperpynnupoBas cjiara-
eMBbI€ B JIEBOM YaCTU U BBIHECS 33 CKOOKY OOIHI MHOKHUTEND, TIOTyIYUM

x2+l2—3(x+1)+4:0.
X X

1

1 1
Mycrs t =x + 1. Torza t?=x>*+2+ 7> OTKyza x% + = =t — 2. Te-

neph ypaBHEHME MOXHO IMepenucath Tak: t> — 2 — 3t + 4 = 0, oTKyza

t> — 3t + 2 = 0. KopHAMM MOIy4eHHOrO KBaZ[paTHOTO YpAaBHEHUS B-

naotes yncaa 1 u 2. Caenmaem obpaTHyro 3aMmeHy. Ilpu t = 1 momydum
1

ypaBHeHUE X + = 1, oTkyza x2 — x +1=0. DTo ypaBHeHUe He MMeeT

KOpHeH, Tak KakK ero AUCKPUMHUHAHT oTpunaresneH. IIpu t =2 nonyuyum
1

ypaBHeHUE X + = 2, otkyza x? — 2x + 1 =0. EAMHCTBEHHLIM KOPHEM

IIOCJIeJHETO YpaBHEHUA ABJIAETCA Yucio 1.

Omeem: 1.
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Ypaswenue guda (x+a)*+ (x+b)*=c

DTO ypaBHEHHUe IIoCJIe 3aMeHBl t =X + azib (vHOrZA Ha3BIBa€MOM CUM-
Mempu3sayueil) CBOAUTCA K OUKBaZ[paTHOMY YPaBHEHHUIO.

Ipumep 7. Pemmre ypaBHenue (x +3)*+ (x +5)*=16.

Pemrenue. O603HauyuM t =X + 4, Torja ypaBHEHHE IPUMET BUJ

t—D*+(+D*=16.

Tockonbky a* 4+ b* = (a% + b?)% — 2a%b?, neByio 4acTh MONTY4EHHOTO ypaB-
HeHHUA MOXHO IPeo6pasoBaTh TaK:

(Ct—D*+ @ +D>* -2t - D3t +1)% =
= (222 +2)*—2(2—1)? = 4" + 82 +4— 2t + 462 — 2 = 2t* + 126 + 2.

Monyuum ypaeaenue 2t* + 12t* + 2 = 16, otkyna t* + 6t> — 7 =0.
ITycTh t? = z, 2> 0. Toroa 22 4+ 62 — 7 =0. EfUHCTBEeHHBIM IIOJIOKUTENb-
HBIM KOpHEM IIOCJIeIHero ypaBHeHU: sABiserca z = 1. [TosTomy t2=1,
oTKyZa t =—1 aubo t =1. Eciu t =—1, To x +4=—1, oTkyza x = —5.
Ecmt=1, T0 x+4=1, oTkyza x =—3.

Omegem: —5; —3.

3. IIpumeHeHHe CBOMCTB PYHKIIMA

HexoTtopsie (He 06s13aTeNbHO LieJible) YpaBHEHUSI MOTYT OBITH pelieHbI
C ITOMOIIBI0 TAKUX CBOMCTB QYHKIWIN, KaK MOHOTOHHOCTb M OTPaHUYEH-
HOCTb. PaccMOTpUM COOTBeTCTBYIOLIME [IPYMepHI.

Mpumep 1. Pemmute ypasHenue x° + 3x°> +8x —12=0.

Pemenue. Yucino 1 ABisieTcs KOpHEM ypaBHeHU:A. [Ipyrux KOpHe#
ypaBHeHMe He UMeeT, TaK Kak GyHKIusa y = x° + 3x° + 8x — 12 ABnger-
¢ MOHOTOHHO Bo3pacTarmllleil Ha Bcell uucioBoM IpAMol (kak cymMma
MOHOTOHHO BO3pacTaromux GYHKIWI), W, C/leZloBaTeNbHO, KaXXA0€e CBOE
3HaYeHVe IIPUHUMAaeT POBHO OWH pas.

Omeem: 1.
IIpumep 2. Pemnrte ypaBHeHUE
Ot —2x2+2)* 4+ (* +2x+5)2 = 17.

Pemrenvie. BrieivB TOMHBIE KBAaApaThl B KOKAONH U3 CKOOOK JIEBOM
YacTH, NepenuiieM JaHHOe ypaBHEHUE B BUZE

(G2 =D?+D*+ ((x+D?*+4)2 =17
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V13 HepaBeHCTB (x?=1)24+1>1wu (x+1)2+4> 4 cnenyer, uro
(=D +D*>1, ((x+D*+4%>16.

[TosToMmy neBast 4acTb ypaBHeHUsA He MeHbIne 17. BeiTh paBHOM 17 oHa
MOXET TOJIBKO B CIydae, Korja KaxkJoe U3 JByX IOoCIeJHUX HepaBeHCTB
obpairaercs B paBeHCTBO, T. €. CIIH

?-1%+1=1,
(x+1%?+4=4.

EZVHCTBEHHBIM pellleHreM IOTyYeHHON CHCTEeMBI SIBJISIeTCS KOpeHb X =—1.
Omeem: —1.

4. YpaBHeHUs, coZepiKalye IepeMEeHHYIO 10/ 3HAKOM abCOMIOTHOMH
BeJIMYUHBI (MOZYJIS)

YacTo Takue ypaBHEHUs Ha3bIBAlOT KOpOYe: YpPaBHEHUS C MOZIYJIEM.
YpaBHEeHWsI, coepIKaIIe MOAY/Ib, OOBIYHO OTHOCAT K CPABHUTEILHO TPY-
HBIM, XOTS 3HAYUTEIbHASA YaCTh TAKUX YPAaBHEHWH C yCIIEXOM PeIlaeTcs
C TIOMOIIIbIO CTAHZAPTHBIX PABHOCWIBHBIX TPe06pa3soBaHUMi WIN «PaCKPhI-
THA MOAYJs» B COOTBETCTBUU C €ro omnpezeneHueM. [IpuBeseM cHavana
OCHOBHBIE GaKThl, CBI3aHHBIE C MOAYJIEM M HEOOXOAUMBIE /IS PelIeHMs
YpaBHEHUH.

1. |a|=a, eciu a = 0; |a| = —a, ecin a <0 (ompegeneHye MOAYJIS).

2. |a — b| ecTb paccTosiHME MEXAY TOYKAMU d ¥ b YUCIIOBOM IIPSIMOIA;
la| = |a — 0| — paccTosHure Mexay ToukamMu a U 0 YUCTOBOM TMPSIMOIL;
|a + b] = |a — (—b)| — paccrosirue Mexzay Toukamu a u (-b) 4mcIOBOI
psAMON (reoMeTpUYeCKUN CMBICJ MOZYIIS).

3. |—al=]al.

—ionnl- el 2 la
4' Iabl_la“bl’ b _lbl
5. |a|? =a?.
6 lal=lpl = |*=”
. |la|=1b| &
a a=-—b.
b>=o0,
7. |a|=b =4 a=hb,
a=-b

8. |a| + |b| = |a + b|, mpuuem |a| + |b|=|a+b| < ab=0.
OTH CBOWCTBA HO3BOJIAIOT PEIIATh CAMEIE Pa3HbIE II0 YPOBHIO CJIOXKHO-
CTH ypaBHeHUsA ¢ MoAyineM. OCHOBHBIMYM METOAaMU PELIeHNs TAKUX YPaB-
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HEHUI SBJIAI0TCA PABHOCIWIbHBIE TpeobpasoBanus (CBoiicTBa 6—8) u pac-
KPBITHE MOZYJIS IO ONpeJeeHuIo (MeTo/ IIPOMEeXYTKOB, WIN METOZ HH-
TepBaJiOB). Pejke MCIONb3YIOT T€OMETPUYECKUN CMBICT MOZYJA U 3aMeHY
TlepeMeHHOMU.

PasHocunvHble npeobpasosarus

[Moxkanyii, Haubomnee 3pdEeKTUBHBIN METOZ pellleHUsT YPaBHEHUH C MO-
ZyJIEM OCHOBAH Ha NPUMeHEeHUU PaBHOCWIBHBIX IpeobpasoBaHuil. OgHO
M3 HUX CBA3aHO CO CJIEAYIOIINM YTBEPXKAEHUEM: ecau obe uacmu ypas-
HeHUsl HeompuyameJsibHbl HA HEKOMOPOM MHOXMCecmae, Mo 8038edeHuUe 8
keadpam obeux uacmeil makozo ypasHeHUs He NPUBOOUM HU K nomepe,
HU K npuobpemeHUI0 pelleHUTl HA IMOM MHOJCECEe, MO ecmb S8Jemcs
pasHocunbHbIM npeobpasosanuem. Tak, ecin g(x) < 0, To ypaBHeHue
|f ()| = g(x) He uMeeT pelleHUli, a B IPOTUBHOM CJIy4ae BO3BeJeHUE
B KBagpaT obeux YacTell TaKOro ypaBHEHWs SBJSAETCSI PaBHOCWIbHBIM
mpeo6pasoBanueM. [loaTomy monydaeM (HalIOMHUM, YTO KBaZpaT MOAYJIS
4ycIa paBeH KBajpary camoro uucia: |al> =a?)

=0,
ol = g0 o {5020 g();)(x) = 5(x)
- 2 _ 2 - ’
Jea=gt ) =g,

Jajiee ypaBHEHUsI HY)KHO PEIINUTD, a HEPABEHCTBO TPOBEPUTb.
Kakoii crmocob — MeTo/ IIPOMEXYTKOB (MHTEPBAJIOB) WIN YKa3aHHOE
peobpasoBaHye — BHIOMPATh JJIs PEIIeHUsI TAKUX YPaBHEHUH, 3aBUCUT
oT Toro, Kakas u3 ¢yHkiuit f (x) win g(x) umeeT 6ojee MPOCTOM BUA.
AHajsoruuHbIM 06pa3oM 06CTOUT Ziesio ¢ ypaBHeHHeM Buza |p(x)| =
=|q(x)|. OTO ypaBHEHUE B CHy IIPUBEAEHHOIO YTBEPKAEHNSA PABHOCHIIb-
HO ypaBHeHuto p2(x) =q%(x), oTkyza:

p(x) =q(x),
p(x) = —q(x).

3aMeTHUM, YTO IOCJIEJHIOI0 COBOKYITHOCTh MOXKHO ITOJIyYUTh, HE BO3BOZAS
obe wactu ypaBHenus |p(x)|=|q(x)| B kBagpar, a HEMOCPEACTBEHHO U3
CBOMCTB MOZYJIA.

[IpuBesieHHbIE CXE€MBlI PEllleHUs MOXXHO IIOJNy9UTh U3 «reoOMeTpude-
CKUX» coobpaskeHnit. HarmmtoMHUM, YTO MOAY/Ib Pa3HOCTHU JBYX YKCET PaBEH
pacCTOAHUIO MeXJy TOYKaM{ YHCJIOBOM (KOOpAVMHATHOI) MpsAMOMH, co-
OTBETCTBYIONTUMHU 3TUM 4YKCIaM (B 3TOM, COOCTBEHHO, W 3aKJIIOYaETCs
reOMEeTPUYECKUI CMBICST MOZAYJIA).
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Peluth ypaBHeHUE | X — b| = a — 3HAUUT HAWTH BCE TOUKU X YUCIOBOM
OCH, PacCTOSIHUE OT KaXAO0W M3 KOTOPHIX /10 yuciaa b paBHO a. IToHATHO,
yTo ecoiu a >0, To x=b=+a, eciu a=0, To x =b, ecyint a < 0, TO peleHUH
HeT. Pemenue ypaBHenus |f(x)| =a mpu a > 0 CBOAUTCS K PacCMOTpPEH-
HOMY CJIy4aro IocJie 3aMeHbl epeMeHHOU f (x) =t. [Ipu pemeHnn KOH-
KPETHBIX IPUMEPOB TaKyI0 3aMeHY MOXKHO He JieJIaTh U CPasy IePEXOANTh
K ypaBHeHUAM f (x) =a; f(x) =—a.

CXOJHO C pacCCMOTPEHHBIM M peliieHue ypaBHeHus |f (x)| =g (x). Jeii-
CTBUTEJIBHO, eciu g(x) < 0, To ypaBHeHUe He HMMeeT pellleHWil B CUiy
HEOTPUIATETbHOCTA MOAYJIS; ecu g(x) = 0, moydaem, 4To

f)=gl) mmbo f(x)=—g(x).

TakuM o6paszom,

glx) =0,
fG)=¢glx) < fl) =g,
f00) =—g00).

KpOMe TOTI'0, ITIOJIE3HO O6paTI/ITb BHHMaHHKWE Ha CIeAyroIloue cBOIcCTBa
MOAYJIA, HEIIOCPEACTBEHHO C/ICAYIOINE M3 €TI0 OIIpEeACJICHUA:

lfl=f) & f() =0,
fIl=—-f(x) < fx)<O0.
[lepelizieM K pellleHHIo IPUMEPOB, Ha4yaB C 3a7a4M 2 4acTH [ BBOAHOIA
[MAarHOCTUIECKOM paboTHL.
Ipumep 1. Pemmure ypaBHenue |x? — 9|+ |x+3|=x2+x —6.

PemeHne. 3ameTHM, YTO JAaHHOE ypaBHEHHE IpeZCTaBisieT coboM
ypaBHEHUe BUZA

>

0
0.

VWV

a
la|+|b| =a+b & b
B nanHOM ciydae

a=x*-9, b=x43, a+b=x>+x-6,

) x=3,
x“—=9=20,
OTKyZa Y, 3HAYMT, X < —3, PelleHUAMU CUCTE€MBI SBJIA-
x+3=20,
x=-3.

I0TCS U0 —3 U ayd [3; ).
Omeem: —3; [3; +x).
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IIpumep 2. Pemmre ypasHenue |x>+x—1|=x+1.
Pemrenue. /laHHOe ypaBHEHHE PABHOCWIBHO CHCTEMeE

x+12=0, x = -1,
x3+x—1=x+1, OTKyZa X = %/5,
X*+x—1=-x-1, x(x?42) =0.

PeleHUAMY [OCIeHE} CHCTEMBI ABJIAITCA ncia 0 u V2.

Omeem: 0; %/5

IMpumep 3. Pemwre ypaBHenue ||3 —2x|— 1| =2|x|.

Pemenne. ITockonbKy 0Oe 4acTH ypaBHEHUs HEOTPULIATENTbHEI, BO3-
BeZieHNeE UX B KBaZIpaT SIBJISETCA PABHOCWIBHBIM MpeobpasoBanueM. [1pu-
MeHUM 3TO mNpeobpa3oBaHUe, YYUTHIBAsg, YTO KBaZpaT MOAYII YHCIa
paBeH KBazipaTy aToro uucaa: (|3 — 2x| — 1)? = 4x2. PackpoeM CKOGKU:
(3—2x)%—2|3—2x|+1=4x?, oTkyza 9 —12x +4x? — 2|3 —2x|+1=4x?,
U, 3Ha4uT, |3 — 2x| =5 — 6x. [lepeiiieM K paBHOCHIBHOMN cUCTEME

5—6x >0, x < %,
3—2x =5-6x, OTKyZa [x=0,5,

3—2x = —5+6x, =1

HepaBeHCTBY cucTeMbl YZIOBIETBOPSIET TOMBKO X = 0,5.
Omeem: 0,5.

Memoo npomexncymkos (uHmMepsanos)

OanuM 13 Hanbosee U3BECTHBIX METOZOB peIlleHUs YpaBHEHUN C MO-
ZyleM SIBJIIeTCS MeTOJ MPOMEXYTKOB (uMHTepBayioB). CyTh MeToZa 3a-
KIIoYaeTcsl B ciefytomeM. YucnoBas ochk (B 3TOoM maparpade paccmart-
pHBaIOTCA TOJNBKO Ilesible ypaBHEHUA, IIO3TOMY HHKaK{e OrpaHUYeHU:d
Ha TepeMeHHYI0 He BBOAATCS) pa30bUBaeTCs Ha HECKOJbKO MHTEPBAJIOB
TOYKaMU, B KOTOPBIX BEIPAYKEHMUsI, COZieprKalyie HEM3BECTHYIO 07 3HAKOM
MozyssA, obpaiaoTcs B Hyab. Ha m060M M3 3TUX MHTEPBAJIOB J060e
M3 TaKUX BBIPaKEHUH OIIpe/ie/ieHO W He PaBHO HYJIO, CJleZloBaTesbHO,
OHO IIPUHUMAaET TOJbKO IOJOXKUTEeJbHble WIM TOJMBKO OTpHIlaTelbHble
3HaueHUs (Kakue MMEHHO, MOXHO OIpeZeTNThb, BhIOpaB Jit0OOe 3Hade-
HUe U3 pacCMaTPUBAEMOTrO IIPOMEXYTKa M OINPeJeNUB 3HAK BBIPAKEHUS
IIPU 3TOM 3Ha4eHUH). [103TOMY B 3aBUCUMOCTH OT IIPOMEXKYTKA MOZYIb
Ka)K/IOTO U3 TaKUX BBIPAXKEHUI «PaCKPBIBAETCSI» TNOO CO 3HAKOM «ILTHOC»,
mub0 CO 3HAKOM «MHHYC». 3aT€éM Ha KaKJOM IIPOMEKYTKE HaXOAUTCSA
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pellleHre JaHHOTO ypaBHEHWUs, y)Ke He COZiep)Kallero 3HaKOB MOZYJIA.
[Mocmeanuii mar — o6beJUHEHNE HANWEHHBIX peIleHui. 3aMeTHUM, UTO
pemath HepaBeHCTBA BOBCe He 00f3aTENbHO: JOCTATOYHO HAMTU KOPHU
MIOTyYEeHHBIX YPaBHEHWI U NPOBEPUTH, KaKWe U3 HUX YAOBIETBOPSIOT
COOTBETCTBYIOILIEMY HEPaBEHCTBY. DTOT METOZ IieylecooOpas3HO IpUMe-
HATb, B OCHOBHOM, €CJIM ypaBHEHHE COAEPKUT fABa U Oojiee MOy,
a BBIpQKEHUS IO/, 3HAKaMH MOJYJeH SBJSIOTCI MHOTOWIEHAMU MepBOi
cTereHU. B GOMBITMHCTBE Xe ciydaeB Oosnee 3PpPeKTUBHBIM SBISIETCST
IpUMeHEeHNE PABHOCIWIBHBIX TPe0Opa3oBaHUM.

IIpumep 4. Pemnrte ypaBHeHUE
2—x|—|x—=5|=x+1—1|7—2x]|.

Pemenne. OmnpezenuM MIPOMeXYTKU 3HAKOIIOCTOSHCTBA KaXKJOro U3
BBIPKEHUH 1107, 3HAKaMU MOZYJIA, /U HaIVIAAHOCTHU U yA06cTBa n306pa-
3UB UX Ha OZHOM cxeMe (KMPHBIMM TOYKaMMU OTMeYeHbI HYJIU COOTBET-
CTBYIOIIMX BBIp@XKeHU). PaccMoTpuM 4 cirydas, «pacKpbIBasg» MOZYIU CO-
IJIACHO 3HAKaM B KQKZOM U3 CTOIOIIOB.

2 x + — — —

2 3,5 5
x =5,
1) OTKyZa W, 3HA4YMT, X = 5.
—24+x—x4+5 = x+14+7-2x, =5,
3,5<x <5, 3,5<x <5, .
2) OTKyZa Perntenuii HeT.
—2+x+x—5=x+1+7—-2x, x=5
3) 2<x <35, 2$x<3,5P
OTKyZa eleHNu HET
—2+x+x—-5=x+1-742x, A x=-1
x <2, x <2, 1
OTKyZa U, 3HAYUT, X =
2—x+x—5=x4+1-74+2x, A x=1,

Omeem: 1; 5.
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3ameHa nepemeHHOL

Elte ogyiH MeTo/ pellleHys ypaBHEHUI ¢ MO/ylieM OCHOBaH Ha 3aMeHe
TnlepeMeHHOM 1 ToxzecTBe |a|? =a?. Kak ye oTMedanoch, 3a/1a4, B KOTO-
PBIX €T0 11eIecO06pa3Ho UCIIONIb30BaTh, HE TaK MHOTO, MPUYEM YacTh U3
HUX MOKHO PEITUTDb U APYTUMH CITIOCOOAMU.

IIpumep 5. Pemure ypaBHeHue (x —1)% —3|x — 1| —4=0.

Pemiennie. CzenaB 3aMeHy mepeMeHHOM t = |x — 1| (¢t = 0), momyuum
KBa/J[paTHOEe ypaBHEHUE t2—3t—4= 0, eAVHCTBEHHBIM HeOoTpHuLiaTesb-
HBIM KOPDHEM KOTOPOTO sIBIAETCA t =4, oTKyza |x — 1| =4, u, 3Haywr,
x=-3,x=5.

Omeem: —3; 5.

prweHeHue ceomempuueckozo cmoleaa Moay]lﬂ

PaccmoTpuM ypaBHeHue Buza |x — b| + |x — ¢| = a, npu pelieHuu KOTO-
POrO UCITONb30BaHKME TEOMETPUYECKOTO CMBICTA MOAYJISL JOCTATOYHO 3¢-
dexTuBHO. Pemuth ypaBHeHue |x — b| 4 |x — ¢| = a — 3HauuT HaliTH BCe
TOYKHM X YMCIOBOM OCH, CyMMa PacCTOSTHUM OT KaXKAOW U3 KOTOPBIX Z0
To4eK b U ¢ paBHa a. Eciu paccTosiHUE MeXAy TOUYKaMu b u ¢ Gosbie a,
TO ypaBHEHUE He MMEET pellleHui. B caMoM /iefie, eCsiu MPEITONOKUTh,
YTO MCKOMasi TOYKA MPUHAJJIEKUT OTPE3KY C KOHIAMHU b U ¢, TO CyMMa
PacCTOSHUI OT TaKOM TOYKHM 10 KOHI[OB OTpe3Ka oKaxeTcs 6osbiue a (Tmo-
CKOJIbKY JJIMHA 3TOTO OTpe3Ka (oJblile a), a AJis 060 TOUKH, Jexarlreit
BHE paccMaTpUBaeMOro OTpe3Ka, CyMMa PaccTOsSHUM 6yzeT elre Goblire.
Ecnu paccTosiHMe MeXIy TOYKaMu b u ¢ paBHO a, TO Jjrobas ToYKa OT-
pesKa ¢ KOHIaMu b ¥ ¢ OyZieT pelleHreM JaHHOTO ypaBHeHusA. Eciu ke
paccTosiHYE MEeX/y TOUYKaMu b U ¢ MeHbIIIe d, TO /IS TI000H TOYKK OTpes3-
Ka ¢ KOHI[AMU b ¥ ¢ CyMMa pacCTOSHUH /[0 To4ek b u ¢ GyfeT MeHbIle d.
Takum 06pa3om, UCKOMast TOUKA JODKHA JIEXKaTh BHE OTPe3Ka C KOHI[aMU
b v c. B 3TOM ciTy4ae cyMMa pacCTOSTHUI OT UCKOMOM TOYKH 710 ToueK b u ¢
OyZIeT CKIABIBATHCSA M3 JJIMHBI OTPE3Ka C KOHIIAMHU b U ¢ U YIBOEHHOTO
PacCTOSIHUA OT STOU TOYKHU /[0 OIVKaUIero K HeW KOHIA OTpe3Ka. DTO
paccyxJieHrie U 03BOJIsIeT HANTU NCKOMbIe 3HaYeHUs mepeMeHHoM. [1pu
OCBOEHHM MEeTOZa pelleHre MOAOOHBIX YPaBHEHHI OCYIIECTBIAETCS MO~
YT MTHOBEHHO. JIJIs1 3TOTO HY»XHO M300pasuTh YUCIOBYIO OCb, OTMETHUTD
HA Hel «KJI0YEBBIE» TOUKU b ¥ ¢ ¥ PACCTOSTHUE MEKIY HUMHU.

IIpumep 6. Pemrnte ypaBHeHue |x — 1|+ |[x — 7| =24.

Pemtennie. [ TOro 4ToObl PEIIUTh ypaBHEHUE, HaliZieM BCE TOYKU
X YHCJIOBOU OCH, CyMMa PAaCCTOSTHUU OT KaXKJOW W3 KOTOPHIX 0 TO4YeK 1
u 7 paBHa 24. TIOHATHO, YTO Ha OTpe3Ke [1; 7] UCKOMBIX TOUEK OBITh HE
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MOXKET, TIOCKOJIbKY CyMMa PacCTOSHUI OT JI060¥ TOYKU OTpe3Ka A0 ero
KOHIIOB paBHa /J/IMHe OTpe3Ka, T. €. B ]AHHOM cjIy4ae paBHa 6. 3Ha4YUT, UC-
KOMBIE TOYKH JIEXKAT BHE OTpe3Ka. PAacCCMOTPUM TOUKY, JIeXKAIIyIO IpaBee
TOYKY 7 Ha YUCIOBOU ocu. CyMMa pacCTOSTHUH OT 3TOW TOYKHU /I0 KOHIIOB
OTpe3Ka CKJIA/IBIBAETCA U3 JIJIMHBI OTPe3Ka U YABOEHHOT'O PACCTOSTHUSA OT
STOM TOYKH /10 TOYKHU 7. TakuM 06pa3oM, 3TO yABOEHHOE PaCcCTOSHUE PaB-
HO 24 — 6=18, 1 uckoMas TO4YKa HaXOAUTCs IIpaBee TOUKU 7 HA 18:2=9
eauuull. CreZioBaTeNbHO, ITepBas U3 UCKOMBIX TOYeK: X = 16. AGCOTIOTHO
aHAJIOTUYHO TOJIyYaeM, YTO BTOpas UCKOMas TOYKA HAXOJUTCSA Ha YUCIIO-
BOU ocu yieBee Touku 1 Ha 9 exmuwutl. CiezoBaTelbHO, BTOPOE pelleHue
ypaBHeHUA: x = —8.

24—6 _ 24-6 _
5 =9 6 7 =9
——N—
-8 1 7 16 X

Omsem: —8; 16.
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3ajgauu

1. Pemute ypaBHEHUE
a) x> +8=(x+8)?,

2. Pemurte ypaBHeHUE
a) (x+10)2=x%+100,
3. Pemiure ypaBHeHUEe
a) x> —36=(x—6)2,

4. Pemvite ypaBHEHUE
a) (x+9)?>=36x,

5. Pemute ypaBHeHUE
a) Zx=72,

6. Peminte ypaBHeHUe
a) (x—17)*=5(x—17),

7. Pemute ypaBHeHUE

2. 2_¢2
a) sX —65,

8. Pemure ypaBHeHUE

a) (2x—5)%=(2x—7)?,

9. Pemnte ypaBHeHHe

a) (5x —9)*=(5x—9)?,

10. Pemure ypaBHeHUE

a) 9x3 =36x,

11. PemuTe ypaBHeHUe

a) (x—2)*(x—3)=4(x—2),
12. Pemure ypaBHeHUE

6) y2+5=(y+5)2.
6) (z—11)2=2%+121.
6) y2—196=(y — 14)°.
6) (z—18)2=-72z.

5
5

6) gx=5
6) (y +21)2=5(y +21).
6) 2y2=72.

6) (3z+4)>=(3z+2)>.
6) (5x+6)2=(5x+6)°.

6) 323 =75z.

6) (x+2)%(x+4)=3(x+2).

a) (x—2)(x—=3)(x—4)=(x—2)(x—3)(x—15),
6) (x+8)(x—2)(x+7)=(c+8)(x—2)(x—3).

13. Pemiute ypaBHeHUE
a) (x+8)>=36(x+38),
14. Pemute ypaBHeHUE
a) Bx+2)*=GBx+494,
15. Pemiute ypaBHeHUEe

6) (y —1)*=25(y —1).

6) (4y —1°=(4y +9)°.

a) 2x—3)2(x—3)=2x—-3)(x—3)?,
6) 5y +9D%(y+9) =Gy +9(y+9)2%

16. Pemmute ypaBHeHUE
a) x*—5x2+4=0,

6) y*—20y%+64=0.
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17. Pemnte ypaBHEHUE

a) x®=(5x—4)3, 6) y'%=(2y+15)°.
18. Pemure ypaBHeHUE

a) |5x —7|=7—5x, 6) |7y +3|=—-3—-7y.
19. Pemure ypaBHeHUE

a) |2x—3|=3x—-2, 6) |7x+9|=9x+7.
20. Pemnte ypaBHEHUE

a) |x?—3|=|x*-5]|, 6) |22 +2| =122 —4|.

21. YpaBHeHUE
a) (x—2)(x2—4x+3)=(x—3)(x?—3x+2),
6) (x —6)(x?—2x —8) = (x+2)(x%—10x +24)

1) He uMeeT KOpHeii; 2) umeeT 1 kopeHb; 3) UMeeT 2 Pa3JIUYHBIX KODHS;
4) uMeeT 3 pa3IMYHBIX KOPHSA; 5) UMeeT 66CKOHEYHO MHOTO KOpHEH. YKa-
JKUTE HOMep UCTUHHOTO YTBEPXKJeHUA.

22, Kakue 13 ypaBHEHUH He UMEIOT IIOJOXKUTENbHBIX KOPHEH:

a) 1) x> —2009x —3=0; 2) x2 —3x+2009=0;
3) x2—2009x +3=0; 4) x?> —3x—2009=0?
6) 1) x> —2007x —9=0; 2) x* —9x 42007 =0;
3) x2—2007x+9=0; 4) x?> —9x —2007=0?

23. YKaxxuTe HOMepa TeX ypaBHEeHUH, KOTOpble He UMEIOT OTPULIATE b-
HBIX KOpHeH:

a) 1) x2—10x+30=0; 2) x*—9x+11=0;
3) x3—7x%2—-5=0; 4) x> —5x—29=0.
6) 1) x> —10x+29=0; 2) x*—9x+9=0;
3) x3—7x%2—4=0; 4) x> —5x—28=0.
24. Kakue u3 yTBepKJeHUU O KOPHAX ypaBHEHUsA
a) x> —1935x% —1539=0, 6) x> —9345x2 —9543=0

WCTUHHBL: 1) ypaBHEHUE WMeeT 110 KpailHel Mepe OZIMH OTPUIATETbHBIN
KOpeHb; 2) ypaBHeHHe MMeeT He MeHee /IByX OTPUIATENbHBIX KODHeH;
3) ypaBHeHUe He HMeeT OTpHULaTeJIbHBIX KOpHel; 4) Bce KOPHU ypaBHe-
HUA OTPULIATETbHBI?

25. Kakue u3 yTBepX/JeHUl 0 KOPHAX YpaBHEHUA

a) x*—5x?—-2011=0, 6) x®—3x>—1617=0
HCTHHHBIL:
1) oaviH U3 KOpHEW ypaBHEHUS — YETHOE YMCJI0; 2) OAWH M3 KOPHEH ypas-
HeHUA — HedeTHOe YMCiIo; 3) ypaBHEHUe He UMeeT HU YeTHbIX, HU HeueT-
HBIX KOpHel; 4) ypaBHeHHe UMeeT 110 KpaliHell Mepe OZIH YeTHBIN 1 OfUH
HEYETHBI KOPHU?



TpenupoBoyHas pabora 1

Pemure YpaBHEHHE.

(2 —x)?-18(x*—x—2)+36=0.

. (x+2)(x+4) (x+6)(x+8)=105.

. (¢ +x +16) (x*> — 20x + 16) + 54x2 =0.
. Ax?(2x +1)% — 2x(4x% — 1) =30(2x — 1)2.
xt—4xd +6x2—4x+1=0.

. (x=51%+@2x-9)°=0.
.3x%—13x24+13x—3=0.
Lxt—4x3 +4x? - 64=0.
.3x®—2x%—12x+8=0.

10. x” +7x —8=0.

11. (x*—8x?+18)* + (x*+4x+7)*=13.

O 0 N O U1 A W=

12. HatiguTe Bce mapsl (Xx; y) 4ucCeNn X U Y, JJIs1 KOKJOU U3 KOTOPBIX
x%+2xy +2y? —10x — 14y +29=0.



TpenupoBoyHas pabora 2

Pemmute YpaBHEHHE.

. |5x—3]+|3x—5/=9x—10.
JJ2x—=1|—13x—2| —|4x—3|+11=10x.
x?—6x+1|=x%-9.

. |x®+5x — 4| =5x+4.
.2(x—=3)2=5|x—3|+2=0.
.5@x—1)2-7]2x—1|—-6=0.

I5x = 1] = 2| — 3| =4.

. |x2—=10|=|x%-22|.

O 0 N O U b W -

. |x?=x—5|+|x?>—x—9|=10.

10. |x?+3x — 4| +|x? + 3x — 28| = 24.

11. [x®>— 16|+ |x + 4| =x*+x — 12.

12. |x2+x — 20| +|x? — 11x — 28| =2|x% — 5x — 24



§ 2. ZipoGHO-paIiOHAIbHbIE YPaBHEHUA

DroT maparpad IOCBAIIEH Pal[MOHAIBHBIM YpaBHEHUAM. [TOCKOIBKY
1eJIble YPABHEHUS TOXKE SIBAAIOTCS PAl[HOHAIBHBIMY, TO YaCTO, YTOOBI He
BO3HUKJIO IIyTaHUIIBI, BMECTO CJIOBOCOYETAHUS «PAlMOHAbHBIE YpaBHE-
HUS» UCIIONb3YIOT CJIOBOCOYETAHUE «IPOOHO-PAIMOHATbHbIE YPABHEHHUS»,
MsI 6yZieM KCIIOMB30BaTh 00a CIoBocoueTaHust. OCHOBHAS Wes PeLleHMUs
nM060r0 BOOOIIE, B TOM YHC/IEe U APOOHO-PAIOHATBHOTO, YPAaBHEHU —
cBeI¢HNE €ro K OJHOMY WM HECKOAbBKUM IIpOCTEMIMM. HalloMHUM, 4TO
[U1s1 ApOOHO-palMOHANBHEIX YPABHEHHH 110/ IIPOCTENIIMMY TOHKUMAKOTCS

YpaBHEHUA BUJa % =0, rae f(x) u g(x) — MHOrOWIeHH EPBOX WU

BTOPOY cTeleHu. DTH ypaBHEHHNA PellaloTcA ¢ IOMOIIbIO YCIOBUA PaBeH-
cTBa anrebpandeckoil Apobu Hymo: Apobb paBHA HYJIIO, €CJIM ee IHCIIH-
TeJIb PaBeH HYJIO, a 3HaMeHaTeIb UMeeT CMBIC ¥ He 0OpaIliaeTcs B HyJIb.

PelreHrie MHOTMX PAalIOHAJBHBIX YPaBHEHUH OCHOBAHO Ha yJAa4HOU
I'PYyNIIUPOBKE U IOCIeAyIoleM IIPUBEJeHUN CTPYIIHPOBAHHBIX clarae-
MBIX K 00LieMy 3HaMeHaTeno. B 6osiee IPOCTHIX CIIy4asx CPYIIHPOBKA
He TpebyeTcs, a WHOTZA YpaBHEHHE MOXHO YIIPOCTUTH, BBeJs HOBYIO
nepeMeHHY10. [Ipy pelleHNH pallOHAIbHBIX ypaBHEHUN BOZHUKAET OT1ac-
HOCTb [TOJTy4YeHUsI IOCTOPOHHUX PellIeHu, T0O3TOMY JIUO0 CIeAyeT AenaTh
MIPOBEPKY, JUO0 yKasbiBaTh HEOOXOAWMBIE OTPaHUYEHUs U CIEAUTH 3a
HX BBIIOJHEHUEM B XoJe pelleHHd. Pasymeercs, Npu pellleHUN palyio-
HaJIbHBIX YpaBHEHUH HCIIONb3YIOTCSA M Takue OOIINe MeTOABI pelIeHs
YpaBHEHUH, KaK 3aMeHa IlepeMeHHOM, pasjoKeHWe Ha MHOXXUTEIH, UC-
MIOJIb30BaHUE CBOMCTB MOHOTOHHOCTH M OT'PAaHUYEHHOCTH QYHKLIMH U T. 1.

1. Anrebpandeckue npeo6Gpa3oBaHus

OZHUM 13 OCHOBHBIX CIIOCOOOB CBeJieHVA YPaBHEHUA K OJHOMY WIH
HECKOJIBKUM IIPOCTEHMIINM fBJAIOTCA anrebpanyeckrie npeobpa3oBaHUs
OZIHOY MIN 00euX ero yacrel, NO3BOJIAIOIINE CBECTU JPOOHO-PALMOHANb-
HOe ypaBHeHUe K IeJoMy. B HEKOTOpBIX Caydasdx AJfA pelleHusd paluo-
HaJIbHBIX YPaBHEHUM MPUXOAUTCA NPUMEHATb UCKYCCTBEHHBIE IIPHUEMBI:
JobaBieHre U BEIMUTAHUE OFHOTO U TOTO Ke YHCIA U T. 1.

Yenosue pasencmaa dpobu Hysto

B xauecTBe mepBOro npuMepa pacCMOTPUM pellleHle ypaBHeHud 3 4ya-
ctH 1 BBOAHOM ANMarHOCTUYECKOH PaboTHI.
IIpumep 1. Pemure ypaBHeHUE
X' —4x®+4x*—7x—-2 _
x7—4x°+3x2—4x—4

1.
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Pemenue. ﬂp06b PpaBHa HYJIIO, €CJIN €€ YUCTIUTE/Ib paBE€H HYJIIO, a4 3Ha-
MeHaTe/JIb MMeEeT CMBIC/I U HE O6paH.laETCH B HYJIb. Hepef/’meM K COOTBET-
CTBYIOH.Ieﬁ cucreme:

x'—4x° +4x*—7x—2
x7—4x5+3x%>—4x—4
x”—4x° +4x* —7x —2—x" +4x° —3x* +4x+4
(== = (==
x7—4x°>+3x2—4x—4 0
x*—3x+2=0,
(==

x" —4x® +3x*>—4x—4 #0.

=1 <

KopHsaAMU ypaBHeHHUs x> — 3x + 2 =0 apnswoTca x =1 u x = 2. C 1omo-
IbI0 IPOBEPKH yCTaHABIMBAEM, YTO YCIOBHIO X/ — 4x° +3x% —4x —4#0
YZOBIETBOPAET TOMBKO X = 1.

Omsem: 1.

PasHocunvHble npeobpasosamus

B kayecTBe mepBOro IpruMepa pacCMOTPUM pellleHUe ypaBHeHus 4
vacTu | BBOAHOM [UarHOCTUYECKOI pabOTHI.
x—=5 _ 1
x2=2x-3  x?—1 x*—4x+3°

Pemenne. Pa3znoxum KBajpaTHble TpeXwIeHbl B 3HaMeHaTelAaX JApo-
Geit Ha MHOXUTenU. KopHAMHU ypaBHeHus x> — 2x — 3 = 0 ABIAKOTCA
x=—1 u x =3. CienoBaTeJbHO, 10 TEOPEME O Pa3I0KEHUU KBaZPaTHOI'O
TpexdyIeHa Ha MHOXHUTEIM IonydaeM, uTo x> — 2x — 3= (x + 1) (x — 3).
Ilo dopmysne pasHocTH KBagpaToB x2 — 1= (x — 1)(x + 1). Kopuamu
YpaBHEHUA X2 —4x+3=0 spasrorcst x =1 1 x =3. CiegoBaTebHO, 110
TeopeMe O PasjoKeHUU KBaJpaTHOT'O TpexXwieHa Ha MHOXUTEIN

x?—4x+3= (-1 (x—23).

IIpumep 2. PemnTe ypaBHeHUE +

Tenepb YpaBHEHHME MOXHO II€penrcaTtb B BUAE

2 + x—=5 _ 1
c+D>x=-3) " c—-Dx+1D) T x—-Dx-3)°

[lepeHeceM Bce claraeMble B JIEBYIO 4aCThb U MPUBEAEM UX K 00IIeMy
3HaMeHAaTeJo:
2 + xX—=35 _ 1
x+Dx—=3) " x—Dx+1)  x—-D(x-3)

20D+ x-5)x-3)—(x+1) 0
c+Dx—3)(x—1) -

54
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PackpoeM CKOOKU B YUCIUTENE, IPUBEAEM TOAOOHBIE U BOCIIONb3YeMCS
ycoBrUeM obpalieHus Apo6u B HyJIb:

201D+ —-5)(x—-3)—(x+1)

GrDG-»a-D 0
2x—2+x>—3x—5x+15—x—1 _
< G+DE-3)x-1) =0e
- Po7xH12 g x*—7x+12=0,
c+Dx-3)(x-1) — (x—1Dx+1)(x—3) #0.

KopHamu ypaBHeHus x2 — 7x + 12 =0 apnstorca x =3 u x =4. Hepa-
BEHCTBY CHCTEMBI y/IOBJIETBOPSIET TONBKO X =4.

Omeem: x =4.

IMepex0d K ypasHeHU-c1edcmauro

1
IIpumep 3. Pewmure ypaBHeHUE — 1 = 4x.
1—
1
1—x?2
Pemienne. B gaHHOM ciiydyae HeresnecooOpa3HO TPaTUTh BpeMs Ha
BBHIINMCHIBaHME yCIOBUM CylllecCTBOBaHUA JIeBOM YacTu ypaBHeHud. [Ipoie

mpeoOpa3oBaTh ee, HAUTH KOPHU U BBHIIOJIHUTb IIPOBEPKY. BEITOTHIM
npeobpa3oBaHyA JIEBOW YaCTH YPaBHEHUS:

1 _ 1 _ 1 _
1-— 1 1-— 12 1+ 12
11 1-x2-1 x
1—x? 1—x? 1—x?
1 1 1 9
= b = b b = — = X".
1 1—x x2+1—x 1
+ ) 2 x2

[lepeiifeM K ypaBHEHUIO-CIEe/CTBUIO: x? = 4x, OTKyZa X2 —4x = 0,
x(x —4) =0, u, 3gauuT, x =0 au60 X = 4. [IpoBepkol ybeKIaEMCS, YTO

KopeHb X =0 ABIgeTcs TOCTOPOHHUM (ITpH X = 0 JieBas 4acThb ypaBHEHUSA
He olpe/ieieHa).

Omeem: x =4.

Pasznoncenue Ha MHONCUMenU

x? X _
x_4+2'm+3—0.

IIpumep 4. PemnTte ypaBHeHUE
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Pemenue. Ileperpynnupyem ciaraeMeole, IpeJCTaBUB 3 B BUZE CYMMBI
1+ 2, 1 cIOXKKUM TIEPBYIO Apo6b ¢ 1, a BTOpyIo — ¢ 2:

2

S +3=

xX*+x—4 x _ xX*+x—4 X*+x—-4 _
o O +2~(x2_4+1) =0 e SR XA
BbiHeceM 3a CKOOKY OOINMUIM MHOXUTENb U MpUBeZEM Apob6U B CKOOKax

K o6meMy 3HaAMEHAaTEI0:

x*+x—4 *+x—4 _
—a T2 2z =0 & (*+x-— 4)( +3 4)—0@
= (P4 x— 4)( 4):0@)
4+2x 8
&= (PHx— 4) e —2) =0 &
O2+x—DoA+2x—12)
IR e

Bocnonb3yemcs ycioBreM obpalieHus Apooy B HYJIb:

P+ x—4(%*+2x-12)
x—d(x2-4)

=0 &

x*+x—4=0,

x’+2x—12=0,

x—H(x2—=4) #0.
-1-+/17

{(x2+x—4)(x2+2x—12)=0, {
=
x—D2—4)#0

KopHamu ypaBHeHus x2 + x — 4 =0 ABIAOTCA X = — HX=
= _1%‘/1_7 Kopuamu ypaBHeHus x2+2x —12=0 apasiorca x=—1—+/13
n x = —1+ +13. HepaBeHCTBy CUCTEMBI YZAOBJIETBOPAIOT BCE YeTHIPE
KODHA.

Omeem: _1_2‘/1_7 _1+2‘/_ -1-+13; -1+ V13

2. 3ameHa mepeMeHHOM

CsezieHre poOHO-paIIOHATBHOTO YPaBHEHHA K OZHOMY WA HECKOJb-
KUM IPOCTEHUIINM ¢ IOMOIIBIO 3aMeHHI IlepeMeHHOH ABIAeTCA OJHUM U3
CaMBIX PACIIPOCTPAHEHHBIX CIIOCOO0B UX pelleHH:. 3/ech, KaK U B CIydae
I[e/IbIX YpaBHEHUH, IPUXOAUTCA UMETh JIeJI0 C CAMBIMU PasHbIMU TUIIAMU
YPaBHEHMH: TPeXWIeHHbIMY, OFHOPOJHBIMU U T. II.
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2x 2 _
IIpumep 1. Pemure ypaBHeHUE (m) +5(x+1) —-36=0.

2
Pemenue. IlycTb (%) =t. Torga t = 0 1 ypaBHeHUEe IIPUMET BUJ,

t? 4+ 5t — 36 = 0. KopHAMU TIOC/IeJHETO yPABHEHU ABIAIOTCA 9Ucaa t = —9
U t =4, U3 KOTOPHIX TOJIBKO IIOC/IEeAHEe yAOBﬂeTBopﬂeT yCJIOBmo t=0.

2
Urak, t =4. CrenaeM oOpaTHYIO 3aMeHY: (ﬁ) =4, OTKyZA 7 = =2
2x 2x o
6o P = —2. YpaBHeHUEe et 2 KOpHEeU He UMeeT, a eAVHCTBEH-
2x
HbIM KODHEM YPaBHEHUA —— 7 = =—2 asngercd x =—0,5.

Omegem: —0,5.

2
x“+3x+2 X _
IIpumep 2. Pemute ypaBHeHUE Z—x 12 + Z_oxt2 1.
Pemenue. 1. IIpoBepka ITOKa3bIBAET, YTO YUCIO X = 0 ABJIAETCA KOP-
HEM ypaBHEHUs.
2. Tlycth X # 0. Pa3zenuM YUCIUTENb U 3HAMEHATeNb KaXKA0H Apobu
x+3+% 1
Ha X. YpaBHeHHEe INpUMET BU/: + = 1. O6o3HaunM:
2 2
x—1+ " x—2+ *

z=x+ % — 2. Tlonyyum ypaBHeHUE ii—? + % =1. IlepeHeceM Bce ciara-

€MbI€ B JIEBYIO 9YaCThb YypaBHEHUA, IIPUBEAEM UX K o6meMy 3HaMeHaTeIlo,
BBITIOTHUM H606XOL[I/IMBIG HpeO6pa3OBaHI/IH 1 pEIIrM YpaBHEHUE!

z+5 1 _ (z+5)z z2+1 z2(z+1)
z—|—1+z =l< (z+1)z+z(z+1) T 2(z+ 1) =0 <
z2+5z+z+1—2°—3 _ 5241 _ 1
And z(z+1) =0 & z(z+1) =0 < 2="5
BepHeMmcs k mpekHeN ITepeMeHHOM:
x42-2=-l o x+2-2-0 o sx?-ox+10=0.
x 5 x 5

JIMCKPUMUHAHT ypaBHeHHs 5x2 — 9x + 10 =0 MeHblle HyJs, TI03TOMY
ypaBHEHMe He UMeeT HU OAHOTO KopHsA. VTak, HU OJHO YhCIOo X 7 O He
SIBJITETCS KOPDHEM ypaBHEHUS.

Omeem: 0.
IIpumep 3. Pewmure ypaBHeHUE

x+3)2 x*=9 x—3\? _
(x_l) +14~X2_1—15(X+1) —0.
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Pemenne. 1. Yucio x =3 He AB/sAeTCA KOPHEM ypaBHEHNA.
_x+3 _x-—3

2. TlycThb x # 3. O603HaUUM a = 1 b= PR
a®? + 14ab — 15b% = 0. TTockoneKy x # 3, To b # 0. B cuiy Toro, uro
b # 0, MOXHO pasfieuTh obe JacTy ypasHeHus a’ + 14ab — 15b2 =0

2

Ha b%: (%) +14- % — 15=0. O6o3Ha4YMUB 2z = %, TTOJIyYUM ypaBHEHUE
z=1,
z=—15.
(x+3)(x+1)
(x=1)(x—3)
(x+3)(x+1)
(x—1D)(x—3)

=1:

[Monyuyum ypaBHeHuUe

2%+ 14z — 15=0, KOPHU KOTOPOTO: |:

=1,
3. BepHeMcst K IEpEMEHHOM X:
=-15.
(c+3)(x+1)
(x=1)(x—3)
GG+ _ x?+4x+3=x>—4x+3,
(x—1(x—=3) x=D(x=3)#0

(x+3)(x+1)
(x=1)(x—3)

Pemum ypaBHeHUe

Pemnm ypaBHeHUE =-15:

@+3)a+D . x*+4x+3 = —15x* 4 60x — 45,
(x—Dx—-3) — (x—1Dx—-3)#0

2x2—7x+6:0, 5>
=
(x—1D(x-3)#0 x=2.

Omeem: O, 55 2.

4x?
(x+2)?
Pemrenrne. JleBas 4aCTh ypaBHEHUs IIPEJCTABIAET COOOM CyMMy KBaJ-

IIpumep 4. PemmTe ypaBHeHHe x> + =5.

paToB 4mcesl X U % [MonpobyeM ZOMOMHUTD 3Ty CYMMYy [0 KBaZpara

Pa3HOCTH, BBIYTA U3 HEE U ,Z[O6aBI/IB K Hel (‘ITO6LI BbIpaXX€HUE HE U3Me-

2x
HWIOCH) VZIBOEHHOE TTPOU3BEIeHNE STUX YKCeN 2X - PanpE [Tonyunm

x?—2x- m+( +2)2+2 T=5.
2x
Harnee, (x—m) + 2x x+2_5 OTKyZa
x*42x —2x x>
( x+2 )+4’x+2_5’
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U, CJie0BaTEe/IbHO,

( X )2+4- X _s_o.

x+2 x+2
2
o X
Terepp MOXXHO cZeyaTh 3aMeHy NepeMeHHou. [TycTe panp Rl Torga
2
t>+4t—-5=0, oTkyga t =1 nubo t = —5. Ecm t =1, To g =1,
u x> — x — 2=0. KopHaAMHU TOC/IeJHET0 ypaBHeHMs ABJATCA X = —1

x2
x+2
ypaBHeHUe He UMeeT KOpHeU B CHJIy OTPUIAaTeNbHOCTU JUCKPUMUHAHTA.

u x=2. Eciu t = -5, TO = -5, u x2 + 5x + 10 = 0. IonyyeHHOE

Omegem: —1; 2.

3. IIpumeHeHHNe CBOMCTB PYHKIIMHA
PaccMOTpUM TIpUMEpPHI TPUMEHEHUST CBOMCTB (QYHKIMI K pEIIEeHUIO
IPOGHO-pAIIMOHANBHBIX YPaBHEHUH.

Mpumep 1. Pemute ypaBHeHue x’ + 2x = %

Pemrenue. Ha KaXZoM U3 IpoMeXXyTKOB (—oo; 0) u (0; +) byHKIMA
f(x) =x"+ 2x Bo3pacTaeT (kaK cyMMa BO3pacTaroIMX QyHKIHIA), a pyHK-
us g(x) = % yObIBaeT. 3HAYUT, HA KAKJOM U3 ITHX MMPOMEXYTKOB ypaB-
Henue f (x) = g(x) umeert He 60see ogHOTO KOpHA. [Tockonbky f (1) =g(1),
moslyyaeM, 4To X = 1 — eJUHCTBEHHBIM KOopeHb Ha mpomexyTke (0; +o0).
[Mockonbky f(—1) =g(—1), momy4yaem, 4To X = —1 — €IUHCTBEHHBIA KO-
peHb Ha mpoMeXxyTke (—oo; 0).

Omegem: —1; 1.

IIpumep 2. Pemnrte ypaBHeHUE

1 + 2 + 3 _
(x2=2x)24+1  (x—2)242  (x2—3x+2)2+3

3.

Pemenwue. 13 HepaBeHeTB (X2 —2x)2+1>1, (x—2)2+2>2u (x? —
—3x+2)%+3>=3 CIIeZlyeT, YTo KakzAas U3 Tpex Apobeli eBoii YacTu He
6osbiie 1. [ToaTOMy UX CyMMa paBHATHCSA 3 MOXKET TOMBKO B CIy4dae, Koraa
KaykJlas U3 HUX paBHa 1, T. e. ecin

?—2x)2%+1= 1,
(x—2)?%24+2=2,
(x?=3x+2)?2+3=3.
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EavHCTBEeHHBIM KOpPHEM BTOPOT'O ypaBHEHHUA CHUCTEMBI ABIAECTCA X = 2.
21O YMCI0, KaK JIETKO IIPOBEPUTD, ABJIAECTCA KOPHEM IIE€EPBOI'O Y TPETHETO
YpaBHEHUA CUCTEMEBI.

Omeem: 2.
Ipumep 3. Haiigute KOpHU ypaBHeHMA f(x) =2, e X #0 u

3f+f(5)=8x.
Perrenue. 3aMeHUB X Ha % B paBeHcTBe 3f (x) + f (%) = 8x, mo-
ayauMm 3 f(%) + f(x) = % YMHO)XXMB 06e 4acTH JAHHOTO DPAaBEHCTBA

3f(x) + f(%) = 8x Ha yucI0 3 U BBIUTA U3 IIONYYEeHHOTO paBeHCTBa

MMOWIEHHO PaBEHCTBO Sf(%) + f(x) = %, HaxoguM: 8f (x) = 24x — %,
otkyza f(x)=3x— % Teneppb ocTasoch pemuTh ypaBHeHUE 3X — % =2,
oTkyza 3x? — 2x — 1 =0. KopHAMM HOC/IeJHEro ypaBHEHUS ABJIAIOTCA

1
qucia X =—3 ux=1.

Omeem: —%; 1.
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3ajgauu
8 _ 5z
6) 5, =%
6) x?+2x—25=X =25
-7

3.a) (x— 5)(x+7)—

\I‘U'I

1 1 _
4. a) F_;_SO_O’

x>—2x-3
x—3

(2x+3)* 25
x—1 ~Tx-1°

x—2 x-—2

5. a)

6. a)

XxX—6 x—6
10.a) 3575 =%’
216
2 oexd =0
(x—2)(x—3)(x+11)
x249x—22
x=2)(x=3) __2
x—4 x—4°
(x —8)(x? — 49)
x—8
(2x +3)? 25

15. a) -1 T x-1’

11. a)

12. a)

13. a)

14. a) =15,
3 2
16. a) ——— =25,

17.

18.

2x)?* 9
2x+3 2x+3’

19. a)

=0,

6) y =Ny~ 3)——3.

6) +2——8 0.

22 —5z+6
z—3
(4x—9)* _ 49
04 =x-a
x+5__x+5
X2 8x °
0) 52—22E
z 4
64
Z2+8°
z+5
7z+6"

6) =22-32.

6)

22
6) z+8
z4+5
6z+7
-1
6) zz+5z—6_0'
=Dy -5uy+9)
¥*—=9y+20
O+ +3) 20
y-1 Cy-U
(x +5) (x2 — 20)
x+5
(By—8)*
y+1 =
3_3 2
6))’ Yy
y—3

6)

6) =0.

6)

6) =5.

(8y —3)?
y+1

6)

=9.

—49
5y— — -

2_49z+343
6) 2°= z+7

(32:)2 16
32—4 3z—4°

6) y?

6)
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20.

|7x — 5|

21. a) -

22. a) X —5]

x+4
x—7

lx+12|

23. a)

24. a)

a) (xx—_191)3: (

=-1,

2)|

[(x—5)(x—

x+4,

x—n)2
x—9 ’

=x—2,

[x—12]

x+12
25.
TeJIbHBIX KopHeI‘/’I
1) x8 —|—4 _

3)

=—1;
10 5x
5 3x
x° —|—7

6) 1)
3)

24 9x

8—5x — %

T ox—-12°
YKaKuTe HOMEpa TeX YpaBHEHUH, KOTOpble He MMEIOT IOJIOXKH-

6)
6)
6)
6)

6)

2)
4)
2)

4)

(x+13)7_(x+13)2
x=1/) " \x-1)"

Sy +8l __,
5y+8 —

[(y —3)(y+1)|

ly =3l

x+9

X—5 x+09.
ly+16]  |y—11]
y+16 — y—-11"°

2x —
7x — 2 =1
5x24+29x+7 _

Tx24+77x+29
Ax—12 1:
12x—4 "~
8x24+71x+12
12x2+218x+71

=y+1

=—4.
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Pemute ypaBHeHuUe.

2 x—4 _ 1
L. x2—4+x2+2x_x2—2x'
2 2 2
9. gx +— 2x _ éztx 9x ‘
x*—1 x*—2x—3 x*—4x+3
3 118 18
Tx242x—3  x242x4+27 x242x+1°
4. —L ——ox.
1 T
T+
x x .
5.x2 6+n+2 0
1 2 3 6
6'x—1+x—2+x—3_x+6'
3x \* 3x \2
7. (572) -8(s32) —9-0
x243x4+2 X

. =1.
8 x2—x+2  x2-2x+2

x—4)? x2=16 | (x+4)\%_
9. (33) -2 52+ () =o.

10. X3 +3x=28,
X
1 3 5

N 0 11 T3 +1 T Ptox—37+1

9.

12. Haiigute xopHu ypaBHeHus f(x) =1, ecmu x#0 u

f(x)+2f(%) = 3x.



§ 3. UppannoHajbHble ypaBHEHUA

OcHOBHas uziesl pellleHus] UPPaIMOHANTbHOTO ypaBHEHUS — OCBOOOK-
JleHle OT UPPallMOHAIBbHOCTH, K KOTOPOMY IIPUBOZSAT:

® PaBHOCWIbHbIE TPEOOPA3OBAHNUS;

e 1epexoZ K YypaBHEHUIO-CIECTBUIO (C IIOCIeAyIolel MPOBEPKOM KOp-
Hel TO/ICTAHOBKOM WX B JJAaHHOE YPaBHEHUE);

® 3aMeHa TepeMeHHOM.

KpoMe TOro, HeKOTOpble HppalMOHaJbHBIE YpaBHEHUS MOXKHO pe-
IaTh, WUCIIONAb3ys Bo3pacTaHue QYHKIUU 3/ X U ee HEOTPULATENbHOCTH
IIPY YETHBIX N.

Camas pacmpocTpaHeHHas OIMOKa MpHU pelleHuY WppaloHaTbHBIX
ypaBHEHUM — Mepexos, K YpaBHEHUIO-CIENCTBHIO (T.€. IO CyTH — BO3Be-
ZIeHUEe B KBaZipaT ob6enx JacTel ypaBHeHUs) 6€3 oceayolell MTpoBEPKU
MOMyIUBIIMXCS KOpHEH. Tak, pelnas ypaBHEHUE /X = —X BO3BeJeHUEM
obenx yacTeil B KBaJpar, HojyJyaeM ypaBHeHue-caeAcTBHe X = x2. [ToHAT-
HO, YTO MPHU 3TOM MPOUCXOJUT paciiupeHue obnmactu onpegenenusn. Kop-
HU 3TOro ypaBHeHus 0 u 1. Be3 MpoBepPKHU BTOPOE YMCJIO MOXKET OKa3aThCs
B OTBETE, XOTS IO/ICTAHOBKA €r0 B MCXOAHOE YpaBHEHHE MO3BOJISIET YBU-
JIeTh, YTO OHO He ABJIAETCS ero KOPHEM, T.K. IIOTy4aeTcss HeBEpHOe YHCIIO-
BO€ paBeHCTBO 1=—1.

K mosBieHNI0 MOCTOPOHHUX KOPHENW MOXKET IPUBOAUTH HCIIOIb30Ba-
HUE Pa3JTUYHBbIX TOXXIECTB, IMTOCKOIbKY JIEBbIE U TIpaBble YaCTH TOX/ECTB
MOT'YT UMETb pa3Hble 00J1aCTH OTpeeeHus. PacCCMOTPUM ypaBHEHUE

Vcronbays ToxzecTBo /a - vb = vab, momydnM ypaBHeHHe-CIeCTBUE

v/ (x—1)(x+4) = V6. BosBozas 0be ero 4acTu B KBaJpaT U penias Moiy-

4uBIIeecs B pesy/bTaTe ypasHeHue x2 + 3x — 10 =0, HaiizieM kopHM —5
u 1. Eciu npu npoBepKe MOACTaBIATb UX B YpaBHeEHUe-CIe/CTBUE, T.e€.

B ypaBHeHUe 4/ (x —1)(x+4) = \/6, MO>KHO C/leIaTh OIIMOOYHBIN BLIBO/,
yTO 06a Yucaa SBIAIOTCA MCKOMBIMM KOpHsAMU. OZHAKO MOACTaHOBKA
B MICXOJJHOE YpaBHEHMe I03BOJIAET YBUETD, UTO KOPEeHb —5 ABJAETCA II0-
CTOPOHHUM, T.K. IIOJIyYAETCS HE UMeEIOIlee CMbICIA YMCIOBOE PABEHCTBO
V=6 +/—1= /6. [IpuauHa 3TOTO B TOM, YTO HCIIONb30BAaHUE yKAa3aH-
HOTO TOXK/IECTBA TIPUBEJIO K PaCIIUPEHUIO 00JIacTU ONpe/ieNeHUs JTeBOM
YaCTH MCXOAHOTO ypaBHeHus. TakuM o6pa3oM, HY)KHO YeTKO TIOHUMATh,
YTO IIPOBEPKY CJeAyeT MPOU3BOAUTD C IIOMOIIbIO OJCTAaHOBKA MMEHHO
B ITaHHOE YpaBHEHMUE, a HE B TO, KOTOPOE MOMyYUIOCh B pe3yJIbTaTe KaKuX-
6o npeobpaszoBaHuUil JaHHOTO.
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1. Asrebpandeckue npeo6Gpa3oBaHus

Ypasuenus suda 1/ f(x)=4%/g(x)

[Tpu pelnieHUM YpaBHEHUM 3TOT'O TUIIA, COAEPXKAIIUX KOPHU HEUETHOU
CTEIleHH, Hy>KHO ITOMHUTb, YTO 3TU KOPHU U3BJIEKAIOTCS U3 JIIOO0ro Jeii-
CTBUTEJIBHOTO YUCJIA U IPUHUMAIOT JIIOObIe JeHCTBUTENbHBIE 3HAYEHVS.
Tak, HanpuMep, ypaBHenue 3/ f(x) = 3/g(X) PaBHOCHIBHO ypaBHEHHIO
f(x) =g(x). B cinyyae KOpHel YeTHOU CTETIEHU HY)KHO MCIIOIb30BATh JIFO-
6011 13 IBYX PaBHOCIIBHBIX [TEPEXOZOB:

2%k /f(x) _ 2k /g(x) PN fx)=g0a),

fG)=0
NiIin
%/F ) = % e ;‘gg jg(x),

Ha IIpaKTHUKE BI)I6I/IpaeTCH TOT, B KOTOPOM HEPABEHCTBO CHCTEMBI AB-
JseTcs bosee IIPOCTBIM.

IIpumep 1. Pemure ypaBHeHUE

%/x2+8x—8: 3\/2)«7—1.
Pemenue. 1/x2+8x—8=V2x—1 & x2+8x—8=2x—1 &

x=1,
=
x=-7.

Omeem: 1; —7.
IIpumep 2. Pemnrte ypaBHeHUE 6\/ x2—2= Yx.
Pemrenue. /x2—2=x <

0

)
VxR
S|

N

)

=

I

N

Omeem: 2.

Ypasrenus suda 4/ f(x) =g(x)

OznHuM U3 Haubosee pacnpoCTPaHEeHHBIX TPeo6pa30BaHUil IPYU pellle-
HUU UPpaIMOHANbHBIX YPaBHEHUH ABIAETCI BO3BeJeHUE B KBapaT 00enx
Jactell ypaBHeHus. HamoMHuM, 94TO eciiu 06e YacTu ypaBHEHUS HEOTPHU-
[aTeJbHBI HA HEKOTOPOM MHOXKECTBE, TO BO3BEAEHUE B KBaZpaT 06eux
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1LIEICTeIk/JI TaKoOrI'o ypaBHeHI/IH HE HpI/IBO,ZLI/IT HU K HOTepe, HU K HpI/IO6peTeHI/I}O
pe]lIeHI/Iﬁ Ha 5TOM MHOXKECTBE, TO €CTb ABJIAECTCA paBHOCI/IJIbHI)IM Hpeo6pa-
30BAHHUEM. HOBTOMY

g(x) =0,

VI = g0 o
J09 =8l £00 = 2.

B camowm Jene, eciii IpaBas 4acTh YpaBHEHUs OTPHUIATENIbHA, TO OHO He
HMeeT peIlleHni B CHIy HEOTPUILIATENBHOCTH JIEBOK YacTU (KBaJpaTHOTO
KOpH:). Eciu )ke mpaBas 4yacTh ypaBHEHUs HEOTpUIIaTeNbHA, TO BO3Beie-
HUE B KBaJIpaT 06euX ero yacTel sBasSeTCs paBHOCWIbHBIM ITpeobpa3oBa-
HUeM. B mociefHIO0 cucTeMy Mopoii Aob6aBsaioT TpeboBanue f(x) = 0,
KOTOpPO€E COBEPIIEHHO M3JIHIITHE, TaK KaK PEelIeHUAMU CUCTEMBI SABJITIOTCS
Te 3HaUeHUs IepeMeHHOU, I KOTOPHIX f (Xx) = g2 (x)=0.

B 2TOli CBSI3U CTOUT BCIIOMHUTD OIpeZie/ieHre apupMETHIECKOTO KBa/I-
PaTHOTO KOPHS: apudpMeTHIEeCKUM KBaJpaTHBIM KOPDHEM M3 YKCJIa d Ha-
3bIBaeTCS TaKoe HEOTPHUIIATENbHOE YUCIO b, KBaZpaT KOTOPOTO paBeH d.

Takum obpasom, /a=>b < O6paTuM BHUMaHUE Ha TO, YTO

=p2.
B OIlpeZieJIEHUH HET HU CJIOBA O 3HAKE YMCJIA d: Be/lb HUKAKOe OTPUIATENb-
HOE a OIpeZieJIEHUIO IIPOCTO He YAOBIEeTBOPAET. TeM He MeHee, HaJTuue
B cHCcTeMe HepaBeHcTBa f (x) = 0 He 6yZieT HU OIMMUOKOM, HU faXke Heove-
TOM, TIOCKOJIbKY YTBEP)KEHUE

fx) =0,
VI =g & { fx) =g20),
gx) =0

ABJIAETCA BEPHBIM.

3ameuaHue. YpaBHeHUE 2”\/ f(x)=a (n€N) npu oTpULIATENbHBIX
pellleHnl He UMeeT, a IIPU HEOTPUIIATEIbHBIX 3HAYEHUAX d PABHOCHIBHO
ypaBHeHHMIO f(x) =a?" 6e3 KaKUX 6Bl TO HU GBLIO JOMOTHUTEILHBIX YCIIO-

BUI. YpaBHEHUe n/ f(x) =h(x) paBHOCWIBHO cHCTEME
) =h*(x),
h(x) = 0,

IpuyeM, Kak IIpaBWIO, YpaBHEHME CHUCTeMBI pellaeTcd, a HEpaBeHCTBO
IIpoBepseTcA.

IMpumep 3. Pemmre ypaBHeHue y/ 4+ 2x —x2=x — 2.
Pemrenue. YpaBHeHHe paBHOCUIBHO CHCTEMe
44 2x —x? =x?—4x+4,
x = 2.
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YpaBHeHUe cuCTeMBI IMpUBOAUTCA K BUAY 2x(x — 3) =0, oTkyza x =0
(9TOT KOpeHb He YOBIETBOPSIET HEPABEHCTRY X = 2), mnbo x = 3.

Omsem: 3.

Ypasnenus suda \/ f)+ \/ gl)= \/ h(x) u ceodumvble k HUM

B Tom ciydae, eciu dyakimM f(x), g(x), h(x) ABAAIOTCA TUHEHHBIMU,

ypaBHEHUe \/ fl)+ \/ gl) = \/ h(x) peuraetcs ctaHZapTHBEIM 06pa3oM:
BO3BeJIeHEM B KBaZipaT 06erX ero yacTell MpHU yCIOBUU, YTO KaXKAasd U3
3TuX QYHKIMI HeOTpHUIaTeNbHa. PaBHOCHIbHOE Tpeobpa3oBaHue A Ta-
KOTO ypaBHEHUsI — MePEX0/] K CUCTEME

FO)+24/f(x)glx)+g(x) = h(x),
fx) =0,
glx) = 0.

O6paTyM BHMMaHWE Ha TO, YTO yCJIOBHE HEOTPHUIATETHHOCTU QYHKIIUU
h(x) MOXHO OIIyCTUTB: OHO CJIeAyeT U3 HEOTPULIATENbHOCTHU JIEBOH Ya-
CTU ypaBHeHUs npu ycioBuAx f(x) = 0 u g(x) = 0. ITocie Bo3BegeHUs
B KBaJpaT M TIpUBEJEHUsA MOJOOHBIX OyZIeT MONIydyeHO ypaBHEHHE BHUZA

v/ p(x) = q(x), KOTOpoe pelaeTcs CIOCO6OM, PACCMOTPEHHBIM BHIIIIE.

CoBepIIEHHO TaK e pelllaeTcs ypaBHEHHe \/ fO)+ \/ gl) = \/ h(x)us
TOM CJIy4yae, eCIU OJUH U3 PAZIMKAJOB 3aMEHUTb YUCIOM. Eciu jke XOoTa
661 ogHa u3 ¢yHKIMH f(x), g(x), h(x) He ABIAETCA MUHENHHON (TIpUyYeM
HU OIUH U3 PAIUKaJIOB He ABJAETCSI YMCJIOM), TO OOIINEro MeToZa pele-
HUS TaKUX YpaBHEHUI He CyIeCTByeT. PACCMOTPUM MPUMEPHI PEIIEHUS
ypaBHEHUH 3TOTO THTIA.

IIpumep 4. Pemnte ypaBHeHUe vx+2++v/x—1=3.
Pemenue. vx+2++vx—-1=3 <

< 4§ x+2=0,
x—1=20

X+2+24/x+2y/x-14+x-1=09, (:){ /x+2¢/x—1 = 4—x, o

X
x=1

(x+2)(x=1) = (4—x)?,
S 1 x =1, = {
x<4

x—2 =16—8x,
=
1<x<4

Omeem: 2.
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IMIpumep 5. Pemure ypaBHeHHe

Vx+2=2++/x—4.

x+2=4+4vVx—4+x—4,
Pemenune. { x=—2, = {
by

xz4

1

x—4=7 1
4’ = 4—
= {x>4 S x 44.

=

Omesem: 4%.

Ypasrenus suda f(x)-4/g(x)=0

[pu pemienuu ypaBHeHuit Buzaa f(x) - 1/g(x) =0 gomyckaeTcs 60b-
III0€ YKCJIO OIIMOOK, CBI3aHHBIX C IUIOXO YCBOEHHBIM [TPABUJIOM PaBEHCTBA
HYJIIO TIPOM3BEAEHNUS [IBYX COMHOXKUTENEMN: npousgedeHue 08X COMHONCU-
meJell pagHo HYJH0, ecau xoms 6bl 00UH U3 HUX pABEH HYJI0, a 8MOpoll He
mepsiem cmuicna. O mocaeqHeN YacTH 3TOTO YTBEPXKIEHHUSI 4acTo 3a0biBa-
IOT, CJIEICTBUEM Y€ro SIBIAETCS BKIIOYEHHE B OTBET IOCTOPOHHUX KOpPHEH.
Pelas Takoe ypaBHeHHe, HY)XHO MPaBUIHLHO GOPMYIHUPOBATh YCJIOBUE pa-
BEHCTBA HYJIIO IPOM3BEAEHNsA ABYX GYHKINI U C TIOMOIIBIO 3TOTO YCIOBUSA
nepeiTH K PaBHOCHIBHOM COBOKYITHOCTH

g(x) =0,

fGo) =0,
glx) =0,

WIN XK€ paCCMOTPETH ABa CjlIy4as, €CJIM 3HaK COBOKYITHOCTU HE UCIIOJb3Y-
etca. K ool ke rpymnre MOXHO OTHECTU 9yThb Gosee IIPOCTBIE YPAaBHEHUA

f(x) fx)=0, +/g()
BUA =0, paBHOCUIBHOE CUCTEME u =0, paBHO-
g(x) g(X) >O, f(x)

g(x)=0,
fx)#0.

IIpumep 6. PemuTte ypaBHeHuUe

CHJIbHOE CHUCTEME {

(x?+3x—-10)y/x+4 =0.
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Pemrenne. (x>+3x—10)v/x+4=0 &

) {x=—5,
x“+3x—-10=0,
x:27 X:2,
= {x+4>0, = =
x+4 =0, x = —4.
x+4=0
x=-4

B kayecTBe C/eAyIOLIEr0 MpUMepa PacCMOTPUM pellleHHe 3ajadd 5
vacTy I BBOAHOM [UarHOCTUIECKOM pabOTHI.

IIpumep 7. Pemmure ypaBHeHHe

(x—=3)Vx2=5x+4=2x—6.

Pemtenue. [lepenuieM laHHOE YpaBHeHHE B BUJe

(x—3)(Vx2—5x+4-2) =0,

x=3,
OTKyZa (oTa cucreMa He UMeeT pelleHui) 1Tubo
y { x?—5x+4>0 P
Vx2—5x+4-2=0,
OTKyZa
Vx2—5x+4=2,
U, 3HAUMT,

x?—5x+4=4.
KopuamMmu nociiegHero ypaBHeHUs ABIA0TCA yncaa 0 u 5.
Omeem: 0; 5.

Csolicmea kopHell

OzAHOM U3 TUMWYHBIX OMIMOOK MPU pellleHUH UPPaIrOHaNIbHBIX ypaB-
HEHUI SIBJSETCS HeBepHOe mpeobpa3oBaHWe KOPHS W3 TPOU3BEJEHUS
(qactHOrO) ZABYX QYHKIUWU B Mpou3BeZeHUe (JacTHOe) KOpHEN U3 3THX
¢byHkIMiT U obpatHoe mpeobpasoBaHue. Ommbka 3Ta CBA3aHA C TEM,

YyTO 06JIaCTDb OmpezieneHus BeipaxkeHusa 4/ f (x)4/g(x) y:xe obmactu ompe-
Jenenusi BoipakeHus 4/ f(x)g(x). B camom zene, mepBoe BBIpAKEHHE
fG) =0,

OIIpeJeJIEHO, €CIN { g(x) >0.
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fGo =0,
Bropoe BeIpakeHue oIpefieseHO, eclu {g (x) >0 (B oTOM Cilyuae
VF0g)=1/f()/g(x)) nm OIS0, rom nyane Vfog)=
g(0)<0

=4/ —f(x)4/—g(x)). [ToaTomy mocje TIepexozsa OT KOPHA U3 MPOU3BeJe-

HUA K NPOU3BEAEHUI0 KOPHEH MOXXHO HOTEPSTH pelieHus (4TOGHl 3TOro
He MPOU30IUIO, HY)XHO paccMaTpUBaTh ABa CIy4as), a IPU 0OpaTHOM
mepexozie BO3MOXKHO MPUOOpeTeHre MOCTOPOHHUX pelleHui (A7 TOTo
YTOOBI UX UCKJIIOYUTh, HYXKHO CZIeIaTh IPOBEPKY).

IIpumep 8. Pemute ypaBHeHUE

x(x+3)+(x+3) —-2=0.

Pemtenue. [loaxopeHHOE BpraXCeHI/Ie HeOTpI/II.IaTeJII:HO, ecau x = 0,
i x < —3.

PaccmoTpum aBa ciayyvas. Ilycts x = 0.

B aTtom cnyqae

(x+3) = v/x+3vVx=/x(x+3).

O603HauuB MOCTIEeHEE Bpra)KEHI/Ie yepes 2 (z = 0), mosy4yuM KBajpat-
HOe ypaBHeHuUe 22+ z — 2 =0, e[UHCTBEHHBIM HEOTPUIIATENbHEIM KOPHEM
KOTOpOTo fBJsieTcs ynucio 1. Caenaem ob6paTHYIO 3aMeHy:

Vx(x+3)=1 & x(x+3)=1 & x*+3x—-1=0,

—3+4/13
OTKyAa: X = ———5—.
—-3++/13
YenoBuio x = 0 yAOBNETBOPAET TONBKO X = ————. IlycTs Temnephb

Xx <—3. B aTOM ciiy4yae

(x+3),/x"?=(x+3)%=

=—(-+3))—/————=—vV - x+3)vV—x=—y/x(x+3).
\/ —(x

KBazpaTHOe ypaBHEHHe OTHOCHUTEIBHO TOH JKe IlepeMeHHOH z OyzeT
UMeTh BUj 22 — z — 2 =0. EANHCTBEHHBIM HEOTPUILIATENbHBIM KOPHEM IO-
cle[HEero ypaBHEHHA ABJAeTcs YucIo 2. TakuM o6pasom,

Vx(x+3) =2 & x(x+3)=4 & x*+3x—4=0,
OTKyZa: x =—4; x =1. YcnoBuI0 x < —3 yAOBJIETBOPAET TOIBKO X = —4.

—3++v13

Omeem: —4; 5
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2. 3ameHa mepeMeHHOM

OZ[HI/IM N3 CaMbIX PACIIpOCTPAaHEHHBIX METOAOB PEIICHUA ypaBHEHI/Iﬁ
ABJIAETCA 3aME€Ha HCPEMCHHOfI. OTOT METO[ HCIIOJNIb3YETCA U AJIA Uppalro-
HaJ/JIbHBIX ypaBHeHHfI. Hawubosee yacto BCTPpEYAIOTCA YpaBHEHUA, KOTOPbIE
MOXXHO IIPpUBECTU K BUAY

af (x)+b+y/ f(x)+c=0

(B aTOM CiIyyae HCIoONIb3yeTca 3aMeHa 2 = 4/ f (x), z = 0, 1mocyie KoTopoi
ypaBHEHUe CBOAUTCA K KBaZ[paTHOMY OTHOCUTENBHO Z), a TaKXKe ypaBHe-
HUA BUZA

JFe g6
g(x) fox) —

. [ f )
(B 9TOM Cjiydae YypaBHEHNE CBOAUTCA K KBaZI[paATHOMY 3aME€HOU Z = m,

+b

a

z>0). O6paTM BHUMaHHE Ha TO, YTO MPH MOJCTAHOBKE t = 2n/ f(x) me-
peMeHHas t MPUHUMAET TOJbKO HEOTPHUIIATENbHbIE 3HAYEHNUS, a TIPH TO/-
cTaHOBKe t = 2"}/ f(x) — 106BIe MElicTBUTENbHBIE 3HAaYeHUA. OcOOBIi
BU/ MpPPAITMOHATIBHBIX YPABHEHUN MPEACTABAAIOT cOO0I ypaBHEHUA, CO-

Jepkaiiue BoipakeHue 4/ f™(x), a OCHOBHbIE TPYZHOCTU IIPU PEIIEHUU
STUX ypaBHEHHU CBA3aHBI C MX paclo3HaBaHWeM U IIpaBUJIbHBIM HU3BJIe-

YyeHWeM KODHSA JJIs1 KOPDHS C YeTHBIM ITOKa3aTeseM: 2”\/ £21(x) = |f (x)]
(0 3HaKe MO/ YacTO 3a0BIBAIOT).

[NepeiizieM K pacCMOTPEHHUIO MPUMEPOB, HauaB C pelleHus 3azadu 6
vacTy I BBOAHOM [UarHOCTUIECKOM pabOTHI.

IIpumep 1. Pemnure ypaBHeHUE

3—x x—1
V—x—1+3 3 x = 4.

3 u=1,
3—x u+_:47 _
Pemenue. Ilycts u=4/—7. Toraa u = u=3,
u>0
u>0.

CrenaeM o6paTHYIO 3aMeHY

Omegem: 2; 1,2.
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IMIpumep 2. Pemure ypaBHeHUE
x?+3x+ vV x%*+3x =6.
Pemenue. Czaenaem 3aMeHy IlepeMeHHOI: z = 4/ x2 + 3x. Torza
) z = —3,
z°+2 =06,
= z = 2; = z=2.
220
220
CaenaeM o6paTHYyIO 3aMeHY:

5 x = —4,
VxX243x=2 & x*+3x=4

x =1.

Omseem: —4; 1.

3. IIpuMeHeHHUE CBOMCTB PYHKIMHA

IIpumep 1. Pemute ypaBHeHUE

Yx—2+1/3x—5=3.

Pemenue. EAMHCTBEHHBIN KOPEeHb JAHHOTO YPABHEHUA CPa3y MOXKHO
HaWTH, 3aMETHUB, YTO €ro JieBas YacTh IPeACTaBIsIeT co60H MOHOTOHHO
BO3paCTAIOIIYIO Ha CBOel 06acTu ompezeeHus GyHKITIIO

f) = 3\/X—2+ v/ 3x—5.
[Mockombky f(3) =3, To X =3 — KOpPeHb ypaBHEHUS, U JAPYTUX KOpHEH
B CWIy MOHOTOHHOCTU yHKIMU f (X) ypaBHeHUe f(Xx) =3 He UMeeT.
Omeem: 3.
IMIpumep 2. Pemure ypaBHeHUE

Va2 +3x—4+V/x3+12x2—11x—2 = 0.

Pemienne. B CHIy HEOTPHULIATEJIIbPHOCTU KBAaZJApPAaTHOI'O KOPHA AAaHHOE
YpaBHEHHE UMEET PEIIE€HNA B TOM U TOJbBKO TOM CilIy4ae, €ClIn

2 x=1,
x“+3x—4=0,
= x = —4, S x=1.

x°*+12x* —11x—2=0 X X
x*+12x"—=11x—-2=0

Omsem: 1.
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3ajgauu

Pemute ypaBHeHuUe.

1. a) \/2x +7=x—4,

2. a)

4.2a) (x*—16)v/3—x=0,

a) x2—10x+9
) T e
.a) V5x+1=x

5 =0,
6

7.a) V2x—1=

8

9

3x—2,
.a) v/ (3x—5)2=4,

.a) Vx2—-10=+2x+5,
.a) vV3—2x=2x-3,

.a) 4/x=3x+1,

14. a)

15. a) Vo

16.
17.

18.
19.

a) (x—5)vx—4vx—6=0,
a) (x+1)(x—6)vVx—5=0,
a) (x—7)(x+5)Vd—x=
el
Verx—8

x—Dx—4)(—11)
Vvx—2-3

20. a)

21. a)

=0,

.a) V/x2=3x+2=—x%4+3x-2,

)V (x—7Nx-3)=vVx—-7,

6) Vv 5x2—11=2x+1.

2
6 X;ZS:O‘
) Vv —=7x

9y? — 64
V2+y
6) (y*—64),/7—y=0.

z2=5z+4 _
6) 1 =0.
6) vV2z—1=gz-—8.

6) /7y +2=5y —2.

6) v/ (4z2—9)2=7.

6) vV 22—18=+/5z—4.
6) V7 —2x=2x-—7.

6) vV x24+3x—10=—x2—-3x+10.

6) 5.7 =2y +3.
2
6)

=0.

y __ 25
\/7+8y \/7+8y'

vz—2 Jz-—-2
52+8 = 3z+4°

6) \/922—16_1
V3z+4

6) V(z+5)(z—7)=vz+5.
6) (y —7)y/y —6,/y —8=0.
6) (z—8)(z+7)Vz+3=

6) x+7)(x—1)vV—5—x=
JEGEs
JE+Dx-8)

(z+7)(=z—4)(z—18)
Vi—2-4

6)

6)

6)

=0.
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22.
23.
24.
25.

2 /x—2)x-9=v2—x, 6) /-6 -49=6-y.
a) (x+2DVx—1=+v/x—1, 6)(E+7)vVz—5=+z-5.

a) (x—NVx—7=x-9, 6) (y—2)\/ﬁ=y—2-

a) Vx+2+/2x—-3=3, 6) Vx—4v/2x—-7=1.



TpenupoBoyHas pabora 4

Pemute ypaBHeHuUe.

1. v/5x+4=—x-2.

2.V 2x2—9x+4=x+2.

3. /4x* +8x3 +6x+10=3 — 2x2.
4. 32x2—x—-1=-2.

5. (3x2—7x+2)v/3+5x—2x2=0.
6. (x*+3x—10)v2—3x=3x>+9x — 30.

7. (2x% — 7x +3)/x3 + 2x% — 6x —3 =3 — 10x + 9x2 — 2x°.
V3x—2-2x+1 _

— =0

T 256x*—40x—51

X2 —x—/x*—2x3+3x2+3x+1 o

9 5x®—6x+1

10. V2x2 —x —8=1/x2+2x - 8.

11. y/x+4—4yx—/x+25-10/x=1.

12.3%/2x% +3x—8=43/2x2 +3x—8— 1.



§4. TpuroHOMeTpHU4YeCcKre ypaBHEHUA

OcHOBHaa ujes pellleHUsA TPUTOHOMETPUYeCKOrO YpaBHEHMA — CBe-
JeHue ero K OJHOMY WM HeCKOJIbKUM IIPOCTEHIINM ypaBHEHUAM, T.e.
ypaBHEHMAM BUJA SinXx =a, cosx =a, tgx =a, ctgx =a. Kaxzaoe u3 saTux
YPaBHEHMH JIETKO pellaeTcs ¢ MOMOIIbI0 TPUTOHOMETPUYECKONH OKPYK-
HOCTH, Ha KOTOPOH M3006pa)KaloTCsl COOTBETCTBYIOIIKE TOUKH, [IOCIIE Yero
C Y4eTOM IepUOJUYHOCTU TPUTOHOMETPHYeCKUX PYHKUMH 3amuchiBaeT-
ca orBeT. C OoIpe/ie/IeHHOH CTeNeHbI0 YCIOBHOCTH JII0O0e CTaHAAPTHOE
TPUTOHOMETPUYECKOEe YpaBHEHUE («CTaHAApTHOe» He 00sS3aTeNbHO O3HA-
YaeT «IPOCTOe») MOKHO OTHECTU K OFAHOMY M3 [IByX OCHOBHBIX THIIOB:
ypaBHEHU, CBOAMMBIE K IIPOCTEMIINM C IIOMOIIBIO T€X WIA MHBIX TPUTO-
HOMETPHUYECKUX Ipeobpa3oBaHuil (MOHMKEHHUS CTEIeHH, peobpa3oBa-
HUA CyMMBl TPUTOHOMeTpUYecKUX QYHKIUN B IIpoM3BesieHNe, BBeAEeHU
BCIIOMOTraTeIbHOrO yITIa U [p.), U ypaBHEHUsA, BHadale CBOAUMBIE K ajl-
rebpanyecKyM C TIOMOIIBIO TOH WIX MHOU 3aMeHbI IIepeMeHHOH, a 3aTeM
C TIOMOIIBI0 0OPaTHOM 3aMeHbI IPUBOAKUMEIE K OJHOMY WJIM HECKOJIBKHM
IIPOCTEUIINM.

1. Asrebpandeckuie mpeoOpa3oBaHU
YpasHeHnus, HenocpedcmaeHHO c8o0uMble K npocmetiiuum

HaunmeHee oTzasieHBl IO YPOBHIO CJIOXKHOCTH OT MPOCTEUIINX TPUTO-
HOMETPUYECKNX YPABHEHUU YpaBHEHUS BUA
h(kx+b)=a u (h(x)—a)(g(x)—b)=0,
rae h(x) 1 g(x) — KaKue-To U3 YeThIPEX OCHOBHBIX TPUTOHOMETPHUYECKHUX
byHKIMH.
BMecTto mepexoza oT ypaBHeHus Buzga cos(f(x)) =m (rge |m| < 1)
K ypaBHeHuio f(x) = arccosm + 27k, k € Z, 6bIBaeT 1esecoobpasHo
TIepetTH K COBOKYITHOCTHU
f(x) = arccosm + 27k,
k,neZ.
f(x) = —arccosm+2nn,
AHasorm4HOe 3aMedyaHue CIpaBeAJIUBO s ypaBHeHUA Buza sin(f (x)) =
=m (rzge |m| < 1). CoOTBeTCTBYIOIIAs COBOKYIIHOCTD B 9TOM CJIy4ae NMeeT
BU/I:
f(x) = arcsinm + 27k,

k,neZ.
f(x) = m—arcsinm+ 2nn, ’

YpaBHeHue tg(f(x)) =m paBHOCWIBHO ypaBHeHMIO f (Xx) = arctgm + 7in,
nez.
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IIpumep 1. Pemure ypaBHeHUE

tg(Zx—l— %) = %

NE]
—
I
|H

0

Pemienmne. tg (2x +
T
7

S 2x+ 5 = mn, n € 7Z; ’

+ o+
o
Sl

2x=% mn, n € 7Z;

|
|
|: NIER-NE)

_I_

, nE€Z.

=
Il

Omsem: x = +

Rla @3
=
M
N

Q
\'|: ~

ITpumeHerue Hopmyn y080eHHO20 apeyMeHma
PelreHne ypaBHEHUH 3TOTO THUIIA OCHOBAHO Ha MpUMeHeHUH GpopMys
YZABOEHHOI'0 apryMeHTa.
IIpumep 2. Pemute ypaBHeHUe sin 2x — cosx =0.
Pemenwue. sin2x —cosx=0 &
& 2sinx-cosx—cosx =0 &
< cosx-(2sinx—1) =0 &

cosx =0 cosx =0,
. = (=1 H
|:2811‘1X—1:0 sinx:% X

x:%+nn,n€Z, el
PN 2
x=(—1)’<~%+nk, k€.

Omeem: ng—i-rm, nez; x=(—1)k~%+nk, keZ.

IIpeobpasosaHue cyMmbl 8 npoussedeHiie
u obpamtoe npeobpaszosaruie

[Ipu pelleHWM STOrO THUIIA 3aJad HCIOIb3yIOTCI GOPMYJIbI Ipeobpa-
30BaHMsl CYMMBI (PA3HOCTH) /IBYX TPUTOHOMETPUYECKUX GYHKIUHM B TIPO-
u3BezieHre ¥ GOPMYIIBI, TIO3BOMAIOININE MEPERTHA OT TIPOU3BEAEHUS BYX
TPUTOHOMETPUYECKUX GYHKITUHN K cyMMe (pasHOCTH). B kayecTBe epBOro
IprMepa pacCMOTPUM pellleHue 3aa4u 7 yacTH I BBOAHOM fuarHocTude-
CKO¥ paboTHL.

IIpumep 3. PemwuTe ypaBHeHHe Sin 3x + sin 4x + sin 5x =0.
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Pemenue. sin3x+sin4x+sin5x=0 < Yy

3JHZ_SX~COS 3x;5x +sindx =0 &

& 2sinx

& 2sin4x-cosx+sin4d =0 <

NI

1
& sin4x(2cosx+1) =0 & \ 2
sin4x = 0, 4x=mn,neZ, Lo
= =
cosxz—% xz:l:z?n+27'ck,k€Z.
Omeem: x:%, nez; x::l:z?n + 271k, k€ Z.

IIpumep 4. Pemute ypaBHeHHUe cos 3x +sin2x =0.

Pentenue. [Tockonbky y

sin2x = cos(% —Zx),

ﬁ
2
TO
c053x+cos(% —ZX) =0 &
/

x
%-Fx 5x—%
& 2cos - COS =0 <
2 2
[ cos( T4 X) — "2
cos(4+2)—0,
(=4 (=4
Sx MY _
_cos(z 4)—
[f, x_ T _T
o Z+§—2+nn,n€Z,<:> x-2+27rn,n€Z,
5x 1w _ T _ 3m | 2mk
_2—4—2+nk,keZ x-10+—5,k€Z.

Omesem: x:%+27cn, neZ;xzsl—g+zT7tk, keZ.

Yenosus pasercmasa 08yx 00HOUMEHHbBLX
mpuzoHomempuueckux GyHkyuil

YpaBHeHMs YKa3aHHOTO HIDKEe BHZA MOTYT OBITh pellleHbl KaK pasjio-
JKeHHeM Ha MHOXXUTeNU (C UCIOIb30BaHUeM GOPMYJ CyMMBI WJIU Pa3HO-
CTU CHHYCOB WIU KOCUHYCOB), TaK U C UCIIOJb30BAaHUEM YCJIOBUIN paBeH-
CTBA /IByX OZHOUMEHHBIX TPUTOHOMEeTPUYeCKUX GYHKINI pa3IUIHBIX ap-
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T'YMEHTOB. HpI/IBe,Z[eM COOTBETCTBYIOLIHE paBHOCI/IJIbHI)Ie Hep6XO,Z[I>II
f(x) = g(x) +2mn,

fx) =—g(x)+2nk,

f(x) = g(x) +2mn,

fx) =n—glx)+2nk,
f(x) =g(x) +mn,

flx) # % + mk,

~ f(x) =g(x)+nn,
ctg(f (%) = ctg(g(x)) < [f(x) # mk

(keZ, neZ).
3aMeTuM TaKXXe, YTO ypaBHEHUA BUJa

sin(f(x)) = cos(g(x)) m tg(f(x)) = ctg(g(x))

cos(f (x)) = cos(g(x)) & [

sin(f(x)) = sin(g(x)) < [

tg(f(x)) = tg(gx)) < {

¢ ToMOIIbI0 GOpPMYJI TPHUBEAEHUS CBOAATCA Yan
COOTBETCTBEHHO K ypaBHeHMsAM sin(f(x)) = 3. 2 -
=sin(5—g00) mgFeN =tg(F-g(0). 4 4
IIpumep 5. Pemmre ypaBHeHUHE tg6x =
=tg2x.
PerteHue. tgbx =tg2x < 4 0 x
bx =2x+mn, nez
6 0 > i
& { cosbx #0, = 4 3 4
cos2x # 0, 9
nn _nn
=T,H€Z, X—4,HGZ,
=3 6x7é%+7rk,kez, = x;ﬁ%+%k,kez,
2x;é%+7rm,meZ x;«é%+%,mez.
Omeem: x= %, nez.

ToHuxceHue cmenenu

I[Tpu pemieHMY 3a7a4 3TOTO TUIIA TPUMEHSIOTCSI GOPMYJIBI IIOHUKEHUS

. 9 1—cos2x 2 1+ cos2x
CTENeHH Sin”x = ————, €0$"X = —————, TOC/Ie 4ero ypaBHEeHMUe,

KaK IIpaBUIO, yAa€TCA CBECTU K OJHOMY M3 PACCMOTPEHHBIX paHEE TUIIOB.

Ipumep 6. Pemure ypaBHeHHUe cos? 2x + cos? 3x + cos? 4x = %
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N

Pemienue. cos® 2x +cos?3x +cos?4x =5 <

1+cos4x | 1+cosbx | 1+cos8x _ 3
2 T 2 T2 —2°9

cos4x+cosb6x+cos8x =0 <

4X+8x-cos 4x—8x
2 2

cosbx(2cos2x+1) =0 &

[ cos6x = 0,
1 =

i cos2x = -3

2cos +cosbx =0 &

g1t 0¢

g

6x = %+7rn, nez,

g

27 And
2x = :I:?—I-an, keZ

T 7n
X = E+?’ nez,

x = :I:%—l—nk, k eZ.

VI mn VI
Omeem: x=15+% nez; x—:|:§+7rk,k€Z.

PaznoxceHue Ha MHOMCUMeENU

[lpu pellleHUM ypaBHEHWI 3TOro TUMa HamuboMee YacTo BCTpevaro-
masics omwubka: AeieHue oberx yacTedl ypaBHEHUs Ha BhIpaXKeHHE, CO-
JepiKallee HeU3BeCTHYIO (IIpaBUWIbHOE ZEMCTBUE: TIEPEHOC BCEX WIEHOB
B OJJHY U3 4YacTell ypaBHEHMS U BbIHeceHHe o0Iero MHoXuTeNs). Takas
omrbKa MPUBOJUT K HEBEPHOMY OTBETY, ITOCKOIBKY TEPAIOTCA KOPHU —
Te 3HaYeHUs TIepeMEHHOH, IIPU KOTOPHIX YKa3aHHOEe BhIpakeHue obpariia-
€Tcsl B HYJIb.

IIpumep 7. Pemmure ypaBHeHMe cos 2x = sin® x + cos® x.

Pemenue. cos2x=sin®x+cos®x <
& cos? x —sin? x = (sinx +cosx) - (sin® x —sinx cos x + cos? x) &
& (cosx —sinx)(cosx+sinx) — (sinx+cosx) - (1 —sinxcosx) =0 &
& (sinx+cosx)(cosx—sinx—1+sinxcosx) =0 &
sinx+cosx =0, D
[ cosx —sinx—1-+sinxcosx =0. (2)

Pemmum (1): sinx+cosx=0 & tgx=-1 < x:—%+7m, nez.
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PemuM (2): cosx(1+sinx) — (1 +sinx) =0 &

) sinx = —1, x=—E+27'ck, kez,
< (1+sinx)(cosx—1) =0 = 2
cosx =1

X =2mm, m € Z.
Omeem: —% +7n, n€Z; —% + 271k, k€Z; 2nm, meZ.

BgedeHue 8cnomozamenibHO20 apeymeHma
PenteHune 3aja4y yKa3aHHOTO THIIA OCHOBBIBAeTCA Ha MpeobHpasoBa-
HUM BBIpQKEHUM BUZA asinx + bcosx B BbpakeHUs Buga Asin(x + @),
Acos(x + ¢) c TOMOIIBIO U3BECTHON CXEeMBI.
IIpumep 8. PemmTe ypaBHEHHeE sin X + cosx = /2.

Pentenne. — sin x + 1 cosx=1 &
V2

/2 Y
- T
= sin(x—l—z) =1 < 4
T T
= X+Z—§+2ﬂ'n, n € Z.

Omeem: x= % +2nn, n€eZ.

IIpumep 9. Pemmre ypaBHeHUE
cos3x —sinx = w/§(cos X —sin3x).

Pemrenue. cos3x —sinx=+v/3(cosx —sin3x) <

< cos3x+ v/3sin3x = sinx+ V3 cosx <

= %cos3x+‘/7§sin3x =1

2s1nx+7cosx =
= sin(3x+%) :sin(x+%) = sin(3x+%)—sin(x+%) =0 &

. . sin(x—%)zo,
= Zsin(x—ﬁ) ~cos(2x+z) =0 &

cos(2x+%) =0

T
x—12+7'm, nez,

=4

U
12 = T, nez,
T n , mk
4—§+7'Ck,k€Z x:§+7,k€Z.

_n =T Tk
Omeem.x-12+rcn, neZ,x-8+ 5 keZ.
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2. 3ameHa mepeMeHHOM

3aMeHa IepeMeHHOM, KaK MPaBWIO, MMO3BOJSAET CBECTH TPUTOHOMET-
pUYecKoe ypaBHeHUe K anrebpandeckomy (06BIYHO KBagpaTHOMY). Eciu
B ypaBHeHUH BHza f (sinx; cosx) =0 (3aech f — panpoHanibHOe anrebpa-
HWYeCcKoe BhIpQXKEHUE) B JIEBOU YACTH €CTh TOJBKO YeTHEIE CTENEHU KOCH-
Hyca, TO CJIe/lyeT BOCIOMb30BaThCA PaBEHCTBOM cos® x = 1 — sin? x, mociie
Yero CBeCTH ypaBHEHMe K ajarebpanveckomy 3ameHo a = sinx, |a| < 1.
AHaIOTMYHO, €CJTU B JIEBOU YaCTU TAaKOTO YPaBHEHUS €CTh TOMbKO YETHBIE
CTETIEHU CUHYyCa, TO YpaBHEHUE CBOJUTCS K aarebpanvyeckoMy 3aMeHOM
a=cosx, |a|<1.

OJHOPOAHBIM ypaBHEHHUEM N-T'0 NMOPs/IKA HA3bIBaeTCsA YpaBHEHHE BU/A

Ay frO) +a, 1 fH)  g() Fa,_g 120 g2 () +...+ay-g" (x) = 0.

VIHOTZ1a OZHOPOAHOE ypaBHEHUE N-TO MTOPsAKA HAa3bIBAIOT 00HOPOOHbBLM
ypasHeHuem n-ii cmeneHu. OFHOPOAHOE ypaBHEHHE CBOAMUTCA K anreb-
pauvecKoMy YpaBHEHHMIO N-Ui CTEIeHU IOCIe JeleHnsa obenx dacTeil Ha

n . . fx
g"(x) v BBeeHUA HOBOH IEpeMeHHOU t = 200
YTO TIpH ZejieHUH Ha g"(Xx) MOXXET IIPOU3ONTH MOTEPS KOPHEH ypaBHe-
HUsA, TI03TOMY 00s13aTelbHOU SBJIAETCS NMPOBEPKA TeX 3HAYeHUH X, MpU
KoTOpbIX g"(x) =0. Ecti 3TH 3Ha4YeHUsI X ABJSIOTCA KOPHAMH HCXOZHOTO
YpaBHEHUs, TO UX TaKXKe CJeAyeT BKIIOYUTH B OTBET.

Cpeznu Bcex OZHOPOJAHBIX YPABHEHUH BBIZEJAIOT YpaBHEHUE BTOPOTO
MIOPSAAKA, KOTOPOE CBOAUTCS K KBaZIpATHOMY ypaBHEHUIO. B IMIKOIBHOM
IIpPaKTHUKe BCTPEYAIOTCS TAKKe YPABHEHHUSA TPEThero IopszKa, KOTOPHIE
CBOAATCA K KyOUYECKUM ypaBHeHUAM. [lociefiHye pemaioTes, KaK IpaBH-
JI0, TIyTeM T'PYNIHUPOBKU U MOCIEAYIOMIEr0 PasoKeHUsA Ha MHOXHUTETH.
Ecmn f(x) = sinx, g(x) = cosx, TO OZHOPOZHOE ypaBHEHHE BTOPOTO
MIOPSAJKA MeeT BUZ

CresyeT IOAYepKHYTD,

asin® x+bsinxcosx+ccos’x =0

U CBOAUTCA K KBaZpaTHOMY 3aMeHOH z = tgx (Imocse AeneHua Ha cos® x)
Win g =ctgx (mmocyue ZeleHusa Ha sin® x). YpaBHeHUe

asin® x +bsinxcosx +ccos’x = d
CBOAMTCA K OJHOPOAHOMY C IIOMOIIBIO TOXKIECTBA
d = d(sin® x + cos? x)

(uHOTZA Takoe IpeoOpa3oBaHUE HA3BIBAIOT YMHONCEHUEM HA MPUOHO-
Mempuueckyr eOUHULY).
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OTzenbHOTO 3aMeYaHus 3acayKUBaeT YHUBEPCATbHAsA TPUTOHOMETPH-
Yyeckast [MO/ZICTAHOBKa. Boobiiie ToBopsi, 11060 TPUTOHOMETPHUIECKOE YPaB-
HeHMe Buza f (sinx; cosx) =0 (f — pallmoHaIbHOE anrebpanvecKoe BbI-
paKeHUEe) MOXKET ObITh CBEIEHO K anre6pandecKoMy YpaBHEHUIO OTHOCH-

o o X
Te/IHO HOBOM TIePeMEHHOM 2 =1tg 5 C IIOMOILBIO GpopMyI

X
sinx = & Ccosx = Hﬁ
1+tg*3’
(mosTOoMy Takast TOACTAHOBKA U Ha3bIBAETCS YHUBEpPCANIbHOM). OTMETUM,
YTO 3TU GOPMYJIBI HE SABJIAIOTCA TOXAECTBAMU: OHU CIPABEAJINBEL, TOJb-
X
5=
X =T+ 271n, n € Z, IpU pelIeHWU YpaBHEHUS 3TUM CHOCO6OM JOJ-
J)KeH OBITb pacCMOTpEH OTAeNbHO. Ec/iv Takue 3HAYEHUA X SBJSAIOTCS
pEIIeHUsAMH KMCXOAHOTO YpaBHEHHUS (3TO IpPOBEpSeTCs IMOJACTaHOBKOM
3HAYeHUH X = 7T + 27, n € Z, B JaHHOE YPaBHEHUE), TO UX TAK)Ke CIIeAyeT
BKJIIOYUTH B OTBeT. TakuM 06pa3oM, pellleHVe YPaBHEHUH C IIOMOLIBIO
VHUBEPCAJIBHON TPUTOHOMETPUYECKON MOJCTAHOBKU TpeOyeT MOBHIIIEH-
HOTO BHUMaHUS U OCTOPOXKHOCTU. KpoMe TOro — M 3TO caMoe IJIaBHOe —
JOBOJILHO TPYAHO MPUAYMAaTh YpaBHEHHUE, pellleHHe KOTOPOTO BO3MOXKHO
TOJIBKO C TIOMOII[bIO YHUBEPCATbHON TPUTOHOMETPUYECKON TTOACTAHOBKU.
Jlpyrue crocobbl, Kak MpaBWIO, OKa3bIBalOTCA Oosee 3GGEKTUBHBIMU
U KOpPOTKUMHU. [103TOMy peKOMEeHJOBAaTh WCIIOIh30BAHUE YHUBEPCATh-
HOM TPUTOHOMETPUYECKOH IOACTAHOBKU B KadeCTBe METOZAA pelIeHHs
YpaBHEHUI MOXHO JIUIIH CO 3HAYUTETbHBIMU OTOBOPKaMHU.

X "
KO eCclu Cosy # 0. TosToMy ciy4aii, Korga cos 0, To ecTh Korga

IIpumep 1. Pemure ypaBHeHUE
3tg?x+2tgx—1=0.

Pemenne. CgenaeMm 3aMeHy tgx =a.

a= -1,
3¢°+2a-1=0 & 1

a=s3;.

3
/s
tgx=-1, x:—z+7'cn, nez,
CiiegoBaTelbHO, 1 = 1

gx=g x=arctg 5 + 1k, kE€Z.

Omeem: x:—%+7m, nez; x:arctg%+nk, keZ.

[Ipumep 2. PemuTe ypaBHeHHe 4 cos? x — 2sin x —5cosx —4=0.



62 § 4. TpuroHomMeTpUYecKre ypaBHEHUA

Pemenue. 4cos?x — 2sin?x —5cosx —4=0 < 6cos?x —5cosx —
— 6=0. O603HaYUM a = COS X, 3aMeTuM, 4TO |a| < 1. Torga

ol
6a>—5a—6=0 < 9
a = —§.
3
3HaueHNe a = ; He YAOBJIETBOPSET
yenoBuio |al < 1. 3HauwT, y
2 2
COSX = —§ p— aI‘CCOS(—g) 77777777
S x = :I:arccos(—%) +27n, n € Z. /2
i N

Omeem: x == arccos (— %) +27n,
nez.

IIpumep 3. Pewmure ypaBHEeHUE
7+4sinx-cosx+1,5(tgx+ctgx) =0.

Pemennie. O6sacThb onpezeneHus sinx #0; cosx # 0. Tak kak

sinx , cosx sin® x + cos®x 1
tgx+ctgx = +=— = - = —
COs X sinx COS X SIn x COS X S x
ypaBHEHUE IPUMET BU/JI:
. 3
7+2sin2x+ = =0;
sin 2x
ob6o3HaunM a =sin 2x, |a| < 1. [NTonyyaem
a= -3,
7a4+2a*+3=0 & 1
a = —5.

. 1
3HaueHUe a=—3 He YAOBIETBOPSIET yCIOBHUIO |a| < 1, 3HAUMUT, sin 2x=— 5

T
2x = (—1)”~(— E) +7mn, n € Z.
T mn
Omeem: x=(—1)"( — 55 |+ 5, n€Z.
12 2
IIpumep 4. Pemurte ypaBHeHUE
2sin®x —3sinx-cosx — 5cos? x = 0.
Pemenue. 3amMeTyM, 4TO Te 3HAYEHUA X, IPU KOTOPHIX cosx =0, He
SIBJITIOTCS PEIIEHUsIMY TaHHOTO yPaBHEHU.
PaszieniiM 06e YacTy ypaBHEeHMsA Ha coS> X, TOTyIM:
2sin?x  3sinx-cosx 5cos®x
- - =0 & 2tg°x—3tgx—5=0.

cos? x cos? x cos? x
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y
0603HaYMM a = tgX: 12
5
2 a=7s5
2a°—-3a—-5=0 &
a=-—1, /5
arctg —
2
WIN
x = arctg%+7rn, nez,
—_r
x=-73 + 7k, k € Z. - ~
s 4
Omegem: x =arctg 3 +7mn, n€%;
>
x=—%+7rk, kez. -1
IIpumep 5. Pemure ypaBHeHUE Y
2
sin®x — 14sinx-cosx +4cos*x+4 = 0.
Pemrenue. ITockonbky arctg2 | 4
4 = 4(sin® x + cos? x), 1 5
arctg'=
TO ypaBHeHMe NIpUMeT BUJ, 5‘
sin® x — 14 sin x - cos x + X
+4cos® x +4(sin® x + cos® x) = 0,

WA
5sin®x —14sinx-cosx+8cos?x =0 <
& 5tg?x—14tgx+8=0

(Tax xak 3Ha4YeHUA X, TP KOTOPHIX cosX = 0, He ABJIAIOTCA pelleHUsAMHU
4

JlaHHOTO ypaBHeHwUs). ClieZloBaTeNbHO, 5’ 3Haywr,
tgx =2.

x:arctgg+nn, nez,
x = arctg2+rtk, k € Z.
Omesem: x=arctg%+7‘m, nez; x=arctg2+ nk, k7.

IIpumep 6. Pemure ypaBHEHUE

sin® x + 3 sin® x - cos x — sin x - cos® x — 3 cos® x = 0.



64 § 4. TpuroHomMeTpUYecKre ypaBHEHUA

Pemrenue. YpaBHeHUe SBJSETCS OJHOPOAHBIM YpaBHEHHEM TpeThel
cTeneHU. 3Ha4eHUs X, IPU KOTOPBIX oS X = 0, He ABJIAITCS ero KOpHAMH.
PaszienuB o6e YacTH ypaBHEHMSA Ha COS® X, OMTYIUM

tg®x+3tg?x —tgx—3 =0.
IIycth a =tgx. Torga

a®+3c°-a-3=0 & a@-1D+3*-1)=0

1,
= (@@-1D@+3)=0 & (@a—-D@+D@+3) & |a=-1,
= -3,
TO €CTb
tgx =1, x:%+rcn, nez,
tgx =—-1, <& x:—%+rcn,n€Z,
tgx = -3

x = arctg(—3) + k, k € Z.

Omeem: x=:|:% +7nn, n€Z; x=arctg(—3) + nk, k€Z.

3. OT60p KOpHEIl B TPUTOHOMETPUYECKUX YPAaBHEHUAX

PelreHre HEKOTOPBIX TPUTOHOMETPHUECKUX YPABHEHUH MIpeAIonaraeT
0oT6Op KOpHEH, YOBJIETBOPSIOUIMX TeM WJIM WHBIM OTrpaHHYeHUAM (Ha-
IIpUMep, CBA3AHHBIM C OIPaHMYEHHOCTBIO CHHYCa WM KOCHHYca: TaKue
IpUMepHl OBUIM PacCMOTPEHBI B HPEeAbIAYIIEM IIyHKTe). B HEKOTODBIX
YpaBHeHUAX OTOOp KOPHeH OroBOpeH B YCIOBUM WIN JAUKTYETCA [O-
MIOJTHUTEJIbHEIMY OTPAaHUYEHMSMU: 3HaMeHaTelb ApoOH He paBeH Hy-
JII0, BhIp@KeHHe 110/, 3HAKOM KODHS YeTHON CTelleHW HeoTpHUIaTeNbHO,
BHIpaKeHUe 110/, 3HaKOM Jiorapudma MOIOKUTETbHO U Ap. VICKIIOUNB Te
TOYKH, KOTOpBle He YAOBJIETBOPSIOT YCJIOBUIO 3aJauyd WIN BBeJEHHBIM
OTpaHUYEeHUM, CIeyeT 3aIHCcaTh OTBET B BO3MOXKHO Hoslee KOMIAKTHOM
dopme. [s1 aTOrO ClIEAyeT OOPATUTh BHUMAaHUE HA TOYKU, SBJISAIOIIHECS
KOHIIAaMHU AMaMETPOB €ANHUYHON OKPY)XHOCTH, TOYKH, CHUMMETpPUYIHBIE
OTHOCHUTEJIbHO ocu abcryice (OHU COOTBETCTBYIOT YHCIAM +a), U TOYKH,
IosTyJaroluecs 1ocjaeloBaTeIbHBIMY IIOBOPOTAMU HEKOTOPOM M3 HUX Ha

. 2T
OZIVIH U TOT >K€ YI'oJl, PaBHbBIU ? (p — HaTypasbHOE YUCIIO).

I[Tpu TakoM moAxoze K 0T60PY KOPHEIN MOXXHO 060MTHCh 6€3 pelleHns
JIMHENHBIX ypaBHEHU B LIeJIbIX YUCIaX. DTU YPaBHEHU UMEIOT BUJ

ax+by =c,
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rae a, b, c — nenouncieHHple KO3GOUIUEHTH, X U Yy — IeJI0YNCIEHHBIE
HeU3BECTHBIE, U Ha3bIBalOTCA ANO(GAHTOBEIMU YpaBHEHUSAMH 110 MMEHH
JIpeBHerpeveckoro ydeHoro Jluodanra, :xusiiero B Il Beke. J[nodaHTOBEI
ypaBHEHUA MMEIOT, KaK IIpaBWIO, MHOI'O PellleHUH, U [I03TOMy WHOIZa
VX Ha3blBAIOT HeOIpeZesleHHBIMU ypaBHEHUsMH. lI3nokeHue OOILIETro
MeToZa pellleHUs JUHEWHBIX AUOQAaHTOBBIX YpaBHEHUH 3aiiMeT MHOTO
MecTa (ZJa OHO U BBIXOJUT 33 PaMKHU LIKOJIbHOM NMpPOrpaMMbl). 3aMeTHUM
JIUIIb, YTO TIPU OTOOpe KOpHEH TPUTOHOMETPUYECKUX YpaBHEHUI Oe3
HICTIO/Ib30BaHUSA TPUTOHOMETPUYECKOM OKPYKHOCTU OOBIYHO ZOCTATOYHO
HCIIOJIb30BaTh CBOMCTBA JeIMMOCTU LIeJBIX YKcesl, U B YaCTHOCTH CBOM-
CTBa YETHOCTU U HeyeTHOCTHU. [TokakxeM Ha mpuMepe, KaK IPUMEHAIOTCA
3TU CBOMCTBA.

[Tycth, HaIpuMep, Hy>KHO HallTU pellleHUs ypaBHEeHUA
ypaBHEHNE PaBHOCUIBHO CACTEME

n8

5 x=1. OTO
X

i
sin

sin 8x = sinx,
sinx # 0.

o 2 T, 27n
TakuMm 06pa3oM, U3 peleHui x = ZMM U X=7g + ~9 YPaBHEHHA CH-

CTeMBbI HY)XKHO HCKJIIOUUTh yuciaa x =tk (m€Z, n € Z, k € Z). Haiigem

2
CHa4daJia, IIpU KaKWUX LEJbIX m U k BBIMOJIHSETCS PaBEHCTBO 77'cm = 1k.

DTO PaBEHCTBO JIETKO IPUBOAUTCS K BUAY 2m = 7k. JleBast 4acTh MOCIE-
HET'0 paBeHCTBA ABIAETCS YETHBIM YHUCIOM. [103TOMY TIpaBast 4aCcTh TaKKe
JIOJDKHA OBITh YEeTHBIM YHCJIOM, YTO BO3MOJKHO, TOJIBKO €ClIU k SABJIAET-
cs1 YeTHBIM YUCJIOM, TO ecTb k = 2I, [ € Z. Tlpu atom 2m =7 - 21, oTKyZAa
m =71. CiiefoBaTeNbHO, LiejIble YKcia BuAa m = 7] HyKHO WCKJIIOYUTD U3

peleHul x = %rcm. Janee HaiizleM, IPY KaKUX LIEJIBIX N ¥ K BBITIOTHAETCSA
PaBEHCTBO % + 2% = ntk. OTO paBeHCTBO IPUBOAUTCS K BUAY 2n+1=9k.
JleBas 4acCTh TOCTIETHETO PABEHCTBA ABISAETCS HEUETHHIM YHCIOM. [103TO-
My TpaBas 4acTh TaKKe ZIO/DKHA OBITb HEYETHBHIM YHCJIOM, YTO BO3MOX-
HO, TOJIBKO ecly k siBisgeTcd HeYeTHBIM YMCIOM, TO ecTb k=2l +1, [ € Z.
[Tpu aTtom 2n 4+ 1=9(2l + 1), oTkyza HaxoauM, uro n = 9l + 4. CregoBa-
TeJIbHO, IleJIble YHCIa BuZa n =9l 44 Hy>KHO TakKe UCKJIIOYUTh U3 pelle-
Hus. Paccy:kzas aHaJOTUYHO, B OOJNBIIMHCTBE CIyYaeB MpU OTOOPE KOp-
Hel ZIeHCTBUTETBHO YAAeTCs OTPAaHUYUTHCS IPUMEHEHUEM CBOMCTB JIE/TH-
MOCTH IIeJIbIX YHCE, a He pemaTh JU0haHTOBL ypaBHEHHUs B 06IIIEM BU/ie
(HaTIOMHUM, YTO APYTO# Ccriocob 0T6opa OCHOBAH Ha UCIIONb30BAHUU TPH-
TOHOMETPUYECKOU OKPYKHOCTH). B 60ojiee MPOCTHIX CIy4asx JOCTATOYHO
YMEHUS TPAMOTHO CTPOUTb COOTBETCTBYIOIME pacCy:kiaeHus. [IpuBegeM
peleHus HEKOTOPBIX YpaBHEHUH.
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Ipumep 1. Pemmre ypaBHenue 1/ 9 — x? cosx =0.
Pemenue. /9 —x%cosx=0 &

Jo 2 — x = =£3,
9—x"=0, . X = %3,
= cosx =0, < X=§+TET‘L,HGZ, = g
x===.
9-x*>0 -3<x<3 2
Omeem::l:S;:l:E

IIpumep 2. PemuTe ypaBHeHUE

(sinx—§)~\/3x2—7x+4=0.

Pemtenune. [IpousBe/ieHue BYX BbIpa)KeHUM paBHO HYJIO, €CIU XOTA
OBI OZIHO M3 HUX PaBHO HYJIIO, a APYTOe IPU 3TOM He TePSET CMbICTA

(sinx—@) A3x2-7x+4=0 &

x=(=D"- —+7‘cn nez,
sinxzﬁ
2’ x——) =0
= 3x?-7x+4>0, &

X =
3x*—7x+4=0

X =

wlh =

IMockonbky 3< <4, 10 1< % < % [MoaTomy n # 0.

Omeem: {1; %} U {(—1)”~ %+7rn, nez, n;éO}.
IIpumep 3. Pemure ypaBHeHUE

| cos x +sin x| = v/2sin 2x.

Pemenue. |cosx +sinx|=+2sin2x <
sin2x =1,
(cosx +sinx)? = 2sin? 2x, ) 1
= . sin2x = —= <
sin2x = 0 2
sin2x = 0

&S sin2x =1 & 2x=£+27m nez

Omsem: x = % +mn, n€Z.
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Mpumep 4. PemuTs ypasHeHue (2 cos? x —cosx)y/—11tgx=0.

Pemenue. IIpousBefeHMe ABYX MHOXUTeNEN paBHO HYJ/IO, €CJIU XO-
T OBl OAVH M3 HUX paBeH HYJIO, a APYroi MPU 3TOM HE TepsieT CMBICIA.
[ToaToMy AaHHOE ypaBHEHHEe PaBHOCWIBHO COBOKYITHOCTH

2cos®x —cosx = 0,

tgx <0,
cosx # 0,
tgx = 0.
2 1
W3 ypaBHeHUA 2 cos” x — cos x =0 oiaydaem cosx = 3 6o cosx =0 (4To
1
MIPOTHUBOPEYUT YCIOBHIO cOS X 7 0). PellleHusAM ypaBHEHHUs COS X = 5 COOT-

BETCTBYIOT /IB€ TOUKH €JUHNYHOMN OKPY>KHOCTH, OfHA U3 KOTOPBIX JIEKUT
B IIepBOI YeTBepTU (U 3HAUUT, [/ Hee HepaBeHCTBO tg X < O He BBIIIOIHA-
eTcsd), a Apyrasg — B 4eTBepTOU 4eTBepTHU (A1 Hee HeEpaBeHCTBO tgx <0

I T
BBINTOJTHAETCS U pellleHre ypaBHEHUs JaeTcs: GOpMyIoN X = —3 +2mmn,

n€7). Tenepb oCTaNoCh BHITUCATh PellleHUe MPOCTEHIIEr0 TPUTOHOMET-
puyecKoro ypaBHeHus tgx =0, T. e. x =1k, k €7, u 3anucaTh OTBET.

Omeem: x=—%+27m, nez; x=mnk, keZ.

n en 5. P 26coszx—23cosx+5_0
pumMep 5. PemuTh ypaBHEHHE T3sing —12 =0.

Pemenne. JIpo6b paBHA HYITIO, €CITH YUCIUTETh PABEH HYIIO, a 3HAMe-
HaTeJsIb He PaBeH HYJIIO U He TepsieT cMBIcIa. [10aToMy laHHOe ypaBHEHUe
PaBHOCUJIBHO CHCTEMe

26cos®x —23cosx+5=0,
. 12
sinx # 7.
7 13
PervB ypaBHEHME CHCTEMBI KaK KBa[paTHOE OTHOCUTENBHO COS X, HaXo-

1 5 1 . V3
M COS X = 5 160 cos x = 13 Eciu cosx = 5> TO Sinx = :1:7 Y HepaBeH-

. 12 T
CTBO Sinx # 13 CHCTEMbI BBIOMHACTCA. CrnezoBaTesbHO, X = :I:§ + 27k,

ke Z. Ecmu cosx = TO Sinx = i%. B aToMm ciy4yae ¢ yyeToM Hepa-

3
13°

. 12 .
BEHCTBA Sinx # 13 CHCTEMBI IIONy4aeM, YTO M3 ABYX TOYEK €ANHUIHOU

5
OKPY?KHOCTH, COOTBETCTBYIOIIUX PEIICHUAM ypaBHEHUA COS X = E’ HYX-
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o . 12 o
HO OCTaBHUTb TOJIBKO TY, AJIA KOTOPOU SIN X = —E. ITO ToYKa YETBEPTOU

5
4eTBEPTH, U PellleHHe yPaBHEHUA UMeeT BUJ X = — arccos 75 +27n, n € Z.

Omeem: x = :I:% + 27k, k € Z; x = — arccos 15—3 +27n, n€Z.

Crezyolyie TpU NpUMepa WITIOCTPUPYIOT HEKOTOPHIE U3 BO3MOXKHBIX
crioco6oB 0653aTENBHOrO M0 YCJIOBUIO 0TOOPA KOPHEH B TPUTOHOMETPHU-
YeCKUX ypaBHEHHUSIX: OTOOP C MOMOIIBIO OI[eHKH, OTOOP C IOMOIIBIO €4U-
HHUYHOHN OKPY)XHOCTH, OTGOP C TIOMOII[bIO HEPABEHCTB.

CHavasa paccCMOTPHM OTOOP KOPHEH ¢ TOMOIIBIO OL[EHOK.

7
cos X

IIpumep 6. Pemurte ypaBHeHue 2tg? X — + 8 =0 u ykaxxure Te

. i
13 ero KOpHeH, KOTOpbIe ITPUHAJIEXKAT OTPE3KY [_5; 7'5] .
siffx  1—cos’x 1
cos? x cos? x cos? x
MOJKHO IIEPENKCaTh B BUE + 6 =0. Penus ypaBHeHHe KaK

1 3
=2 Win =3,
COS X cosx 2

Pemienue. tg’x= — 1. [TosTOMy ypaBHEHUE

cos®x  COSX
TTOJIYYMM, YTO

KBaZpaTHOE€ OTHOCUTEJIbHO ———,
COos X

1
OTKyZla COSX = 5 WM COSX = 5. Takum 06pasoM, pelleHHAMHU JaHHOIO

YPpaBHEHUA ABJAKOTCA BCE X = :I:% + 21k, k € Z u x = %+ arccos % + 27tm,
meZ.

T
OtrbepeM KOpHU YpaBHEHUsA, IPUHAAJIEKALIIE OTPE3KY [—5; n] .
T
W3 4ucen Buza x = 3t 21k, k € Z, iaHHOMY OTpe3Ky NPUHAJJIEKUT
T
THIb X = o (k=0), Tak xak npu k = 1 noxy4um, 9to x > 27, anpu k < —
MIOIY4YUM, 9TO X < —1TT.
T
W3 yucen Buza x = -3t 271k, k € Z, naHHOMY OTpe3Ky IIPUHA/JIEKUT
i
JMIIb X = — 3 (k=0), Tak Kak mpu k = 1 oJIy4uM, 4TO X > 7T, a IPU kK < —
IIOJIy4YUM, 4YTO X < —2TT.
2

W3 4yucen Buga x = arccos 3 + 2mm, m € Z, JaHHOMY OTpe3Ky IIpU-
HaAJeXKUT JIUIIb X = arccos = (m 0), Tak Kak npu m = 1 moayIuM, 4To
x>2n,anpum<—1 HOJIY‘II/IM, 410 X < —TT.

2
W3 gucen Buga x = — arccos = +21mm, m € Z, JaHHOMY OTpe3Ky Ipu-

Ha/ITIe)UT JIUIIb X = — arccos 3 (m 0), Tak Kak npu m = 1 Noay4uM, 4To
X>Tm,anpums< 11'IOJIY‘II/IM qTo X < —27T.

Omeem: x—:l: + 271k, k € Z; x—:l:arccos——i—an m € Z; g,
rcos: arecas 2 T
arccos 3; arccos 5; 3.



§ 4. TpUroHOMETPUYECKHE YPABHEHMUS 69

Termeps MpPOWLIIOCTPUPYEM OTOHOP KOpPHEH C TOMOIIBI0 €AMHUYHOMN
OKPY>KHOCTH.

IIpumep 7. JlaHO ypaBHEHHUE COS (%T + Zx) =cosx.

a) Pemrure ypaBHeHMUe;

6) yKaXuTe KOPHU YpaBHEHUsA, IPUHA/JIEKAIIIE OTPE3KY [57“, 47r] .

Pemenue. a) Bocriosnb3oBaBirch GopMysIoH IpuBeeHUs, iepeiizieM K

ypaBHEHUIO Sin 2x =cos X, OTKyZa 2 sinx cos x — cos x = 0. [Tocyie BriHECE-
HUS O6IIEro MHOXKUTEIS MOMyduM cos x (2 sinx — 1) =0. 3HauuT, cosx =0

. 1
WIN SIN X = 5 Takum O6p330M, KOPHAMM AAaHHOI'O YpaBHEHUA ABJIAIOTCA

BCE x:%+rck, kez, x:%+27'cm, meZ, x:%+27cl, leZ.
6) OTbGepeM KOPHY YpaBHEHUSA, IPUHA/-

51 St
JIeXKaIre OTPE3KYy [7, 47'[] . g sToro 7
Ha eIUHUIHOU OKPY?>KHOCTHU OTMETUM Y- 1& 1:377(
r'y, COOTBETCTBYIOIIYIO AAaHHOMY OTPE3KY 6 6
(HaHOMHI/IM, YTO HaIllpaB/JI€HHUE «OT MCHb-
mero K 6OJIBHIeMy>>—3TO HalpaBJIEHHE 47

MIPOTHUB YaCOBOM CTPEJKH), U TOYKH, COOT-
BETCTBYIOIIME HAWIEHHBIM B IIPeJBIAYIIEM
MTyHKTE KOPHAM YpPaBHEHUS. 7n

Takum 06pa3oM, KOPHSIMU YpaBHEHUS, 2

MIpUHAIEKAIIUMY OTPE3KY [STR ; 47'5] , AB-
JISTIOTCS st 17n, 7n
2° 67 2"
T s 571

Omeem: a) x = 5 +rnk, k€, x= 3 +2nm, meZ, x= 3 +2nl,l€Z;

5t 171m 771
6) 2’2 6 7 2°

B 3akimoyeHue ImpuBeeM NPUMEDP peIleHHs YpaBHEHUs, B KOTOPOM
0TOOP KOpHEH BHITIONHEH C TOMOIIbIO HEPABEHCTB.

Mpumep 8. PemmuTte ypaBHeHMe 6cos®>Xx — 7cosx — 5= 0. YkaxuTe
KOpHM ypaBHeHWU, IpUHa/JjIexalye oTpe3ky [—; 27].

Pemrenue. CzenaB 3aMeHy y = COSX, IIOIy4YWM KBaZpaTHOe ypaBHe-

) 1 5

Hie 6y~ — 7y —5=0, KOPHAMHU KOTOPOTO ABMIAIOTCA YHCIA —75 U 3
5 " 1
YpaBHeHUe cOsx =73 He MMeeT pellleHul, a U3 ypaBHeHUA COSX=—3

3
HaxoUM x:—%r+27rk, keZvm x= 2?71 +2mm, meZ.
OtbepeM KOpHHM, TIpUHAAJIEKAIIME OTPE3KY [—7T; 27], peurB Hepa-
BEHCTBaA —TT < —2?71 +2nk<2nm,k€Z,u —T< Z?R +2mm<2n, meZ. U3

2
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HepaBeHCTBA — T < ——+27rk 2m HonyqaeM—%Sk %SHa‘IHT k=0
I/IX=—23,J'II/I6Ok_1I/IX_%.I/ISHepaBeHCTBa— S%—I—an 21
rosy4yaem —%<m<%.3HaqHT,m:0Hx:2?n.
V4 ._2m 2m An
Omeem: x == 3 +2nn,n€Z; 35 353"

4. IlpuMeHeHUe CcBOICTB PyHKIMI

Penrenuie HEKOTOPBIX TPUTOHOMETPUYIECKUX ypaBHeHI/Iﬁ OCHOBAHO Ha
CBOICTBe OrpaHUYE€HHOCTHU CHUHYCa YU KOCHUHYCA.

1005 =1.

IIpumep 1. Pemmre ypasrenue sin'% x + cos
Pemrenne. ITockombKy sin®x + cos? x =1 u sin'% x <sin? x, cos'% x <
<cos?x, To

sin'% x + cos® x < sin? x +cos? x,

TO €CThb
sin'® x +cos'® x < 1.

PaBeHcTBO AOCTUTAETCA, TOJbKO €C/JIM OAHOBPEMEHHO BBIIIOJIHEHBI YCJIO-
BUA:

sinx =0, sinx =0,

sin'% x = sinx, sin?x =1 cos’x =1,
1 9 (=4 (=4

CcOS Oox = COS“ X COSX = O, COSX = 0,

cos’x =1 sin?x =1

nn
= X = B nez
n
Omeem: {7, neZ}.
. 5mnx 2

IIpumep 2. PemuTe ypaBHeHUE Sin 3 =X~ 4x+5.

Pemenue. Paccvorpum yHKIMIO y = x% — 4x + 5. VmeeMm y =

=(x—-2)2+1wuy=>1 npu mobom x €R, HO sin 22X <1 npu r060M

4
X. ypaBHeHI/Ie MOXET MMETDb PEIIE€HUA, TOJIbKO €C/IN
(x—2)?%+1=1, x=2,
57x s 57x S x=2.
sin = = =1 sin = = 1

Omeem: {2}.
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[Ipumep 3. Pemmute ypaBHeHMe cos 2x + cos(2v/2 x) =2.
Pemenne. cos2x+cos(2v/2x)=2 <
2x =2nn, n € Z, X =nmn, n €%,
{zﬁzznk,kez, {ﬁx:nk,kez.
Ecim n=0, To x =0 — pellleHre CUCTEMBI.

Ecmm n#0, To x #0.
V2x

Torma T = Z_s, TO €CTb «/§= % \/i— nppanroHa/JIbHOE, % — panu-

OHaJIbHOE Ync0. PaBeHCTBO HEBO3MOXKHO. [Ipu n # 0 pelreHuit HeT.
Omeem: {0}.
IIpumep 4. Pemurte ypaBHEHUE
x>+ 4x cos(xy) +4 = 0.

Pemnrenue. PaccmoTpuMm faHHOe ypaBHeHUe Kak KBagpaTHoe. JIucKpu-
MUHaHT YypaBHeHUA paBeH

D =16 cosz(xy) —16= 16(c052(xy) —-1)=-16 sinz(xy).
YpaBHEHUE UMEET pellleHue, eCU
—16sin?(xy) = 0 < sin(xy) =0 <& xy = nn, n € Z.

Torma npu n=2k+1, k€Z: cos(xy)=—-1ux*—-4x+4=0 & x=2.
Ananoruyuno ipu n =2k, k € Z:

cos(x) =1, x*+4x+4=(x+2)>=0, x=-2.

Nmeem
x =2, x=-2,
{xy=27rk,k€Z, {y=7‘ck,k€Z,
x=-2, x=2,
{xy:(2k+1)rc, ke, {y:—n(k+%), ke,

Omeem: {(—2; —7tn) InGZ}U{(Z; n(k+ %)) IkGZ}.

5. YpaBHeHmHs, cozepxkalnye oopaTHbIle TPUTOHOMETPHYECKHe
dyHKIIIN
3azauy, cBA3aHHBIE C OOPATHBIMHM TPUTOHOMETPUYECKUMU (GYHKIH-
SIMU, 9acTO BBI3BIBAIOT y LIKOJIbHUKOB CTApIIMX KJIACCOB 3HAYUTEIbHBIE
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TpyaHOCTH. CBA3aHO 3TO MpPEXK/e BCETO C TEM, YTO B A€UCTBYIOMINUX yue6-
HUKaX U y4eOHBIX MOCOOMAX IOZOOHBIM 3aa4aM YAeAAeTCA He CAUIIKOM
6OoJbIIIOE BHUMAHUE, U €CJIH C 3aJja4aMy Ha BHIYMC/IEHNE 3HAaYeHUH 06paT-
HBIX TPUTOHOMETPHUYECKUX QYHKIIMH yJaluecs elle KaK-TO CIIPaB/IAITCA,
TO ypaBHEHHUS W HEPAaBEHCTBA, cojiepKalue 3T GpYHKIWH, HEPEJKO CTa-
BAT WX B TYNHK. IlocsefiHee HEYAMBUTENIbHO, ITOCKONBKY MPAKTUYECKU
HU B OZHOM y4yebHUKe (BKIOYAsA y4eOHUKU [JIsT KJIacCOB C YIUIyOJieH-
HBIM M3yYeHHEM MaTEeMaTHKK) He M3/IaraeTcs MEeTOJUKA PEIleHUs JaKe
[IPOCTEMINNX YpaBHEHUI M HEPABEHCTB TAKOIO poza. MaTepuas 3TOro
[yHKTa, ITOCBSIIEHHBIA METOJaM peIleHUs ypaBHEHUM, COAep:Kaliux
obpaTHBIE TPUTOHOMETPUYECKHE (GYHKIUU, NMPU3BAH B KaKOU-TO Mepe
BOCIIOJIHUTH CYIIIECTBYIOIINMA MPoGert.

BHauajie HAIOMHUM Ba)kKHEHUIIIMEe CBOMCTBA 0OPaTHBIX TPUTOHOMETPH-
YeCKUxX QyHKITUH.

1. OyHKIMA y = arcsin x onpezeieHa ¥ MOHOTOHHO BO3pPacCTaeT Ha OT-
peske [—1; 11;

arcsin(—x) = —arcsinx; E(arcsin) = [—%; %] .
2. OyHKIMS Y = arccos X onpezieJieHa 1 MOHOTOHHO YObIBAaeT Ha OTpe3-
ke [—1;1];
arccos(—x) = m—arccosx; E(arccos) = [0; 7].

3. CDYHKI.II/IH Y =arctg x ornpezeaeHa ¥ MOHOTOHHO BO3pacTaeT Ha R;

arctg(—x) = —arctgx; E(arctg) = (_%; %)

4. dyHKIUA y = arcctg x onpezeneHa U MOHOTOHHO y6rIBaeT Ha R;
arcctg(—x) = m—arctgx; E(arcctg) = (0; 7).

. T T

5. arcsin x + arccos x = o5 arctgx + arcctg x = 5

CBolicTBa MOHOTOHHOCTH U OI'PAHWYEHHOCTH ABJIAIOTCA KJIIOYEBbIMU

IIPY pellleHUM MHOTUX YPaBHEHUH, COAepKaIIUX 0OpaTHbIe TPUTOHOMET-

puueckue GyHKIUU. [lepelizieM K pacCCMOTPEHHUIO METOZLOB PEIIEHUS 3THUX
ypaBHEHUI.

YpasHeHusi, nesast u npagas uacmu KOMopbLX AGAA0MCS 00HOUMEHHbLMU
06paAMHbBLMU MPUZOHOMEMPUUECKUMU GYHKUUAMU

Pemenue ypaBHeHUH, jieBas U IIpaBasd YacTH KOTOPHIX IIPeACTaBIAIOT
co6oli OfHOVMeHHEBIe 06paTHEIE TPUTOHOMeTpUYecKre QYHKINY pa3ind-
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HBIX apryMeHTOB, OCHOBBIBAETCS IIPEXK/e BCETO HA TAKOM CBOMCTBE 3THUX
¢GyHKIMH, KaK MOHOTOHHOCTh. HamoMHMM, 4TO GYHKUIMM Yy = arcsint u
y =arctgt MOHOTOHHO BO3PAacCTaloT, a QYHKINU y = arccost u y =arcctgt
MOHOTOHHO YOBIBAIOT Ha CBOMX OOJACTAX ompezeseHusa. [loaToMy crpa-
BeJIJIUBHI CJleZlyIoll[ie pAaBHOCWIbHEIE [TePEXO/IbL.

fl) =g, {f(x) =g(x),

1. arcsin f (x) =arcsing(x) < { If(0)|<1 lg()| <1.

f)=gk), - f)=gkx),
[fO)<1 lg(0)| < 1.

2. arccos f (x) =arccosg(x) < {

3. arctg f(x)=arctg g(x) < f(x)=g(x).
4. arcctg f(x)=arcctg g(x) & f(x)=gx).

3ameuanne 1. Kakoif U3 AByX paBHOCWIBHBEIX CHCTEM IIOIb30BAThHCS
[IpU PEIIEeHUH ypaBHEeHWM 1 U 2, 3aBUCUT OT TOTO, KaKOe HEPABEHCTBO
mpoite: |f(x)| <1 (Toraa ucmonb3yeMm MepBylo cucteMy), win |g(x)| <1
(B 9TOM CJIy4ae UCIIONb3yEM BTOPYIO CUCTEMY).

IIpumep 1. Pemuts ypaBHeHUE
arcsin(3x% — 4x — 1) = arcsin(x+1).

Pemnienue. YPaBHeHI/Ie PaBHOCWJIbBHO CHUCTEME

x=2
3x?—4x—-1=x+1, 3x2—5x—-2=0, 1
= X=—-—-7 &
x+1] <1 x+1]<1 3
x+1] <1
= X = —1.
1 3
Omeem: {—5}.

3ameyaHue 2. PemaTb HEpaBEHCTBO CHUCTEMBI, BOOOIe roBOps, He
ob6s3aTenbHO. JIOCTaTOYHO NPOBEPUTH, YAOBIETBOPSAIOT I HEPABEHCTBY
HalzleHHBle KODHU YPaBHEHHUA, KaK 3TO M OBUIO CZieJlaHO IPU pelleHHH
npumepa 1.

IIpumep 2. PemntTe ypaBHEHUE

arccos(4x? — 3x — 2) 4+ arccos(3x? —8x —4) = 7.
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Pemrenme. Tak Kak 7 —arccost = arccos(—t), To IMeeT MeCTO CJIefy-
IOIas Iel0YKa PaBHOCWIBHBIX IPe0Opa30BaHuUII:

arccos(4x® —3x—2) = m—arccos(3x’ —8x—4) &
& arccos(4x? —3x —2) = arccos(—3x?+8x+4) &
4x% —3x—2=—3x>+8x+4, 7x?—11x—6 =0,
2 And 2
[4x°—3x—2| <1 [4x*—3x—2| <1
x=2
=3 X =—-5 S x = _3
=77 X=-z
|[4x? —3x—2| <1
3
Omesem: {— 2 }
AHaJIOTUYHbIe PaBHOCWIbHBIE TPE0OPa30BaHUs UCIONb3YIOTCA U MPU
peleHny 33734 ¢ ImapaMeTpaMu.
IMIpumep 3. PemuTh ypaBHEHHUE C IAPAMETPOM d:
arcsin(ax? — ax + 1) +arcsinx = 0.
PenteHue. YpaBHeHHEe PAaBHOCWIBHO YPAaBHEHUIO
arcsin(ax? —ax—1) = —arcsinx &
& arcsin(ax? —ax —1) = arcsin(—x) <
ax2—ax—1:—x, axz—(a—l)x—lzo,
=4
|—x| <1 | —x| < 1.
PaccMmoTpuM ABa ciaydas:
1) a=0. B aToMm ciryyae cuctemMa MpuMeT BUZ:

x—1=0,
s x=1.
x| <1

2) a#0. B 3ToM ciyuae ypaBHeHUE CUCTEMBI SBIAETCS KBaJPaTHBIM.
Ero kopHu:

1
= 1 u = —_-
X1 Xo a
Tak Kak |x| <1, To

<1 |a>1.

_1
a

Ecmu a= -1, To xy=x;=1. Eciiu a € (—; —1) U[1; ©), To ypaBHEHUE
UMeeT JiBa KOpHA.

Omeem:ipua € (—oo; —1)U[1; ) lenx:—%; npua=—-1ua=0
X =1; Ipu MPOYUX a pelIeHUll HET.
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YpasHeHus, siesasn u npasas 4acmu KOMopbLX 8ASIOMCS PAZHOUMEHHbLMU
06pamHbLMU MPUOHOMEMPUUECKUMU GYHKUUAMU

[pu pelreHUY ypaBHEHUMH, JieBask U MpaBasi 4YaCTH KOTOPHIX ABIAIOTCS
Pa3HOMMEHHBIMY O6PATHEIMU TPUTOHOMETPHUIECKUMH GYHKITUAMU, ITOJTb-
3YIOTCSI MU3BECTHBIMU TPUTOHOMETPUYECKUMU TOXAECTBAMU. JTa IpyIna
3a/]a4 ABJIAETCA YyTh Oosee CJIOKHOM MO CPaBHEHUIO C IpeAblAyieil. ITpu
pellleHny MHOTHX YpaBHEHU TaKOTO pozia GhIBaeT IiesiecoobpasHo He 06-
CYXZIaTh BOIIPOC O PaBHOCWIBHOCTU NPeoOpa30BaHUM, a cpasy Hepexo-
JAUTHh K YPaBHEHUIO-CJIEACTBUIO U TIOC/IE €T0 PelleHys JieaTh Heo6Xoau-
MYIO IPOBEPKY. PaccyxzeHus 34ech MOTYT OBITh IPUMEPHO CIEAYIOIUMU.
[lycth TpebyeTcs penmmTh ypaBHeHHe arcsin f (x) = arccos g(x). [Ipeamo-
JIOXKUM, 4TO X, — PeIleHue 3Toro ypapHeHusa. O6o3Hauum arcsin f (xg) =
=arccos g(x,) depes a. Toraa sina = f(x,), cosa = g(x,), oTkyzAa f2(xy) +
+ g%(xy) = 1. Utax,

arcsin f (x) = arccos g(x) = f 2(x) + g2 (x) =1. D
Paccyxzas aHaJIOTUIHO, MOXKHO MOTYYUTH CJIEAYIONIVE TTePEXOAbIL:
arctg f (x) = arcctgg(x) = f()gx) =1 2)
(uconb3oBaHa popmyna tgactga=1);

1

. _ 200y 1
aresin f (x) = arcctgg(x) = f°(x) = 70377 )
21 .
(ucmomb3oBaHa dopmyia sin® a = v — 1)
_ 1 _ .2
arctg f (x) = arccos g(x) = o+l g (%) )
2,1 .
(ucronb3oBana popmysia cos® a = oy );
arcsin f (x) = arctgg(x) = f2(x) = £ ®)
g2 +1
Lo tga
(ucmonb3oBana dopmyia sin® a = @atl );
arccos f(x) = arcctg g(x) = f2(x) = &) ©)
22 +1

ctg?a

ctg2a+1)'

(ucronb3oBaHa popmyna cos> a =
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Yxazaunue. KopueM kakgoro u3s ypaBHeHui (1)—(4) MOXeT ObITh TOMb-
KO TaKoe YUCJIO X, A KoToporo f(xy) = 0 u g(xy) = 0. B mpoTuBHOM
Cly9ae MHOXKECTBO 3HAYEHUH JIEBOUM U IIPAaBOU YacTell ypaBHEHUS He Iie-
peceKaroTCs.

7x+5 . 4x+1
IIpumep 1. PemuTh ypaBHEHHE arccos 13 —aresin—=
Pemtenmne.
7x+5 _ . 4x+1 @ (7x+5)2 (4x+1)2 N
arccos 5~ = arcsin —z— I3 I3 ) =
x=1,
& 65x*+78x—143=0 & 143
65
143
Kopenb x = — g5 fABJAETCA OCTOPOHHUM.
Omseem: {1}.
. V/3x+2 2
IIpumep 2. Pemuth ypaBHEHHUE arcsin — 5 —arectgy/ -
Pemtenmne.
. v/3x+2 2 @ 3x+2 1
arcsin ——— = arcctg =4 = 5
2 x+1 4 14+ 2
x+1
1
2 X=-3
< X"+ 7x+2=0 &
x=—2.

KopeHp x = —2 aAByigeTca IOCTOPOHHUM.
1
Omeem: { -3 } .
IMpumep 3. Pemuth ypaBHeHUe arctg (2 sinx) = arcctg(cos x).
Pemenue.

. ) .
arctg (2sinx) = arcctg(cosx) = 2sinxcosx =1 <
& sin2x =1 & x:%+ﬂ:n, nez, <
_ T
x = Z+27m1, n, € Z,

="

x = %n+27m2, n, € Z.

S
Kopnu Buza x = a7 +27n,, ny € Z, ABIAIOTCA IOCTOPOHHUMU.

Omeem: {x= % +27ny | ny EZ}.
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[lpu pellleHUM YypaBHEHUI [AHHOTO THIIA, COAEPKAIIMUX IMapaMeT-
PBI, CTAHOBUTCS aKTyaJbHBIM BOIIPOC O PAaBHOCKWIBHOCTH Mpeobpa3oBa-
Hui. YTobbl peobpasoBanus (1)—(4) caenaTh paBHOCHIBHBIMH, CIEAYET
VYecTb eCTECTBEHHbIE OTPAaHWYEHMS, CBA3aHHBIE C OOJACTAMHU OIpeje-
JIEHUs] OOpaTHBIX TPUTOHOMETPUYECKUX GYHKIMH U MHOMXKECTBAMHU HX
3HavyeHUi (cM. 3ameuaHue). Tak, HAaIpuMep,

fP)+g* ) =1,
arcsin f (x) = arccosg(x) < { f(x) =0,
g(x) = 0;

arctg f (x) = arcctg g(x) < fGIghka) =1, R fOIgx) =1,
T f>0 g(x) > 0.

IIpumep 4. PemnTh ypaBHEHUE C MapameTpoM a: arcctg(x — 2a) =
=arctg(2x —a).

Pemenue. ,Z[aHHoe YpaBHEHUE PABHOCWIBHO CUCTEME

(x—2a)(2x—a) =1, - 2x? —5ax+2a*>—-1=0,
x—2a>0 x > 2a.

I'paduKOM KBazpaTHOro TpexwieHa f (x) =2x2— 5ax + 2a? — 1 apnaerca
napabosa, BeTBU KOTOPOII HanpasyieHs! BBepX. [Tlockonmbky f(2a)=—1<0,
TO Tpu JI060oM a ypaBHeHue f(x) =0 nMeeT POBHO 2 KOPHSI, MEXAY KO-
TOPBIMHU M 3aKJII0UEHO YUCIO 2a. [103TOMy TONMBKO GOJbINIUE KOpeHb f (x)

5a++/9a>+8

VIOBJIETBOPSIET YCJIOBUIO X > 2d. DTO KOPEeHb X = 7

5a++/9a*+8

Omeem: mpu JI060M a X = 7

3amena nepemeHHO1l

HekoTopble ypaBHEHUsd, cojep)kalire oOpaTHble TPUTOHOMETpUYe-
ckue QYHKIMH, MOXKHO CBECTH K alreOpandecKiM, cZeaB COOTBETCTBYIO-
IIy1o 3aMeHy IepeMeHHOM. [Ipu aToM cilefiyeT IOMHUTD O €CTECTBEHHBIX
OrpaHMYEeHMAX Ha BBOAUMYIO MepEeMEHHYIO, CBA3aHHBIX C OrPaHUYEHHO-
CTBIO OOPATHBIX TPUTOHOMETPUYECKUX QYHKIIMIL.

Ipumep 1. Pemurs ypasuenue 12 arctg? % =7 (37r +5arctg %)
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X T T
Pemenne. OGosHaunm arctg 3 4epes t; —5 <t < 7. [locse mpeo6pa-
30BaHUM MOMYYNM ypaBHEHUE

= 3n
12t —5nt—312 =0 & -
t= -3
TT X T
TIOCKOJIBKY — = < t < =, monydaem t = —3, OTKyAa arctgy = —5 &
= 5:—«/_<:nc— 2+/3.
Omeem: {—2+/3}.

VHOTZIa CBECTH ypaBHEHWE WJIM HEPABEHCTBO K ajrebpanyeckomMy
MOXXHO C IIOMOIIBIO TOXKZECTBa arcsinx + arccosx = % (Jx| £1). B ka-
YecTBe MpUMepa PacCMOTPUM pellleHHe 3aZadyul 8 AuMarHOCTHUYeCcKOM
pa6oTsI 1.

IIpumep 2. PemuTh ypaBHEHUE arcsinx(4 arcsinx + 3 arccos x) =

Pemrenue. 3arcsinx + 3arccosx =3 - +. O60o3HauMM a = arcsin x, rze

ae[ 5 2] Torza

T
a=7,
a(a+3—n)=n2(:)a2+3—na—n2=0(:) 2
2 2 —
a=-27
TakuMm obpaszom, arcsinx = 5, nockonbKy E (arcsin) = [—% %] 3Hauur,
x=1.
Omeem: x=1.
2
IMpumep 3. PemnTs ypaBHEHUE arcsinx arccos x = 18

Pemrenune. [laHHOe ypaBHeHUe PaBHOCWIBHO CIeAyIOIIeMYy:

2
. /s .
arcsinx (E — arcsin X) = 1_8 & 18 arcsm X —9marcsinx + ’/"L' =0.

[TycTh arcsinx =t, |t| < 5‘ Torzma

t=73,

18> —9nt+7* =0 & i
t= 6"

[TosTomy
. T 1
aresinx = 3, X=735
=4
iny=Z V3
aresinx = ¢ x =3

SIpot
——

l\JI»—l

Omeem: {
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ITpumeneHue ceoiicms PyHxyuil

PemreHre HEKOTOPHIX YpaBHEHUH, coZep:Kallux obpaTHBIE TPUTOHO-
MeTpudeckre QYHKINM, OCHOBBIBAETCSA HUCKIIOUUTENBHO HA TaKUX CBOM-
CTBax 3TUX QYHKIIWN, KAK MOHOTOHHOCTb ¥ OTPaHUYEHHOCTb. [Ipy aTOM
HICTIONB3YIOTCA C/IEZYIOlTie TeOpeMBbl.

Teopema 5.1. Ecau ¢ynkyus y = f(x) MOHOMOHHA, MO YpaBHeHUe
f(x) =c (c=const) umeem He 60s1ee 00H020 peleHUSL.

Teopema 5.2. Ecnu ¢yHkyus y = f(x) MOHOMOHHO 803pacmaem, a
dyrkyua y = g(x) moHOomoHHO ybwvigeaem, mo ypasHeHue f(x) = g(x)
umeem He 60.J1ee 00HO20 pellleHUS.

Teopema 5.3. Ecau n}(in f)=c :m)?xg(x) (c = const), mo Ha MHo-

Fx)=q,
acecmee X ypasHeHue f(x)=g(x) pasHocunbHo cucmeme g0 =c
IIpumep 1. PemnTh ypaBHeHUe 2 arcsin 2x = 3 arccos x.

Pemenue. OyHKIUA y =2 arcsin 2x ABIAETCA MOHOTOHHO BO3PacCTalo-
med, a yHKIMsA y = 3 arccos x — MOHOTOHHO yObiBatomieii. Yucmo x =0,5
ABJIAETCA, OYEBUHO, KOPHEM JJAHHOI'O ypaBHeHUA. B cuiy TeopeMel 2 3TOT
KOpeHb — eIMHCTBEHHBIN.

Omsem: {0,5}.
IIpumep 2. Pewmuth ypaBHeHUE

arctg v/ x>+ x+arcsin vV x2+x+1 = %

Pemenwue. ITyctb x2+ x =t. Torza ypaBHeHHe IPUMET BUJ

arctg v/t +arcsin\/t+1 = %

Oyuxiyuy z=+/t, z=+/t+ 1, y =arctg z, y =arcsin z ABIAIOTCA MOHOTOH-
HO BospacTaromuMu. [TosToMy GyHKIMA y =arctg +/t + arcsin v/t + 1 Tak-
JKe ABJIAEeTCS MOHOTOHHO Bo3pacTamwlleil. B cuny TeopeMsl 1 ypaBHeHUe

. T
arctg 4/t +arcsinv/t+1= 5 UMeeT He 6osee oAHOTO KOpHsA. OUYeBUIHO,
yTo t =0 ABIAETCA KOPHEM 3TOro ypaBHeHUd. [loaTomy
x=0,

X4+x=0 &
x=-1.

Omsem: {—1; 0}.
IIpumep 3. Pewmiuth ypaBHeHUE

arcsin(x(x + y)) +arcsin(y (x + y)) = 7.
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. i
Pemenue. TToCKOMBKY arcsint < 5 Ipu |t| <1, To neBas yacTh ypaBHe-

T, T
HUA He IPEBOCXOJUT 5 + 5 = 7. 3HAK PABEHCTBA BO3MOXKEH, JIHIIb eC/IU

o T
KaXZ0€ cjaraemMoe JIeBOU 4aCTU paBHO E Takum O6paBOM, YpaBHEHUE
PaBHOCWJIBHO CHUCTEME!

aresin(x(x+y)) = 7, x(x+y) =1,
T

arcsin(y (x+y)) = 5 yx+y)=1.

Pemenne nocneaHeﬁ CHCTEMBI HE IIPEACTAaB/IAET TPpyZa.
Omeem: (L L) (_L. _L)
. \/5 > \/5 ) \/5 > \/5 )
YPCIBHCHUH, cgooumble K aﬂze6pauqec;<um u mpueoHomempuuecKkum

YpasHeHuAm

B 3akirodeHrie pacCMOTPUM YpaBHEHUs, IIPU PeIleHNH KOTOPHIX HC-
TIOJIB3YIOTCA METO/IBI, CXOZHBIE C METOZIaMU PellleHus ypaBHeHuH (2)—(6),
HO GOPMYJIBbI CBSI3H, TO3BOJISIONINE MTOMYIUTh alrebpandecKoe Wi TPUTO-
HOMETPUYECKOE YpaBHEHHUE, IBIAIOTCA 6ojiee CI0KHBIMHU.

IMpumep 1. Pemuth ypaBHeHUe arccos(3x —4) =2 arctg(5 — 3x).
Pemenue. Ilycts arctg(5 —3x) =a. Torma

tga =5—3x, arccos(3x—4) =2a, cos2a =3x—4.
TakuM o6paszom,
tga = 5—3x,
cos2a = 3x —4.
CJI0’XXUB ypaBHEHUSA 3TON CUCTEMBI, IOJTYYUM TPUTOHOMETPHYECKOE YpaB-
HeHHe

tga+cos2a =1 < tga =2sin*a <

Vi
[Tockonbky 2a =arccos(3x —4),a0<arccost<m, To0<a < 5 [TosTomy

T
MocaeAHssA cucTeMa JlaeT 3HadueHus a =0 u a = Z . Torma

3x—4 =cosO, x:%,
T g 4
3x—4=cos§ x=3.

Ob6a 3TuX KOPHA yAOBIETBOPSIOT UCXOZHOMY YPaBHEHUIO.

)
Omeem: {3, 3}.
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3ameuanue 5. BTopoii crocob pellileHust YpaBHEHUs 3aKII04aeTcs B
CBeJIeHUH €ero K anrebpandeckoMy. B camowm zerne,

P 2a=3x—4, tga=5-3
oS a_1+tg2a’ cos2a =3x—4, tga= x.
[TosTomMy
_1-(5-3x)2 _,_ (-5+3x)0+5-3%)
3X—4= 1 5 a0 & X 4= 1+ (5302
_ _ 3x—4=0,
o ax—4= B06-30 2 -
1-(5-3x) 1+(5—-3x)°=6—3x
4
x=12 X=3
= 3 = .
(5-3x)>=5-3x x=3.

Kaxkoit us ABYyX c1r1oco6oB HPEZ[HOLITI/ITEJILHGI;JI, CJIeAyeT peniaTb B KaXKJ0M
KOHKPETHOM Cjy4ae.

IIpumep 2. Pemuth ypaBHeHUe arcsin 2x + arccos(b6x —2) = 5%[
Pemrenue. IlycTh arcsin2x = a, arccos(6x —2) = 3. Toraa sin a = 2x,

cosfB=6x—2, a+/3:%rc. [MToaromy 3sina —cos ff =2, [o’zgn—a. Or-
crozia

35ina—cos(gn—a) =2 & 35ina+§cosa—%sina=2=)
& 5sina+v3cosa =4 < V3cosa =4—5sina =
= 3cos?’a = 16—40sina+25sin’a <

& 3(1-sina) = 16 —40sina+25sina <

sina = 1
& 28sin?a—40sina+13 =0 < is
sina = 1

1. 1 13 13
TockonmbKy x = 3 sina, To X = 7 WM X = 55. Kopenb x = 55 Apngercs
IIOCTOPOHHUM.
Omeem: {l }
4
3ameyanue 6. 1. PemeHue ypaBHeHUI U HEpaBEHCTB, aHAJIOIMYHBIX

p3306paHHOMy B IIpyMeEpe 22, CBOAUTCS Ha OIIpe€JEeJIEHHOM 3Tall€ K pelle-
HUIO YpaBHEHUA BHUJA

asina+bcosa =c.



82 § 4. TpuroHoMeTpUYECKHEe YpaBHEHUSA

Takvie ypaBHEHUA IPUHATO pelllaTh METOJOM BBeZIEHUS BCIIOMOTATETbHO-
ro yria (WM ¢ IOMOIIbI0 YHUBEpCaJIbHOU TPUTOHOMETPUYECKOH MozcTa-
HOBKM). [Ipy MmOJ0GHOM pEIIeHUH OTBET, KaK MTPABUJIO, IIPE/CTaBIISIET CO-
6011 IOBOJIBHO IPOMO3AKYI0 hopmyity (Tak, B mprMepe 22 Mbl OB TOTYYIH-
au, 9To oo = (—1)" arcsin % — arcsin % \/g + ntn, n € Z). [IpoBepka 3Ha-
YeHUs o MPeACTaB/sieT coB0 B 3TOM C/iydae JOBOJIBHO TPYAHYIO 3aja-
qy. Perath mozo6Hble ypaBHeHUs (TeM 6osiee, eCv HYXKHO HAWTH JIMIIb
COS @ WUIH Sin a, a He caMy 3HAYEHUs a) I[eJIeCO00Pas3HO CIIeAyIonIuM 06pa-
30M. YeauHuB asina (viu b cos ) ¥ BO3Be/s 00e YacTH MOIyIMBIIEroCs
ypaBHeHMA B KBaZ[paT, MOAy4uM ypaBHeHue a’sin® a = (c —bcos a)? (wm
b? cos? a = (c — asina)?), KOTOpoe 3/1eMeHTapHO CBOAUTCS K KBaZ[PaTHOMY
OTHOCHTEJIBHO cOS a(sina) ypaBHeHUIO. [Ipy 3TOM IOJIE3HO YYUTHIBATH,
YTO BO3BEJEHNE B KBaJpaT SBJSIETCS PABHOCHIBHBIM IIPe0Opa3oBaHUEM,
ecnn obe JacTy ypaBHEHUsI HEOTPUIIATEIbHBI WK HEIOJOKUTENbHBI Of-
HOBpeMeHHoO. [ToaTomy
a?(1—cos?a) = (c—bcosa)?,

asina =c—bcosa & )
asina(c—bcosa) =0

2. B HEKOTOPHIX CiIydasx OTOOP KOpHel mpeAcTaBisgeT coboil oTHOCU-
TEJIbHO IPOMO3JKYIO 3aza4y. Tak, Ipy pelleHuH TpebIAyIero mpuMepa

13
IIpAMasd IpoBEpKa 3HAYEHUA X = 2_8 NIpUBOAUT K IIPOBEPKE PAaBEHCTBA

arcsin E + arccos 1 _ En
14 6

B Takux ciaydaax ciepyet o6pamaTb BHUMaHWe Ha OrpaHUYeHUsd, BO3-
HUKalole B XoZle pelneHus 3aza4yu. Tak, w3 ycmoBuii —1 < 2x < 1,

1 1 T T
< 6x — 2 <1, BHITEKaeT, YTO 3 <x< 5> @ TOCKOTBbKY ae [_5; 5]

u sin a = 2x > 0, nosy4aeM, 4To o — yroia | yeTBepTH. 3Ha‘{I/IT, cosa > 0.

. 13
Ho ecmw sina = 75, To V3cosa=4—5sina=4-5- <O 9TO TIPO-

13
THUBOPEYHUT YCJIIOBHIO COS QA > 0. CremoBaTenbHO, KOpPEHb X = 2_8 ABJIAETCA
IIOCTOPOHHHM.
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3ajgauu

PemuTe ypaBHeHUe

o

O @

. a) sin(—5x) cos5x =

a) (2sinx+1)(2cosx—3)=0, 6) (2siny —1)(2cosy —3)=0.
a) (3sinx—4) (v2cosx—1)=0, 6) (7sinx+9) (v2cosx+1)=0.

.a) (3cosx+4)(tgx—+3) =0, 6) (5cosx—7)(v/3tgx+1)=0.
.a) (3sinx—2)(2sinx—3)=0, 6) (5siny+4)(4siny+5)=0.

1 ; _1
ok 6) sin(—6y) cos6y—4.

.a) 2cos?6x=2sin26x++/3, 6) 2cos?2y =2sin’2y — /2.
.a) sinx(5cosx+2)=cosx(5sinx+2),

6) siny(7cosy —1)=cosy(7siny —1).

.a) 4cos’x—12cosx+5=0, 6) 10sin®z+9sinz—7=0.
.a) 10sin’z+19sinz+7=0, 6) 10cos®’y —19cosy+7=0.

10. a) 2sin?x+5cosx+1=0, 6) 2sin®y —7cosy+2=0.

11.a) 4cos’x —4sinx—1=0, 6) 4sin®x+12cosx+3=0.
12. a) cos2x=>5sinx—2, 6) cos2z=—9cosz+4.

13. a) 2cos2x=8cosx + 3, 6) 2cos2y =4cosy + 1.
14. a) 7sin2y =2siny, 6) 9sin2x=2sinx.

15.

a) (3cosx+8sinx)?=12+55sin’x,
6) (3cosy +7siny)?>=12+40sin?y.
(5x—=7m)(7x—5m) (7x—8m)(8x—7m) _

16. a) = =0, 6) e 0.
17. a) (2J’+77T)(4\)//%T)(8y+77'c) o,

6) Q2y+9m)(4y —9m)(13y —9m) —o.

/5y

18. a) 4costhcx—3:O’ 6) 7C3¥—;5:0~
19.a)%=0, 6)%:0.
20. a) ;’g_’:% —0, 6) tg’_‘z;::z —0.
21. a) zsmfg_xﬁ =0, 6) _25\1;1%:1 =0
92, a) L5XH6_ 4 6)%:0.
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2 _ 25y2—16
Vv —sinx A/ —Ssiny

sing(7sing—2)

23. a)

3sin®x —2sinx _

24. 2) cosx—1 =0, 6) cosz—1 =0.
cos4x cosSx
25. a) sin4x+1 =0, ) sin5x —1 =0.

26.1. a) PemuTe ypaBHeHue 2 C0OS>X = \/§sin(377T + x). 6) Haiigure

BCe KOPHU 3TOT'0 YpaBHEHU A, IpUHAAJIEXAINE TIPOMEKYTKY [37%, 37‘5] .

26.2. a) PemuTe ypaBHeHUe V2cos? x = sin(% +x). 6) Hatizute Bce

KOPHU 3TOT'0 YpaBHEHU, IpUHaJIexKalye IPOMeXYTKY [—77“; —27'5] .

27.1. a) Pemure ypaBHeHUe 2sin’x = ﬁcos(%{ + x). 6) Haiigure

3m
BCE€ KOPHU 3TOr'0 YpaBHEHWA, IPUHA/JIeXKale IPOMEXYTKY [—37‘5 T

27.2. a) Pemrute ypaBHeHUe V2sin? x = cos (%T — x). 6) Haiinute BCe

KOPpHH 3TOI'0 ypaBHEHUA, IPUHaAJ/IEKalIEe IIPOMEXKYTKY |:27'C; 77“] .

28.1. a) PemuTe ypaBHeHue 2 cOs> (3775 — x) = —sinx. 6) HaiiauTe Bce

KODHU 3TOT'0 YpaBHEHU, IpUHaJIexKalye IPOMeXYTKY [—47‘5; —57“] .

28.2. a) PemuTe ypaBHeHUe 2 cOS> (%T + x) = +/3sinx. 6) Haiizgure

3m
BCe KOpHU 3TOr'0 YpaBHEHUA, IpUHAJIeXKallye IIPOMEXYTKY [—37‘5 5 — 7]

29.1. a) Pemute ypaBHeHUe 2 sin? (3771 — x) =cosx. 6) Haiigute Bce

KOPHU 3TOT'0 YpaBHEHU, IpUHaJIeKalye IPOMeXYTKY [—3771 ; 0] .

29.2. a) Pemmre ypaBHEHUE 2sin? (E — x) = —+/3cosx. 6) Haiigure

2
Bce KOPHH 9TOTO ypaBHeHNU, TIPUHA//IKAIIHe TIPOMEKYTKY [—377: D— 37“]
30.1. a) Pemure ypaBHeHHe sin 2x + +/3 sin x = 0. 6) HaitauTe Bce Kop-
HU 3TOTO YpaBHEHUsA, IPUHAJIeKAIHe TIPOMEKYTKY [5775 ; 7775] )

30.2. a) Pemure ypaBHeHHe sin 2x = v/2sinx. 6) Haiigure Bce KOpHM
3TOTO YpaBHEHWs, IPUHA/JIeKaIINe TPOMEKYTKY [—47; —37].
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31.1. a) Pemnute ypaBHeHUe Sin2x = cOS (x — 37%) 6) Hatizute Bce
KOPHH 3TOT'0 YpaBHEHWUs, IpUHAJIeKalye TPOMEXKYTKY [5771, 77“] .

31.2. a) Pemute ypaBHEHUE Sin 2x = V3sin (%T + x). 6) Harigure Bce
Sm, 37'5]

KOPpHH 3TOI'0 YpaBHEHUA, IPUHaAJIEKaIIEe IIPOMEXKYTKY [—7, )

32.1. a) Pemure ypaBHeHue ZSin(% - x) -cos(% + x) = v/3cosx.

6) Haiizure Bce KOPHU 3TOTO YpaBHEHUs, IPUHAAIEKAIINE TTPOMEKYTKY
[—6T; —57'5] .

32.2. a) PemmTe ypaBHeHUE w/isin(%t - x) ~cos(37n + x) = cosXx.

6) Haiizure Bce KOPHU 3TOTO YpaBHEHUs, IPUHAAIEKAIINE TTPOMEKYTKY
[—4m; —3m].

33.1. a) Pemute ypaBHeHUe sin 2x+ V2sin x=2 cosx++/2. 6) Haiigu-

51
Te BCE KOPHU 3TOr'0 YpaBHEHUA, IIpUHAJIEKAIIYE IIPOMEXYTKY [7‘5; 7] .

33.2. a) Pemute ypaBHeHue sin 2x =sin x — 2 cos x + 1. 6) HatiguTe Bce

KOPHU 3TOT'0 YpaBHEHU, IpUHaJIeKalye IPOMeXYTKY [3771, 37'5] .

34.1. a) Pemute ypaBHeHue 4 sin? x — 12sinx 4+ 5=0. 6) Haiigure Bce
KOPHMU 3TOTO YpaBHEHU, IpUHa/jexalye MpoMexXyTKy [—1; 27].

34.2. a) Pemute ypaBHeHUE 6 cos® x — 7 cosx —5=0. 6) HaiiauTe Bce
KOPHH 3TOT'0 YpaBHEHM, IPUHAJIEKAIYEe TPOMEXYTKY [—7; 27].

1
cos®’x  COSX

35.1. a) Pemnre ypaBHeHUe — 6=0. 6) Haiinure Bce

T
KOPHU 3TOT'0 YpaBHEHU, IpUHaJIexKalye IPOMeXYTKY [—37r; —5] .

—— — ﬁ —2=0. 6) HaiiauTe Bce Kop-
sin® x

35.2. a) Pemure ypaBHeHUE

51
HY 3TOI'0 YpaBHEHUA, IPUHAJIEXKAIIYNE IIPOMEXKYTKY I:’/"L'; 7] .

36.1. a) Pemure ypaBHeHUE _12 L = 2. 6) Harigure Bce

- 3n
sin” x COS(T —x)
571
KOPHU 3TOTO ypaBHEHWsI, IPUHAJIEXKAIIVE TPOMEKYTKY [7‘5; <> ] .

3
x sin(§+x)

36.2. a) Pemure ypaBHeHUE 12 + 2=0. 6) Hatigure

COosS

3n
BCE€ KOPHU 3TOr'0 ypaBHEHUs, IIPUHAJIeKAIINE [IPOMEXYTKY [7; 3m.
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37.1. a) Pemute ypaBHeHUE 7tg2x — $ +1=0. 6) Hatizure Bce

KOPpHH 3TOI'0 ypaBHEHUA, IPUHaAJ/IEKalIe IIPOMEXKYTKY —577-[:; —ﬂ] .
3

Cos x

37.2. a) PemuTe ypaBHeHue 4tg”x + + 3 =0. 6) Haiizure Bce

51
KODHH 3TOTO YPAaBHEHMUA, TIPUHA/JIEKAIINE TPOMEXYTKY | ==} 47'5] .

38.1. a) Pemute ypaBHeHME 4 sin* x — 11 sin® x + 6 = 0. 6) Haiizure Bce

[ 9¢m
KOPHH 9TOT0 ypaBHeHH, IPUHA/IeKAIIHE IPOMEKYTKY | — 5 —3m|.

38.2. a) Pemmure ypasHeHue 6cos*x — 11cos?x +4=0. 6) Haiiaure
Bce KOPHH 9TOTO ypaBHeHNU, TIPUHA/JIKAIIHe TIPOMEXKYTKY [— 7777:; —27'5].

sin2x

cos(Z+x) = v/3. 6) Haiigure Bce KOpHU

39.1. a) Pemnte ypaBHeHUe

5
OTOr'0 YypaBHE€HUS, IIpUHAZJIEXKaIE IIPOMEXYTKY [—771-; —’/"L':I .

39.2. a) Pemure ypaBHeHUE —— s(1;1n2x ) =+/2. 6) Haiigure Bce KOPHM
sin\ — —X
2
3TOTO YpaBHEHUs, TIPUHA/JIEXKAIIE TTPOMEKYTKY [27‘5; —72n ] .

2cosx—3 1
2cosx—1 ' 2cos?x—cosx

40.1. a) PemuTe ypaBHeHUe =0. 6) Haligute

5
BCe KOPHU 9TOT'0 YpaBHEHU, IPUHAAJIeKAIINe IIPOMEKYTKY [—47r ;— 775]

2sinx —3 1

- — = 0. 6) Hatigure
sinx—1 ° sin®x—sinx

40.2. a) Peurnte ypaBHeHUe

BCE€ KOPpHHU 3TOr'0 ypaBHEHUA, IIpPUHAAJIEKAIE IIDOMEXYTKY [—377-[; O:I .

41. a) arccosx =arctg3; 6) arcsinx = arctg2.
1 T .1 T
Z=—= 6 t ==
42. a) arctgx + arctg 3 e ) arcctg x + arcsin 54
43. a) arcsin x —arcsin % =arcsin0,9; 6) arccosx —2arctg2=arctg % .
2 — —
44. a) arcsin x+g—x3 + arcsin X3—3 =0;

6) arccos(4x? — 11x+5) +arccos(3x? — 14x +7) = .
45. a) arctg(4x? —8x —9) +arctg 16x2=0;
x?2—8x—36
4
46. a) arcsin(2x® + 2x? — 3x — 0,2) = arcsin(3x? — 2x — 0,2);
6) arccos(2x® 4+ 5x% 4+ x +0,2) =arccos(2x +4x>+0,2).

6) arctg +arctgx?=0.
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47.

48.
49.
50.
51.
52.

53.

54.

55.

56.

57.

58.
59.
60.

61.
62.

63.

64.

65.

a) (x%—5x+6) arcsin % =0;
X

6) (x+2)(2x% — 7x + 3) arccos 5 =0.

a) arcsin(sinx) = % ; 6) arcsin(sinx) =2x — 1.
a) arcsin(xv/3) = %; 6) 6arcsin % =7m(3—x).
a) arcsin(x+/3) +arcsinx = %; 6) arcsinx + arctgx = %n.

T
a) arccos x + arccos2x = 35 6) arccos x + arcctg4x = 7.

a) arccos?® % +4arcsin®(x +2) =2n2%;

6) arcsin® x 4 arccos®(2x — 3) = %7'52-

a) | arcsin x|+ arccosx = z

55 6) arcsinx + | arccos x| = %

a) sin(arcsinCx +2)) + [4x + 1= 2;
6) cos(arccos(x —3)) +|2x—1|= %
a) arcsin(x+ 1) +arcsin(y — 1) =m;

6) arccos(x+ y) +arccos(x —y)=0.

a) arcsin v 3x —2=arcctg v 2x — 2;

6) arccos % =arcctg v2x — 1.

a) arctg v 3 — x =arccos %;
6) arcctg(3x —2) =arctg(2x — 1).
a) arcsin x =2 arccos x; 6) 2arctg x =arcctg(x —1).
a) arcsin 2x = 3 arcsin x; 6) arctg(x — 1) =3arctg(x +1).
a) 2arcsin 2x = arccos 7x; 6) arccos(x — 1) =2arccosx.
X

arcsin x =arccos v/1 — x; 6) arccos 5 = 2arctg(x—1).

. 2
a) arcsinx =2 arctg x; 6) 2arctg x +arctg X? =1.
a) arcsin % +arccos2y = 3771 ; 6) arcsin % +arccos2y = 3771

X y__3m, X J_rm
a) arcsin 3 —arccos g =—=-; 6) arcsin g —arccos T =7

2
a) (m+arcsinx) arccosy = =
3

. T
6) arcsin® x - arccos y = T
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PemuTe ypaBHeHuUe.

1

[\V)

N o AW

9.

.2cos(2x+%) ++/3=0.

sin(gﬂ — E) —cos(E — nx)
: 2 3 6 :

. (2sinx —cosx) (2 cosx —sinx) =sin2x.
. (5cosx—9)(v3tgx—1)=0.
. 6sin’x+13sinx+5=0.

. 5sin2x=2cosx.

2x—=9m)(5x—9m)(8x—9m)
Vcosx -

2sinx++v3 _
tgx

0.

0.

cos 4x -0
sin4x+1"

10. V4 —5sinx=+/2cosx.

11

12.

7y =9m©y—7m) _
) \/siny

cosy(8cosy —7) -0
siny+1 -

0.
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1. a) PemmTe ypaBHeHue 2 cos? X = sin (3% - x) .

6) Haiizute Bce KOPHU 3TOTO YpaBHEHUI, IPUHA/AJIEKAIITIIE IIPOMEXKYT-
o [ 2]

2. a) PemuTe ypaBHeHuUe COS (‘%T + 2x) =+/3cosx.

6) HaiiguTe Bce KOPHU STOTO YpaBHEHUS, IPUHA/IJIEKAIIIE IIPOMEKYT-
Ky [—4m; —3x].

3. a) Pemwmre ypaBuenue 2sin(t + x) - sin(% + x) =sinx.

6) HatiiuTe Bce KOPHU 3TOT'O YpaBHEHUS, TPUHA/JIEXKAIIHE TPOMEXKYT-
Ky [—57; —4m].

4. a) Pemure ypaBHeHUe 4 sin® x = tgx.
6) HatiiuTe Bce KOPHU 3TOT'O YpaBHEHUS, TPUHA/JIEXKAIIHE TPOMEXKYT-
Ky [—m; 0].

5. a) PemuTe ypaBHeHUe 2 cos® x — 2 cos x + sin® x =0.

6) HaiiguTe BCce KOpHU 3TOTO YpaBHEHUI, TPUHAAJIEKAIIIE TIPOMEXKYT-
3n

Ky [7; 37'5] .
6. a) Pemure ypaBHeHue (2x2 — 7x+6)(2sinx+ 1) =0.
6) HaiizuTe Bce KOPHH 9TOTO ypaBHEHNUH, TIPUHA/IKAIIYE TIPOMEKYT-

T
Ky [—7‘5; 5].

7. a) Pemure ypaBHeHue 65sin® x +5 sin(E —

: x) —2=0.
6) HaﬁﬂHTe BcCe KOPHI/I o9TOI'O ypaBHeHI/IH, HpHHa,Z[JIe)KaH.[I/Ie HpOMeX(y‘T-

Ky [—57‘5; —7775] .

8. a) Pemmre ypaBHeHue cos 2x + 0,5 = cos? x.
6) HaiiguTe BCce KOpHU 3TOTO YpaBHEHU, TPUHAAJIEKAIIIE TIPOMEXKYT-

Ky [—37‘5; —%]

9. a) Pemmrte ypaBHeHue 6cos’ x —5sinx —2=0.
6) HaiiguTe BCce KOpHU 3TOTO YpaBHEHU, TPUHAAJIEKAIIIE TIPOMEXKYT-
7m, 5m
W2



90 TpenupoBouHas pabora 6

10. a) Pemute ypaBHeHUe 3 cos2x — 5sinx+1=0.
6) HailiziuTe Bce KOPHU 3TOr'0 ypaBHEHU S, IPUHA/JIEKAIIME TIPOMEXKYT-

ST
Ky I:TC; 7] .

11. a) Pemnte ypaBHEHUE

7 —
Sinzx + sinx —6=0.

6) HaiizuTe Bce KOPHU 3TOTO YpaBHEHUA, IPUHAJIEKAIIVE TPOMEXKYT-
o [ 2]

12. a) Pemmre ypaBHeHUE A +16=0.

tg?x sinx
6) HaliguTe Bce KOpHH 3TOTO YpaBHEHHUS, TPUHAAJIEKAIIUE TIPOMEXKYT-

Ky [—57‘5; —7] .
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eIIiTe ypaBHEHHe.
. arcsin(27x? + 12x — 1) = arcsin(1 — 3x).
arccos(4x?+5x — 1) + arccos(3x% —2x —9) = .

arctg(4x® —8x —9) +arctg 16x%=0.

arccos(x+/3) +arccosx = %

. . 2
. arcsinx + arcsin 2x = § TT.

. arcsin® x — 3arcsinx + 2 =0.
12 arcsin® x — 8 arcsin x + 2 =0.

. 5
. arcsin? x 4 arccos? x = 7 2.

. arctg v/8x +1=arcsinv1—3x.
0. arcsin x =2 arccos x.
1. 2arccos x =arctg 2x.
. 5x—1 5x—-1_5
2. arcsin 3 + 2 arccos 3 —¢™




§ 5. [Ioka3aTesibHbIEe YpaBHEHUS

DToT maparpad IOCBAIIEH MOKa3aTeJbHBIM YpPaBHEHUAM, T. €. ypaBHe-
HUAM, B KOTOPBIX ITlepeMeHHas COAEPXKUTCA B IOKa3aTesle CTelleHN HeKo-
TOPOTO YUCJIa WIK airebpanyecKoro BEIPasKEHHUA.

OCHOBHBIMU METOZIaMH pelIeHNs II0Ka3aTeJbHBIX YPaBHEHUH SABJIAIOT-
€S METOZBI IPYIITUPOBKY, PA3IOKeHUs HA MHOXUTENU W 3aMeHHl Iepe-
MEHHOM.

PeriieHue OOBIIMHCTBA TTOKA3aTETbHBIX YPaBHEHU TTOCIIE HEKOTOPHIX
peo6pa3oBaHuii CBOAUTCSA K PEIIIEHUIO OHOTO WIN HECKOMBKUX ITPOCTEH-
IIMX OKAa3aTelbHBIX ypaBHeHHil Buga a’ ®) = b, koTopoe, ecu b ABnseTc
CTETMEHbIO YKCIa d, T.€. b = a‘, paBHOCWIBHO ypaBHeHUIO f(X)=c, a B
IPOTUBHOM ciiydae — ypaBHeHUIO f(x) =log,b. K mpocreiimum noxasa-
Te/JbHBIM YPaBHEHHAM MOXHO OTHECTH M ypaBHeHue Buza a/® = 8™
(a>0; a#1), xoTopoe paBHOCWIBHO ypaBHeHUIO f(x) = g(x). 3ameTum,
yTO mepexoz oT ypaBHeHua a’ ) = a8®™) x paBHOCHITBHOMY eMy ypaBHe-
HUo f(x) = g(x) MOXkeT 6BITh 0OBACHEH PA3TUIHBIMU CIIOCOOAMU: UCXOAS
M3 CBOMCTB MMOKa3aTeNbHON QYHKIIMU C OCHOBAHUEM d WIU JiorapubMu-
poBaHMEM 00eux yacTell ypaBHeHUs (IO CBOWCTBaM JorapudMuiecKon

byHKIINM).

1. AnreGpaudeckue mpeoopa3zoBaHUA
Ypaerenus, HenocpedcmeeHHO c800UMbLle K npocmetiuum

IIpumep 1. Peminure ypaBHeHUE

6x2 3—15

Pemrenmne.
6x2 .el2—12x — 2—15'3—15;
X H12-12x 6715;
x2+12—-12x = —15;
X1 =3; x,=09.

Omsem: 3; 9.

BuiHeceHue 06114620 MHOWCUMENA
DTOT METO/, IIPpUMEHAIOT IIPpU pEIIEHUN ypaBHeHI/Iﬁ Buza

p,af(x)+q_af(x)+b+r:O
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¥ CBOAMMBIX K HUM. Ilocjie BhIHeCEeHUs OOIIero MHOXUTENS IPUXOIUM
K ypasaenuio a’ ¥ (p +q-a®) +r=0, orkyza

af® =_;b_
ptq-a

[Ipu oTcyTcTBUM apudMeTHYeCKUX OUIMOOK NpaBas 4acTh IIOCIEIHETO

YpaBHEHUSA, KaK IIpaBWIO, ABJIAETCA CTEIIEHbIO 4YHCIa d. PaBYMeeTCH,
BO3MOXXHBI 1 ApyTrri€ TUIIBI ypaBHeHHfI. PaCCMOTpI/IM IIpUMEDHI.

Ipumep 2. Pemmute ypasHenue 7°2+4.7*t1 =539,

Pemienvie. BriHeceM 0OIIMiI MHOXXUTENb M BHIMOJHUM IIpeobpa3oBa-
HUSA:

7 (7+4) = 539;
11-7%*! = 539;
7 = 49;

7xtl = 72
x+1=2;

x =1

Omsem: 1.

prnnupoezca U pasjionceHue Ha MHoxcumeiu

OcHOBHas Wjes pelieHus 3aZiad 3TOTO TUIA OTpa’keHa B Ha3BaHUM:
TIOCJIe TPYIIITUPOBKY U BEIHECEHHUA OOIINX MHOXKUTENEH Takue ypaBHEHUs
06BIYHO yZaeTcs mpuBecT K BUAY f(x) - g(x) =0, a mocienHee ypaBHe-
HUEe — K OJHOMY WIU ZBYM IIPOCTEHMIINM ITOKa3aTeJbHBIM YPaBHEHUIM.
Takuvie ypaBHEHUSI CXOXKU C YPABHEHUSIMH [IPEBIAYIIETO THUIIA, HO TPeGYIOT
GOJBIIIEro YKCIa ZeMCTBUI. B KadecTBe IEPBOro MpUMeEpPa PaCCMOTPUM
pelieHye 3aga4u 9 yactu I BBOZAHOM JUarHOCTUYECKOH PaboTHI.

IIpumep 3. Pewmure ypaBHeHUE
x-24+3=3-2"4x.

Pemnrenue. IlepeHeceM BhIpakeHUe U3 IPABOM YacTy YpaBHEHUA B Jie-
BYIO U CI'pynmupyeM ciaraemsbie: (x -2 —3-2%) — (x — 3) = 0. BriHecem
obmuit MHOXKUTENb: 2 (x — 3) — (x — 3) = 0. Emie pa3 BbiHeceM OOIIMi

x—3=0, x=3,

¥, 3HAYUT,

MHOXUTeNb: (x —3) (2 — 1) =0, oTkyza 92X _1=0, x=0.

Omeem: 3; 0.
Ipumep 4. Pemwre ypaBHeHHe X -3~ —3x+3¢/x— /x-37¥=0.
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Peiienue.
X3 =3x4+3/x—Vx:37=0 & x(3*-3)-V/x(3*-3)=0 &
x =0, x =0,
© B -Nx-V=0e | [377-3=0, & { [37=3, &
|:x—ﬁ:0 |:w/}=
x =0,

o x=-1, PN |:X_ s
x=0, x=1
x=1

Omeem: 0; 1.

2. 3ameHa mepeMeHHOM

BOJBIIMHCTBO [TOKA3aTENbHBIX YPaBHEHU, B KOTOPHIX UCIIONb3YETCSA
3aMeHa IlepeMEeHHOM, CBOAUTCSA TIOCJIE 3TOM 3aMeHbI K KBa[paTHOMY ypas-
HeHuto. HaliZis KOpHU 3TOr0 ypaBHEHUS U BHIMIOJHUB OOPATHYIO 3aMeHY,
MOJIyYaloT OAHO WJIM JBa MPOCTENINX ITOKa3aTelbHBIX ypaBHeHUdA. Tak,
ypaBHenue a-[?* +b-[* +c=0 cBogUTCA K KBaJPaTHOMY YPaBHEHMIO 3a-
MeHol y =1, y > 0. [l pelileHys OAHOPOAHOTO ypaBHEHUS BUA

p-a®+q-(ab)*+r-b* =0
HyXHO 06€ ero 4acTu paszieuTh Ha b>* (3aMeTuM, 94TO 1o CBOHCTBY MOKa-
3aTenbHOM GyHKIUM b # 0 HU pu Kakux x). [Toc/ie efeHns IOTyIuTes

YpaBHEHHNE
p(5) 0 (3) +r o

o a)”*
KOTOpO€E 3aMEHOH y = (5) , ¥ >0, cBOAUTCS K KBAa[paTHOMY YpaBHEHHIO
OTHOCHUTEJIHHO Y.

IIpumep 1. Pemnure ypaBHeHUE

32+t -26-3*-9 =0.
Pemenue. 3-3* —26-3*—9=0.
[yctb 3* =y, y > 0. Torga

3y2—26y—-9=0,
y>0
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CaenaeM obpaTHyI0 3aMeHy: 3¥ =9 & x=2.
Omeem: 2.
IIpumep 2. Pemnrte ypaBHeHUE

42/x —5.4x 44 =0.
Penienue. 3amnuinem AaHHO€ YpaBHEHUE B BU/JE
(412 —5-4*44=0,

IlycTs t =4, YpaBHenue npumMer Buj t> — 5t +4=0, oTkyza t = 1 1160
t =4. CaenmaeM o6paTHyo 3aMeHy: 4/X =4, oTkyaa x =1, mubo 4'/* =1.
[TocnenHee ypaBHEHUE HE UMEET KOPHEHL.

Omeem: 1.

B kauecTBe ciezyrouero npuMepa paccMoTpuM 3azady 10 gacrtu 1
BBOZIHOM TMarHOCTUYECKOM paboTHI.

[pumep 3. Pemmure ypaBHeHHe 450~ 4 257250 =18,
Pemenue. [lepenuuiem JaHHOe ypaBHeHUE B BU/IE
4sinx +25 . 2—251nx —-18=0

oTKyza 45" +32-4750% — 18=0. TTocKombKy 45X > (), MOXHO YMHOMHUTb
06e JacTy NOC/IeAHEr0 ypaBHEHUA Ha 4°"%, mocyIe 4ero MmomyvuM ypaBHe-
Hue (451%)2 — 18451 4+ 32 =0. IIycTb t =4°"*, YpaBHEHHe IPUMET BU/
t2 — 18t +32=0, oTkyza t = 2 m160 t = 16. CaenaeM o6paTHYIO 3aMeHY:
450X = 2 oTKyza sinx = % ux=_D"- % + 7tn, n € Z, mibo 45°% =16,
OTKyZIa Sin X =2, 94TO HEBO3MOXHO.

Omeem: x=(—1)"- % + mtn, n€Z.

IIpumep 4. Pemnte ypaBHeHUE
( 5+\/ﬂ)x+( s—ﬁ)x = 10.

X
PemteHue. YMHOXUM 06€e YyacTy ypaBHEHUA Ha ( S+ 24) . Iomy-

X

2x
YUM ( S5+ «/24) +1= 10( S5+ «/24) . CoemaeM 3aMeHy IlepeMeH-
X
Hoil. ITycTh ( S5+ V24) =y, y>0. Toraa

2_10y+1=0, = =5+14/24,
{y y o ly=s5xvos _ |V vV

y>0 y>0 y=5-1/24.
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5+¢?4)x=5+¢?4, =2,
p=—"4

( 5_'_\/2—4)x:5+1\/ﬂ x=-=2.

ObpaTHas 3aMeHa

Omeem: —2; 2.

IIpumep 5. Pemunre ypaBHeHUE
32X+1 _ 5 . 6X + 22X+1 — O.

Pemenne. 3**! —5.6"+2**1 =0 < 3.3% —5.3%.2¥+2.22 =0.
PaszienuM o6e yacTu ypaBHeHMs Ha 22

3-(%)2x—5-(%)x+2zo.

X
IlycTh (%) =y, y>0. YpaBHeHue npuMmeT Bz 3y> — 5y +2=0, oTKyza

2 o .
Y1=73; Y2 = 1. BepHemcA K MPeXHel NepeMeHHOM:

() -
OF

2

3’ x=-1,
s

1 x =0.

Omeem: —1; 0.

3. OT60p KOpHEeii B IOKa3aTeJbHbIX YPABHEHHIX

VHorZla BCTpEYaroTCs KOMOMHUPOBAHHbBIE YpaBHEHUs, B KOTOPHIX He-
M3BECTHAas COAEPKUTCA He TOJIbKO B MTOKa3arese CTeleHU, HO U B 3HaMe-
HaTejle ApobU WM TIOZ 3HAKOM KOPHSA YeTHOU cTeleHu. B mpocTreiiimx
CJIyJasX 3TO He BIUsET CYIECTBEHHBIM 00pa3oM Ha YPOBEHb CIOXKHO-
CTH 3aJaHusA, HO MPUBOJAUT K HEOOXOAUMOCTH BBOZA JOIOJTHUTETHHBIX
orpaHUYeHM (YCI0BUA HEPAaBEHCTBA HYJIIO 3HaMeHaTe s PO6H, YCIOBUS
HEOTPHUIATeTbHOCTH MTOJAKOPEHHOTO BBIPXKEHUA JJIs1 KOPHS YeTHOU cTe-
meHu). B aTux ciyvasx ciefyeT MPOABIATh BHUMAaHHE U OCTOPOXKHOCTD:
BeJb 4YaCTb HalIeHHBIX KOpHeU MOXKeT He YOBJIeTBOPATh YKa3aHHBIM
orpaHuvYeHUsAM. Takuve KOpHU OyAyT HOCTOPOHHHUMM, BKJIIOUEHUE WX B
OTBeT sBJIAeTCS IPy6oii MaTeMaTHIeCKOH OUIMOKO, U pellleHue He OyzeT
3aCYMTAHO.

IIpumep 1. Penmite ypaBHeHUe 2% —4.29). % —x2=0.
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Pemienmne.
x?=x+2,
2¥—4.2=0 2% = 2x+2 3
’ ’ |x|\_>
%—XZBO, PR X2S%, PR 2 PN
3
x=73
9_,2_ 2_9 2°
77X =0 xT=7 _ 3
| X =75
x=-1,x=2; 15
x| < 1,5; 7
x=-1,
x=1,5,
15 x =1,5.
x=-1,
Omeem: —1,5; —1; 1,5.
Mpumep 2. Pemmute ypaBHenue [4* —2| =4+ -3,
Pemenue. Ilycts 4=y, y >0. Toraa
¥ >0, y=2,
y >0, 4y -3 20, 4
= = _l s y=1
ly—2=4y-3 y—2=4y-3, y=3
y—2=3-4y y=1

BepHemcs k pexxHel mepeMeHHoM: 4* =1 & x=0.
Omeem: 0.

4. IlpuMeHeHMe CcBOICTB PYyHKIMI

HeKOTOpI)Ie YpaBHEHMA, B TOM YUCJIE€ U [IOKa3aTEJIbHbIE, HE MOT'YT OBITH
PpeEleHbl CTaHAAPTHBIMU METOAAMU, U3JIOXKEHHBIMU BBHIIIIE. B Takux ciay4da-
AX 9aCTO IIPpUXOAUTCA UCITI0JIb30BATh TaKHe CBOIcCTBa CIDYHKLH/II‘/JI, KaK MOHO-
TOHHOCTb YU OI'PAHUYE€HHOCTD.

Ipumep 1. Pemmure ypaBHeHue 3% 1 +5%1 =34,
Pemenne. ®yuxiusa f(x) =31+ 51 pospacraer Ha R. 3HaueHue
GYHKITMY B TOUKe X =3
f(3) =3*+5*=34.
CiesoBaTesnbHO, X = 3 — eAMHCTBEHHBIN KOPEHb.
Omeem: 3.
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IMpumep 2. Pemmte ypaBHeHUe 4* 4 5% =9~.

Pemenne. [IOBOJIBHO JIETKO 3aMETHUTh, YTO X = 1 — KOpeHb ypaBHe-
Hus. [TompobyeM Z0Ka3aTh, YTO APYrUX KOpHel HeT. [y JoKa3aTeabCTBa
HCIIONIb3yeM CBOMCTBO MOHOTOHHOCTH IIOKa3aTeJbHOU QyHKumu. Pasze-
suM obe JacTu ypaBHeHUsI Ha 9*:

3+ -2

pe X
Oynkuma y (x) = (g) + (%) MOHOTOHHO yObIBaeT (Kak cyMmMa JBYX MO-

HOTOHHO YOBIBaomMX GYHKIUI), IO3TOMY KaXKA0e CBOe 3HadyeHHe OHa

TIpUHUMAaET POBHO ofuH pa3. [lockonbky y (1) =1, To x =1 — egUHCTBEH-

. 4\~ 51*
HBIM KOpeHb YpaBHEHUA (— + (5| =1, a 3HauuT, U JaHHOI'O ypaBHe-

9 9
HUA.
Omeem: 2.
IMIpumep 3. Pemure ypaBHeHUE 20+ |x|=2.

Pemenne. [laxxe ecou 6Bl B ypaBHeHMM He OBUIO 3HaKa MOZYJIA,
PELINTh €ro CTaHAAPTHBIM 06pa3oM ObLIO GBI HEBO3MOXKHO. IIOCKOIBKY

x?4+1>1 (u, 3Hauwur, 2x*+1 =2), a |x| = 0 mpu Bcex 3HAUEHUSAX TIEPEMEH-
HOM, TIOJIyYMM, UTO JieBasA 4acTh ypaBHEHUs He MeHbllle 2. 3HaK paBeHCTBa
BO3MOXXEH, TOIBKO €CJIN KaXKI0€e M3 CIaraeMbIX JIEBOM 9aCTU IPUHUMAET
CBO€e HaVMeHblllee 3HaYeHNe, OTKYa

2X2+1 — 2’

x| =0

Omsem: 0.
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3ajgauu
Pemute YpaBHEHNE
1.a) 7-5°=5-7%, 6)2-77=7-27.
5x+25 5 gy+22 9
2.a) 19 — 19x+25° 6) 17 — 17y+22°
1718—x _ 1918—x 1627—x _ 1127—x
3 19 ~ 17 ° 6) 11 ~— 16
4.a) 81 —5.8=192, 6) 3V "3 —2.3Y =225,
3 S5x+7 _ 2 S5x+7 4 2y-5 _ 5 2y-5
s (3) =(3) o(3) =(3) -
6. a) 513y—4. 44y+13 :55y+4,412y+5’
6) 911x+2 . 85x+3 — 93x+10 . 813x—5.
7.a) 11* —12-11*+1=0, 6) 15 —16-15Y +1=0.
8.a)4-9¥—6*—-3.2=0, 6)3:16Y +5-12Y —12-9Y =0.
9.a) 41 4+15.2¥—4=0, 6) 4"14+11-2*—3=0.
10. a) 49105 -8.493 +1=0, 6) 16°"1°—65-645 +1=0.
2 2
3 -3 75 -7
11.a)ﬁ—0, 6) —X—l =0.
(7% —49) (47— 16) (4 —64)(37Y —81)
12. =0 6 =0.
a) V7 —4x ’ ) v4—3x
13.a) (2x —3)5%*2=2x -3, 6) (4y +5)-9>7*=4y+5.
2 2
7x —x _ 49 2x +4x _ 32
4.2 =" 0) 355 =x+s5
7¥°-13 343 97 81
15. a 5‘5 _5‘/)7’ 6) 5y —S—ﬁ.
19 19% I
16. a) x—3 x-3’ 6) x—7 x-7"
(3x+1 _ 1)(4x+2 _ 2) (2x—2 _ 4) (25)(—2 _ 25)
17- a) 72x+5 —7 = 07 6) 37x—26 _ 32 = 0
(x+2)(x—5) (z—2)(z—6)
18.a) ——=——2=0 6) ————==0.
%) V3 -3 ’ ) V5 -5
(V37 =3) (V5" —25) (V& -64) (V57 -5)
19. a) ~—70 =0, 6) 7 -8 =0.
4 —32)(7"—49Y) (16" —64)(9*—81%)
20.2) “5 "5 8z =3) — 0 “ax=3y@x—5 O
y2-9y+18 _ 15y?-9y+18 x2-2x—24 _ 1ox%-2x—24
21. ) 13 15 —0, 6) 11 12 —o.

y—6 x+4
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29x2—81 -1 _ 17y2—4 -1 .
22. a) X7—9_0’ 6) —y—2 =0.
53 _g 2 1_3
23.2) —>= 6) ——=
3) V3—-x-1 0, \J6+y—2
24.2) (x+1)(x—6)-8Y3 =0, 6)(z+7)(z—4)-5"**=0.

¥ 4 y? 36
25.2) 536 = 536’ 0) = —6a
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PemuTte ypaBHeHUe

9X+20 _ 9
11 - 11x+20 .

2. 38x—5 . 7X+4 — 32x+1 . 77)(—2‘

1.

3,251 4£24.5¥ _1=0.
(X =257 =7) _

. 0.
4 Vv5—-7x
5 112 121
To13vE 13V
X __ 95 x _ Q7
6 4* =253 9)_0.

T (2x-50x-7)

13x2+3x+2 -1 1x2+3x+2

7. 1 =0.

8. (x—3)(x—6)-9vV¥*=0.
9.36"—4-6—12=0.

10. zsin2x+2c052x:3.

11. 91 —36-3"34+3=0.
12, 2%.9V*¥ 4 3=3.2% 4 9V¥,




§ 6. Jlorapudpmuueckue ypaBHEeHUS

OcHOBHas uzes peuieHus JO60ro JorapudMUIECKOro ypaBHEHU —
CBeJIeHHE ero K OJHOMY WU HECKOJIBKUM MTPOCTEUIINM YPaBHEHUIM, a OC-
HOBHBIMU CPEJICTBAMU Peau3aliiy 3TOU UeU ABJSAIOTCA CJIeAyIOIHe:

® DaBHOCWIbHBIE ITPEO6PA30OBAHUA,

e Iepexo/ K ypaBHeHUIO-CJIe/ICTBUIO,

® pasyoXXeHHe Ha MHOXUTeJIH,

e 3aMeHa [lepeMeHHO,

e IpUMeHeHHe CBOUCTB QYHKUIMH.

Peliervie 60BITMHCTBA TOTapUMUIECKUX YPaBHEHUI TOC/Ie HEKOTO-
PBIX IIpe06pa30BaHUl CBOAUTCA K PELIEHUIO JIOTapuMUIECKOTO YpaBHe-
HuA Buga logy . f (x) =logy, (x) WK COBOKYITHOCTH TaKHX ypaBHEHUH.
[IpuBeseM COOTBETCTBYIOIEE PABHOCHIbHOE peobpa3oBaHue:

fGx) =g,
f) >0,
h(x) > 0,
h(x) #1.

Bropoe HepaBeHCTBO CHCTEMBI MOXKHO 3aMEHUTh HepaBeHCTBOM g (x) >
> 0 (kaKoe U3 IByX HepaBeHCTB BHIOPATh, 3aBUCHUT OT TOTO, KaKas U3 GyHK-
Uil uMeeT Gosee mpocTol BUA). [T YACTHBIX C/IydaeB PaBHOCHUIbHBIE
CUCTEMBI CTAHOBSTCS MeHee IPOMO3AKUMU. YKaKeM OCHOBHBIE YaCTHHIE
crydau (a u b—vuucnia, a >0, a #1):

) =g, {f(X) = g(x),
=

logy o f(x) = logy ) g(x) &

fx)>0 g(x) >0,

f00) = (h(x))P,
logyy f(Xx) =b & { h(x) >0,
h(x) #1,

log, f(x) =b & f(x)=a".

log, f(x) =log,g(x) & {

1. AnreGpaudeckue mpeoopa3oBaHUA
[Ipekie YeM MEPEXOAUTD K MIPUMEpaAM pellleHus 33/a4 1Mo TeMe, Cie-
JIaeM HECKOJIbKO BaYKHBIX 3aMeYaHMUiA.
[lpu pelleHuy ypaBHEHUH, CoAep)KallUX CyMMY ABYX u 6Gojee jora-
pudMOB, cieZyeT MOMHUTh O TOM, YTO PaBEHCTBO

log, f (x) +log, g(x) = log,(f (x)g(x))
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BBHITIOJTHAETCS He TPU JIOOBIX 3HAYEHUSAX [TePEMEHHOM, TOCKOIBKY 00671a-
CTU ONpeZie/IeHUs ero JIeBOM U MpaBoOH yacTed pa3nudHEL. JleBas 4acThb
ompeeneHa mpu f (x) >0, g(x) > 0 (kaxxzaas u3 QyHKITUI TONIOKUTENbHA).
[paBas yacTh ompezesneHa npu f(x) - g(x) > 0 (xaxgaa u3 QyHKIUH T0-
JIOXKUTEbHA JTU00 KaXkAas U3 QyHKIIUM oTpuliaTesbHa). TakuM o6pa3oM,
061acTh ompeziesieHus IPaBoii YacTH paBEeHCTBA

log, f(x) +1log, g(x) = log,(f(x)g(x))

mupe o6JacTu OMpeJeNeHns ero JieBoH JacTu. [103ToMy IpU pelleHuH
YpaBHEHUS IIepexo/ OT CyMMEI JIOTapr$MOB K jorapudMy IIpou3BeAeHUs
MOXET IIPUBECTU K NMPUOOPETEHUIO TIOCTOPOHHUX KOpHel. YTOOBI 3TOTr0
HE CJIYYWIOCh, HY)KHO B CAMOM Havajie pellleHUs BBIITHUCATh COOTBETCTBY-
foure HepaBeHcTBa (O/]3) wim, MOMYyYWB KOPHM, CZelaTb IMPOBEPKY.
[IpeobpasoBanue e jorapudma IPOU3BEJEHUA B CyMMY JOrapudpMoB
(to ectp mepexog ot log, (f(x)g(x)) k log, f(x) + log, g(x)) Taut eme
6osbllle OIACHOCTEH: B 3TOM cCy4ae 006JacTh JOMYCTHMBIX 3HAYeHUH
TEpeMeHHON Cy)XaeTcsA, W TPU PelIeHUH YPaBHEHUS MOXKHO IMOTEPSTh
kopHu. IloaToMy, ecu Takoe IpeoOpa3oBaHHE BCe-TaKu HEOOXOAMMO,
YacTO NPUXOAUTCA paccMaTpuBaTh ZABa ciaydas: a) f(x) >0, g(x) >0
(8 atom crysae log, (f (x)g(x)) = log, f(x) + log, g(x)) u 6) f(x) <0,
g(x) <0 (mpu aTom log, (f (x)g(x)) = log, (—f (x)) + log, (—g(x))). Cae-
JIaHHBIe PeKOMEHZALNY OCTAIOTCS B CHJIE U /IS CJIydasi peobpa3oBaHusd
pa3HOCTH JIorapu$pMOB B JioraprdM YacTHOTO ¥ HA0GOPOT.

IIpu peleHKy ypaBHEHUiA, coflepXallux BhIpaskeHus suza log, 2" (x),
creztyeT ucnonb3osath Gopmyiy log, £ (x) =2n-log, | f (x)|. Ecau He mo-
CTaBUTH 3HAK MOZYJISA, TO IOJIYIUTCS PABEHCTBO, B KOTOPOM JIEBAst YacCTh
oIpeziesieHa NIPU BCeX X, AJS KOTOPHIX f(x) 7# 0, a mpaBas 4acTb — IIpU
BCEX X, IJIsI KOTOPHIX f(x) > 0, To ecTh 06/1aCTh ONIpe/eeH s I€BOI YaCcTH
OKa)XeTCs LIMpe, YTO MOKET TMPUBECTU K TIOTEPE KOPHEH MpU pelieHun
COOTBETCTBYIOIIETO ypaBHEHUS.

[pu nepexofie K ypaBHEHUIO-CJIEACTBUIO 1IeJIecO06pa3HO HAUUHATD pe-
IIeHNe C BHIMUCHIBAaHUA HEOOXOANMEIX OrpaHMYeHui (061acTH JOMyCTH-
MBIX 3HaueHu, win O/]3, — npu Bcel CHOPHOCTU TaKOTO LOBOIBHO IIPOY-
HO YKOPEHUBILETOCSI B Pa3HOTO POZa MOCOOUAX CIOBOCOYETAHUA U COOT-
BETCTBYyIOIIel eMy ab6peBUaTyphI).

IMepex00 K ypasHeHU-c1e0cmauro

IMpumep 1. Pemmure ypaBHeHue lg(x —9) +1g(2x —1) =2.

Pemenmne. HauHem c HaxoxJeHus O/13: & x>9.
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Janee, 1g(x —9) +1g(2x — 1) =2 = 1g(x — 9)(2x — 1) = 2, oTKyzAa
(x—92x—-1)=10% u 2x>—-19x —91=0.
KopHU KBaZipaTHOTO YpaBHEHUA:

xX;= —% — He YAOBJIETBOpAET YCJIOBUIO X —9>0;  x,=13.
Omeem: 13.

PasHocunvHble npeobpaszosanust
IIpumep 2. Pemmre ypaBHeHue lg(x? — 3x + 1) =1g(2x —5).
Pemenue. 1g(x?—3x+1)=Ig(2x-5) &

x=2,
x?—3x+1=2x-5, x*—5x+6=0, [x—?)
& 1 = - & x=3.

2x—5>0 x>2= 1
2 X>2§

Omeem: 3.
TIpumep 3. Pemmure ypasHenue log, (x —5)* =2.
Pemenne. Crioco6 1.

x—5=3, x =28,
(==
x—5=-3

10g3(x—5)2=2 S x-5)?%=9 & |:

Criocob6 2. logs(x —5)?=2 <

X =
& 2log;[x—5|=2 & log;|x—5/=1 & |[x—5|=3 < [x—

>

Omeem: 2; 8.

B kauecTBe cieznymooniero npumepa paccMoTpuM 3azanue 11 gactu 1
BBOZIHOM IMAarHOCTHUYECKOM paboThL.

IIpumep 4. Pemnrte ypaBHeHUE
log, (x?-12)+0,5 log% x> =0.
Pemenne. Bocnonb3oBaBHINCh CBOMCTBAMM JIOrapudMOB, Iepemnu-
1IeM ypaBHEHUE B BUJe
log; (x* —12) —logs |x| = 0,
OTKyZ:a
x2—-12 = |x|,

1 2-12) =1 =
0gs(x ) = logs |x| {x;éo.
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VI3 ypaBHEHUs CUCTEMBI HaxoauM |x| =4 (oTkyza x ==£4) nmubo |x| = -3,
YTO HEBO3MOXKHO.

Omesem: —4; 4.
Ilpumep 5. Pemmte ypasreHue log, (logi (1oggys (x?+x—1))) =1.

Pemenue. log,(log:(10gs,s(x*+x—1)))=1 &

< logi (loges (x> +x—1)) =2 < loggs(x*+x—1) = % =
2
2 1 2 x = -3,
& x“+x—-1=625+ & x*+x-6=0 < =2
Omsem: {—3; 2}.
I'pynnuposka u pasioxnceHue HA MHO¥CUMENU
IMpumep 6. Pemmure ypaBHeHMe lgx —x+xlgx—1=0.
Pemrenue. IlepenuineM ypaBHeHHE B BH/E
(Jgx+xlgx)—(x+1) =0 < Igx-(x+1D)-(x+1) =0 <
x+1=0, x=-1,
S (x+1DIgx—1)=0 < lgx-1=0, < x=10, <
x>0 x>0
< x =10.
Omeem: 10.
1
ITpumep 7. Pemure ypaBHEHUe 1o§x2 —1g10+1log, x —lgx=0.

Pemrenune. 11 % [0) L I1
mienne. [lo cBoiicTBam jorapupmMoB 5 =1log, x. Iepenuiem

log,
ypaBHEHUE B BU/JE

lgx-log,x—1+log,x—lgx =0 <
< lgx(og,x—1)+(log,x—1) =0 & (Igx+1(log,x—1) =0 &
lgx = -1, x=0,1,

log,x =1 x=2.

Omegem: 0,1; 2.
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2. 3ameHa mepeMeHHOM

IMogasstomee GOMBIIMHCTBO JIOTapuMUIeCKUX YPaBHEHMU, pellae-
MBIX C IIOMOIIBIO 3aMeHEI TepeMeHHON, CBOAUTCSA K KBaJPaTHHIM ypaBHe-
HUAM. PaccMOTpUM IIpHUMEDEHI.

IMpumep 1. Pemurte ypaBHEHUE 10g§ x—2log, x—3=0.
Pemenne. BBezgeM HOByIo nmepeMeHHyM. IlycTh log, x = y. Ilomyuum
y=-1

2_2y-3=0
ypaBHEHUE Yy y y=3.

>

log, x=3

1
log, x=-1, xX=z
CrenaeM o6paTHYIO 3aMeHY: [ &2 = 2
x=8
1
Omeem: 5; 8.

2
IMpumep 2. PemmuTte ypaBHEHUE logﬁ x—log, v/x—1,5=0.

Pemenue. [lepenunieM ypaBHeHUe B Bue logi x— % log,x—1,5=0.
v=-1,

ITycte log, x =v. YpaBHeHuUe IpUMeT BUZ vZ— %v -1,5=0 & |:

N w

V=
BepHemca k npe)xHell TepeMeHHOMU:

log,x = -1, x=471 y=1
s = 4

10g4x=% x =43 x = 8.

1
Omeem: e 8.

B KauecTBe CJeAyIOIIEro IpuMepa pacCMOTPUM pellleHre 3azadu 12
vacTu | BBOAHOM [UarHOCTUYECKOM pabOTHI.

Ipumep 3. Pemute ypaBHeHue log, 2 —log, x + % =0.

Pemenue. BHauase IIpuBEJIEM JIOI‘apI/ICI)MI)I K OCHOBaHUIO 2:

7 _ 1 7_
logx2—log4x+6 =0 & ogx 2log2x+6 =0.

ITycTb log, x =y. YpaBHeHUe IpUMET BUJ,

2
y__§:

—Iy+i=0 e 3y’-7y-6=0 o
y =3.

1
y
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lo x——g =
g2 - 3’ P X =
X

BepHemca k npexHel TepeMeHHOU:
log, x=3

1
Omeem: 8; 5 —.

3
IIpumep 4. Pemmre ypasHenwue log,(2-4°72—1)=2x—4.
Pemenue. log,(2- 472 _1)=2x—4 & 2-472-1=4%>"* Tlyctp
2
—2y+1=0,
4~2=y y>0.Torma {y Y
y>0

nepeMeHHOM: 4 ?=1 & x—2=0 & x=2.

& y=1. BepHeMcs K IpexXHEN

Omeem: 2.

3. OT60p KOpHeii B torapudMUIeCKUX yPaBHEHUAX

IIpumep 1. Pemure ypaBHeHUE

log, (4 — x)%+ 2log,(2x —1) = 4log, 3.

xX#4,
1

x>,

Pemenne. O/I3 {
2

2log, |4 —x|+2log,(2x —1) = 4log, 3 <
< log,(|[4—x|-(2x—1)) =2log,3 & |[4—x|-2x—1) =09.

PaccmoTpum ABa ciy4das.

Ecmu x>4, 10 (x—4)(2x—1)=9 & 2x*>—9x —5=0, OTKyZa X =5
60 x =—0,5. Kopetb x = —0,5 He y0BIETBOPSET HEPABEHCTBY X > 4.

Ecmu x <4, 10 (4—x)(2x—1)=9 < 2x? —9x + 13 =0. [TocnegHee
ypaBHEHNE He UMeeT KOpHeH.

Omeem: 5.

[pumep 2. Pemmute ypasrenwue log, ; x> =log,_,(6x —8).

Pemenwue. log, ;x*>=log, ,(6x—8) <

x* = 6x—8, x*—6x+8=0, x =2,
X2>0, x¢0> x:4’
= = = S x =4
x—1>0, x>1, x>1,
x—1#1 X #2 x#2

Omeem: 4.
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4. IlpuMeHeHUe CBOICTB PYyHKIMI

IIpumep 1. Pemure ypaBHeHUE
log, x = 2
& X = 1.
Pemenune. U3 ycnoBus ciegyet, 4yTo x € (0; +0). Ha sToM mpoMexyT-

ke ¢yHkuua f(x) =log, x MOHOTOHHO Bo3pacTaeT, a yHKIUA g(x) = %

MOHOTOHHO y6bIBaeT. [ToaTomy ypaBHenue f(x) = g(x) uMeer He Gosee
oxHoro KopHA. [Tockonbky f(2) = g(2), x = 2 — eAMHCTBEHHBI KOPEHb
ypaBHEHUS.

Omeem: 2.
IMIpumep 2. Pemure ypaBHeHUE
log, (x? —6x+12) = cos(27mx).
Pemtenue. IlockonbKy
xX2—6x+12=(x-3)*>+3> 3,
HOTYYUM
logg(x2 —6x+12) > 1.

Ho
cos(2mx) < 1.

[ToaTOMy ypaBHEHHE UMEET pellleHHe TOJIBKO B TOM CJIy4ae, eCliu
log, (x?—6x+12) =1,
cos(2mtx) = 1.

EavHCTBEHHBIM KOpHEM IIEPBOT'O YpaBHEHUA CUCTEMBI ABIAECTCA X = 3,
KOTOpLIﬁ YAOBJIETBOPAET X €€ BTOPOMY YPaBHEHMUIO.

Omeem: 3.



§ 6. Jlorapudmuieckrie ypaBHEHUs 109

3ajgauu

1. a) log,_,(2x*—9x+10)=0, 6)log, ,(3y*—7y—5)=0.

2. a) log;o y*=log;4(19y)?, 6) logs z* =log;4(162)>.
__1 -
3.a) log;, x= logx’ 0) log,s 2= logss
2 25 2 36
4.2a) x +log5x+log57=11, 6) y +10g6y+10g67=83.
5. a) log;(x* — 12) =logy(—x),  6) log;(y* —35) =log;(2y).
2 1 2 o1
6. a) logj; x= log, 23’ 6) 10g13 Y= log, 13"
7. a) log;; (x* — 5x +6) =log;; (x — 2),
6) log;; (y*+9y +18) =log;; (y +6).
8. a) log2 x —log, x> +2=0, 6) log; z —log,z~7 +12=0.
9. a) log (4x — 1) =log,(4x — 1), 6) log>(7y — 5) =log, (7y — 5)*.
10. a) log,» 13=1ogy.4, 13, 6) log,. 17=1log, 3, 17.
+6)x+7) G-9E+7)
11. a) log,(x+8) =0, 6) log,(z+8) =0.

12.a) (x+1)log, ,(x+3)=0, 6) (x+5)(x+2)log_;_,(x+9)=0.
13.a) (x+2)(x—5)log,_, (x+7)=0,

6) (x—9(x+2)log, 5(x+4)=0.
14.a) (x—1log, c(x—7)=0, 6) (x+8)log, ,(x+1)=0.

G+1IDG+19) _ g G-1DG+2D)
log,,(y +17) ™ log,,(x+13) ~

16. a) (x —5)log,(x—5)=0, 6) (x—8)logy(x—8)=0.
17. a) logy (2> — 24) =logy(—22), 6) logg(x* —18) =logy(3x).
18.a) (x*—4)In(1—x) =0, 6) (y*—16)1g(1—y) =0.

19. a) log,(2 — y) - log,(2y*— 9y + 10) =0,
6) logs(3 — y) -logs(2y? — 13y +21) =0.

15. a)

20. a) log;_, (x*—5)=1, 6) log, 5, (22 —8)=1.
21. a) (x> —9)1g(—x) =0, 6) (y*>—4)1g(—y) =0.
22.a) (x+2)In(x+1)=0, 6) (z+3)1g(z—7)=0.
23. a) logs(x+1)* =8, 6) log,(z —2)°=12.

24. a) log, (x2—7)=10g4_x (4—x), 6) log, (x> —23) =log,_,. (6 —x).
25. a) log), (y* —35) =log;_, 1, 6) log;3(y*—3)=log;_, 1.



TpenupoBoyHas pabora 9

Pelite ypaBHeHHE
1. log,» 13=log,_5, 13.
2. (x+1log, ,(x+3)=0.

2 7_
3. x* +log; x +log; - =50.

4. log;s x*=1log;5(15x)?.
5. logg (5x —4) =logs (5x — 4).

(x=16)&x+19) _
log,,(x+17) —

7. log, (x* — 12) =log; x.
8. logs (x+1)*=8.
9. 1logs (3 —x) - log, (2x* — 13x 4+ 21) =0.
10. log;,(x? —24) =log,_, 1.
10gi+1 (x—1) +log?(2x —5) _
) logiﬂ (x—1)+ logg(x -2)

Va—x—/x®—5x?+4x

" VE=x+logl (P —5x2+4x+1)

12




YacTp II. CUCTEMBI YPABHEHUUN

BHauase HamIOMHUM OCHOBHEBIE OIlpeZiesieHH. PaccMOTpUM ypaBHEeHUA
f;y)=0 u glx;y)=0. @
ToBopArT, 4TO faHa cucrema

fl;y) =0,
glx;y) =0

[ByX airebpanvyecKux ypaBHEHUI C JBYMS HEM3BECTHBIMU X U Y, €C/IH
TpebyeTcs HAUTH Bce maphl Yucen (Xg; V), KOKAas U3 KOTOPBIX ABIAETCA
peleHneM KaXxg0ro u3 ypaBHeHu# (1).

[Tapa uucen (xy; ¥,) Ha3bIBAETCS peuieHleM cUcmeMbl ypasHeHull (2),
€CJIv OJHOBPEeMEHHO CIIPaBe/JIUBLL IBa YU CIOBBIX pPaBeHCTBa f (xg; Yo) =0
U g(xy; ¥o) =0. Pewwums cucmemy ypasHetuil (2) — 3Hauum Hatimu MHo-
acecmeo scex ee pewleHull (ecau MO MHONECMBO ABASLEMCSL NYCMbIM, MO
2080psim, UmMo cucmema He Umeem peuleHull).

CucreMbl Tpex U Oojiee ypaBHEHUH ¢ TpeMs U Oojiee HEM3BECTHBIMU
OIIpe/IesIAI0TCSA COBEePIIeHHO aHaIOTUYHO.

[TpexxJe 4eM MepexoauTh K TpUMepaM pellleHHs CUCTEM ypaBHEHUH 1O
KaXXZI0M U3 IecTu QYHKIIMOHATHHO-YUCIOBBIX JUHUN IIKOJIBHOTO KypCa,
VKakeM HEKOTOPBIE OCHOBHBIE PaBHOCWIbHBIE TIPeoOpa3oBaHUSA CHUCTEM
YpaBHEHUI:

® [IepeHOC cjIaraeMoro U3 OJHOM YacTU ypaBHEHUS B APYIVIO;

e YMHO)XeHHe 00erX JacTell ypaBHEHHUsA CHCTEMBI Ha OJHO U TO XKe
OTJIMYHOE OT HYJIA YUCIIO;

® TIOWIEHHOE CJIOXKEeHME JIBYX YPaBHEHUH CUCTEMBI C TTOCIeAYOIIel 3a-
MeHOM OZHOTO M3 HUX Ha ypaBHEeHHe, IIOJy4YeHHOe B pe3ysbTaTe CIOoXe-
HUS.

3ameuaHrus.

1. TlowieHHOe yYMHOXXKEHHE JABYX YPAaBHEHUM CHCTEMEBI C TIOCIEAYIO-
el 3aMeHOH OZHOTO M3 HUX Ha ypaBHEHHe, MONyYEHHOE B pe3ysbTaTe
YMHOXXeHUsI, MOXXeT IPUBECTH K IPUOOPETEHUIO IOCTOPOHHUX PEIIeHUN.
B sToM ciyuae ciezyeT cienaTh IIPOBepKy HaiileHHBIX pelleHui IyTeM
HX IOZACTAHOBKHU B UCXOJHYIO CUCTEMY.

2. IlpeobpasoBanust ypaBHEHUI CUCTEMBI (B YaCTHOCTH, MPUBEEHUE
MOAI0OHBIX) HE JO/DKHBI M3MEHATh OOJACTH JOMYCTUMBIX 3HAYEHUH Iie-
pemeHnHbIX. Cy)keHre 06JacTH JOMYCTUMBIX 3HAUEHUUM MOXKET MPUBECTHU
K TIOTEpe pelLIeHWi, paclmupeHre 06JacTH JOIMYyCTUMBIX 3HAUeHUN —
K IPUOOPETEHHIO IOCTOPOHHUX PEIleHUH.

(2)



§1. CucteMsl HesbIX aaredpandyecKux ypaBHeHUN

CucTeMbl JTMHEHWHBIX YpaBHEHUMN, KOTOPHIM 3HAYUTeJIbHOE BHUMAaHUeE
VAeJAIOCh B OCHOBHOH IIIKOJIE, MBI 37eCh paccMaTpuBarh He 6yzem. Oc-
HOBHBIMHU METOZaMU pelIeHUs CUCTeM, COZepKalluX HeJIuHelHble ypaB-
HEHW, ABJIAIOTCA CIeLyolye:

® II0/ICTAaHOBKA,

® 3aMeHa IlepeMeHHOH,

e arebpanyecKoe CIOKEHHE,

® Da3JIOXeHNe Ha MHOXKUTEJIN.

PaccMOTpHM HECKOJIBKO IIPUMEPOB PeIleHUsA CHCTEM IeJbIX aarebpa-
MYeCKUX ypaBHEHMI, HauaB ¢ pas3bopa 3azad 1 u 2 wactu II BBozgHOI
JVarHOCTUYECKOH PabOTHI.

IMpumep 1. Pemure crcTeMy ypaBHEHUH
xy+x+y=11,
x*y +xy?* = 30.
xy+x+y=11, xy+x+y=11,
Penrenue. 5 5
x“y+xy“=30 xy (x+x)=30.
O6o3HauuM xy =2, x +y =t.

[N
Il

z+t=11, {

Cucrema IIpUMET BUJ =4
tz=30 t
Z

5,
6,
6,
5.

M [ x=3,
y=2,
x+y=5, xX=2,
= x=3,
Toraa =
x+y=6, x=25,
Xy = x=1,
x=1,
L | x=5.

Omeem: (3;2), (2;3), (5; 1), (1;5).
IIpumep 2. Pemnre cucTteMy ypaBHEHUU
x*+y? =z,
{x+y+z = —0,5.
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Pemrenue. Brlpa3uM M3 BTOPOro ypaBHEHMA IIEPEMEHHYIO z 4epes
IlepeMeHHble ¥ U X U IOJCTaBUM II0JlydeHHOe BbIpa)keHue B IIepBOe ypaB-
HeHue cucTeMsl: X% + y>=—y —x —0,5, otkyza x> +x+ y*+y+0,5=0.
BoigenuM IONHBIE KBaZpaThl B JIEBOM YacTU IIOC/IEJHEr0 ypaBHEHUA:
(x+0,5)2+ (y +0,5)> =0. CymMmma AByX KBaJpaToB paBHA HyJIO, TOILKO
eCJIM KaXXZBbIi M3 HUX paBeH Hyawo. 3Ha4yuT, x =—0,5, y =—0,5. [TosTtomy
z=-0,5—x—y=0,5.

Omsem: (—0,5; —0,5; 0,5).

OZHVMMU K3 OCHOBHBIX METOZOB pellleHHsa CHUCTeM HeJUHEeHHBIX ypaB-
HEeHUH ABJIAIOTCA MEeTOZ II0ACTAaHOBKY 1 MeTOZ, BBeZleHHA HOBBIX [TlepeMeH-
HBIX (B IIpeZesiax OZHOI'0 ypaBHEHUA WIN Bcel CUCTEeMBI), KOTOPhIe IIPOJI-
JIIOCTPUPYEM CJIEAYIOIMMU [IPUMEPAMHU.

IMpumep 3. Pemrure cucTeMy ypaBHEHUH
3x2 42y = -1,
x*+x*y—y*= 5.

14 3x?
2

Pemtenue. 113 mepBoro ypaBHeHUA CUCTEMBL Y = —
CTaHOBKM BTOpPO€ YpaBHeHHE IIPUMET BUJ

2 2N 2
S e L

S 4xP—2x2(14+3x) - (143x)?2=-20 & —-11x*=8x*+19=0

, ITIOCJIE 10/~

O603HaunM t =x2, t = 0.

t=1,
Torza 116>+ 8t—19=0 < 19
t:_ﬁ‘
x=1,
[Tockonpky t = 0, HaM NOAXOAUT t =1, TO ecTh x?’=1 < 1
x=-1.
ﬂ: 2
Torga y = —# =-2.

Omsem: (1; -2), (—1; —2).

ITpumep 4. PemuTe crcTeMy ypaBHEHUH

xc+ 2+ ¥ (x + y?)? = 225,
(x—xy2 —|—y2)(x—|—y2)2 = 25.

Pemenue. Ilyctb x+y?=z, xy*=t.
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CucreMa npumeT BUZ

G+os =225, _ [T =9 [t=%s _ [5=5
(z—t)z% = 25 (z—t)z% = 25 %azzzs t=4

BhimosHUM 06paTHYIO 3aMeHYy:

M x=1,

Lo

x =1, x=1,
x+y*=5, {y2=4, {y:—Z,
{ 2=14 < x =4, x =4,
{y2= {J’=1’

x =4,
_{y= L

Omseem: (4; 1), (4; —1), (1; 2), (1; —2).

Cpezau cucTeM HelMHEWHBIX YPaBHEHUH [OBOJBHO 4acTO BCTpeYaloT-
€Sl CUCTEMBI, COZ,ePKalliie OZHOPOAHbBIE YDABHEHUA, U CUCTEMBI, IPUBOAN-
MBI€ K ITePBBIM.

IIpumep 5. Pemnre cucTteMy ypaBHEHUN

x*—3xy+2y* =0,
x%+y? = 20.

Pemenue. PaszieyM NepBoe ypaBHeHHe CHUCTeMbI Ha y2 (3aMeTuM,
4ro npu y =0 crcTeMa He UMEET PEeIleHHUi):
2 3 2
X X X
———ig+2:0¢¢(;)—3;+2:0

oy

t=1,
0603HaINM % =t. Torga t> —3t+2=0 < { o TOecT

x=y, x=y,
x*>+y?=20, 2y? =20,
=

x:zy’ x:2y,
x> +y?=20 5y%=20.

Omeem: (v/10; v10), (—v/10; —v/10), (4;2), (—4; —2).

RIR <Ix

CiiejoBaTebHO,
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ITpumep 6. Pemure crucTeMy ypaBHEHUMI
2x% —3xy +3y? = 80,
{)«72+ng—2y2 = —56.
Pemenune. 3ameTum, uto 80=28-10, =56 =—7-8, yMHOXXUM IIepBOe
ypaBHeHUe Ha 7, BTopoe Ha 10 U C10KuM:
14x% —21xy +21y2 +10x2 4+ 10xy —20y? =0 < 24x%—11xy +y>=0.

PaszieTiM MoJTydeHHOe ypaBHEHHe Ha X2 (3aMeThM, 4To Ipu X =0 cucTe-
Ma He UMeeT PelleHu):
2 2
24-112+5 =0 (2)-11Z+21=0
X X X X

0O603HaYNM % =t.

Yy
5 t=8, ;:8: y=38x,
Torma t“ —11t+24=0 < TO eCTb =
t=3, Y_3 y=3x.
X
[Tonyunm
y = 8x, Yy = 8x,
2x% —3xy +3y? = 80, =2
= 17°
Yy =3x, y = 3x,
2x%—3xy+3y* =80 x% =4,
2v2 16v2 —2v2 —16V2
O : Zvy=. . . . 2.6 . _2. _6 .
meem(m,m),(m,m),(,),( ; —6)

Cpezu/l CHCTeM HeJUHEeHHBIX ypaBHeHI/Iﬁ MOXXHO BBIZECJIHUTH CHUCTEMBI
CUMMETPUYECKUX ypaBHeHHfI. K HMM OTHOCAT cucTeMbI BHAA

fley) =0,

glx;y) =0,
rae fOy)=f(y;x), gbx;y) =g(y;x) (Takue MHOTOWIEHBl HA3bIBAIOT
CUMMeTpU4ecKUMH). MHOTOWIEHB! U =X + ¥ U V = Xy Ha3bIBAIOTCA dJie-
MEHTapHBIMHU CUMMETPUYECKUMH MHOTOWIEHaMU. PellleHre cucteM CUM-

METPUIECKUX ypaBHeHI/Iﬁ OCHOBAHO Ha TOM, 4TO 110601 CI/IMMeTpI/I“IeCKI/II‘/JI
MHOT'OWIEH MOXHO BBIPA3UTh YE€PE3 3JIEMEHTAPHBIE. HaHpHMep,

x2+y?=(x+y)?—2xy =u*—2v,
4y = (x+y)P—3xy(x+y) =u®—3uv.

[TpumepoMm pelieHHA TaKOM cHCTeMBI ABAAeTcA IpuMep 1 aToro naparpa-
¢da. B HEKOTOPBIX CIIy4asXx pelleHre CUCTEM CUMMETPUYECKUX YPaBHEHUI
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yYaaeTcAd IMOMYYUTDb 6e3 UCIOIb30BaHUA JJIEMEHTAPHBIX CUMMETPUYIECKUX
MHOTI'O4YJIEHOB.

ITpumep 7. Pemmute cucteMy ypaBHeHUN

Xy =2,
x*+y*=09.
xy=2, x}y3=8,
Peinnenue. 3 3 =
}+y*=9 x*+y*=09.
[TIyctb X3 =a, y3=b. II ab=8,
= =b. TMoayurM CHCTEM
v .y yu Y3 aapoo

a=38§, x> =8, x =2,
b=1, yi=1, y=1,

= Torza =
{azl’ =1, {le,
b=38. y3:8 .

Omesem: (1; 2), (2;1).
PelieHue cucTeM ypaBHEHUH, COAEPIKAIIIMX MOAY/b, OOBIMHO CBOAUTCS

K paCCMOTPEHUIO HECKOJIBKUX CJIYy4Yd€B, B KaXXI0M N3 KOTOPBIX IIPUXOAUTCA

pelIaTh CUCTEMY YpaBHEHUI, y)Ke He COoZep)KalliX 3HAKOB abCOMIOTHOM
BEJIMYMHBIL.

IIpumep 8. Pemure cucTteMy ypaBHEHUM

Ix—1[+y =0,
2x—y =1.
{Ix—1I+y=0,
Pemenue.
2x—y=1
x—1=20, x =1,
x—1+y =0, 3x =2,
2x—y:1, y:zx_l’ {x O’
= = =
x—1<0, x—1<0, =-L
—x+14+y =0, y—x=-1,
2x—y=1 2x—y =

Omseem: (0; —1).
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3ajgauu

PemmTe cucTeMy ypaBHEHUH

WIx NI=
+ +
N W=

2x+3)%2=7y,
Bx+2)?%=7y

-3 —y)=0
108 {(x ¥)(x—y)=0,

¥y +3y+1=x.
x*=4y+1,
x +3=4y+y2.

2 3)=
1o, ){(x Yy +3)=

11. a)

(x*—4)(y+4) =3x.

x>=36y2,
13. a)
6:y+7

Q\
-
|
Il
—_
L

OSTR SN
|
NI W=
I

—_

o

I

=)}
()

|
_J'_
< N|I|k<
I
w p

H e
%, Glx
N

o
—
|
w
<
[l
J—‘

2x*+3y=>5.

(Bx — 8y)2 =—b5x,
(3x—8y)2: —
8x+9y=6,
Bx+9y)?=x*+27.
3x+5y=-8,
3x*+y=2.
3x=5y2,

o\ \ o\
\_z \_z <
——~—
<
¥

)
N

5x=3y2.
(7x—2y)?=25y,
2x—7y)?=25y.
6x2+5x=11y,
6x+5=11y.
(x+2y)(x—3y)=0,
—4y +25=2x.
x>=2y—7,
x24+23=2y+y2
(x—=3)(y—=7)=0,
(x*—9)(y —4) =24x.

Q\ =)} ) =)}
N () N ()

=)}
()

(@)

—
Wk ><N
I
< ©
+ <
!_\J \.l\i
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14. a

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25. a

a

6

x?>=5y—6,
2=5x—6.
50xy = x*+49y2,

11 10 _ 10 11

>

xy =64.
x(7x—2y) =14,
49x% =4y2

X +y

x—l—y 2,

(x=5y)(x—3)=0,
4y*—xy+3y+4=0.

lx+y|= 2y+1
12y +1|=
2x2 +5y =23,

6x2+15y%=23x.

|x—5y|=9,
(x—5y—9)=-90.
x+7y=1,
—49y?=5,

x
Jp o1
y
{5 =4x? +y2, {
X'y =x° y >
){xy 36. 6){
(2x—3y) =4,
){x x—3y 6){
4x* =9y,
){x +y*= 6){
){x+y 10, 6){
xy =24.
(x—2y)(x+3)=0,
){ x—2y)(x 6){
y*—xy—3y+4=0.
){|x+3y| 2y +3, 6){
12y +3|=
2x“+3y“ =11,
o
4x* +6y*=11x.
){|2y +3x%+4|=2y*>+3x*+x,
){|3y +4x*+4|=3y*+4x*+y,
Ix—2y[=
){ (x—2y— 5) 20. 6){y
x+2y=5,
{- e
x?—4y*=35. X
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TpenupoBouHasa pa6ora 10

PemuTte cucTeMy ypaBHeHUH.

3x+5y=1, ; x+y+xy=5,
2x—3y=7. NPy xy=7.
xX—2y+2z=3, x%—2xy=3,

Ix+y+z=1, 8 3x%—2y?=1.

—2x+3y —3z=—4.
0 {x2+y2+x+y=8,

{
{
{(x 3)(x+2y)=0,
i
I
g

x’y+y*x=6.
y +x=0.
2 —
x+y 1, X+y=2,
10. )
x+y =
x+y+xy=0, 1 x+y=2,
> +y +x3y3—12. 3x—y|=1.
= 1o, [ IXI+2lyI=
4xy+y*=7. " | 7x+5y=2.



§ 2. Cucrempsl, cogepxalnme ApoOHO-paliiOHATIbLHbIE
ypaBHeHUd

O61mre MeTOABI PEellleHUs] CUCTEM, COAEPKAIIUX APOOGHO-parioHab-
Hble YpaBHEHUS, OCTAIOTCA TEMU JKe, YTO U /I CUCTEM 1[eJIbIX YpaBHEeHUHN:
MeTo/, aire6bpanvecKoro CIOXKeHUs, TIOACTAHOBKA, 3aMeHa IepeMeHHOM
B IIpeZiesiaxX OHOT'O WJIM HECKOJIbKUX YPaBHEHUH CUCTEMBI, PA3/IOKEHUE Ha
MHOXUTENHU U T. 1. OCHOBHOE OT/IMYME — HaJIMYe OTPAaHUYEHUH, KOTO-
PBIM ZIOJDKHBI YZIOBJIETBOPATH PEIIEHUs CUCTEMBI (3TU OTPAaHUYEHU, KaK
IIpaBUJIo, CBA3aHO C YCJIOBHEM HepaBeHCTBa HY/IO 3HaMeHaTesel OfZHOU
WIM HECKOMbKUX anrebpanveckux [pobeitr). PaccMOTpyUM prMepHl, HaYaB
¢ penieHus 3aza4 3 U 4 yactH II BBOAHOM 1UMarHOCTUYECKOH pabOTHI.

IMpumep 1. Pemnte cucTteMy ypaBHEHUN

3
6)

<=

2

2=5,

=
<RI

Pemenue. PaCCMOTpI/IM TOJIBKO II€PBOE€ YpaBHEHHE CHUCTEMBI U 06o0-

X _ y_1
3HAYUM ¥ =t, TOrAa =7, t#0.

I/IMeeMt—%:g & 62 -5t—6=0 &
3 x 3
tZE, ;_E’
= TO €CThb
p=_2 x__2
T3 y~ 3

X_§y X_—Ey
277 I/IJII/I{ 277

2 2 x2—y2=5,

[Tony4yaeMm ABe crucTeMbl ypaBHeHUN {
xX“—y =

2
X= Eyﬂ = _§J’>
Te Y9 ,0 Wy 4 , ~ , Bropas cucrtema He UMeeT pellie-
— — =5 — — =
4y —Y 9y ~VY
HUM, pellleHNs IepBOM cHCTeMBI JalOT OTBeT.
Omsem: (3, 2), (-3, —2).
IMpumep 2. Pemure cucteMy ypaBHEHUN
x*4+2y*
— =

2+2y*\2
(u) = Ox.
y

3,
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2 2

+2y

Pemrenne. IlycTb =z. [Tonygaem

BepHeMCH K ITPpEXXHUM II€PEMEHHBIM:

x=1,

x=1 x=1, y=1,
2 2 =1 (=4

X2 _ 4 2y%—3y+1=0 x=1,

y 1

y=s3.

Omsem: (1; 1); (1; %)
IIpumep 3. Pewute cucremy

X
2xy —3% =15
{ m'xy ,

X =15,
Xy+3

X
Pertenne. O603HauYUM a =Xxy, b= ; Torza cucrema NpuMeT BUZ,

2a—3b =15, a=12,
{a+b=15 {b:&
xy =12, x =3y, x =3y,
I {§:3 @{y-3y=12 {y2=4.

Omsem: (6;2), (—6; —2).
ITpumep 4. PemmTe crucTeMy ypaBHEHUH

3x+2y+ 3x—?—2y =4,
Y —
3x+2y—-3 3.

Pemenne. Ilyctb 3x +2y =t, t #0. Torga nmepBoe ypaBHEHUE CUCTE-
MBI IPUMeT BUZ t + % =4. YMHOXUB 06e 4acCTH IOJIy4YEeHHOTO YpaBHEHU

Ha t ¥ peluB IoIy4YeHHOe KBaJpaTHOe ypaBHeHUe, HalizieM, uTo t =1 jiu-
60 t = 3. B nociegHeM ciydae 3HaMeHaTeNb Apobu B JIEBOM 4acTH BTOPO-



122 § 2. Cucrembl, cofieprkaiiye JpobHO-pal[oHaIbHble YpaBHEHUS

TO ypaBHEHUs CHCTEMBI OOpaliaeTcs B Hy/Ib, TIO3TOMY OCTAeTCs TOMBKO
3Hauenue t =1, T.e. 3x + 2y = 1. [logcTaBUM 3TO 3HaUYE€HHWE BO BTOpOE
ypaBHEHUE CUCTEMBI: 1)%3 =5, otkyza y = —10. Torga 3x —2-10=1
ux=7.

Omeem: (7; —10).

IIpumep 5. Pemnre cucTteMy ypaBHEHUN

X

y="——"756>
1_x—|—6
x(xz—y—36) =0.

Pemenne. [IpeoGpasyeM MpaByIo YacTh IEPBOTO YPABHEHUSA CHCTEMBI:

X _ X X
6 x=6%6  _x
x+6 x+6 x+6

[TOCKONBKY 3HaMeHaTeb 000 U3 Apo6eil OTINYEH OT HyJA, [IOIydaeM,
gT0 X #0, X # —6. B oTOM CiIy4yae

i =x+6,

x+6

U IlepBoe ypaBHEHHe CHUCTeMBl IIpUHHUMaeT BUJ Yy = x + 6. [lockombky
x#0, U3 BTOPOTo ypaBHEHHA CUCTeMbI TTomyduM x2 — y — 36 =0 . [ToacTa-
BUB B 3TO ypaBHeHME Yy = X + 6, IPUXOZUM K YPaBHEHHIO x> — x — 42 =0,
KOPHAIMM KOTOPOTO ABJIAIOTCA X = —6 (3TOT KOpeHb He YZOBIEeTBOPAET
YCIIOBUIO X 7# —6) u x =7 (B 3TOM ciiy4dae y =7+ 6=13).

Omsem: (7;13).
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3ajgauu

PemuTe cucTeMy ypaBHeHUH.

x x
2y+3 3, 4y+1" 2,
1.a) y 1 6) y 1
2y+3°~ 9 4y+1~ 3
T+r=2 T+3=s,
2.2) 5 5 ©\s 7
S4==2 =+ =5,
x Yy x Yy
Y= R
3.a) 0)
6. 5_ 2_3_
;-!—;—2. o y—2.
5x _ 8y 7x _ 2y
4.2){ 8 5x’ 6){ 2y 7x’
Sx—8y=20 7x—2y=-14
2x+ 2 =11, 8x+2=-13,
5.a) " 6) .
7x+==16. Ix+—-=2
y y
(x—=9x—6) -0 (x—8)(x—4)_0
6. a) y+8 ’ 6) y=> ’
‘ +8) (-8 y-50+8) _
= — (. S 0.
x—6 x—4
4x :—+15 sx=-4-17,
7. a) 6) 2
4y:—+15 5y:—;—17.
x ___ Y
8. a) 4x 7= 4x 7 6) | 3x—8 " 3x—8’
4x? +19y+21 0. 3x2+5y —8=0.
x Yy
9.a){ 5x— 4y 5y 4x’ 6) 3x+4y ~ 3y+4x’
xy =—16. xy=-9.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

a)

a)

(x+1)(x—8)=0,

_y=3
x+y—2

|
|
|
|
|
|
|
|
|

» =5.

ol

I

92}
S

a)

x+7 _
) By =
x+7y
8x

0)

0)

O+ —-2)=0,
x+12
Xx+y+10

2 =5.

0)

6) { Y
x+5y=25
X15.2—6,
6){ 7Y X
x—y=4
4 _
x—y—x_y—&
0)
L -2
x—y—4 ’
X
I
0) 5
+
al g——w+3
2y —4
x+2y _2,

|><
w
Il
|
921
=
w
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20.

21.

22.

23.

24.

25.

x> 4+5x+4=0,

X+y+6_,
y+2 — T

a)

Y+ +3)
x—2 B
ﬂ+y=L

0
a) ’

|
|
|
|
|
|

a)

x?+4x+3=0,
0)\ x+y—4
——=3.
y—5
U—DU+®_O
6) x+6 7
x?+y=32.
53 -3 =%
6)
5.5 L —ygy
y X
£ ty=7
6) a1
V=132
x+%=—L
2 x__2
y 3
x?—10xy
6) { 3wy+2y> 7
x+2y=-12.
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PemurTe crucTeMy ypaBHeHU.

|
|
|
{;
|
|
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(x—5)(x+6)_0
y+5 o

DG =6 _
x+6 -
x Y

3x—27 3y-—-2’°

3y?—5x+2=0.

(x=6)(y =7)=0,

y-4 _
x+y—10_3'
X42d=3

X
x—y=7.

2y +——=4
Xy 3= 2y "

Y -
x—2_y—3_5'
—-3y-5
L:S’

X
lx—3yl=

x> —3x+2=0,
7. -3
L:&
y—2
(y—6)(y+3)
8. x—5
x?+y=22.
25 Xi3l=7
9 X
67 X 9L =7x.
X
x2—4:0’
y—2
10.4 g
Y =3x
Y
2
y7=5y,
11. )
24x°—7x
b
y_ X
=—,
12. 5
xu9+y—2$=

=0,



§ 3. CucreMmsl, cozepixkalilye uppauoHaIbHbIE
ypaBHeHUA

[Tpu pemieHUN cucmem UPPAYUOHANbHBLX YPABHEHULl UCTIONB3YIOTCA Te
K€ METOZBI, YTO U IpPU pelLIeHNH HPPAlUOHATbHBIX YpaBHEHUI: n36aB-
JIeHWe OT UPpalMOHAJIBHOCTH IIOCPEJCTBOM BO3BeZeHUA B KBaJpaT WIU
3aMeHBI lepeMeHHOM. 3aMeHa IlepeMeHHOM IIpUMeHAeTCs Kak B IIpejiesax
Bcell CUCTEMBI, TaK U B MIpeJesiax OHOTO U3 ypaBHeHUH cucTeMbl. Ocoboe
BHUMaHUe CJIeyeT YAEIUTh 0TOOpy pellleHuH, CBA3aHHOMY C HEOTPHIia-
TEJIbHOCTHIO BBIPAKEHUM TI0Z 3HAKOM KOPHS YEeTHOU cTeleHW. PaccMoT-
PHUM HECKOJIbKO IIPMMepOB, HauaB C pelleHud 3agaHuii 5 u 6 gyactu Il
BBOZIHOM TMarHOCTUYECKOH paboTHI.

IIpumep 1. Pemure crcTeMy ypaBHEHUN

X+ =7,
v xy =10.
Pemenmne. Ilycts +/x=u, ,/y =v. IlonydaeM cuctemy
u+1/ == 7, u= 2>
uv =10, v =25,
="
u 2 0: u= 5,
vz=0 v =2.
Vx=2, x=4,
VY =5, y =25,
3Ha4uT, =
Vx=5, x =25,
Vy=2. y=4.

Omsem: (4; 25), (25; 4).

IIpumep 2. Pemure cucteMy ypaBHEHUHA

Vx+y+/2x+y+2=7,
3x+2y = 23.

Pemrenue. O6o3HauuM /x+y=t, t=0; 1/2x+y+2=2, 2=0. To-

raa x +y =t%; 2x + y + 2 = z%. CnenosarenbHo, t? + z2 =3x + 2y + 2.
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CucreMma puUMeT BUZ,

t+z=17, t=7—32, t=7—g2,
2, .2 A 2, .2 = 2 =
t“+2°“=25 (7—2)+2“=25 z2°—72+12=0

{M2x+y+2=4, {2x+y+2=1@

x+y=3, x+y=9,
CliejoBaTeIbHO, =
2x+y+2=3, 2x+y+2=9,
x+y=4 x+y=16.
Omaseem: (5;4), (—9; 25).
5
IIpumep 3. Pemnrte cucTteMy ypaBHEHUN
x+y=10.
5 1
X u+-—= 9> u=s,
Pemenue. IlycTb u= \/j . Toraa u 2 e 2’ Caenaem
y u>0 u=2.

obpaTHyIO 3aMeHy:
x 1 X
= x=2, \/jZZ, x=38,
) \/; 2 o 2) y =
x+y=10 y=8; x+y=10 .
Omsem: (2; 8), (8; 2).

Va/y+v/xiy=12,

IIpumep 4. Pemure cucTeMy ypaBHEHUMI
xy = 64.

Pemenue. YnpocTuM BHayajle EPBOE YPaBHEHUE CUCTEMBI C yYETOM
BTODOTO:

Ve /y+Vx¥y =12, o [ Ve +¥eyi=12,
xy = 64 xy = 64

o {W6@y+v6ﬂx:11 ¢${6;W+V§:&

xy = 64 xy = 64.
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O6osHaunm $/x=a, 6{/;:b, a=0,b=0. meem

a+b=3, a=1,
a®b® = 64, a+b =3, b=2,
= =
az=o, ab=2 a=2,
b=0 b=1
g x=1, g x=2,
BepHeMcs K IpeXHUM TepEMEeHHBIM: WIn
6 y:Z 6 y:]_

Omsem: (1;64), (64;1).
IIpumep 5. Pemrure cucteMy ypaBHEHUN

V205 = Vx+y+4/x—y,
1/% = /x+y—x—y.

Pemtenvie. O6acTh onpeziesieHUs] CUCTEMBI:
x+y =0,
X=y

X0
Yy

y 16x
[TepeMHOXMM ypaBHEHUA: 4/ 20; 4/ Sy =(/x+y)?—(y/x—y)?, wm

8=x+y—x+y, To ecTb y =4.
V13 BTOpOT0 ypaBHEHUs CUCTEMEBI [TOTydaeM

%x:x+4—2\/x+4-\/x—4+x—4 = 2x—%x:2\/x2—16,

A\VARR\

0, & xzy>0.

2 x=5,
OTKyZa (%x) =x?-16 & [x— 5 X =—5 — IIOCTOPOHHUN KOPEHb.

Omeem: (5;4).
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3ajgauu

Pemute crucTeMy ypaBHeHU.

2V/x=3y,
1. a) 5
Y +2v/x=4.

(Vx=5)(v¥-3)=0,
3x+5y=60.

=7y,

y%43x—25=0.

11. a) {(x_7) Vy=2=0,

y=x-1.

12. 2) { (x—4)vx—54/y—5=0,

(Vx=2)(vy-3)=0,
3x+2y=15
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13.a

14. a

15.

16.

17.

18.

19.a

20.

21.

22.

23.

24. a

25. a

a)

a)

a)

a)

a)

a)

a)

a)

|
1
g
|
Lo
{
iy
{
{
f
f
5
|

(x=3)(y =11 =0,

(x+y—-10)4/y —9=0.

o+ 3)(x 4)

V2x+5=4/2y—3,

y2+2x=0.

(x—1)4/y—6=0,
(y—2)y/x—-3=0.

(2 —16)\/ =0.
3x+2,/y=18,
3Vx+2,/y=12.

2V/x—3,/y=1,
3v/x—,/y=5.
x+2/xy=0,
(x+3y)(x—4y)=0.

\/2x 3y= \/3x+2y,
y*+5y+x=16.

3x—2y=y,
x? +2y+y =4.

x+1/ —2x—12=0,

x+7/xy=8,
y+7/xy=8.

(x—=4)(y—-10)=0,

(x+y—-8)+y—7=0.
2x+5

+7(x— @ 0.

Vax—9= /iy 1

6)
—3x=-2.

x+D\y =0,
(y—3)y/x+3=0.
V10—x=y+1,

(x%—36)
2x+5f 23,
144/x+5,/y =47.

0)

)

)
=0.

0)

—5/y=
5Vx—Jy=7.
x+9/xy=0,
Jx+8y —6x3+7y=0.

V4x—3y=4/3x+4y,
y+7y x=4.

0)

<))

)

)

)

6x—=5y=y,
x? +5y+y =7.

0)

x2—3/x7+4x+6=0,
‘/_:f

0)

o
£
|
B
{
ey
lexs
|
;
f
%
1>

iy
_ =
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PemurTe crucTeMy ypaBHeHU.

x*—x—2=0, ; JXy =6,
" | 2x—5y=2.

2y —3)(x*—2x+3) =0,

VXx—2—-2y=-2.

2_ —o =
X“—4x—-5=0, 8.{

2= {m_m

y2+x=10

y=x-3
2x =3y, 1 {(y —y—2)y/x—-3=0,

(2x% —7x+5) —3=

{
{
i
. {3ﬁ+2y=13, 10.{(36_3)@@:0’
{
{

0.

(x—2)4y/y—3=0, {(3x—5)\/y2—3x—4=0’
12.

y—3=4/6-—5x.



§4. Cucremsl, cofiepKalijlie TPUTOHOMeTpUYecKIe
ypaBHEHUSA

OcCHOBHBIE METOZBI PEIIeHUA CUCTEM, COAepKallX TPUTOHOMeTpruYe-
CKUe ypaBHEHUS, BCE Te JKe: MeToJ anre6pandecKoro CJIOKEeHUs, 3aMeHa
TIepeMeHHOU B IIpeZiesiax OfHOTO YPaBHEHUSA WM BCEW CUCTEMBI, ITOZCTA-
HOBKa. OTOOp pellleHul B TAKUX CHCTEMax CBA3aH JUOO ¢ OrpaHUYeHHO-
CTHIO CHHYCa U KOCHHYCa, JINO0 C HATUINEM KOPHEI YeTHOMN CTEeMeH! WIN
anrebpanyeckux gpobeii. [TocMOTpUM Ha KOHKPETHBIX TPUMeEpaX, KaK MpH-
MEHSIIOTCS 3TH METO/IBI, HayaB ¢ pa3bopa 3agaHuii 7 u 8 yactu Il BBoHOM
MarHOCTUYECKOH paboThI.

ITpumep 1. Pemnte cucteMy ypaBHEHUN

A y+cos?x—2+cosx =0,

ysin?x—sinx—1=0.

Pemntenue. Buauase paccMOTpUM IiepBoe ypaBHEHHE CHCTEMBI:

Vy+cos?x—2+cosx =0 & y/y+cos?x—2=—cosx <

y+cos2x—2:coszx, y =2,
=
cosx <0 cosx < 0.

IIpu y = 2 BTOpOe ypaBHEHHe CUCTEeMbI IIPUMeT BHUZ, 2 sin x —sinx — 1 =0,
. s .
OTKyZa sinx=1u x = 5+ 2nn, n € Z (A1 BceX TaKWX 3HaUYeHUU Iiepe-
MEeHHOU HepaBeHCTBO oS X < 0 BBIIOTHEHO), 60 sin x = —0,5. C yueTom
. ST
HepaBeHcTBa cos x <0 13 ypaBHeHuA sin x=—0,5 noayyaem x=— % +27k,
keZ.

Omeem: (% +27n; 2), nez; (—5% + 2mk; 2), keZ.

2sinx+3sinx+1

0,
ITpumep 2. Pemure cucTeMy ypaBHEHUMI VY

y+4v3cosx=0.

Pemienue. I3 11epBOoro ypaBHeHUA CUCTEMEI ciezayeT, uyTo y < 0. To-
IZla U3 BTOPOTO YpaBHEHU:A IOTy4aeM, YTo cosx > 0. Uucaurens Apobu
B JIEBOI YaCTH MEPBOT'0 ypaBHeHUs 06palaeTcs B HyJIb, €CIH sin x = —0,5
yn60 sin x = —1 (3TH 3HaAUeHUs TEPEMEHHOI He YAOBIEeTBOPSIOT HEPABEH-
cTBy cosx > 0). C yueToMm ycimoBuii sin x = —0,5 u cos x > 0 moiy4aem, 9To



134 § 4. CucreMsbl, cofiepkalljie TPUTOHOMeTpHUYecKre YpaBHeHUA

3
x= —% +27n, n €Z. B 3TOM Ciiy4ae cosx = %_ U BTOpOe ypaBHeHe

CHCTeMEBI IPHHUMAeT BUZ, y +4+/3 - g =0, oTkyza y = —6.
Omseem: (—% + 271n; —6), nez.

cosx=y+1,
IIpumep 3. Pemnrte cucTteMy ypaBHEHUN
sinx=+4/3y2+2y.

Pemenune. Cucrema PaBHOCWJIbHA cneay}omef/’l:

cosx = y+1, cosx = y+1,
sinx = 4/3y%2+2y, & { sinx =14/3y%2+2y, &
cos? x +sin’x = (y +1)*+3y*+2y Yi+y=0

y =0,

cosx =1, y =0,

sinx =0, {x:27m, nez,

= B = y=—1,
cosx =0 x:%+27rk, ke Z.
sinx =1

Omeem: (21tn; 0); (% + 27k; —1), n,kez.

1

4)

cos(mx) -cos(my) = %

—X=
IIpumep 4. Pemure cucTeMy ypaBHEHUI {

Pemtenne. CucteMa paBHOCWIbHA CIIEAYIOMIEH:
1
y=x+7,
4 V2
cos(mx) -cos(my) = -5 -

1
IloacTaBuM y=x + Z BO BTOPO€ YpaBHEHHE CUCTEMBI U PEIINM €T'0:

1 7T T\ _ V2 T _ V2
5(cos(2nx+z)+cosz) =5 = cos(27rx+4) == =
27rx—|—£:£+27m, nez, x=n,nex,
4~ 4 -
T T 1
2nx+7 = -7 +2nk, ke Z XZ—1+k, kez.
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BciomHuM, yTO y =X+ % Torna
X =n,
y=n+ %, nez,
x=k— %,
y=k, keZ.
1 1
Omeem: (n; n+—); (k— = k), n,kez.
4 4
IMpumep 5. Pemrure cucteMy ypaBHEHUH

{ sinx+cosy =0,

sin? y +cos®x = 1,5.

Pemrenue. CucTema paBHOCWIbHA ClleZyloIeii:

sinx4cosy =0, sinx+cosy =0,
2 s 2 A ;2 2 A
1—cos®y+1-—sin“x =1,5 sin“x+cos“y = 0,5
. sinx = 1,
cosy = —sinx, 2 1
) 1 cosy = —3,
= SINX = 5, = 1 &
1 sinx = —3»
sinx = —5 1
cosy =5

{x = (—1)”%+7rn, nez,

y==Z ok, kez,

=
{x = (—1)’"“% +mm, meZ,

y=i§+2n1, leZ.

Omeem: ((—1)”% + 1tn; :1:2?7T +27rk), n,kez;
((—1)’”“% +nmm; :I:% +27rl), m,lEZ.
ITIpumep 6. Pemure cucTeMy ypaBHEHUHA
{ sinx-siny =

COSX-COSy =

INT
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Pemrenue. 3aMeHUM IepBOE YpaBHEHUE CyMMO, a BTOpOe — pa3Ho-
CTHIO YPaBHEHUM CUCTEMBI:

{cosxcosy+sinxsiny =1, { cos(x—y) =1,
=4

o 1 1 &
cosxcosy—sinxsiny = 5 cos(x+y) ==

2

X = E+7r(k+n)

X—y=2nn, n €7, { 6 ’
T
6

=Z+mnltk—n), k,n€Z,
o | [xty=3+2nk kez, o Y (k=n)
__r
x+y=—5+2nl, l€Z x = —g+nl+n),
= %—l—n(l—n), l,n€Z.

Omeaem: (%+n(k+n); z +7r(k—n));
(—%+7‘c(l+n); —%+7r(l—n)), k,nleZ.

ITpumep 7. Pemmute cucteMy ypaBHEeHUN

_ T
X_y— 2°
cos®>x +sin’y = 2.
Pemenwue. Tak kak cos” x <1 u sin? y <1, monygaem
cos’x =1 X=nmn, n €7,
2 22 ’
cos“x+sin“y =2 < . = P
sin“y =1 y:§+nk,k€Z.

T
BciomHuM, 4TO X — Yy = o5 Torza

nn—%—rck:% S nnm-k)=n o n—-k=1< n=k+1; nke’Z.

Omeem: (n(k +1); % + nk), keZ.
IMpumep 8. Pemrure cucteMy ypaBHEHUHA
xX—2siny =y —2sinx,
{ x*+y*=1
Pemenne. CucreMa paBHOCWIbHA C/I€AYIOLIEH:
x+2sinx = y+2siny,
{ x*+y*=1.
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V3 BTOpOTO ypaBHeHUA cieayert, 4To |x| <1 u |y| < 1. PaccmoTpum ¢yHK-
nuro g(t) =t+ 2sint. Ha mpomexytke [—1; 1] ¢yHKIUA Bo3pacTaeT Kak
cyMMa ZIByX Bo3pacTatomux ¢yHkiuid. 3Hauut, g(x) =g(y) <& x=y.
CucreMa IIpUHUMAET BUJ

x=-=

{ le’

{x:y, Y=r
x*+y*=1 =L
{x Jlﬁ’
Y=
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3ajgauu

Pemute cucteMy ypaBHEHUH.
2cos’x —9cosx+4= 0,

1. a)

8cosx+5y=9.

0)

<))

)

0)

=)

)

<))

)

0)

)

)

0)

0)

{
{
{
{
{
{
{
{
{

.
o

=1.

2. ) {2cos y+1lcosy+5=0,
5cosx—2cosy+4=0.
4tgx+5y=-9

3.9 {4tgx—y=—3

4. 2) {3tgx+4cosy=5,
3tgx+8cosy=7.
2x—=7m)(y+371) =0,

s.a){\/sin3x+\/m 1.

6.2) { sin.2x+7cosy:8,
2sinx+7cosy=>5.
x=9siny,

7 {\/m:siny+10

8. a) { c?s(3x—2y)=—1,
sin(3x+2y)=0.
7cos®x+9sin® y =09,

o) {7sin2x—9coszy=7

(16x—13m)(8y —157) =0,
10. a) {\/tg?+\/tg72y:1.
11 a {x —-5x+6=0,

2siny =x.

x=Hy+5)=

12.2) {3cos7rx+s1n—y:2.

2
{4x =9y?,
13.a 2x-3y . 2x+3y
6

2sin®x —5sinx +2=0,
4sinx+3y=—

2sin®x +7sinx +3=0,
7cosy+6sinx —4=0.
Stgx—4y=-17,
Stgx+y=-2.
7tgx+6siny =4,
7tgx—2siny =8.
2x—=5m)(y+77) =0,

v/ sin3x+4/cos8y =1.

cos’x+5siny =6,
3cosx+7siny =4.

x=19siny,

v/ 19xsiny = siny + 20.

cos(4x+5y)=—
sin(4x —5y) =

6cos?x —5sin?y = -5,
6sin® x +5cos® y = 6.

{ (20y+7m)(8x—7m)=0,
0)

A/ tg2x+/ctgSy=1.
x?—x—20=0,
4cosy=x.

(x—=3)(y+11)=0,

. Ty
5cos tx +sin o>

—4.
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

1lcosx=5y —4,
cos’x =5y +8.
3sin’x=y+1,

3coszx=y—2.

3cosx+2siny=—1,
2cosx+5siny=3.
2sinx+3siny =5,
3sinx—2siny=1.
3x—2cosy=1,
3x+4cosy=7.

xsin2y =3,
x+sin2y =4.

x*=-8cosy+81,
x=4cosy—09.
9sinx=4y +1,
sinx=4y —7.

7cos’x=2y+1,

A\
N

7sin’x=2y —6.
4x —7y=11m,

=)}
=

xcos(4x—7y)=—m.

5cosx —cosy =—4,

)
N

2cosx—3cosy=1.

3cosx—5cosy =S8,

)
=

Scosx—7cosy=12.

3x+2siny=7.

|
|

|

|

|

e
{3x+4smy=5,
|

|

|

|

|
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PemurTe crucTeMy ypaBHeHU.

2sin?x — 7sinx+3=0, 8 sinx=y—5,
6sinx+5y =13. " | cosx=y—6.
x“—4x—5=0,
2sin y = x. 2cos2x+1 _

9 A/ tg2x ’
2tgx+5y=12, :
2tgx+3y=8. (yz—l)VZ\/gsianO.

sinx+11cosy=10. 10. {xs1n5y:4’

X cosSy =—4.
x=13siny,

13XSlIl y=siny+14. 1 (2c052x+ \/Ecosx) tgy =0,
X —4smy+1 '

tgx- (y*—2y)=0.

i
1
|
a {sm x+11cosy=12,
| s
1
15

2cos? x — V2 cosx =0, 12 (2sin?y —siny) tgx =0,
' (2x* —mx) ctgy =0.



§ 5. CucreMmsl, cofep:xalliye IoKasaTeJbHble ypaBHEeHUSA

OCHOBHBIE METO/BI PEIIEHUs CHUCTEM, COAEpPKAIIUX TOKa3aTelbHbIe
ypaBHEHUsI, HUYeM IPUHIIUITHAIBHO He OTINYAIOTCS OT METO/OB PeIleHus
JIPYTUX CHUCTEM: 3TO METOJ anrebpanyecKoro CJIOXKEHWs, 3aMeHa Iepe-
MEHHOM B IIpe/iesiaX OZIHOTO YPABHEHUS WU BCE CUCTEMBI, TOJICTAHOBKA.
EAMHCTBEHHAA 0COGEHHOCTb — MONOXKUTENLHOCTh BhIpaxkenusa a’ ™, ko-
TOPYIO TOJIE3HO YYUTHIBATh, BBOJS COOTBETCTBYIOIIEE OTPaHUYEHUE TIPU
3aMeHe. [lepeliZieM K pelIeHUIO IPUMEPOB.

IIpumep 1. Pemure crcTeMy ypaBHEHUH
2%.3Y =24,
XxX—y=2.

Pemenmne. Cucrema PaBHOCWJIbHA cnez[yromef/’l:

{x:2+y, {x=2+y, {6y=6, {y=1,
= = = 3

22ty .3Y =24 4.27.3Y =24 x=2+y x =
Omsem: (3;1).
ITIpumep 2. Pemure cucteMy ypaBHEHUH

25427 =12,

x+y=>5.

Pemenue. Cucrema PaBHOCWJIbHA cnez[yromef/’l:
y=5-x
{ 2X 4277 =12
Pemmrum BTOPO€ ypaBHEHUE
2+2 =12 & 2% -12.27432=0.
[ycts 2¥ =a, a> 0. Torga

2 a=
a—12a+32=0 &
a = 8.

2¥ =4, x=2,
=
2¥ =8 x =3.
Ecmmx=2,T0 y=5—2=3;ecmx=3,T0 y=5—3=2.
Omsem: (2; 3); (3; 2).

O6paTHas 3amMeHa
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IIpumep 3. Pemnre cucTteMy ypaBHEHUN

3 -2V =77,
323 =7
Pemenue. Ilycts 3* =a, 27=b,a>0,b>0.
Torna

a’—b% =77, (a=b)(a+b) =77, a+b =11, a=09,
= = =
a—b=7 a—b=7 a—b=7 b=2.

3x - 9, X =2,
y =
22 =2 y =4
IIpumep 4. Pemure cucTeMy ypaBHEHUMI

x.ZX_y.4y:x.4y_y.2x’
3.9 =81.

O6paTHas 3aMeHa:

Omsem: (2; 2).

Perienne. B II€PBOM YPpaBHEHHNH IIEPEHECEM BCE Cara€Mbl€ B JIEBYIO
YacCTb YpPAaBHEHHUA U PA3JIOXKHM Ha MHOXHWTEJHN IIOIYyYI€EHHOE BbIpAXKEHUE!

(x+y)-2"=(x+y)-4 =0, (x+y)- (2" -4 =0,
="
3)(.32‘)/ =81 3x+2y — 34
x+y:0: x=_4,
x+2y =4, y=4,

=
2% = 2%, x =2,
{x+2y:4 {y=1.

B 3axurroueHne paccmoTpuM pereHue 3aganuii 9 u 10 yacru II BBOzI-
HOM ANarHOCTUYECKOH pabOTHI.

Omeem: (—4; 4); (2; 1).

IMpumep 5. Pemure crctemMy ypaBHEHUN

81V —4.9¢Y +3 0
v/1—2siny ’
Vx+3+cos2y+1=0.
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Pemenme. ITockonbky vx+320wu cos2y + 1= 0, BTopoe ypaBHeHNE

x+3=0
CHCTEMBI BBINIOJHAETCA TOJBKO B CJIydae, eciu ’ OTKyZa
cos2y+1=0,
T T
x=-3, y= :tE +2nn, n€Z. llpu y = 5t 27n, n € Z, NOAKOPEeHHOoe
BBIpQ)KEHUE B JIeBOH 4acTU IIepPBOT'0 YPaBHEHUS CTAHOBUTCA OTPULIATENb-

T
HBIM, ¥ 9TO 3HaYeHUE CIeAyeT OTOPOCUTD. 3HAUYEHUA Y = — 5 +2nn,n€Z,
YZ0BJIETBOPAIOT II€PBOMY YPABHEHUIO CUCTEMBI.

Omsem: (—3; —% + 27'm), nez.
IIpumep 6. Pemure cucteMy ypaBHEHUHA

3.38Y42=3"18Y,
Vx—2+6cosy =0.

PemeHue. BTopoe ypaBHEHME CHCTEMBI MOXET OBITH BHIIOTHEHO,
TOJBKO ecsu €08 ¥y < 0. YMHOKUM 06€ 9acTH IEPBOT0 YPABHEHUSA CUCTEMEI
Ha 3% u mpuBeZeM ero K k BuAy 3(3%©Y)2 +2-3%®Y —1=0. Pemas
TNOJly9eHHOE ypaBHEHME KaK KBaJpaTHOE OTHOCHUTENbHO 3'%Y, Haxoaum

3%®Y = —1 (4ro HeBO3MOXHO) nubo 3 = %, otkyza tgy = —1. C yue-

3n
TOM ycoBuda cosy < 0, nosy4aem, 4To y = = + 27nn, n € Z. Ilpu atom

72, U BTOpOE ypaBHEHUE CHCTeMbl IPMHUMAaeET BUJ, v/ X —2 —
— 3\/520, oTkyza x =20.

cosy =—

Omseem: (20; BTn +27m), nez.
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3ajgauu

PemuTe crucTeMy ypaBHEHU.

3.8 +7Y=31, 5.5 —6Y =19,
1. a) . 6) x
2.8 -7 =09, 2.5+ 6¥ =16.
5x+2-3Y =33, 6 7x —2-2Y =109,
7x—2-3V=3 9x+2-2Y=61
x-13V 4= x-13779=-91,
3. a) 3 6) —7
x-7Y7° =245, x-2Y7/=-56
3x+64” =79, 7x+16Y=-12
4. a) 6)
3x+8¥ =23. Tx+4 =—24
x+5” =130, —3x+6”=33
5. a) 6) 2
x?+5Y =150. x“+6Y=37
. 3.2 =72, . 5%.2Y =200,
A\ 3x 400217, )\ 5% 407 =33
- 3* 457 =34, 6 7 +5Y =174,
. a
3t 4 5y-1=32, 757145771 =33,
5¢2.8 =1, 4723774 =1,
5 a){ +8/*1=8g9. R {4X+l+3y-3=67.
3X+4 2y+5 108, 4x+4_3y+3:144’
9' a) {2y+6 3X+1 6) {3y+5:4x+2:81.
10.a) 2*-5y:40, 6 2.7V =112,
" 2x.7y =56, 2%.9Y =144,
3=y, 5X =y,
a7 ol Y
9" =2y +3. 25 =4y +5.
(x+7)(y—-5)=0, (x+9)(y—8)=0,
12. a) Y 6) d
7y 5 5x+7 QY- 8 8x+9
y-6x:7’ y~7X: ,
13. a) 6)
2y-6%71=6. Ty 75 2=49
75427 =9, 4¥ —3Y=_5
14. a) 6)

7X+1 _ 2y+4 =17.
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

32x+y2 —gx+2y
xX—y+5

y—4

=0.

(x* =4 (y—5)=0,
2x+y—8 _ 640,5
5x+2 -1

=0.
x-3VV =12,
Vx-3Y=6.
¥ =4-5"42x+3,
y*=3-5"+2x+8.

-49%" =1,

2X+3 . 7y+1 — 14xy’

7* +2Y =15.

623(+y2 :36x+2y’
6) _
x+y—6_,
y—4
(x> = 49) (y +4) =0,

160 5
9x+7 1

Xty +13 _

=0.
x-273VY =2,
.2Y =8
=5.2"—7x+1,
2=2.2"—7x+7.

|

Lz

{ 2
{ 6427 =1,
-

{

{

0)

<))

)

<))

)
x%+4y%=20.

8¥.7¢.9*=56"" .9
x>+ 6y*=7.
7%-2Y =28,
2%.77 =98.

2X+2 5y+1 — 10x+y

)

)

)

)

955 2r=o.

) [,
x?—13x—14=0.

) (x+17)-7 =4y,
x+17)-4 =7y
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2X—3¥ =1,
7. 2X+2 _ 3y+1 — 7.

PemurTe crucTeMy ypaBHeHU.

3 =y,

11487 =75,
3-1174+8"=97.

x>—11x—12=0.

¥y =4-542x+43,
y*=3-5"+2x+8.

(x+16)-7°=9y,
(x+16)-9°=7y.

{
{

|
(o
-
1

4 —2%4" -16%

8.

2y —96x-5 %

57 =16 —2x.

7X+3 . 3y—2 — 21’
7243 =82,

0.

11.{2x_

2.

y-5=

2y 5%t =25.
2 +3y—-HE T -27)=
47 =0.

x—-1(y*+y—6)=0,
2¥ —4Y =0.



§ 6. CucreMmsl, cosepxaliue jorapupmMmmudeckre
ypaBHeHU:

[Ipu peleHUM CHCTEM, COAep)KALIUX JOrapupMUYecKre ypaBHEHUs,
4acTo yzaeTcs, U30aBUBIIKCH OT Jjorapudma, 3aMeHUTb OZHO winu oba
ypaBHEHUS CUCTEMBI pallMOHAJIbHBIMU ypaBHeHUAMU. [locyie 3TOro HyX-
HO BBIpA3UTh OZHY IlepeMeHHYI0 uepe3 Jpyrylo U IOocjIe MOJCTAaHOBKU
MIOJIyYUTh YpaBHEHUeE C OAHOM mepeMeHHON. KpoMe Toro, Z0BOJIBHO pac-
IIpOCTpaHeHH! 33/layil Ha 3aMeHy IlepeMeHHOH B IipeZiesiax OFZHOI'0 WJIN
000UX ypaBHEHUI CUCTEMBI U CUCTEMEI, Tpebyrolniue oT6opa pemeHu .

IIpumep 1. Pemure crcTeMy ypaBHEHUN

lgx—lgy =1,
g’ x+1g*y = 5.

lgx=a,
Pemenmne. Ilyctp Torza
lgy=b.
a=2,
a-b=1, b=1,
(==
a?+b2=5 a=-1,
b=-2
O6paTHas 3aMeHa
lgx =2, x =100,
lgy =1, y =10,
=
lgx = -1, x=0,1,
lgy = -2 y =0,01.

Omsem: (100; 10); (0,1;0,01).

IIpumep 2. Pemure cucteMy ypaBHEHUHA
y—logsx=1,
x¥ =312,

Pemrenue. CucTema paBHOCWIbHA ClleZyloIeii:

y =1+logs x,
x1+10g3x — 312.
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Pemnim BTOpOE ypaBHEHME:
xitlogsx = 312 Jog, (x11198%) = |og, 312 < (1+1log, x)log, x = 12.
83 83 83 83
t=—4,

Iycts log; x=t. Torna t> +t—12=0 < f—3

10g3x=_4> x:i7
Ortcroza = 81

logsx=3 x=27.
[Mockonbky y =1+ logs x, monydaeM y; = —3, y, =4.
1
Omeem: (ﬁ, —3), 27; 4).
IIpumep 3. Pemnre cucTteMy ypaBHEHUN
log,(x*+y%) =5,
2log, x+log, y = 4.

x>0
Pemenue. 113 BTOporo ypaBHeHUA CUCTEMEI ClleZ[yeT, UTO { S 0’
y .

W3 IIEPBOI'0 YpaBHEHUA CUCTEMBI I1IOJIydaeM
log,(x*+y?) =5 < x*+y*=32.
%K} BTOPOTI'O YpaBHEHUA

2log,x+log,y =4 < log,x+log,y =4 =log,xy =4 = xy = 16.

x*+y?=32, x*+y*—2xy=0, (x—y)*=0,
Torza ) 5 = 5
xy=16 xX*+y*+2xy =64 (x+y)* =64
I 0 0 x=y, x=4,
> >
OCKOJIBKY X >0, y >0, To x+y=8 y=a,
Omsem: (4; 4).

B 3aksroueHre pacCMOTPUM pellleHye BYX MOCJIeZHUX 3a/laHui da-
ctu Il BBOAHOM AMATHOCTUYECKOM PabOTHI.

IIpumep 4. Pemure cucTeMy ypaBHEHUM
8
8logy(xy) = logy x”,
Sx+2y+22=0.
Pemenune. /3 nepBoro ypaBHeHUA CUCTEMBI cefyeT, uTo xy >0, T.e.
YycIa X ¥ Yy OAHOTO 3HaKa. Eciii oHM 06a IOJIOKUTENbHEL, TO JIeBasd 9acTh

BTOPOTO YpaBHEHUA OOJIbINE HYJIS U CHICTEMA HE MMEET pellleHNH. 3HAUHUT,
x<0wu y<0. PaccMoTpuM IiepBO€ YpaBHEHUE CUCTEMBL:

8logy(xy) = 8logy |x| & logy(xy) =logy|x| & xy =|x].
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[Tockonpky x < 0, momy4aeM xy = —Xx, 4, caefoBaTenabHo, y = —1. Toraa
13 BTOPOI'O ypaBHEHUA HAaX0AUM S5x — 2+ 22 =0, oTkyza x = —4.

Omsem: (—4; —1).
IIpumep 5. Pemrure cucteMy ypaBHEHUN

2log2(sinx) +3log, (sinx) + 1

log,(—cosx) ’

Vy—7=+v2cosx+1.

Pemenue. 13 1epBOTO ypaBHEHUS CHUCTEMBI CIEAYET, 4TO cosx < 0
U cos X # —1. YucauTenb Apobu B IEBOH YacCTH MEPBOTO YpaBHEHUA paBeH
HYJIIO, eCu 210g§ (sinx) + 3log,(sinx) + 1 = 0. PaccMoTpeB MoOIy4YeH-
HOe ypaBHeHMe KaK KBaJpaTHOE OTHOCHUTEeNbHO log,(sinx), HaxoauM,
gto log,(sinx) = —1 ymmbo log,(sinx) = —0,5. [oaTomy sinx = 0,5 nubo
sinx = % C y4yeToM ycaoBuA cosx < 0 monmydaeM, 4To eciau sinx = 0,5,

TO COSX = —T (I/I TOorza mmpaBas 4aCTb BTOPOI'O YpaBHE€HUSA CUCTEMBI OT-

punarejlbHa, 9TO IIPOTUBOPEYUT HEOTPULIATEJIBbHOCTH apI/I(i)MeTI/I‘-IECKOI‘O
1 1

—=, TO COSX = ——=. B nmocnegnem
V2 V2

3n
cIydae X =" +27n, n € Z, u TOrla U3 BTOPOTO YPAaBHEHUS CHUCTEMBI
HaxoguM 4/ y —7=—1+1, otkyga y=7.
Omseem: (%Tn +27n; 7), nez.

KBaJpaTHOT'O KOPHA), a ecu sinx =
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3ajgauu

PemuTe cucreMy ypaBHEHUMN

) 4x —log, y =—
a
4x+log, y =—4.

logs x+log; y +y =2,

logs x+logs y —2y =—7.

log; x —log, y =3,
log; x —log, y =1.

2log, x=y —4,
10. 2) &3 Yy
3log, 3=y -3.

6 7x +log, y =—26,
7x —log, y =—30.

logy 7(x+4) =1,

=)

) x2—2y=—

log8x+log4y+3y 11,
logg x+log, y +y=3.

)

)

log,(xy) =4,
x+y+17=0.

)

)

)

) 3logs x+1log, y =1.

4loggx+3y=-7,
S5logs, x—9y=4.

=)

)

log; (— 81xy)—log3x 4,
x’y=—

ylogXS 7,5,
y+log,3=6,5.

<))

)

=)

)

4log, (xy) =log, x*,
Sx+2y=12.

=)

)

3logyx=y+1,

6
) 2log, 2=y +2.

{
-
{
{
{logsx—l-loggy—_
{
-
{
{
{

(log; x —2) (logz y —1) =0,
7

log% (x—=2)+log,(y—1)=—
5 (log, x —2) (log: y —3) =0,

log% (x+5)+log,(y—3)=—

logy x +log, y =log, 4 +log, 8,

logy(x +y) =logg 12.

logg x +1log, y =log, 2 +1log, 3,

logs (x+y) =logy 5.

12. a)

6)
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13.a

14. a

15.

16.

17. a

18.

19.

20.

21.

22.a

)

=)

=)

)

a)

)

a)

a)

a)

a)

a)

)

|
Ik
E
|
|
|
|
d
{
|
[
|
|
|

b's +210gxy 6,
3x+2log, y=8.

log; (3xy) —log; (—3x) =2,
x*>—y—10=0.

log; (5xy) —logs (—5x) =2,
x*+5y+41=0.
(x-2)(y—-3)=0,

o

x*+3log, y =22,
5x +3log, y =26.

log,(x+y —3) +log; (1 — xy + y) =log, x,

(x=7(y—-49=0,

log,(x+y —4) +logs(—3 —xy +6y) =log, x.

5logy x —log, y =4,
7logy x —2log, y =5.

o

(2x—=3y)logs(3x+2y—7) =

4x—y

3x+2y—8 =2.

(5x —7y)logg(6x —y —3) =0,

25x—2y

bx—y—_4->

log, 5+log, 7— 5
logs x +1log, y = 3
log, (y —3)=1,
logy(x 9)=1.
(y—4)log; x=9,
(y—4log, 3=1.
10g2x 3y (4X J’) - 1

5){
5){
o

S5log, x—2logs y =3,
2log, x—3logs y=—1.

log, 2+1log, 3= —%,
log, x+log; y =3.
log, (y +3) =1,
logy(8 —x)=1.
(y+3)log, x=36,
(y+3)log,2=1.

log;(2x —3y) -log,(3x+2y) =0.

104,47, (Ox+2y) =1,

logs(4x +7y) -logy (6x —5y) =

x=3)(y—Hx—-—9=0,
log,_,5-logs(y—3)=2.

ofs

(x+6)(y —6)(x—8)=0,
log, 715 log,(y —5)=2.
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x> —xy+12=0, x*—xy+24=0,
23. a) (_y—6)(y—7)_0 6) (y—3)(_y—10)_0
log, ,(y=5 log, 3(y—=2)

log; (x —7) -log,(y —3) =0,
2x+y _
x-8)(y—-2)

24. a) 4

log,(x—1)-logs(y —14) =0,

6) 3x+2y _s
x-2)(y-12)
logs (2x +3y)°=6, log,(4x —7y)* =4,
25.8) 3 2x-3y+15 _ 0) \ 4x+7y—28
2x+3y—-5 Ax—7y—4 "

—_—
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Pemure cuctemMy ypaBHEHUU.

7x +logs y =37, logg x+logg y =logg 5+logg 7,
7x —logy y =33. | logg(x+y)=logg12.

{ 2y =9 log, 3(x—5)=0,
" | e+ (log,_,(y —4)—1)=0.

x(x—1D(x—2)(x—3)=0,
x?—x—2=0, 9. 5
3. _2\_
{Zlogxy=3. ylogx(x 2) 2.
{ x3—4x2+3x:0,

x*—4x+3=0, 10.
log, 3x=2.

(x=7)(y—8)=0,
11. { log,(x+y—8)+
+logg(1—xy+6y)=log, x.

v

x® —4x*+3x=0, 12 {310g5x—210g7y=1,

(5—3y)log; x =2. 2logs; x —3log, y=—1.



JuarHocrtuyeckas pabora 1

Yacrts I. YpaBHeHU:A

Pemute ypaBHeHue (1—3).

1. 2x* —x—30)2=x*.

2. |x—2|+|x?—4x+3|=|x?—3x+1].

3.1+49(x+ 1D 2=6(x+1)"".

4. Hatigure kopuu ypaBHeHus f(g(x)) + g(f(x)) =0, ecm f(x) =
_x—4 _ -1
=54 &C)=-0)""

Pemute ypaBHeHuEe (5—6).

5. v/2x+19—v15—-2x=2.

5x%+21x—8—-3x—1 .

VSx+1—-x-1
7. a) Pemure ypaBHeHUE 3 cos2x + 5 sin(:%n —x) —1=0.

6) HaiizuTe Bce KOPHM TOTO YpaBHEHUA, TPUHAZAJIEKAIINE TTPOMEXKYT-
Ky [—5m; —3,57].

Pemure ypaBHeHue (8—9).
S S
sin5x —cos5x”
9. 2t 4 /4522 (0,51 + \/1_ +26.

43—x

10. a) PemmTe ypaBHeHHe 951* = 32€05X
6) Haiizyte Bce KOPHM 3TOTO YpaBHEHUS, TPUHAJIEKAIIHE TPOMEXKYT-

Ky [—7775; —27‘5] .

11. a) Pemure ypaBHeHue log, (2 cos?>x+3cosx—1)=0.
6) HaiizuTe Bce KOPHM TOTO YpaBHEHUA, TPHUHAZAJIEKAIINE TTPOMEXKYT-

Ky [—77“; —27‘5] .

12. Pemure ypaBHeHHE 9 logg (3x—4) —8log,(3x—4)+15=0.

8. sin5x =

Yacts II. CucTemMbl ypaBHeHUI

PemmTe crcTeMy ypaBHEHUIA.
) 2x+3y=7, ) (x—-2)(y+3)=0,
' 2x%+y=09. ) x> =4 (y+4) =3x.
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(x+5)(x—6)
y—5
(y—5)(y+6)
x—6

X Y
3x+2 3y+2°
3y%+5x+2=0.

=0,

=0.

1

8.

0.

11.

2x—=7m)(y+3m) =0,

vsin3x+4/cos7y =1. !

2.

{
e
'
|
|

x=13siny,

4/ 13xsiny=siny + 14.

32x+y 9x+2y

X — y+5

x-3¥7 =
-37=6

(y—4)log;x=9,
(y—4log, 3=1.

log,,_ 3y(4x—y)=1,

log,(2x—3y)-log,(3x+2y)=0.
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Yacts 1. YpaBHeHUA
Pemute ypaBuenue (1—6).
1. 9x* = (o2 — 4x)2.
2. 4|x+2|+|x—3]=4x+13.

7 5 2
—4x° — —2x+
3. X7 X 3x x+8 1.

—4x5—2x2—3x+2
x—4)2 x2— x+4

4. (x—-l—l) +10- %5 —11(x 1) —0.
5. \/3x—5+\/x—2:\/2x+3.

6x2+7x+5 ‘\/5x2+7x+6
5x2+7x+6 6x2+7x+5"

6.2+3-

7. a) Pemute ypaBHeHUe sin(:%n - 2x) =sinx.

6) HaliguTe Bce KOpHM 3TOTO YpaBHEHHU S, TPUHAAJIEKAIIIUE TIPOMEKYT-
3, 5¢
Ky 7, 7 .

Pemmute ypaBHeHue (8—9).
8. cos? 2x + cos? 3x +cos? 10x 4+ cos® 11x =2.

9.16% +2%73 4+ 5.29%"2=3g,
cosx .
10. a) PemuTte ypaBHEHUE (ﬁ) = Q2sin2x

6) HaiizuTe Bce KOPHM TOTO YpaBHEHUA, TPUHAZAJIEKAIINE TTPOMEXKYT-
Ky [-3m; —27].

11. a) Pemure ypaBHeHue log,(cos x +sin2x + 8) =3.
6) HaiiuTe Bce KOPHM TOTO YpaBHEHUA, TPUHAZAJIEKAIINE TTPOMEXKYT-

Ky [3771-;371'].

12. Pemre ypasrenue log, logs 10g,, ., 1, ((2x+11)° +x% 4+ x —20) =0.

Yacrts II. CucTeMbl ypaBHEHUH
PemuTe cucreMy ypaBHEHUIA.

2 2_
1 x“+y =36, x Y
xy =6. 3. { 5x—4y  5y—4x’

12y°+3x*+4|=2y*+3x*+x, xy =-—16.
2
" | xy=8.



JlmarHoctudeckas pabora 2 157

(16x—13m)(8y —15m) =0, 1) 0 =-600=7 _

2x+y? _ gx+2
3TV =grT

9. x—y+5_0
y—4 7

{(X—3)‘7y+3=(y—2)‘7x+2,
10.
x+y=>5.

x*—xy+12=0,

log, ,(y—=5) 0.

12 (x=5)y-Hx-9=0,
| logy_45-logs(y —3)=2.



JuarHoctudeckasa pa6ora 3

Yacrts I. YpaBHeHU:A
Pemure ypaBHeHue (1—6).
1. (x*+2x —4)*+5x>+ 10x = 16.
2. 2|lx+7|—|x|+|x—7|=21.

2 _ _ 72
3. x*—2x=27 2o

X+2 1 2
" x2—5x4+6  x2—7x+12  x2—6x+8°

5. 4/3x2—8x—5=+/6x—5.

6. V/x2+8x+ 15+ V/x2 —x—20=1/2x2 +7x —5.
7. a) Pemute ypaBHeHUe 3 cos2x — 7cosx —2=0.

6) HaliguTe Bce KOPHH 3TOTO YpaBHEHHUS, TPUHAAJIEKAIIUE TIPOMEKYT-
Ky [—m; 27].

Pemure ypaBHeHue (8—9).

8. sin4x + sin 7x =cos 4x 4 cos 7x.
9.12%°2-5.1237>=7.

10. a) Pemute ypaBHEHUE (6408 x)sinx —
6) HaiiguTe Bce KOpHM 3TOTO YpaBHEHHUS, TPUHAAJIEKAIIUE TIPOMEKYT-

ST
Ky I:TC; 7] .

11. a) Pemute ypaBHeHHe log, (sinx + sin 2x +16) = 2.
6) HaiizuTe Bce KOPHM TOTO YpaBHEHUA, TPUHAZAJIEKAIINE TTPOMEXKYT-

._oT
Ky [—47‘5, -3 ]
12. Pemmute ypaBHeHue 1g(x(x —1)) — (Igx) - lglx —1) =1.

8\/§COSX.

Yacrts II. CucTeMbl ypaBHEHUH

PemuTe cucreMy ypaBHEHUIA.

1-{|x_2y|=5’ _ (x=6)(y +7)=0,
y(x—2y—5)=20. 3. y+4

Xx—y—10_ o
5 {(x—Sy)(x—y)ZO,

Y +3y+1=x.
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4l ¥y
x—5y=15
5 x+74/xy=8,
\y+7vr=8
-3
xy/ £===-10,
X
y*=49

=127
9. )
x“—11x—12=0.
(x+16)-7*=9y,
(x+16)-9*=7y.

2x+y 4
-8 -2

logs (2x+3y)® =6,
2x—3y+15

=2. 2x+3y—5

{logg(x 7) -log,(y —3) =0,



JuarHoctudyeckas pa6ora 4

Yacrts I. YpaBHeHU:A
Pemure ypaBHeHue (1—6).
1 (x?+4x+3)2+ (x* —x—2)2=17(x+ 1%
2. |x2—4x+1|+|x2=3x+1|=17(x—4).

2-1_, 2
3. x+2 3x°

x? 5x _
4.x—_’_1—m+4—0.
5 (x2—9x+18)\/x2—7x+10_0
: 3x2+x-—14 e
6. ¥x— Yx—9=3.

7. a) Pemute ypaBHeHUe 2sin 2x +sinx=4cosx + 1.
6) HaiizuTe Bce KOPHM TOTO YpaBHEHUA, TPUHAZAJIEKAIINE TTPOMEXKYT-

n 3m
Ky I:E, 7] .
Pemmute ypaBHeHue (8—9).

cos3x—sin7x _
* sin3x—cos7x V3.

9.16V*¥+t2 _5.4vX+2 L 4.

10. a) Pemnte ypaBHEHUE 6°°°F = (0,5)sinx . gcosx
6) HaliznTe Bce KOPHY STOrO ypaBHEHMsI, IPUHAAJIEKAIIHE IIPOMEXKYT-

Ky [—7775; —27‘5] .
Pemure ypaBHeHue (11—12).
11. log,(2x +3) +1og, (3x — 2) =log,(12x — 7).

2In2—-In5+In(3x+2)

12. Inx+1n(x+3) =1

Yacrts II. CucTeMbl ypaBHEHUH
PemuTe cucreMy ypaBHEHUIA.

1 3x*—2x=y, 9 |lx —2y|=5,
"l 3x—2=y. " | y(x—2y —5)=20.
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§+§:2’ 3cos2x+5cosx=-2,
3 x Y 8 /35
. 5 3 : 92 . . 35

242 —— =0.

x+y 2. ysinx+ysinx+—

LZ =5, 0,25 4+0,5-6=0,
o !’ "3 +5x=-2.

xty t tgx+1

% =3y+5. 498X 4 78XT _98 =0,

10.

5 {x+y+,/xy=—3, \/—2cosx+2y=7i/§.
B P __sg

Y= vXy xlog,,;(x+3) =0,

Y 11.

2\/E 24/ = =5, .(x_Z):E
6.1 °Vy?Vx F8)=e

5vx—y=27

12 xy =32,

sin2x—sinx:O’ " | 2log,2y —4log, x —3=0.
7. Vy+1

y=4cosx —3.
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Yacrts I. YpaBHeHU:
Pemute ypaBHeHue (1—6).
1. (®+4x—5)%+ (x* +3x —4)? = (x* +2x —3)* + (x* +x — 2)2.
2. |x—3|+|x?—2x —8|=|x®—x—11].
x*—6x3+9x2—36
2x—3++/33

x2—x+5 3x
x2—3x+5  x2—2x+5

V5x2—24x+12  V2x2+x+4
x—8 - x—8

=0.

=1.

o)}

AV 4x2+9x+6+ 1/ 10x2+ 11x+7=1/3x2+5x +3+ v/ 9x2+ 7x +4.

7. a) Pemure ypasHenwue 4sin®x — 12sinx+5=0.
6) HaiizuTe Bce KOPHU 3TOTO YpaBHEHUA, IPUHAJIEKAIIVE TPOMEXKYT-
Ky [—m; 27].

Permmute ypaBHeHue (8—9).
4sin® x — 5sinx cos x — 9 cos x _
" 4cos?x —5sinx cosx —9sin®x
9. (0,H*7-(2,50**=0,16.

10. a) Pemwmre ypaBHeHUE 14sinx — (0,5)¢0sx. 7sinx
6) HaiiguTe Bce KOpHH 3TOTO YpaBHEHHUS, TPUHAAJIEKAIIUE TIPOMEKYT-

o [~4m 5]

Pemure ypaBHeHue (11—12).

11. log7(x2 +5x —53) =2log,(4x + 3).

12. 2log, == +1log,(x+1,2)*=

+12

YacTs II. CucTemMbl ypaBHeHUIl
Pemrure cucreMy ypaBHEHUH.
2x+3y=7, |x+3y|=2y+3,
{2x2+y:9. {|2J’+3|:
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?2 75 J/cosy -/ —8—6x—x
3.
%4-% V=sinx-4/ y?—y—2=0.
X _ =
(x—6)(y —7) =0, 0. 3" —2cosy =0,
4. y-4 4sin?y +4siny —3=0.
i_l_ . 6y +2cosx=1,
5 { 10- 13X -7 169
+,/ —3y—16=0. = .
I 19v%  19v*
6. {7x 4/Xy +5y =8, x—y=14,
9x —5+/xy+6y=10. log, x +1log, y =5.
2 3sinx=1, =81,
7 1Y 12.1%7 10
sinx+3y=0. logxy+logyx:?
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JuarHoctudeckas pabora

Yacme 1. Ypasuenusa

1 1 5 11 mn
Logi 5555 g 2 -3 [3+4%). 3. 144 505 6122 755
i%“ +2nk, n,keZ. 8. 1. 9.0;3. 10. (—1)"-§+nn, nez. 11. —4; 4.

1
12. —: 8.
Y4

Yacms II. Cucmembt ypagHeHuil
1. (3;2); (2;3); (551); (1;5). 2. (=0,5,-0,5;0,5). 3. (3;2); (=3;-2).

4. (1;1); (1;0,5). 5. (4;25); (25;4). 6. (5;4); (—9;25). 7. (g +27‘cn;2),

nez (—%—1—271:1(;2), keZ. 8. (—%—{—ZTm; —6), nez. 9. (—3;—%4—

+2nn),nez. 10. (20;3§+2nn),n62. 11. (—4; —1). 12. (37“+2nn;7),
nez.

Lensie anreGpanyeckre ypaBHEHUAS
l.a)—%;G) —2. 2.2)0:;6)0. 3.a)6;6)14. 4.a)9;6)—18. 5.a)09;6) 10.

6. a) 17; 22; 6) —21; —16. 7.a) —4;4;6) —3;3. 8.a)3;6) —1. 9. a) %; 2;

6) —g; —-1. 10.a) —2;0; 2; 6) —5; 0; 5. 11. a) 2; 5i2‘/1_7; 6) —=5; —2; —1.

12. a) 2; 3; 6) —8; 2. 13.a) —14; —8; —2;6) —4; 1; 6. 14. a) —1; 6) —1.
15.a)0; 1,5;3; 6) —9; —1,8; 0. 16.a) —2; —1; 1; 2; 6) Her pemennii. 17.a) 1;
4,6 -3;5 18.a) (-=;2];6) (-=-3]. 199161 208 -2 2
6) —1;1. 21.a)1;2;3;6) —2;4;6. 22.a)2;6)2. 23.a)l;2;3;6)1;2;
3. 24.a)1;6)1. 25.a)2;6) 3.

TpeHupoBouyHas pabora 1

-3-v14 K -3++v14,

1. -3;-2;3;4. 2.-9;-1. 3.1;16. 4. > ; 2 1;1,5. 5. 1.
6.4. 7. %; 1;3. 8.-2;4. 9.-2; %; 2. 10.1. 11.-2. 12.(3;2).

TpeHupoBouyHas paborta 2
1.2. 2.1. 3.4. 4.0;2. 5.1;2,5;3,5;5. 6.-0,5;1,5. 7.—-1,6;2. 8.—4;
4. 9.-3; —1; 2; 4. 10. [-7; —4]U[1;4]. 11. {-3}U[3; +x). 12. (—; =5]U
11-v233 11+v233
U[ 2 ’4]U[ 2 ’+°°)'
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Jpo6GHo-palioHaIbHbIe ypaBHEHUS
1
6 5’

5.a) —2;6) —5;6. 6.a) —4;6) 0,5. 7.a)2;4;6) —5;8. 8.a)l;

6) 1 9.a) —6;6)8 10.a)1;4;,6) —5;1 11.a) —4;6) —1. 12. a) 3;
6) —9. 13.a)1;6) —8. 14.a) —8;6) 5. 15.a) —4;6) 1. 16.a) —5;6) —

17. a) 1; 6) —1. 18.a) —2; 6) 7. 19. a) 1,5; 6) —g. 20. a) 11; 6) —13.
21. a) (—00; ;), 0) (—00; —%) 22. a) [2;5)U(5;4+x); 6) [—1;3)U(3;+»).

23. a) —4; 6; 8, 6) —9; 4; 6. 24. a) (—w; —12) U (12; +x); 6) (—w; —16) U
U(11;+x). 25.a)1;2;3;4;6)2;3; 4.

1.a)i§~6)i§. 2.2) —1:6) —6. 3.a) —8: —6:5;6) 2: 4: 7. 4. a) —

TpeHupoBouHas pabora 3

1.3. 2.0. 3.—-4;-1-2v2;-14+2/2;2. 4.-3;3. 5.—-4;-3;2;3. 6.1,2;
2,4. 7.—-1. 8.0. 9.0. 10.-2;2. 11.-3. 12.-2;1.

HNppaiyoHajibHble ypaBHEHUA
1.a)1;6)2. 2.a)-3;6) —5. 3.a)—1,2;6) 2 4.a) —4;3;6) —8;7. 5.a)l;
6)1. 6.a)16;6)13. 7.a)1;6)1. 8.a) %; 3;6)2;4. 9.a)5;6)7. 10.a)1,5;
6) 3,5. 11.a)1;2;6) —5;2. 12.a) é; 1;6) 1; % 13.a) —2;6) 5. 14. a) 6;

6) 2. 15. a) Her pemenwuii; 6) g 16.a) 7;6) 8. 17.a) 6;6) 8. 18.a) 5;6;
6) —3;8. 19.a) —5;4;6) —5;7. 20.a) —8;6) —8. 21.a)4;6)4. 22.a)2;
6)6. 23.a)1;6)5. 24.a)8;9;6) —6;2. 25.a)2,5;06) 4,5.

TpeHupoBoyHas pabora 4

1. Pemenwuii Het. 2. 0; 13. 3.—%. 4. PenieHuii HeT. 5. — ; ;,2 3. 6.-5;
~Z7.-2,-1;3. 8.1 9.-1,-7. 10.3. 1L16 12.-3;5.

TpuroHoMeTpUYecKHe ypaBHeHHS
1. a) (— 1)”“r1 + mtn; 6) (— 1)” + mn. 2. a) :I:% + 27n; 6) :I:STﬁ + 27n.
3.a) = +7'm 6) = +7'cn. 4. a) (—1)" arcsin% +1n; 6) (=) arcsing + nn.
5. a) (—1)"+17r 10,6) COME LT 6w 22+ T 6) £+ T
7.a) = +7'cn 6) — +7'm 8. a):l: +27n; 6) (— 1)" +nn. 9.a) (—1)"“%4—
+ 7tn; 6) ig +27n. 10. a) :l:? + 27n; 6) ig +27n. 11. a) (—1)"% + 7tn;

2 2
6) :l:?ﬂ +27n. 12. a) (—1)"%+nn; 6) ig +27n. 13. a) i?ﬁ +2nn;
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2 1 1
6) i?n + 2ntn. 14. a) 7n; iarccos; + 2mn; 6) 7n; :I:arccos§ + 27n.
L aresind 4 T 6 (—1)n L aresin 4 T Sn. o 7
15. a) (7 1 2;m:smg + 5 6) 3( 1) 5 aresin - —|—5 R 16. a) 5 6) 28 .
17. a) —Tﬂ; 6) Tﬂ 18. a) arccos P + 27n; 6) arccos 7 +2mn. 19. a) arcsin 5 +

+ 27tn; 6) —arcsing + 2mn. 20. a) —arctg3 + 27tn; 6) m — arctg4 + 271n.
21. a) %+27‘cn; 6) %T +2mn. 22. a) Her pemtennit; 6) 3. 23. a) —%; 0) —g.
24. a) t+27nn; (—1)" arcsin%—H‘cn; 6) m+2mn; (—1)" arcsin%—H‘cn. 25. a) g+
+%; 6) —% —I—Z%. 26.1. a) ng—i—nn, nez; xz:l:s?ﬂ + 271k, k €Z; 6) B—TE;
5771; 17?75 26.2. a) ng—i—rcn, nez; x:i%+27‘ck, kez; 6) —7771; —57%; —%.
27.1.a) x=7n, n€Z; x=§+27‘ck, kez; x=2?n+2nm, meZ; 6) —3mn; —2m;
—5—7[. 27.2. a) x=mn, n€Z; X=—%+27‘Ck, kez; xz—BTn—l—an, mez;

3
6) 27; 37; BTT[ 28.1. a) x=7tn, n €7Z; X=—§+27‘Ck, kez; xz—% +27mm,
17n

meZ; 6) —4n; —3m; % 28.2. a) x =7n, n € Z; x=§+27‘ck, k ez,
2?“ +2mm, me€Z; 6) —3mw; —27; —5?“.
::l:§+27tk, kez; 6) —3771; ~I. T 992, a) ng—i—nn, nez; xz:l:s?ﬂ-l-

x= 29.1.a)x=g+nn,n€Z;x=

2’7 3
17n 5Sm 3n

+27k, k€73 6) -t =25 == 30.1. a) x=7n, n€7; x:i%“ + ok,

kez; 6) 17?75; 37; an 30.2. a) x=7n, n€%Z; x=:l:%+27tk, keZ; 6) —4m;
—I?Tﬂ; —37m. 31.1. a) x=7mn, n€Z; x=:l:23—n+2nk, keZ; 6) S—R; 37; I()Trt

2 5
31.2. a)x=§+7‘m,neZ;x=—§+2nk,keZ;xz—%%—an,meZ; 6) —775;

—7?%; _3?@ 32.1. a) x=g+nn, neZ;x=—§+2nk, kez; x=—2§ +2mm,
11
meZ;6) —2=T 3202, a) ng—f—nn, nez; X=—§+27‘Ck, kez; xz—gf—l—

2
+2mm, m€Z; 6) —7771. 33.1. a) x=§+27‘cn, nez; x:i%+2nk, kez;

6) 2 2. 33.2.2) x=-1 +2mn, n€Z; x=%1 + 21k, keZ; 6) o 2
73—71. 34.1. a) %—1—27'51(, kez; 5?ﬁ+27'cn, nez;6 %, 5?“ 34.2. a) 2%4—27‘51{,
kez; —Z?ﬂ—{—Zﬂ:n, nez; 6) —2—7[, Z?ﬂ; 4?71 35.1. a) x=27nn, n€Z; 6) —2m.
35.2.a)x=§+2nn,n€Z; 6) 5771 36.1.a)xz—g—l—Zﬂ:n,neZ;x:—%—f—an,
k € Z; x=§+27‘cm, meZ; 6) 7—“; HTH; 5771 36.2. a) x=7n+2nn, n € Z;

Xzﬂ:z?ﬂ-f—ZTCk,kEZ;G) 8?%;371:. 37.1.a) x=2nn,n€Z;6) —2n. 37.2.a) x=
137 11z, 10%

=n+2nn,n€Z;6) 3w. 38.1. a)x:ig—i—nn,nez; 6) — 3T 3573
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38.2.a) x=% +7n, n€z; 6) — 55— —2F 39.1.2) x=+T + 27k,
keZ; 6) — 7ﬂ. 39.2. a)x=—%+27‘ck, keZ;xz——+27'cm meZ;6) B—ﬁ
40.1. a) x=27tn, n€Z; 6) —4m. 40.2. a) x = E +27n, n€Z; x: — +2nk
7n 1 2 9«/’+\/_

kezZ;6) — .41)‘@,)‘/g 42a)146)94f 42.2) ————
6) 6\/— 1. 44. a) 1; 6) ; 45.a) —0,5;0,9; 6) —2; 3,6. 46.a) 0;0,5;1;6) 0.
47. a) O, 2;6) —2;0,5;2. 48. a) §+2nn' 0) 1 49 a) 0,5;6) 2. 50. a) 0,5;
13
6) 1. 51.a)0,5;6) 0. 52.a) —3;6)1 53.a) \/_, 6) :1:7 54. a) 1
V3

6) 3,5. 55.a) (—2;0);6) (1;0). 56.a)1;6) 1; 5. 57.a)2;6)1. 58.a) —;

6) 1 59.2) —0,5;0; 0,5; 6) £VZ; 0. 60.a) 5:6)0;0,5. 61.a)0;1;6) V2.
62.a) —1;0;1;6) 0;2. 63.a) (2; —0,5);6) (2;—0,5). 64.a) (3; —4);6) (6;5).
65.a) (1;—-1);6) (1;—1).

TpeHupoBoyHas pa6oTa 5

1.x=—17—ﬂ+ rtk, 21:;3—6ﬂ+7tk,k€Z. 2.x=g+4n,neZ;x=§+%,k€Z.
3. Pemtennii HeT. 4. x—E+7'ck keZ 5. x——E+2nn'x=%T+2rm,n€Z.
6. x——+7'ck keZ; x=(— 1)"arcsm +nn,n€z. 7. x—%t 8.x=—2?7t + 21k,

_m Tk _T au 7
keZ. 9.x—7§ +Z 2 ,keZ. 10.x—6+2nn,n€Z. 11. 9 . 12.:I:arccoss+
+2nn, n€Z; E+27‘ck,k€Z.

TpeHupoBoyHas paboTa 6

1.a)ng—{—nn,nez;x:ﬂ:%—i—an,keZ;6)4—7[ 3. om 2.a)x=§+ﬂ:n,

3’272 2°
2 11 7 10
n ez x=§+27‘ck, k € Z; x=?ﬂ+2nm, meEZ; 6) —Tﬂ; —771; —Tﬂ.

3.a) x=mn,n€Z; x::l:z?7t +2nk, keZ; 6) —5m; —MTH; —4r. 4.a) x=r7rn,
neZ'x=£+nk keZ-sz—n+7'cm meZ' 6) —n;—lll—zﬂ;—ﬁ,o 5.a) x=mn,

nezZ,x= :I: +2nk, k€ Z; 6)— 27, —; 3. 6.a)x=%;x=2;x=—€+2nk,

b 34'
2
kez; x———+2nm mez;, 6) ——; % % 7. a)xz:l:?n—f—erk,keZ;
14rn 1171 on 77 57 3n

6)——. 8.a)x= :I: +rtk, k €Z; 6) RV a e i el 9.a) x=

=—+2nk kez; x——+27m nez; 6) 1o

6'
x——+2ﬂ:n nez; 6) 13—7[. 11. a)xz——+2ﬂ:n neZ'xz—s—ﬂ—f—an,
771: 117 237’5

k€Z; 6) — g 12. a)x——+27'ck kez; x——+27‘m nez;6) —

10. a) x=§+2nk, kez;



168 OTBETHI

TpeHupoBoyHas pa6ora 7

1 . 1
4. -. 5. 5 6. sinl. 7. 5,1. 8. —-1. 9.

Bl

Iloka3aTesbHbIe ypaBHEHUS

1.a)1;6)1. 2.a) —24;6) —21. 3.a)17;6) 26. 4.a)2;6) 2. 5.a) —14;
6) 25. 6.a)1;,6)1 7. a —-1;6) —1. 8. a)1;,6)1 9.a) —-2;6) —2.

10. a) —1;0; 6) —3; 0. 11.a) —1;6) —1. 12.a) —2; 6) —4. 13. a) %; %;
6) —%;g. 14. a) —1; 6) 1. 15. a) 4; 6) 3. 16. a) 0; 6) 0. 17. a) —1,5;

—1;6) 3. 18.a) —2;6) 2. 19.a) 3;6) 27. 20.a) 8;6) 16. 21.a) 3; 6) 6.
22.a) —9;6) —2. 23.a) —2;6) 2. 24.a) —1;6) —7. 25.a) —2;6) —6.

TpeHupoBoyHas pa6oTa 8
Vi

1L-19. 2.1 3.-2 4 -1 52 614 7 -2. 86. 9.1 10. 7k
keZ. 11.41;++/2. 12.0;0,25.

JlorapudmMuyeckre ypaBHEHU

La)15:6) 2. 2.2) ~19;19;6) ~16;16. 3.a) 1i7; 17,6) 5-;25. 4.a) =3;
3;6) —9;9. 5.a) —4;6) 7. 6.a)23;6)13. 7.a)4;6) —2. 8.a)7; 49;
62l 00 % 5% 102964 11.a2) -6;6)9. 12.a) Her
og 234055 . R . . ; . .
pemenuii; 6) —8; —5. 13.a) —6; —2;6) 9. 14.a) 8;6) 0. 15.a) —11;6) 11.
16.a)6;6)9. 17.a) —6;6)6. 18.a) —2;0;6) —4;0. 19.a)1; 1,5;6) 2; 2,5.
20.a) —3;6) —5. 21.a) —3; —1;6) —2; —1. 22.a)0; 6) 8. 23.a) —26; 24;
6) —14;18. 24.a) —3;6) —5. 25.a) —6;6) —2.

TpeHupoBoyHas pa6ora 9
1. —4. 2. Pemenuii HeT. 3.7. 4.=+15. 5.1; 2—59 6.16. 7.4. 8.-26;24.
9.2;2. 10.-5. 1L.3. 12.1.

CHCTEeMBI LIeJIbIX alreGpandyeckux ypaBHeHHUI
1.a) (6;6);6) (21;21). 2.a) (16;0);6) (54;0). 3.a) (—1;1);(1;1);6) (—1;1);
11 1 1
G D 4 ©00 (5:5):6 005 (-33-3). 52 ;=13 (-1;-3,9);
6 58

5
0 G-2; (-3%) 6o (-3%) @6 (H-%) CL-D,
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7.2) 0;0;6) ;0. 8.2 (12); (-1:7):0 (-32: 20 ); (0;0); ;.

9. (3:0); @1 & (-2:0); GD. 10 @) (-1;-1); 6) (55).
11. a) (=3;2); (3;2); 6) (—=1;4); (1;4). 12.a) (—1;-3); (4;-3); 6) (=1;7);
(9;7). 13. a) (21;-3,5); 6) (3;-1). 14. a) (1;1); (2;2); 6) (2;2); (3;3).

15. ) (-1;-1; (15 (0,5 -2); (05:2); 6) (-1;-1); (13 1; (=77 );
(7:3). 16.2) (~6;—6); (6:6);6) (-8; —8); (8;8). 17.2) (-1;3 ); (1, -3);
0 (-u3) (L-3) 18 @ 3-2; (-3 @& G2
6) (=2;1); (=1;2); (1;2); 2;—-1. 19. a) (6;4); (4;6); 6) (6;—4); (—4;6).
20. &) (=8; —4); (2; 1); 6) (=5; —1); (20;4). 21.a) (=8;1); (2;1); 6) (—4; 1);
(Z;D. 22,2 (2;-1); (2;1); 6) (3;-1); (3;1). 23. @) (42); 6) (—=2;4).

24. a) (—9; —2): 6) (16:5). 25. a) (6:0,5); 6) (3; —g).

TpeHupoBouHas pabora 10
1. (2;-1). 2. (-1;1;3). 3. (0;0); (—42). 4. (—2;3); (3;-2).

5. (14 VE1- V3 A-VEL+VE. 6 @D (-2-1; (22 -22);
(F32:%8). 7 @ @D, 8 (-1 L. 9. (-3 (31
G2 @D 10 @y (EIE), (BB LB ()

35 17 11 23
11. (4’ 4)’ (4 4) 12. (1, -1 (_19’ 19)'

CucreMsl, coepixaliye ApoGHO-palioHAIbHbIE YPABHEHUA

La) (3:-2)0 (-2-3). 22 @49;03:3). 3.2 (65;0 @ -3).

4. a) ( ’_Z); 6) (—1;%). 5.2) (2;1); 6) (=2:1). 6.2) (9;8); 6) (8; —8).
7.0 (-3-2); 555 6 (-3-3); (-3;-3). 8 ) (3;-3);6) (-1; 1.
577
9.a) (—4; 4); (4; —4); 6) (—3: 3); (3; —3). 10. a)( % 16) (1;1); 6)( > 64),
(11;1). 11.a) (2;-1);6) (=2; —0,8); (4:0,8). 12.a) (=3;—3);6) (—-1;—-1).
13. a) (8;-7); 6) (—0,75;=7). 14. a) (—2;4); (2; —4); 6) (—5; —15); (5;15).
15. a) (0;-3); (16;0,2); 6) (0;5); (26;—0,2). 16. a) (—12;2); 6) (5;1).
17.a) (7;—2);6) (9;10). 18.a) (45;3);6) (24; —2). 19.a) (—4;1);6) (4; —4).
20. a) (=1;-1); 6) (=3;4). 21. a) (—3;-8); (—2;-3); (3;—8); 6) (—=5;7);

57 (6:-4. 222 3-6); 21 6) (-5 (LD 23. 2 (-353);

(5-3) 0 (3 1) (5:3) 24 @ G2 @96 23 1-19.
25. a) (—6; 2); 6) (—6; —3).
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TpenupoBouyHas pa6ora 11
1. (5;6). 2. (;1). 3. 47). 4. (14;7). 5. (-19;-10). 6. (—2;1).
7. (2%) 8. (4:6); (—=4;6); (=5;-3). 9. (3;1); (3;6). 10. (—2;—4);
(-2;-2); (2;4). 11.(-7;-35). 12.(-6;—11).

CI/ICTeMLI cojepixaiye nppaljioHa/IbHbI€ YPaBHEHUA
La) 2251;6) (30:1). 2.2) (9,4);6) (-6:4). 3.a) (59; 6) (4;15).

4. a) (—4; 3); 6) (—2;25). 5. a) (—-7;3); (14;-6); 6) (—5;—-2); (15;6).
6. a) (25;5); (49; —2);6) (16; —3); (36;4). 7.a) (—9; —4); (9;4);6) (—9; —25);
(9;25). 8.a)(—3;36);6) (6;25). 9.a) (—2;9);6) (—6;49). 10.a) (—9; —-9);
(3;27);6) (—4; —4); (10;1,6). 11.a) (7;2);6) (9;4). 12.a) (6;5);6) (3; —1).
13. a) (=1;1); (3;9); 6) (=2;10); 4;7). 14. a) (4;v3); 6) (4; vV13).
15. a) (—2;2); 6) (6;4). 16. a) (3;6); 6) (—3;5). 17. a) (—4;7); (4;5);
6) (—6;3); (6;1). 18. a) (4;9); 6) (9;1). 19. a) (—10;-7); 6) (—7;—5).
20. a) (4;1); 6) (4;9). 21. a) (4t;t), tme t < 0; 6) (0;0). 22. a) (20;—4);
6) (14;2). 23.2) (1;1);6) (1;1). 24.2) (3;27);6) (2,18). 25.2) (-35-3 );
1;1);6) (1; 1).

TpeHupoBouyHas paborta 12
1. (2;6). 2. (-1;0). 3. (5;49. 4. (9;2); (25;-1). 5. (9;6);
-3-2). 6.@3). 7.-9-4;(107). 8.(33). 9.6:2. 10.652.
11. { 3; —). 12. PemeHuii HeT.
2
CucTeMbl, COZEpKaIle TPUTOHOMETPUYECKHE YPaBHEHUS
T nT G .
1. a) (Z:I:E + 27n; 1), 6) (( nt— —l—rm 1). 2. a) (71:—1—27m,:l:3 +27‘Ck),
o o o
6) (:l:? +27m,27tk). 3. a) (—Z + tn; — ), 6) (—Z + 7tn; 3). 4. a) (Z +

+ ﬂzn':l:E + 2nk); 6) (% + 7n; (—1)]‘“% + nk). 5. a) (%, % + g),
6) ( 77[) 6. a) (—g—l—Znn;an); 06) (TH—Zrm;g—i—an). 7. a) (— ;
— +2nn); 6) (-19;-% +2mn). 8. @ (HEIED ZRZZCD),

9
6 (n(2k+n+1)_ ﬂ(2k—n+1)) 9. a) (§+m;§+nk);6) (§+m;§+nk)

10. a) (%, %,); 6) 1(0%1, 1—7:) + %) 11. a) (2; g—{—nn); 6) (—4; T+ 2mn).

12. a) (4: —1+4n): (2k; —5); 6) (3; 1+4n): (1+2k; —11). 13. a) (37“ +37n;

s mk T 4nk 7nn 7w 7nn on 9nk
srom) (555 o (H+ 5 n+ %) (5
on  9nk

-6~ 2 ) 14. a) (-1;7n); 6) (— ,§+nn). 5. a) (n+2nn;—g);



OTBeTHL 171

6) (g +27'cn;2). 16. a) (g +7'cn;2); 6) (nn;3). 17. a) (m;27); 6) (7; —7).
18. a) (n+27m; g +2nk); 6) (t+2mn;2nk). 19. a) ( +2mn; 2 +27‘Ck)
6) (2mn; 7 +27k). 20. @) (1;27m); 6) (35— 5 +27m). 21.a) (5 +27m51));
(2mk; 2); 6) (7 +27n; 5); (3—ﬂ+2nk'4) 22. a) ( +7'cn) ( Zm)
.0 (054 22), (1050 20 (5 22) (5

S 18 20 7 s
+25). 240 (VB § +2m); (-vE-5 +2nk); 6 (4v3 E+27‘cn),
(~4v3: -Z+ank). 25.0) (= +7n;3); (arcigd 4 7n; 2);0) (<24

—4); (arctg% + 7n; —g)

TpenupoBouHas pabora 13
(( 1)" +7n; 2) nez. 2.( 1; (-1t Z +7'cn) nez. 3. (%+7‘cn;2),
nez. 4. (—E-I-ZTETI;ZTE]{),TI,I(EZ. 5. (—13;—§+2nn),n€Z. 6. (—1; tn),
T 5 T 5 T
nez. 7. (Z + 27 5), (_Z + 2nk,—§), nkez 8. (5 + 2nn,6),
(mr + 2nk;5), n,k € Z. 9. (2—ﬁ + 27n; 1); (2?% + an;—l), nk € 7.

T 27n 21k 3n
10. (_4\/_,_2—0+?) (4\/—,%4——) nkeZ 11. (ﬂ:—+27‘cn 2)
(rtk; l); (t;O),t;ég—{—ﬂ:m,n,k, m,l€Z,1#0. 12.(0;t), t#n; ( +7‘Ck),

n,lLk€Z, 1 #0.

CucteMsbl, cozepikaliiye oka3arejlbHble ypaBHeHU

1. a) (1;1); 6) (1;1). 2. a) (3;2); 6) (5;3). 3. a) (5;5); 6) (—7;10).
4. a) (5;1); 6) (=4;1). 5. a) (—4;logs134); (5;3); 6) (—4;loge21); (1;2).
6. a) (log, 8;log,9); (2;3); 6) (logs 8;log,25); (2;3). 7. a) (2;2); 6) (2;3).
8. a) (logs 64;logs 25); (2;1); 6) (log, 3 —1; 3log;4+3); (2;4). 9.a) (—1;—3);
6) (—2;—1). 10.a) (3;1);6) (4;1). 11.a) (1;3);6) (1;5). 12.a) (—7;5);
6) (—9;8). 13.a) (1;%);6) (1%) 14.2) (1;1);6) (1;2). 15.a) (=5;0);
6) (6; —0). 16.a) (2;9);(6;5);6) (—7; —4); (7; —18). 17.a) (4;1);6) (16;1).
18. a) (1;—5); (1;5); 6) (1;—2); (1;2). 19.a) (—6;—1); (—=6;1); 6) (—4; —1);
(=4;1). 20. a) (4;-2); (42); 6) (1;-1); (1;1). 21. a) (2;1); 6) (1;2).
22. a) (1;3); 6) (1;2). 23. a) (3;2); 6) (3;6). 24. a) (19;1); 6) (14;1).

25.2) (-1;-£);6) (-1;3).
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TpeHupoBoyHas pa6ora 14
1.(1;3). 2.(2;1); (log,7;2log,2). 3.(1;2). 4.(12;13). 5.(1;5);(1;-5).

6. (—16;0); (—1;25—1). 7.(2;1). 8. (3;1og510). 9. (—2;3); (log, 81 —2; —1).

10. (log5 %; %) 11. (2;1); (—8; —4). 12. (%, %), (4; 2); (—6; —3).

CucreMsl, cogepxalue jJorapudpMudeckue ypasBHeHUs
1.2) (=2;10);6) (~4;49). 2.2) (5;6);6) (15;16). 3.2) (0,04;3);6) (5534).

4. a) (—49;-1); (—1;—49); 6) (—16;—-1); (—1;—-16). 5. a) (3 49) 9;7)

6) ( ) (25; — 32 6. a) (5:1); 6) (é;—1). 7. a)(V26; —1); 6) (5; —1).
8. a) (—25;8); (\/_, —0,5); 6) (¥9;5); (¥3;1,5). 9. a) Her penrenuii; 6) (2;
1. e a. Y. (37 . oY. .

1. 10. a) (J2_71) (3:6): 6) (0,5: —4): (¥F:1). 11. a) (9:2); 6) (4;4).
12.a) (4;8); (8;4);6) (2;3);(3;2). 13.a) (2;2);6) (4;16). 14.a) (—1;-9);
6) (—2;—9). 15. a) (1:3): 6) (5;4). 16. a) (9;2); 6) (2:8). 17. a) (3;2);

6) (7:5). 18. a) (5:49); (25;7); 6) (%ﬁ;s); (2%) 19. a) (3;6);

6) (121 ;) 20. a) (27, ) (27:7); 6) (64,—9); (64:3). 21. a) (411 ;)
6) (1:1). 22.a) (9:28): 6) (8:21). 23. ) (4:7): 6) (6:10). 24. a) (6:4):

6) (5;14). 25.a) (0; —g); 6) (O; ;)

TpeHupoBoyHas pabora 15

1.(5:9). 2.(=3:9). 3.(2;2V2). 4. (3%) 5.(8;4). 6.(3:1). 7.(7:5);

2
(5:7). 8. (7,5;4,5). 9. (3,—10g32). 10. (1;v3); (3;3). 11. (6;8).
12. (5; 7).
JuarHoctudeckas pabora 1
Yacme 1. Ypasuenusa

1. -5;-3; 3,6 2.[1;2]U[3; +»). 3.2. 4.£1. 5.3. 6.0,75. 7.a)x=
—:|:—+27'cn nez; 6) — 14“. 8. —+—, nez; —%M%k, keZ. 9. 4.
10. a) x———i—rm nez; 6) —1}Tﬂ. 11. a) X=:|:§+27'Ck, keZ; 6) —7?“.

12. 4;12.
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Yacms II. Cucmembt ypagHeHuil

1. @2 1); (—g%) 2. (=1;-3); (4;-3). 3. (=5;-6). 4. (=1;—1).
5. (%;1). 5;9. 7. (777[,1%(—1——) neZ. 8. (—13;—§+2ﬂzn),n€Z.

9.(=5:0). 10.(4:1). 11. (27:7): (217, ) 12. (1; -1).

JnarHoctudeckasi pa6ora 2

Yacmy 1. Ypasnenusa

1. —4,-1;0;1;4. 2. -2;8. 3.3. 4. ,—%;0. 5.3. 6.1, 7.a) x=
§+27m nez; X———+27‘Ck kez; x-——+2nm meZ; 6) 127[,5271
8.x=—+7‘m nez; x——+§,k€Z x———+— meZ. 9.1.10.a) x=
g—knm mez; x———+27'ck kez; x———+27‘m nez;6) — 17“; —57“;
12“. 11. a)x———i—nm mez; x———+27'ck kez; x———+27'cn nez;
6)37“,11?“;57“ 12. 4.

Yacms 1. Cucmemsbt ypagHeHuil

1. (V6 +2v3;2vV3 = V6), (—vV6 — 2v/3; V6 — 2v/3); (2v/3 — v6; V6 + 2/3),
(WV6-2v3; —V6—-23). 2.(4; 2)k 3.(—4;4); (4; —4). 4.(-3;-3). 5.(9;6);
137 w

(=3;-2). 6.(3;27). 7.( = —) keZ. 8. (2 2mk+Z )kez. 9. (=5;0).

10. (3;2). 11.(4;7). 12.(9;28).

JuarHoctudeckas pabora 3

Yacmes 1. Ypasuenusa

1.-3;-2;0;1. 2.{-14}U[0;7]. 3.-4;-1;3;6. 4.—-1. 5. E. 6. —5;5.

L . §) _2F. 2n, 4an = % T
7.;1)){—:!: 3 +27n,n€Z; 6) — 35353 8. x + kez; x—22+
+%, meZ. 9.3. 10.a)xza—l—nn,neZ;x=§+2nk,k€Z;x=—+2ﬂ:m,
meZ;6 377[,73—71,5771 11.a) nn,neZ;ﬂ:%—l—an,keZ;@ —47[;—10771,—37[;
- 12,1011

Yacms 1. Cucmembt ypagHeHuil
1. (=9;-2). 2. (=1;-1). 3. (4-7). 4. (0;-3). 5. (1;1); (—g; —g).
6. (—10;-7). 7.(4;34+4k); 2n;-5),n,keZ. 8.(-1;nk),keZ. 9.(12;13).

10. (—16;0); (—1; 25—1) 11. Pemenuii Het. 12. (0; —g)
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JuarHoctudeckas pabora 4
Yacme 1. Ypasuenusa

1:l:f

1. —2;—1;1. 2.5.7. 3. 1;%. 4. —4 5.56 6. 1;8 7. a)x=

=g+2nn, nez; xz:l:arccos( )+2nk keZ; 6) ; arccos(—%); 21 —
—arccos(—%). 8. x=—— —, meZ 9. -2;—1. 10. a) x = % + 7tn,
nez; 6) -4 . 1.1 12.1.

Yacms II. Cucmembt ypagHeHuil

1.(%;0);(1;1). 2.(=9:—2). 3.(4:4). 4.(45:3). 5.(—4 —1). 6.(36;9):

(81;324). 7.(27wk;1),kez. 8. (— arccos %+27‘ck; 1); (i arccos é+27‘ck; —2),
keZ. 9. (-1;1). 10. (—% + 2%k;3%), k € Z. 11. Her pemeHuui.
12. (2;16).

JuarHoctu4deckas pabora 5

Yacmo 1. Ypasnenua

1.-3,5:1. 2.[—2; 3]U[4; +c0). 3.3+‘/§ 4.0. 5.%. 6.-3:—1. 7.a)x=
=—+27'Ck keZ; x-—+2nm meZ; 6) Z 567[ S.ng—f—nn,neZ. 9.5.
10. 2) x == + 70, n€7; 6) - li”. 11.7. 12.3.

Yacms II. Cucmembt ypagHeHuil
1. (2 1; (—13-3f). 2. (=8;1); (2;1). 3. (6;5). 4. (4;7). 5. (36;4).
L ) neZ. 8.(-2;-1); (—n;g+nn),

> 11
nez. o. (E;g+2nk),kez. 10. (3 %) 11. (16:2). 12. (3:27);

(27; 3).

6. (1;1). (( 1™ arcsin —+7'cn
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