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1 KeagparmuHas (byHKUMA o

[0 B atou rnaee Bbl MOBTOPUTE U pacluMpUTe CBOM 3HAHMA O YHKUMK 1 eé
CBOWCTBAaXx.

[1 Bbl HayuuTecs, Ucnonb3ays rpaduk ¢yHkumm iy = f(x), ctpouTs rpaduku
dyHkumin y = kf (), y = f(kx), y = f) + b, y = f(x + a), y = f(|1x]),
y=1fl.

[ Bel y3HaeTe, kakyio QyHKLUWIO Ha3bIBAIOT KBagpaTU4HOMW, Kakaa durypa fB-
naeTcs eé rpadrMkKom, U3y4ynTe CBOMCTBA KBaapaTUHHOW YHKUWMN.

[] Bbl Hay4uTeCh NPUMEHATb CBOWCTBa KBaapaTU4HOW hyHKUUMN.

5 n DyHKUMA

B noscegHeBHON KHU3HU HAM 4YAaCTO NPUXOAUTCA HAOJIOAATL IIPOLECCHI,
B KOTOPBIX U3MEHEeHHe OJHOH BeJIMYWHbI (He3aBUCHUMOM IepeMeHHOIl) BlIedeT
3a co0oi U3MeHeHHe NPYIroil BeJIMUMHEI (3aBUCcHMOM nepeMenHoit). M3yuenue
ATUX IIPOIECCOB TpedyeT co3maHMA UX MaTeMaTHuyecKHX Mogesei. OmHoil U3
TAKUX BAJKHEHNINX MoJeseildl aBiasgercs (pyHKIHA.

C aTUM ODOHATHEM Bbl O3HAKOMMJIMCH B Kypce ainredoper 7 Kiaacca. Ha-
IIOMHHUM M YVTOUHUM OCHOBHBIE CBeJeHUS.

IIyers X — MHOKeCTBO 3HAUYEHMH He3aBHMCHMOMN nepeMeHHO, Y —
MHOKeCTBO 3HAYEHHH 3aBHCHMOMH nepeMeHHOMH., ®YHKIHA — 3TO IMpPaBHIIO,
¢ MOMOIIBI0 KOTOPOTO 10 KAKIOMY 3HAYEHHIO He3aBHCHMOI MepeMeHHOH U3
MHOKecTBa X MOKHO HAHTH eJMHCTBEHHOe 3HAYeHHEe 3aBHCHMOI IepeMeH-
HOM U3 MHOKecTBa Y.

Hpyrumu caoBaMu, (pYHKIMA — 3TO NPAaBUJI0, KOTOpPOe KaKJI0MYy 3Jje-
MeHTY MHOKecTBa X CTABHT B COOTBETCTBHE eJHHCTBeHHLIH 3JIeMeHT MHOKe-
ctBa Y.

OOBIYHO HEe3aBHCHMYK MNepeMeHHYI 0003Ha4alT OVKBOH X, 3aBHCH-
Myi0 — OykBoil ¥y, pyHKnmio (npasuio) — GYKBOI f.

Ecnu paccMaTpusaloT GYHKIUI [/ ¢ He3aBUCHUMOIl IIepeMeHHO# X U 3a-
BUCUMOM NHepeMeHHOU Y, TO IOBOPAT, 4YTO HepeMeHHas iy (PYHKIIMOHAJIBHO
3aBHCHT OT IIePEMeHHOM x. ITOT akT 00603HAUAIOT TaK: i = [ (X).

HezaBucuMyo nepeMeHHYIO €1[é HASBIBAIOT apryMeHTOM (hYHKI[HNH.

MHo:ecTBO BCeX 3HAUEHWIl, KOTOpbIe IPUHUMAET apryMeHT, T. €. MHO-
ecTBO X, Ha3bIBAIOT 00JacThi0 onpenenenus ¢pyakmun u obosuauaot D (f)
winu D (y).

a




s 1
TElH, 00J1aCTHIO onpeneneHnA Dﬁ'paTHDH nNponopnuoHaldbHOCTH I = —
X

ABNAETCA MHOMecTBO (—eo; 0) U (0; +e<). Takie moxkHo samucats D (y) =
={xe R|x#0} umu D(y) =R\ {0}.

3HayeHHe 3aBHUCUMOM IepeMeHHOH ellé Ha3bIBAIT 3HAYeHHeM (PYHK-
muu. 3HavYeHre QYHKIUU f, KOTOpPOe COOTBETCTBYeT 3HAUYEeHUIO X, ApI'YMEeHTa X,
0003HAYAIOT f{xﬂ}. Hampumep, f(7) — aTo 3HayeHwe QYHKINH npu x = 7.
Tak:xe IPUHATO HA3BIBATH YHUCIO [ (x,) sHavenueM QpyHRKI[HI [ B TOuke Xge

MuosecTBO BCcex 3HAYEHU, KOTOPble IPUHUMAET 3aBUCHUMAas IepeMeH-
Has, T. €. MHOKEeCTBO Y, Ha3bIBAlOT 00JIaCThI0 3HAYeHHH (hyHKIMU U 0003HA-

gator E(f) win E(y). Tak, o6aacThio 3HAYEHUN QPYHKIMUA I = \/; SABJISAETCS
npoMe:kyToK [0; +o0), T. €. E(y) = [0; +o0).

OnemenTamMmu MHOKecTB D (/) u E(f) moryr 66ITh 00BEKTHI caMoil pas-
HOOOPAa3HOMH MPHPOIbI.

Tak, ecliM KaxJIOMYy MHOIOYIOJBLHHUKY MOCTABUTE B COOTBETCTBHE €ro
[LJI0I[Aalh, TO MOM¥HO M'OBOPUTEL O (DVHKIINH, 00JIACTEH ONpeeIeHUsI KOTOPOoil —
MHOMEeCTBO MHOT'OYI'OJLHUKOB, a 00JIaCTh 3HAUEHUN — MHOMKECTBO IOJIOMHU-
TeJILHBIX YHCeJ.

Ecau KaaoMy 4esIOBeKY NOCTABUTbL B COOTBETCTBHUE JIeHb HEeJIU, B KO-
TOPBIH OH POJIUJICHA, TO MOMKHO M'OBOPHUTHL 0 (PYHKIIUK, 00JIACTD OIIpee/IeHUSA KO-
TOPOIl — MHOKECTBO JI0Aei, a 00JacTh 3HaUeHUH — MHOMKECTBO JHeH HeJeJn.

B cayuae, korma D (f) c Ru E(f) c R, pyHKIUIO / HA3BIBAIOT YHC-
JOBOM.

Ecau obnacreio onpenenedusa QyHKIUA [ aBiaseTca MHOMXecTBO X, a 00-
JaCThI0 BHAYEHUH — MHOMKECTBO Y, TO QYHKIMIO / TaKKe HA3bIBAIOT 0TOOPA-
JAeHneM MHoO:KecTBa X Ha MHO:KecTBO Y. CinoBa «oroOpakeHue» M «(PyHK-
UA» — CHMHOHHUMEI. OIHAKO TEPMHH «0ToOpaskeHHe» dallle UCIOJbL3YIOT TOr-
na, KOrga Opu 3ajaHuu (QYHKIUH XOTAT IOAYEPKHYTh, KAaKHe MHOMKecTBa
SABIAKTCA 00JaCThIO OIpeje/ieHUs U objacThbio 3Hauenuii. Hanpumep, Hyme-
panua aJIeMeHTOB HEeKOTOPOro CYE€THOro MHOxecTBa A — 3710 orobOpareHue
MHOKecTBa N Ha MHOKecTBO A.

Ha pucyuke 1.1 npouiiocTpupoBaHo orobOpakeHue MHoMKecTBa X HA
MHOKEeCTBO Y (TOUYKaMM MOKA3aHBI 3JIeMEHTHEI MHOKecTB). B oToOpaskenun |

Puc. 1.1




KaKIbI dJIeMeHT MHOMXKeCTBa Y SABIAETCA COOTBETCTBYIOIIUM HEKOTOPOMY
eIUHCTBEHHOMY ajieMeHTy MHO:KecTBa X. Takoe orofpakeHue HA3LIBAIOT B3a-
HMHO OJJHO3HAYHBIM 0TOOpaKeHneM MHokecTBa X Ha MHO:KecTBO Y. Orobpa-
JKEHUS g U () He ABJIAITCS B3AUMHO OJHO3HAYHBIMY OTOOpaKeHUAMU MHOMKe-
crBa X HAa MHOMKecTBO Y.

Hanpumep, ¢yHKnus y =+x—1 saBiasgercd B3aUMHO OJHO3HAYHBIM
orobpamxeHneM MHOxKecTBa X = [1; +e) Ha MmHO:KecTBO Y = [0; +o0). SameTum,
4T0 QYHKIUA i = X He ABJIAETCH B3AMMHO OJHO3HAYHBIM OTOOpAXKeHUEeM MHO-
skectBa X = R Ha MHO:KecTBO Y = [0; +<0). JleficTBUTENIbLHO, HAIIPUMEpP, dJIe-
MeHT 4 MHO:KecTBa Y SABIAETCA COOTBETCTBYIOIIHUM JBYM dJieMeHTam, —2 U 2,
MHOKecTBa X.

Dynruuro cuumarom 3adanmnoul, eciu Yykasamvt eé¢ obaacms onpede-
JAeHUS U NPABUTLO0, C NOMOULBIO KOMOPOZO MONCHO NO KANCOOMY 3HAUEHUTO
HE3ABUCUMOLL NePEMEHNHOU HAUMU 3HAUCHUE 3ABUCUMOU NEPEMEHHOLL.

DYHKIIUIO MOMKHO 3aJaTh OJHHM M3 CJIeVIOIHUX CII0ocO00B:

* OIIHUCATEJbHO;

¢ MOMOIILI0 (POPMYJIBI;
* C IIOMOIILIO TAOJIMIEI;
* rpadUuYecKH.

PaccMoTpUM HECKOJIBKO IIPUMEPOB (DYHKI[MM, 3alaHHBIX ONHCATEbLHO.

1. Kaxmomy panuoHaJIbHOMY YHMCJIY IIOCTABUM B COOTBETCTBHE YHCJIO 1,
a Ka:KJIoMy HppamuoHajibHOMY — 4ucio (. @PyHKINI0, 3alaHHYI0 TAKUM 00-
pasoM, HasbiBaoT (pyHkuuen [upuxie u obosnauaior iy = D (x). [Tumryr:

jl, ecau X € Q,
lO, ecoim ¥ € R\ Q.

3ametum, uro D (y) = R, E(y) =10, 1}.

2. KaxxpmoMy HeliCTBUTEJIBHOMY YHMCJIY X HOCTABHM B COOTBETCTBHE HAM-
Donblllee Ilejioe YHUCIO, He IpeBocxopdAmee uucao x. M3 Kypca anrebOpsl
7 KJIacca BBI 3HAETe, YTO 3aJaHHYIO (DYHKI[HMIO HA3BIBAIOT IO YaCThI0 YHC-

xa x u obosmauaior f(x) = [x]. Hampuwep, /(V2)=[V2]=1, f2)=121=2,
f(—\/ﬁ) = [—\E] = —2. 3aMeTHM, 4TO D(f) =R, E(f) - 7.

3. KaxxnmoMy JedCTBUTENIBHOMY UHUCJIY X IIOCTABUM B COOTBETCTBHE Pa3-
HOCTb MEKJY 3THM UUCJIOM M ero IeJIOi Y4acThio. 3aJlaHHYI0 (PYHKIIUIO HA3bI-
BAIOT APOOHOI YacThIO UKcla X u 060o3HauawoT [ (x) = {x}. Umeem: {x} =x — [x].

Hanpumep, f(v2)={v2}=v2-[V2]=v2-1, f@={2)=2-[2]=2-2=0,
f(2) ={~2} = 2 -[V2] = V2 - (-2) = 2 V2. Bameruwm, uro D (/) =
=R, E(f)=[0; 1).

4. KagoMy oTpHUIIATeIBHOMY JeHCTBUTEJIBHOMY YHCJIY IIOCTABHM B CO-
OTBETCTBHME YHCIIO —1, EaxIJoMy ITONOMHUTEIBLHOMY ,Il,EfICTBHTEJILHDMY HHC-

D(x) =



ay — 4yucyo 1, ayawn — yucio 0. PyHKUoo, 3alaHHYI0 TaKUM o0pa3oM, Ha-
3BIBAIOT CHUTHYM (OT JIaT. SIgNumM — «3HaK») U obo3Ha4aloT iy = sgnx. ITumryr:

-1, ecim x < 0,
sgnx =40, ecnin x =0,
1, ecmn x > 0.

3amerum, uro D (y) =R, E(y) =1{-1, 0, 1}.

3HaAUeHHe 3TOH (PYHKIIUH XapaKTepHu3yeT 3HAK COOTBETCTBYIOIIEro ap-
ryMeHTA.

JIerko MpoBepUTEL COpaBeIMBOCTE CJAeAYIOLIEero paBeHCcTBa: X * SgNn.x = | X
CaenaiiTe 3TO cAMOCTOATEJbHO.

5. Pacemorpum ¢yuknuio f, y koropoit D (f) = N. Bynem cuutaTh, 4TO
f(n)=1, eciiu HecATUYHAA 3AIUCH YHUCIA T COAEPIKUT 7 NHDP 4, UAYITUX TTO-
pan, u f(n) = 0, ecau ara 3anuch TAKUM cBoiicTBOM He obmamaer. O6paTum
BHUMaHUE Ha TO, YTO 3HAYEHHS QYHKIHNU / BRIYUCIATHL HeJierko. Hanpumep,
MbI He 3HaeM, uemy pasuo /(10 000 000 000). Oguako obsacThb onpeaeIeHU
¥ IIPABUJIO 3a/laHbI, CJIeOBATE/ILHO, 3aJaHHON ABJIAeTCA M caMa (PYHKI[HA.

YHare Becero pyHKIIUIO 33J1a10T ¢ MOMOIILIO opMyibl. Ecau npu aTom He
yKasaHa o0JacTh OIpeleJeHHA, TO CUHUTAIOT, 4YTO 00JACThI0 OIIpeJeleHHdA
(hbYHKIIMU ABJISETCSA MHOKECTBO 3HAYEHUM apryMeHTa, IPpU KOTOPBIX (hopMyaa
MMEeT CMBICJI.

Hanpumep, eciu GyHknus sagana dopmymoir [(x) = , TO eé 0D-

_ 1
Jr -1
JACTBIO ONpejesieHUusA ABJSAeTCA 00JIacTh onpelesieHHA BBIPAKeHHS 1 ,

NEE |
T. €. IPOMexKYTOK (1; +eo).

SHAUEHHUA ONHOH (PYHKIUU MOTYT CJIVKUTHL 3HAYEHUSAMHU apryMeHTa
ApPyrou (pyHKIIHUH.

Hanpumep, pacemorpum pyurnuu [ (x) =2x — 1 u g(x) =a2 +x + 1. To-
rma f(g(x) =2g(x) - 1=2x%+x+1)-1=2x% + 2x + 1. CefoBarenbHo,
MOKHO I'OBOPUTE, 4TO opmya iy = 2x% + 2x + 1 zagaér pyuruuo y = f (g (x)).

Ecnu mgna mwoboro x € M Bce 3HaueHUA (DYHKIUU g CJAYKAT 3HAYE-
HUAMUA apryMeHTa (PYHKIUHU f, TO TOBOPAT, UTO 3afiaHA CJHOMKHAA (PYHKI[HA
Yy = [ (g (x)) c obnacrbio onpenenenus M.

CyuiecTByOT (hbyHKIIMH, KOTOPbIe HA PAa3HBIX INOJAMHOKecCTBax obJacTu
onpejesieHUs 3aKa0TcAa pasHsIMUA (popmynamu. Hanpumep,

X2, ecotn x < 1,

y= 2y -1, ecoim x > 1.

Takue QPYHKIIMN HA3BIBAIOT KYCOYHO 3aJaHHBIMH.
Croco0 3ajganusa GYVHKIIME OJHOH HMJIH HEeCKOJBKUMH (hopMyIaMyu Ha3bI-
BAIOT aHAJIUTHYECKHM.



B rex cnyuasx, korga obnacts onpefeneHus PyHKIIHUHA SBISETCA KOHEY-
HbIM MHOKEeCTBOM U KOJUYEeCTBO ero 3JIeMeHTOB He O4UeHb BeJIMKO, YI00HO Hc-
M0JIL30BATh TAOMWYHBIN cnocod 3agaHus PYHKIHUH. ITOT cOOCOO JTOBOJIBHO
YacTo IPUMeHAT HA NpakTHKe. Tak, pe3yjbTaToM 3anucu HabMwAeHUN 3a
KaKoM-1u00 XapakKTepuCcTUKOM IIpolecca (TeMIepaTypoil, CKOpPOCThIO, JaBie-
HUEeM U T. I1.) sBJIsieTcsa Tabnuia, sagawmas (PyHKIMOHAJIBHYIO 3aBUCHMOCTD
9TOM BEJUYUHEI OT BpeMeHH.

sugh Onpesenenme
Npadukom uncnoson pyHKUUN Ha3bIBaIOT reomeTpuyeckyio ¢purypy, co-
CTOSALLYIO M3 BCEX TEX U TOMbKO TeX TOYeK KOOPAUHATHON NNocKocTn, ab-
CLUMNCCbI KOTOPbIX paBHbl 3Ha4YeHUAM aprymMeHTa, a opaMHaTtbl — COOTBeT-
CTBYIOLMM 3Ha4YeHUAM hyHKUMN.

CkazaHHOe 03HAYAET, YTO eCIU HeKomopas uzypa saeisemcs zpagu-
KoM ¢hynxyuu f, mo 6binoaHAN0OMCE 08A YCAOBUSL:

1) ecau x, — nexomopoe 3navenue apzymenma, a f(x,) — coomeem-
cmeyowee 3navenue GYHKuUU, mo mouxa ¢ xoopounamamu (x,; f(x,))
npUHAdIeNcUm zpaguxy;

2) ecau (x,; y,) — Koopounamsl NPOU3BOTbHOU MOUKU zpadura, mo
X, U Y, — COOMBEMCMBYIOUUE 3HAUECHUS HE3ABUCUMOU U 3ABUCUMOU Nepe-
mennvlx gynxuuu f, m. e. y, = f(x,).

@durypa Ha KOOPAMHATHOM ILJIOCKOCTH MOKeT OBIThH rpauKoM HEKOTO-
poit dyHKUUMU, ecsiu ad0bad npamasi, neplieHIUKyJaApHas ocu abcuuce, UMeer
c aToil (hurypoii He Oojee omHOI o0miel Touku. Hampumep, oOKpPy¥HOCTL He
MOJKeT CIAYHUTL rpa)MKOM HUKAKOU (PYHKIIUHA.

I'paduuyecknit coocod zaganua (QyHK-
UMY HIHUPOKO HCIIOJb3yeTcs IIpU UCCIeLoBa-
HHH peaJbHBIX IIpoleccos, CylecTByOT Npu-

[0 setvoie 1 iainrmn i rue R RTINS

v SV s e bopel, BeIgawuie obpaboranuHywo HHGpOpMAa-
lph=toch i S nuio B Bujge rpaduxos. Tak, B MegumuHe
! R HCIIOJB3YIOT alleKTpokapauorpad (puc. 1.2).

Jdror npubop pucyer KpUBBIe, XapaKTepuay-
e padboTy cepiia.

Mpumep 1. Haiigure obaacTh ompene-

aeHus QyHrOUH y = Jx?(x —1).

PeweHune. ObnacTs ompefeieHHa JaH-
HOM (PYHEKIMH — 35TO MHOMKECTBO pelleHuH
HepaBeHcTBa x2(x — 1) = 0.




x2 =0,
x—-120.

Pemennem 2Toil COBOKVIIHOCTH ABJIAeTcA MHOMKecTBO {0} [ [1; +22).
OtBeT: D (y) = {0} U[1; +=). m

Jro HepaBeHCTBEO PaBHOCHUJIEHO COBOEKVIIHOCTH

2x
1+x2°
PeweHue. IlycTh ¢ — npousBOJbBHBIN 3JIeMEHT 00JacTH 3HAYEHUN TaH-
HOM GyHKIUHU, T. e. a € E(y). Torna 3angaua cBOIUTCA K HAXOMJEHUIO BCeX

Mpumep 2. Haiinure obsacTs 3HaYeHUH (PYyHKIUN Y =

o

3HAYEHUW IMapaMeTpa d, IPU KOTOPHIX YpaBHEHHE ;
+ X

5 = ( HMeeT pelnleHHs.

ITO YpaBHEHHE PABHOCHUJILHO TAKOMY:

2x = a + ax?, orkyna ax? — 2x + a = 0.

Ecnu a = 0, To nonyyeHHOe ypaBHeHue umeeT KopeHb X = (. Crnenora-
TeJlbHO, 4rcao (0 BXoguT B 00J1acTh 3HAYEHUA (PYHKI[HH.

Ecnu a # 0, To 3T0 ypaBHEeHHe SBJISETCA KBAJAPATHBIM M HAJIUYHE KOP-
Hell onpenendercsa yeaosuem D = 0.

NUmeem: D = 4 — 4a®. Ocraércs pemurs HepaBeHcTBO 4 — 4a? = 0.
Nmeem:

4a2< 4,a2<1, |la|l <1.

PemenunemM mocjaeHero HepaBeHCTBA ABIAAeTCA mIpoMe:kyTok [—1; 1].

CnepoBarensno, E(y) =[-1; 1].

OteeT: E(y)=[-1; 1]. m

Mpumep 3. IToctpoiiTe rpaduk GYHKIUK I = {X}.

PeweHune. Cuauasa MOKaKeM BaKHbI€ CBOMCTBA IeJioil W ApoOHOI ua-
cTer 4Yucia.

1) Ecin ke Z, To [x + k] =[x] + k.

IIycrs [x] = ¢. Torna mo onpeaeeHHI0 1eJIOH YacTH yHnesa ¢ < x < ¢ + 1.
Orciopa c+ k< x+ k <(c+k)+ 1. Cnegosarensso, [x + R]=c+ k=[x] + k.

2) Ecain k € Z, o {x + k} = {x}.

Umeem: {x+k}=x+hk-[x+R]l=x+Fk—([x]+ k) =x-[x]={x].

HMokazanHoe cBOMCTBO APOOHON YacTH YHCJIA MOKAa3bIBaeT, YTO 3HAYCHUE
byHKIIMY i = {X} He UBMEHUTCSHA, eCJIU K eé apryMeHTy NpubaBUTH IieJI0e YUC-
10. A aToT (haKT, B CBOIO OUEPEe/lb, [I03BOJIAET YTBEPHKIATE, UTO HA KaKI0OM U3
IIPOMEXKYTKOB Buja [&; £+ 1), roe k € Z, rpadpux pyHKuu iy = {x} ©UMeeT oJu-
HakKoBbIA BUA. IloaTOMy AoCTaTOYHO IOCTPOHUTL €ro, HaAIpUMep, Ha IIpoMe-
;xyTEKe [0; 1), a TOTOM HDOJYYEHHYIO QUTYPY « PASMHOMHUTD» .

Ecimx e [0; 1), To[x]=0u {x} =x —[x] = x, T. e. npu x € [0; 1) ume-
eM Y = X.

WcroMblil rpaduk n3o0pakéH HA pUCYHKe 1.3. m




Obparum BHHUMaHHe, 4YTO CBOMCTBO 2
byHKIUYN I = {X} DIO3BOJIAET OTHECTH ITY (DYHK- Ui
U0 K KJIacCy TAK HA3bIBAEMBIX MePHOIHYIECKHX
¢dyaxmuii. F'osopar, uto gwboe 1ejI0e YHCII0, OT-
JUYHOE OT HyJNd, ABJIdgeTcd ee mepuoaoM. bojee ZL‘J/__V’_ o
noApo0HO € MePHOIUYECKHMH (MYHKIMUAMU BbI 10| 1§
o3nakomuTech B 10 riacce.

ad |

MNpumep 4. Haiinute Bce GyHKIHU [ Ta-
kue, uro D (/) = R u gns nw6oro x € R BeIno- rPuc. 1.3
HAeTca paBeHcTBO [ (2x — 1) = a2,
PeweHue. Ilyctes 2x — 1 = 7. IlocKonbKY mepeMeHHAadA X TPUHHMAET JIIO-
Oble nelicTBUTeIbHBIE 3HAYEHUA, TO U IePeMeHHAas [ TOXe MPUHUMAeT 1H0bie

2
necTBUTENBHEIe 3HAUeHUA., MMeeM: x = Bl . Torga f(ﬁ} = (ﬂ) NS JI10-
boro f € R. 2 4

MBI YCTAHOBHMJIM, YTO €CJAU (PYHKOUA [, YAOBIETBOPAIOIAS YCIOBHUIO
f(2x — 1) = % pna moboro x € R, cymecrsyer, To oHa uMmeer BHA [ (x) =

2
x+1 %
= ( ) . Ocranoch MOKas3aTh, YTO HalleHHasA (DYHKIIUA YIOBIETBOPAET yC-

2
JIOBMIO 3a/la4M. o 2
Umeem: D(f)=Ru f(2x-1)= ((21 21) i 1) = &%,

2
OtBet: [(x) = [1; 1] . N
? 1.Y70 HasbiBaOT dhyHKUMen?
2. Kak 3anncbliBaloT, 4TO nepemMeHHas iy GyHKUMOHaNLHO 3aBNUCUT OT nepe-
MeHHOWN x7?
3. Y10 Ha3biBalOT aprymeHTOM QyHKUUMN?
4.470 HasbiBaloT obnacrtbio onpegeneHns yHKUWU M Kak eé obo3Ha-
4yatoT?
5. 41O Ha3bIBalOT 3Ha4YeHnem pyHKLUN?
6. 4710 Ha3bIBaOT 0ONACTbIO 3Ha4YeHM DYHKLUUK U Kak eé obo3HavaoT?
7. Kakyio dyHKLUNIO Ha3biBalOT YNCNOBOW?
8. Y10 Ha3bIiBalOT oTobpaxeHnem MHoxecTBa X Ha MHoOXecTBO Y7
9. Kakoe oTobpaxeHue Ha3biBalOT B3aMMHO OAHO3Ha4yHbIM OTOBpaxeHu-
emM MHoxecTBa X Ha MHoXecTBO Y7
10. YTto Hapgo ykasaTb, 4Tobbl PyHKUMA cHUTanacb 3agaHHoOU?
11. HazoBuTe cnocobbl 3agaHma GyHKLMMN.
12. 470 Ha3bIiBaOT rpapmkom pyHKLUHUN?

10



- 0
YnpaXXHeHMA 4 s umw

\ 4
1.1. Raxpgomy HaTypaaibHOMY 4YHUCIY, KoTopoe Oousbine 10, HO meHbine 20,
IMOCTABUJIHA B COOTBETCTBHE OCTATOK OT JeJIEHUS TOT0 YMUCJIA HA I,
1) Kakum crocoboMm 3agaHa 9Ta QYHKIMASA?
2) KakoBa obJjiacTh 3HAYEHUH TON PYHRIUU?
3) 3apaiiTe aTy QYHKIHIO TabOJIHUYHO.
1.2. 3Banoanute Tabaumy.
e 3HaueHUe PYHKIUH
aprymeHTa X
S () =[x] &x) = {x} @ (x) =D (x)
3,2
-3.9

1.3.

1.4.

1.5.

1.6.

Haiigure, He BEINONHSS MNOCTPOEHHSA, TOUKM IlepecedyeHHs Tpadukra
(GYHKIHYN ¢ OCAMH KOOPAHUHAT:

1) f(:r}:%; 2) @(x) = 22 + 21 — 3.

Haiigure, He BBINOJHSS IOCTPOEHHS, TOYKH INepecedeHHs rpaduia
(PYHKIUH ¢ OCAMH KOODJAUHAT:
2
1) A(x) =9 — 10x; 2)yp(x)=4x?+x-3; 3) s(x) = “12 g
R o

(9, ecotnt x < -8,
ITocTpoiire rpaduk dyarmun [ (x) =1 12, ecnmm —3 < x <1,
X, ecmu x > 1.

—E, ecau x < -2,
X

ITocrpoiiTe rpaduk dysrnuu f(x) =]-x, ecan -2 < x < 0,

JE, ecau x > 0.

IlocTpoiiTe rpauK GYHKIUH I = SN X,

11




1.8.

1.9.

1.10.

1.11.

1.12.

13

1. 15

1.16.

1.17.

1.18.

Hamnure obnacTts onpenejseHusa (pyHKIIUHA:

-4 4x - 3

¥ - J- " B
1) 'I(I]_Lrl—i” 2}f{I)_JI+2+Iz—TI+ﬁ'
Hamngure obiacrs onpefeneHus (pyHKIIUM:
13 )= x+4+%; 2) f(x)= 8—I+r2_8x.
Haigure obinacts 3HaAUeHUN (PYHKIIUU:
1) f(x)=+x-1; 4) f(@)=|x+2]| +2;
2) f(x) =5 —a% 5) [(x) =-x%;
3) f(x)=-T; 6) f(x)=+Jx—-2+J2-x.
Haiigure obaacth 3HaUYeHUN (QYHKIIUMA: 5
1) f(x) =2 + 3; 2) f(x)=6-+/x; 3) f(x)=(Vx).

Kakasa u3 pyHKIUH sBIAeTCA B3AaNMHO OJHO3HAYHBIM OTOOpajkeHHeM
muoskecTBa [ () na muomkecrso E (y):

)y=2x+1; 2 y= |xl; 3) y =x?

Kakaa m3 QYVHKOHWII ABIAeTcA B3aHMHO OJHO3HAYHBIM 0OTOOpaKeHHeM
mHO:kecTBa D () Ha MHOKecTBO E (y):

yy==<; 2)y =22+ 1; 3) y = 2?

X

. R&}E,[I;GMY MHOIOVITOJBHHKY IIOCTABHJIIM B COOTBETCTEHE €ro nepumMeTp.

flBnsierca M omucaHHOoe 0TODpa’KeHHEe MHOMKECTBA MHOTOYIOJbHHKOB
Ha MHOKECTBO IOJIOKUTENbHBIX AeCTBUTEe/IbHBIX YHUCEJ B3AUMHO OJHO-
3HAYHBIM?

HManer pyaknum /(x) = 1 — 3x u g(x) = 22 — 1. Bagaiitre dhopmy.oii
(PYHKIHIO:

1) y=/f(x+1); 2) y =g(f(x)); 3)y =J(f(x)).

Hansr pyuxnuu f(x¥)=+x+1 u g(x) = 2% — 2x. Bagaiire popmynoit
(QYHKIIUIO:

1) y = g (—x); 2)y=f(EgW); 3) ¥y = g(g)).

Sapmaiite opMya0H KaKVIO-HUOYIbL (PYVHKIHNIO, 00JACThI0 OonpeleleHHusd
KOTOPOH SIBJISAETCH:

1) MHOKeCTBO IeHCTBUTENbHBIX YHCe], Kpome yucen 1 u 2;

2) MHOJKECTBO BCeX YHCeJl, KOTOPhIe He MeHbIle d;

3) MHOJKeCTBO BCceX 4Kceli, KoTopble He Oosbire 10, kpome ynena —1;

4) MHOXKECTBO, cOCTOAIIee U3 OJHOr0 yHucia —4.

Haiinure obiacTs onpefesieHUs (PYHKIIUH U [TOCTpOiTe eé rpaduk:

3 _ v - 2 —




1.19.

, K

Haiigure obaacth onpefeseHuss (pYHEKIUHN U [OCTPOUTE €€ rpauk:
x2 +d4x +4

IE
1) f(x)= ; %) fle) ="

x+2

1.20.

1.21.

1.22.

DyHKIHUA [ 3a]aHA ONMUCATENLHO: KaXKAOMY IEJOMY YHCJY IOCTABJEH
B COOTBETCTBHE OCTATOK OT AeJieHUs dTOro uuciaa Ha 3. Haipure [(2),
f(0), f(-17), f(21). Haiigure E (/). Horamxure, aro f(x) = f(x+ 3) gua
awboro x € Z£.

DyHKNUA £ 3alaHa ONUCATEJbHO: KaiKIOMY LEeJOMY YHUCJY I[IOCTABJIEH
B COOTBETCTBHE OCTATOK OT JesieHHsA aToro uyuciaa Ha 4. Haugure g(3),
g(0), g(-21), g(32). Haitnure E (g). Horaxkure, uro g(x) =g (x + 4) nna
nwboro x € Z.

Haitgure obaacts onpeaeneHust (hyHKIIHMH:

1) y = J& —|x] + — 1) y=Jx+1(x—3);
1

,r+2;
2) y = Ix[—8 + ——; 5) y = ;
)y : " Jr+1 )y Ja2(x+2)
3) y= J(I—I)z(.x'—Z); 6) y = Jsgnx.

1.23. Haiinure obaacTh onpefeieHHsa (PYHKIIHH:
1 1
1) y= + ; 4) y = J(x +4)*(x - 3);
3 —|x] x¥-2 Y \[
2y 4 = = +x + 4 5) y = lx +5l(x +2);
x -1
1 1
3) y= ; 6) y = :
Jx +1)2(x + 3) Jsen x
¢ ¢ ¢
1.24. HaiiguTe 0o0JacTh 3HAYEHUH DYHKITHH:
9.2 ‘A _Bx+1 -

1) y = -2x° + 3x — 4; 2}y-—2u¥+3, 3};;—12_1.

1.25. Haligure obsacTh 3HaYeHUN QYHKITUM:
_ . ~2x -1 B 1
1) y =b6x% —x+ 1; 2)y-5r+4, 3)y—4x+f.

1.26.
1.27.

2
ITocrpoiiTe rpaduk GyHKIUU I = (J{:r + 2) .1:) — x3 —4x2,
HssectHO, uTo D (/) =[-1; 4]. Haiinure o6n1acTs onpeneseHusa GyHKIUK:

1) y = f(=x); 3)y=/f(1-x); 5) y = f(lx|);
2) y = f(2x); 4) y = [ (x?); 6) y = f(ll)

13



1.28.

1.29.

1.30.

1.31.

1.32.

1.33.

1.34.

1.35.

1.36.

1.37.

1.38.

1.39.

1.40.

1.41.

1.42.

HUssectHo, uro D (g) =[-9; 1]. Haiigure obnacTs onpeaeseHusa (yHKITAN:

Dy=g(x+1); 3) y = g(x?); 5)y=g(v'?);

1 1
2)y=g(§1’); 4) y = g(lx|); ﬁ)y=g(;]-
Haigure objacrsk onpeaeneHuss (pyHKIIUH:

1 ™ —_ 1 - —_
1]y:ms 3)y—m, 3) ¥y =D (x)-1.
2)y=ér 4) y = /D (x);

Hajigure obnacthk 3HaYeHUH HYHKIIUHA:

1) y =D ([x]); 2) y =D (1x}); 3) y =xD (x).
Haigure obinacth 3HaYeHUN PYHKIIMKA:

1) y =[D ()] 2) y =D )}.

IlocrpoiiTe rpaduK QYyHKIIUH:

1) y =2 (D ®)); 2) y = {[x1}; 3) y=+y1-[xF.

IlocTpoiiTe rpachuk QPYHKIITUM:

1) y = [{x}]; 2) y = Jx}({x} -1).

IlocrpoiiTe rpaduk QYHKIIUH:

1) y = sgn(x + 1); 2) y = sgn(1 — x?).

IlocTpouiTe rpathuKk QVHKIIUM:

1) y =sgn (1 —x); 2) y = sgn (x? — 4).

DYyHKIUA 3ajlaHa ONUCATENIBHO: KaKIOMY IEeJOMY YHUCJY [DOCTaBJIEeH
B COOTBETCTBHE OCTATOK OT JeJIeHUs KBajpara storo yuciaa Ha 5. Ilo-
cTpoiTe rpad@uK aTol PYHKIUH,

DYyHKIHUA 3aJlaHa ONUCATENIbHO: KAMIAOMY IIeJOMY YHCJY [OCTaBJIEH
B COOTBETCTBHE OCTATOK OT JeJIeHHs KBajapara sToro uucaa Ha 3. Ilo-
cTpouTe rpadHUr aTOH QVHKIIMU.

KaxgoMmy neificTBUTEILHOMY YHCJY IIOCTABHUJIH B COOTBETCTBHE DJIHAKAM-
lee K HEMY Ha KOOPDAMHATHOH NPAMOMN Ienoe Yucao. ABinderca MU onu-
CAHHAA 3aBHCHMOCTh (DYHKIIMOHAJIBHOM?

KaxagoMy nedcTBUTEILHOMY YHCHIY IIOCTABUM B COOTBETCTBME PACCTOS-
HHUe A0 Onu:KanuIiero K HeMy Ha KOOPAMHATHOU OPAMOM IeJIoro 4YucJa.
SIBnsiercsa U OIIMCAHHASA 3aBHCHMOCTL (DPYHKITHOHAJILHON?

Haiigure dyarnuo / takyiwo, uro D (/) = R u nna maoboro x € R BBIIOJI-
HAeTCA paBeHCTBO f (3x — 1) =x + 2.

Haiigure dpyurknuio g rakyio, uro [ (g) = R u nna moboro x € R Beinos-
HAeTCS paBeHCTBO g (4 —x) = 3x + 1.

Hana pyuruua [(x) = ﬁ . ITocrpoitre rpadur ¢pyurumu i = f(f(f(x))).



1.43. Haiigure pyurnuio / rarywo, uro D (/) = R u ana awboro x € R BBIIOJ-
HAETCA paBeHCTBO f(x) + 2f (—x) = x + 1.

1.44. Haiigure dpyaknuio f Takyio, 4to D (f) = (—==; 0) U (0; +e=) u pna awobo-

ro x € D (/) BeinosHsieTcsa paBeHCTBO f (x) — 3f(lJ = g,

X X

1.45. Haiigure dyurnuio / Takyio, aro D (/) = R u gaa xwoboro x € R BBIIOI-
HAeTcA paBeHCTBO 2f (x) — f(1 —x)=x+ 3.

1.46. [lana pyaxnusa [ (x) = x% + 2x. Pemnre ypasrenue [ (f(/(x))) =0.

1.47. [lana pyaxnusa f(x) = 22 + 10x + 20. Pemute ypasuenue f( f(/(x))) = x.

1.48. Jlana dyuxnus /(x) = x%2 — x + 1. Pemure ypasuenue / (f(x)) = x.

R
15"I'I':IH}IIHEHI|"IE A1 NOBTOPEHUA

|1 .49. Pemiure ypaBHenue |[2x — 1| =x + 2.

_ 2
1.50. IlocrpoiiTe rpad@uK ypaBHeHUA yz * .=0.
x4 —-x

KOrQA COAENAHBI YPOKU 4

N3 ncropum passutus NOHATUA PyHKUMA

Onpepenenne (PYHKIMKA, KOTOPBIM Bbl IOJBL3yeTeCh HA NAHHOM JTalle
H3V4YeHU A MATEMATHKU, II0OABUJIOCH CPABHUTENLHO HeJlaBHO — B KoHIle XIX B.
Ono dopmupoBanock boaee 200 meT mong BAMAHMEeM OVPHBIX CIIOPOB BbIJAl0-
IUXCA MAaTeMaTUKOB HECKOJbKUX ITOKOJIEHWI.

HUccnepgosanveM (PYHKIIMOHANIBHBIX 3aBHCHMOCTEH MEXKAY BeJIMUYMHAMMU
HAYAJIM 3aHHMATLCH eIlé YUEHBIe JPeBHOCTH. JTOT MOHCK HAIIENI OTPAYKEHUE
B OTKPBITUU HOPMYJI 1A BBEIYUCJIEHUSA IJIolaaeil 1 00 bEMOB HEKOTOPLIX (DU-
ryp. IlpumepaMu TaGIHMUYHOTO 3aJaHUA PYHKIMI MOTYT CAVIKHUTE ACTPOHOMU-
yecKkue TabMUIL] BABUJIOHSAH, JPEeBHUX I'PEKOB M apabos.

Onuako auue B nepeoil nonouHe XVII B. oTKpBITHEM MeTOLa KOODIH-
HAT Bbljalomuecsa ppannysckue maremaTuki IIsep @epma (1601-1665) u Pe-
He Jlexkapr (1596-1650) 3am0KHUIM OCHOBBI [JIs BO3HUKHOBEHHSA IIOHATHA
(hyakmuu. B cBoux paboTax oHHM HCCIeHOBAJH H3MEHEHHe OPIAMHATHI TOYKH
B 3aBHMCHMOCTH OT M3MeHEeHHs eé abCIHCCHhI.

Baxkaywo poas B (QOpMUPOBAHUM NOHATHUA (PYHKIUM ChIrpadn padoThl
BeJIUKOro anrnmiickoro yuénoro Mcaaka Heiorona (1643—-1727). IToxg dpyHEK-
I[Hell OH NOHMMAJ BeJIUUYHHY, KOTOPAas U3MEHAeT CBOE 3HAUEHHUE C TeYeHHeM
BPEMEHH.
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PeHe Mcaak
OekapTt HbloToH

TepmuHt «yHKIUSA» (OT JAT. f1iNCtio0 — «COBEPIIEHUE», « BBIMOJHEHUE» )
BBEN HeMellkuil maremaTuk l'ordpun Buasrensm Jleinonun (1646—-1716). On
1 ero VuYeHHK, mBednapckuii maremaTuk Horamn Bepnymam (1667-1748),
o GyHKIHeH MoHUMa Il (opMyay, CBA3LIBAIOIIYIO OJHY [IepeMeHHYIO ¢ ApY-
roi, T. e. OTOMAECTBIAIN (DYHKIUIO ¢ OJJHUM U3 cIlocoDOB ee 3aJlaHUH.

INanbHelieMy pasBUTHUIO HOHATHUA (DYHKIIUM BO MHOI'OM coco0OCTBOBAJ
[IOMCK MCTHHBLI B MHOI'OJIETHEM CIIOpPe BBIJAIONIUXCA MaTeMaTUKOB JleoHapaa
ditnepa (1707-1783) u Hana Jlepouna II’Anambepa (1717-1783), ogHuM U3
npeagMeTOB KOTOpPOro ObLIO OIpefe/ieHHe CYTH 3TOT0 NMoHATUA. B pesyibrare
Ob171 chopMupoBaH doJiee 0DIIUM B3TVIAA HA QYHKINIO KAK 3aBUCUMOCTE OJTHOU
IepeMeHHOH BeJUYUHEL OT APYIoi, B KOTOPOM 5TO HOHATHE MKECTKO He CBA3LI-
BAJOChH cO cItocoboM 3alaHusA (PYHKI[HUH.

fotppug WNoraHH JleoHapa
NenbHuy BepHynnu Sunep



XaH lepoH Hukonaw Metep
O'Anambep NobavyeBckMiA Oupuxne

B 30-x r. XIX B. uaen Jiljgepa NOJYYUINA JaibHelIIee pasBuTHe B pado-
Tax BbIJAIUXCA YYEHBIX: pyccKkoro maremaTuka Huwonas Msanosuua Jloba-
yeBckoro (1792-1856) u memenxoro marematuka Ilerepa I'verasa Jle:xena
Hupuxie (1805-1859). lMimenHo TOra MOABUIOCH TAKOE OIIpefieleHue: nepe-
MEHHYIO BEAUUUNY Y NAIBIBAIOM (DYHKUUCH NEPEMEHNOL BEAUMUNBL X, €CU
KaacooMy 3HAUEHUIO BEIUMUHDL X COOMBEMCMaEYem eouncmeennoe 3naue -
HUEe BeJIUHUNDL 1.

Taxroe onpeaenenne PYHKIIMHA MOMHO U CETOJIHA BCTPETHTh B IIKOJIbHBIX
yuebHuKax. OnqHako 0oJiee COBpEMEHHBII MOAX0I — 3TO TPAKTOBKA (DYHKI[HH
KaK npasuia, ¢ NOMOWbH KOMOPOzZo N0 3HAUEHUID HE3ABUCUMOL NEPEMEH -
HOU MONCHO HAUMU eOUHCMEBEHNHOe 3HAUeHUe 3ABUCUMOL NePeMeHHOU.

Korna na pybemxe XIX u XX BB. BOZHHKJIA TEOPUS MHOMKECTB U CTAJIO
IMMOHATHO, YTO dJIeMeHTaMU obJacTu onpeieyieHHUsa U 00J1acTH 3HAYEHUH COBCEM
He 00A3aTe/IbHO HOJIKHBI OBITH HHCIa, TO IO (YHKIHMeHd CTAIHM MOHUMATH
nPasuilo, KOMopoe Kaiucoomy aiemenmy mHodicecmea X cmasuin 6 coom-
gememeue eOuncmeennblil aaemenm muoxcecmea Y,

C noMouibi0 MOHATHA MHOMKECTBA MOYKHO HATH onpeneneHHe (QYHKIIHUHU,
He HUCIIOJNIB3YS TePMHH «IIPABUIIO» .

Ecnu muoxxecrBa X u Y — coorBercTBeHHO 00/1acTh onpeeieHUs U 00-
JIaCTh 3HAUYEHUH (QYHKIHUU f, TO TéM CAMBIM 3aJaéTCcA MHOMKECTBO

{(y)|lxe X,ye Y, y=f(x)).

YnopsimodyeHHBIE IIapbl, COCTABIAIONIME ATO MHOYKECTBO, XapaKTepHu3y-
I0TCSA TeM, YTO Y HUX IIepPBhble KOMIIOHEHThI PA3JTUUYHBI.

Copasegiuso 1 00paTHOe yTBep:KIeHue: JI000e MHOMKECTBO VIIOPALOUYeH-
HBIX NAap, IepBble KOMIIOHEHTHI KOTOPHLIX PAs3/IMYHLI, 3aaéT HEKOTOPYI (DYHK-
1[I0, 00JIACTE onpefie/leHUsl KOTOPOH — MHOMKEeCTBO IepBLIX KOMIIOHEHTOB Iap,
00J1acTh 3HAYEHUM — MHOMKECTBO BTOPBLIX KOMIIOHeHTOER nap. Ilpasuno, Kotopoe
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KamxJ0My aJIeMeHTY obysacTi onpenesleHHUA CTABUT B COOTBETCTBHE E,I[HHCTBEHHLIfI
aJeMeHT 00J1acTH BHH.‘&EHHﬁ, omIpejgejldaeTcda caMMMKE VIIODATJOYEHHBIMI ITapaMH.
CxazaHHOe NorKasbslBaeT, YTO MOMHO IIPDHHATE TAKOE OIIpelleJIeHHE.

sy Onpegenenme
@DYHKLUMA — 3TO MHOMECTBO YNOpPAQOYEeHHbIX Nap ¢ HeEPaBHbIMW NEPEbLIMM
KOMMOHEeHTaMM.

Tak, muoxkectso {(1; 3), (5; =7), (2; 6), (—3; 6)} aBnAeTCca HEKOTOPOH
dyuknueit f, y xoropoit D(f) = {1, 5, 2, -3}, E(f) = {3, =7, 6}. IImmyT
f=11; 3), (5; =7), (2; 6), (—3; 6)}. 13 aroit 3amucu, HAIPUMED, CJIEAYET, UYTO

f(5)=-1
Hanpumep, muo;xectBa [ u g, rme f = {(x; 2x — 1) | x € R}, g =

]_ L= wr e
={(x; =) | x € R\ {0}}, apnga0Tcsa COOTBETCTBEHHO JIMHEHHON (DyHKIIMeH
X

1 00paTHOH NPOIOPIIMOHAIBHOCTBIO.

5 Bo3pactaHme m yobiBaHue hyHKLMMN.
HanbGonblee n HaMMeHblUee 3Ha4YeHNA PYHKLMN

HacTo o cBoMcTBAX 00BEKTA MOKHO CYAUTE 10 ero u3o0paKeHuro: (poTo-
rpauu, peHTIreHOBCKOMY CHUMKY, PUCYHKY U T. II.

«3o00pakenuneM» QPYVHKIIUKA MO-
JKeT CAVKHUTE eé rpadpur. Iloxaxkewm,
Kak rpadpuk GVHKINUU ITO3BOJISAET OI-
peleluTh HEKOTOpblEe eé cBoHMCeTBa. |  t--—-———-

Ha pucyuke 2.1 nsobpakéu rpa- :
buk HexoTOpOI hyHEIUH i = [ (X). :

Eé obnactsio onpenesneHus ssBJs- ~ 4_ 1,0
ercsa npome:xkyTok [—4; 7], a obnacreio §\—I/
3HAYEHUI — IIpoMexkyToK [—4; 4]. N

IIpu x = -3, x =1, x = 5 3Haue-
HUA QYHKIUY paBHLI HYJIIO.

7]
Puc. 2.1

ensh OnpegeneHne
3HayeHWe aprymeHTa, Npu KOTOPOM 3HavyeHue (PyHKUMM paBHO HyNIo,
Ha3bIBalOT HyNném gyHKUMN.

Tak, yncaa —3, 1, b ABAAIOTCA HYJIAMH JaHHON (PYHKIIHHA.
3amerumM, uTo Ha npome:xyTtkax [—4; —3) u (1; 5) rpaduk pysrnun |
pacmoJo;KeH Haj ochbio abciucc, a Ha npoMe:xyTikax (—3; 1) u (5; 7] — mopg
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ocbl0 abciuce. JTO 03HAYaAeT, YTO HA NMpOMeRyTKax [—4; —3) u (1; 9) dyHKIUA
IIPHHUMAET II0J0KUTEeIbHEIE 3HAYeHUA, a Ha npoMe:KyTKax (—3; 1) u (5; 7] —
OTpHUILATeIbLHEIE.

oo @ LI-'I "‘"L.. AeneHue
npnmemymx, Ha KOTOpOM (PYHKUMA NPUHMMAET 3IHAYEeHUA OQUHAKOBOIO
3HaKa, Ha3bIBAIOT NPOME)KYTKOM 3HAKOMNOCTOAHCTBA (PYHKLMM.

ITpomexyTru [—4; —3), (1; 5), (—=3; 1) u (5; 7] ABAAIOTCA TPOMEXKYTKAMHA
3HAKOIIOCTOAHCTBA paccMaTrpuBaemoii pyHEKmuu. OTMeTHM, 4YTO, HAIIpUMeED,
npoMe:kyTkHu (0; 5) 1 [1; 5) He ABNATCA NPOMEKYTKAMH 3HAKOIIOCTOAHCTBA
NaHHOH (QYHKIIHAN.

Jameuaniue. Pelnas 3agayy Ha NOUCK IIPOMEKYTKOB 3HAKOIIOCTOAHCTBA
(DVHKIMH, VKA3LIBAIOT T€ MIPOMEKYTKH, KOTOPhIE He SBJIAKTC COOCTBEHHBIMU
MOAMHOMECTBAMM HHUKAKHUX APYIHX IPOMEXKYTKOB 3HaKomocrosHcTBa. Ha-
nmpuMep, Ha npome:xkyTke (—2; —1) PyHKOIuUA / IpUHHMaeT OTPHIATEILHBIE
3HaueHuA (cM. puc. 2.1), HO B OTBeT CJIe/IVET BKIIOUUTEL IIpOoMeXRyToK (—3; 1),
CoJlepsKallluil mpoMe:xKyTOK (—2; —1).

C yBennuenueM X oT —4 1o —1 rpaduk GYHKIIMM «HIET BHH3», T, €. 3HA-
yeHHA PYHKIMH YMeHbIIawTcsa. [oBopAT, 4To Ha npoMexXyTKe [—4; —1] dyHKk-
IHA ABJAgeTcda yosiBawmeii. C yBenrnuenueM x or —1 g0 3 rpadur GyHKIUH
«UOET BBepX», T. €. 3HaYeHUA (PYHKIHHU yBeludyuBaroTca. ['oBopAT, 4TO HaA
npome:xkyTre [—1; 3] QyHKIUA ABIAETCH BO3PACTAKOIICH.

EE@ Onr ipegen e B A
DyHKUMIO f Ha3bIBalOT Bo3pacrawoulei Ha mHowecrse M — D (f), ecnn gna
nobbiX ABYX 3HaYeHWA aprymeHTa X, M X, MNpUHapNeXawmx MHoXe-
crey M, Takux, yto x, < x,, Bhll’lﬂnHHETCH HepaBeHCTBO f| (x,) < f{x2].

ey On peaeneHne
®dyHkumio [ HasbiBalot yGbiBaiowen Ha mHowectse M D (f), ecnu gna
nobbix ABYX 3Ha4YeHWI aprymeHTa X, v X, NpUHagnexawmnx MHoMe-
crey M, takux, uto X, < X,, BbINONHAETCA HEPABEHCTBO f[xl} > f{xzj.

YHacTo HCIONB3VIOT UHYIO (DOPMYJIUPOBKY.

mngp OnpepeneHue
®dyHkuyuio [ HasbiBaloT Bo3spactawowen (yGobiBalowen) Ha MHOXKecTBe
M < D(f), ecnn gna niobbix 3HaYeHUI aprymMeHTa M3 3TOro MHOXecTBa
Oonblemy 3Ha4YeHUIO aprymMmeHTa cooTBeTcTByeT Donbluee (MeHblee) 3Ha-
veHune hyHKUMN.
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Ecnu dyurnua sospacraer (yObiBaeT) Ha Bcell obiiacTH olpeeleHusd, TO
e€¢ Ha3bIBAIOT BodpacTalouiei (yOsIBalome).

Hanpuwmep, Ha pucyHKe 2.2 nsobpakéH rpaduk QyHKOUU Yy = Jx. Bra
byHKIMA saBisgerca Bospacralomei'. Ha pueynke 2.3 uzobpamén rpadpux
yOpIBalomen GyHKIUHY iy = —X.

YA I A
14 1+
| } o
Y ¥ AN %
e
o
2.
Puc. 2.2 rFuc. 2.3

©w [pumep 1. Moxaxkure, 4To PyHKIHA I = X", T[le 7 — UYETHOE HATYDPAJIb-
HOe YHCJI0, YORIBaeT Ha IpoMeKyTEe (—=; 0].

PeweHune. Ilycts x; U X, — IPOM3BOJIbHbLIE 3HAYEHHs apryMeHTa M3
IIpoMesKyTKa (—oo; 0], mpuuém x, < x,. [lokamem, uro xy > x). Tem camMmbIM 110-
KayKeM, 4TO Ha npomeskyTKe (—oo; 0] bosbilieMy 3HAYEHHUIO apryMeHTa COOTBeT-
CTBYeT MeHblllee 3HaYeHUe (PYyHKIIUH.

Hmeem: x, < x,, —x; > —x,. O0e wacTu mocjejHero HepaBeHCTBA ABJIAIOT-
cA HeoTpUUATeJbHBIMUM YyHcaaMu. Tora mo cBOHCTBY YUCJIOBBIX HEPAaBEHCTB
MOJKHO 3aIlucaTh, 4To (—x,)" > (—x,)". Tak Kak » uérHoe, T0 x| > x). ®

Ecan dpyHKOUA ABIAdeTcA Bodpacralolneil (yObIBamolleil) Ha HEKOTOPOM
IIPOMEKYTKE, TO 9TOT NPOMEKYTOK Ha3BIBAIOT IPOMEKYTKOM BO3pacCTAHMA
(vObIBaHNA) QYVHKIIUH.

Tak, B npumepe 1 qokasaHo, 4TO OIPOMEKYTOK (—<; 0] aBnaerca npome-
HKYTKOM yOBIBaHMA QYHKIUHM I = X", e © — YeTHOe HATypaJbHOEe YHCJO.
AHAJIOTMYHO MOKHO JOKA3aTh, YTO MPOMEKYTOK [(; +e<) ABNAETCA IIPOMEHKYT-
KOM BO3pacTaHUA 3TOU QYHKIUHA.

Jameuanue. B 3agayax Ha NOMCK IPOMEXKYTKOB BO3PACTAHUA U YObIBA-
HUSI PYHKIMH YKa3LIBAIOT Te IIPOMEXKVTKH, KOTOPbIe He ABISIOTCA COOCTBEH-
HBIMU ITOAMHOMKECTBAMY HUKAKHUX JPYIHUX IIPOMEXYTKOB BO3paCcTaHUA U yObI-
BAHWUSA, QHAJIO'MYHO TOMY, KAK 3TO JeJaioT NpPU IMOUCKe IIPOMeXKyTKOB 3HAKO-
IIOCTOSHCTBA.

1 Bror tharr caegyeT M3 CBOMCTE apMMeTHUYECKOrD KBAJAPATHOTO KOPHS, PACCMOTPEH-
HBEIX B 8 KIacce.



CymecTByioT (yHKIUH, onpelesieHHBIe HAa I, He ABJIAI0IIHecAa Bo3pac-
TaromUMHi (VOBIBAIONIMMY) HU HAa OJHOM IPOMEXKYTKe 00JacTH olpejieieHus.
Hanpumep, Takoil pyHKIHeN ABIAeTCA KOHCTaHTa, T. €. GYHKIUA i = ¢, T'Ie
€ — HeKoTopoe ducao. Euieé ofHUM npuMepoM TAKOH (PYHKIIUN MOMKET CJy-
HUTh QyHKIUA [Iupuxie.

- 1
Mpumep 2. Mokamxure, yro pyHKHUs [(x) = — yObIBaeT HA KAMKIOM U3
3 X
npoMeRKYTKOB (—oo; 0) 1 (0; +e<).
Pewenue. Ilycts x;, u X, — NPOM3BOJbHBIE 3HAYEHUS apryMeHTa M3
npoMeskyTKa (0; +eo), mpuuém x; < x,. Torga mo ceolcTBY YMCIOBBIX Hepa-
1 1
BeHCTB — > — . CnenoBaresibHO, faHHAd (PYHKIUA yOBIBAET HA IIPOMEMKYT-
X X
1 2
Ke (03 +eo).
AHaJIOTMYHO OOKA3LIBAIOT, 4YTO (PYHKNUA [ yOBIBaeT Ha IIPOMEKYTKE
(—=; 0). =

Mger mokasanu, 4to GyHknus f(x) = 2 yOBIBAeT HA KayJO0M U3 IpPOMe-
A

KYTKOB (—co; 0) u (0; +=0). O6BbeguHeHHE 3TUX MpoMeRkyTKOB paBuo D ( f). Ox-
HAKO HeNb3s YTBEPMXIAaTh, YTO HaHHAA (PYHKIUA yObIBaeT Ha Bceil obiacTu

olpejeseHHs, T. €. ABINdAeTcda youiBawmei. [leficTBUTeNLHO, €CJIN, HAIIpUMEp,

1 1

x, = -2, x, = 3, To U3 HEpaBeHCTBa X, < X, He CJejyeT, 4T0 — > — .
X X

1 2

Mpumep 3. [lokaskure, uTo JuHeliHaa QyHkuus [ (x) = kx + b apnserca
Bospacralomei npu & > 0 u yosisaromei npu £ < 0.

Pewenue. Umeem: D (f) = R. Ilycts X, U X, — NPOUBBOJIbLHLIE 3HAUE-
HUA aprymenTta, npuuém x; < x,.

Sammmem: f(x,) — f(x,) = (kx; + b) — (kx, + D) = kx; — kx, = k (x; — x,).
Tak kak x, < x,, To x; — &, < 0.

Ecm & > 0, To k(x; — x,) <0, 1. e. f(x;) < f(x,). CaregoBaTensno, npu
k > 0 paHHaa QYHKIUA ABJIAETCA BO3PACTAIOLIEH.

Eciu £k <0, To k(x; —x,) > 0, 1. e. f(x;) > f(x,). CnegoBarensno, npu
k < 0 manHas QYHKNHUA ABIsAeTcA yOBIBalOIMEil. W

megp Teopema 2.1
Ecnu pyHKkuma i = [ (x) asnserca Bozpacraiowen (yGbiBaloliein) Ha MHoMe-
cree M D (f), To byHkuma y = —f (x) aenaerca y6biBaoueir (Bo3pacra-
owen) Ha mHowectee M.

Jloka3saTenbCcrBo
Ilycrs, Hampumep, GyHKnuA iy = f(x) sABIAeTCA Bo3pacralonieil Ha

muoxxecrse M. Torma nns nwobbIx X, U X,, IpUHAJIEKANIUX MHOMKeCTBY M
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U Takux, 4ro X, < X,, BBINOJHAeTcA HepaBeHcTBO [ (x;) < f(x,). Orciona
—f{;rl) > —f{xzj. CremoBarensHo, GyHENHA iy = —f (x) sABIsieTcsa yOLIBAIOIIET
Ha MHOecTBe M.

AmnanoruuHo paccMaTpHBaeTcsA caydail, Korga GyHKIuA y = [ (x) ABIA-
eTcsa yOBIBalolIeil Ha MHO:KecTBe M. m

Hcnons3ysa omnpefeJeHHs BO3PACTAOIIeill M yOBIBAKOINEl Ha MHOMKe-
crBe M (pyHKIMI, a TAK¥Ke CBOMCTBA YMCJ/IOBLIX HEPABEHCTB, JOKAMKITE Teope-
MBI 2.2—2.4 caMOCTOATeNILHO.

i) Teopema 2.2
Ecnu yHkumm ¥ = f(x) m y = g (x) aBnsoTca Bospacrawowmmm (y6bisa-
owmmu) Ha mHoectese M c D (f) [ D(g), o dynxuua y = f(x) + g(x)
ABnAeTca Bo3pacraowen (yooisaowen) Ha mHoecrse M.

Hanpumep, ¢yurnua y = —2x + 3 aBiasercsa yboiBawomed, ¢pyHKIuA
y = x* youiBaer Ha npomexyTre (—oo; 0]. Torna pyurnusa y = —2x + 3 + x* youI-
BaeT HA NpoMe:xyTEe (—eo; 0].

nush Teopema 2.3
Ecnn pyHkumm 7 = f(x) m y = g (x) aBnsoTca Bospacraowmmn (y6bisa-
lowmmn) Ha mHowecree M < D (f) (| D(g) v ana nio6oro x € M sbinon-
HsloTcA HepaBeHcTsa f (X) = 0 mn g (x) = 0, To pyHkuma iy = f(x) g (x) asna-
eTca Bo3pacraouien (yobisaouwei) Ha mHoecree M.

Hanpumep, pyHKIMA ¥ =X dABJAeTCA Bo3pacramuiei, QyHKIUs
y = x? Bospacraer Ha npoMexyTke [0; +e<). Ha aToM mpomesxyTke paccMaTpu-
BaeMble (DYHKIUKM IIPUHUMAaKT HEOTPUIlaTeIbHbIe 3HaYeHUs. Torna GpyHKIuA

y = x%4/x Bospacraer Ha npome:xRyTKe [0; +eo).

eng) Teopema 2.4
Ecnun yHkuma i = f (x) asnaerca sospacraowen (y6oisatoulen) Ha MHOXe-
crBe M v Ha 3ToMm MmHOXecTBe hyHKUMA [ NpUHMMaeT 3HaYeHUA oAvHa-

KOBOro 3HaKa, To pyHKuMA ¥ = sBnaerca yobisalowen (Bo3pacra-

1
S(x)

owein) Ha mHoxectee M.

Hanpumep, dpyHnusa y = /X aABadercs Bospacrawmoueid. IIpomesxyTox
(0; 4eo0) ABIsAETCA NPOMEXKYTKOM 3HAKOIIOCTOAHCTBa 3ToN ¢dyHKIuH. Torma

hyHEIUA Y = 3 ABJseTCS YOBRIBAIOIIEH.

T

22



sy Teopema 2.5
Ecnu dpyukuma y = f(x) asnaerca Bospacraowen (y6Gbisaowein), To
ypaBHeHue [ (x) = a, rae a — HeKoTopoe uncno, umeet He Gonee opgHoro
KOPHA.

HNokaszarenbcrBo

ITycTs uncna x; u X, ABAAIOTCA KOPHAMH YpDaBHEHUA / (x) = a, npuyém
X, # X,. IIocKONBKY QPyHKIUA | sBnsieTcs Boadpacrawomeil (yObIBaromieii), To
f(x)) # f(x,). Umeem: f(x,) = a, f(x,) = a. Orciopa f(x,) = f(x,). Honyuunn
nporuBopeune. CiegoBaTesbHO, ypaBHeHue [ (x) = a uMeer He DoJiee OJHOTO

KOpHA. W

mnsp Cnepcreme
Ecnu oaHa u3 dpyHkumin i = f(x) unn iy = g (x) asnserca Bo3pacralowyei Ha
mHoxecree M = D (f) (| D (g). a ppyras — y6bisaiowiein Ha mHoxecree M,
TO ypaBHeHue [ (x) = g (x) nmeer He Gonee oAHOro KOpHSI.

Hoka3sarenscreo

ITycry yurnua y = f(x) ABasieTrcsas Bo3pacTamlileil, a QyHKIHA 1 =
= g(x) — yobpiBaromen Ha muO:xkecTBe M. Torna mo teopeme 2.1 dyHKIUA
Y = —£(x) asnserca Bo3pacrawolieil Ha MmHokecTBe M. Ilo Teopeme 2.2 pyHK-
nuda y = f(x) — g(x) asnsierca Bodpacraiolieil Ha mHOKecTBe M. Torma mo Te-
opeme 2.5 ypaBuenue [ (x) — g(x) = 0 umeer He GoJiee OJHOTO KODPHA.

Cayuaii, korga GyHEOUA ¥ = f(x) ABasgerca yObIBaiolled, a QyHKIUA
Yy = g(x) — Bospacrawlneii Ha MHOkecTBe M, paccMarpHBaeTcA aHAIOTHY-
HO. W

Mpumep 4. Pemure ypaBHenne 1° ++/2x -1 = 2,

PeweHune. Paccmorpum dyakuuu /(x) =x° u g(x) = +J2x — 1. Onu asns-
I0TCA BO3PACTAIOIIMMHU (IOKaKHUTe 3TO caMocToATeNbHo). ClenoBaresbHO, MO
Teopeme 2.2 pyHKIuA iy = [ (x) + g (x) AaBnserca Bospacraomeii. Torma Teope-
Ma 2.5 MO3BOJIAET VTBEPK/IaTh, YTO JAaHHOE YpaBHeHHe UMeeT He Dojiee OHO-
I'0 KOpHS.

HerpyaHo 3amMeTHTh, 4TO X = 1 ABJIAeTcCA KOPHEM JAaHHOI'O YpaBHEHHS,
C yuéToM BBINIECKA3AHHOI'O 3TOT KOPEeHb SIBJAETCA eIHUHCTBeHHBIM,

OtBeT: 1. =

sugy Teopema 2.6
Ecnu pyHkuus f aBnserca Bo3pacraiouen, To ypasHeHue f( f(x)) = x pae-
HOocUNbHO ypaBHeHuio [ (x) = x.
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Hoka3arenbeCcreo

Ilycrs X, — KOpeHb ypaBHEHU:A i) =5 5 & f{,rﬂ) = X,
S (f(xy) = f(x,) = x,, 7. e. x, — KopeHb ypaBHeHua [ (/(x)) = x.

ITyers x; — KopeHb ypaBHeHus /(f(x)) =x, 1. e. f(/f(x,)) = x,. Hoxka-
JKeM, 4TO _f{;!;:l) = x,. lIpeanosoxum, 4ro ato He Tak. Torga f[,rl} > X, WA
fxy) < x,.

Paccmorpum cnyuait, Korna f(xl) > x, (cnydaii, Korjga _f(xl) < x,, pac-
cMaTpuBaeTcsa aHajnoruuyuno). Tax kak / — Bospacraoomas (QYHKIHS, TO
S(f(x)) > f(x)). Ho f(f(x,)) =x,. Orciona f (x,) < x,. IToxy4yuau npoTuro-
peuue.

CraenoBaTeIbHO, f{xl} =X, T. €. X; — KOPEHb ypaBHeHUA f@)=x.m

. Torna

Mpumep 5. Pemurte ypaBHeHue \/2 +2+x = 2x.

PeweHue. Pacemorpum dyakiuio [(x)=+2+ x. JlanHoe ypaBHeHUe

MOJKHO IIpejcTaBuTh B Buze [ (/(x)) =x, roe [(x) =2+ x.
Tak xak GyHKIUA [/ — Bo3pacTaoomas (JOKaKUTe 3TO CAMOCTOATEIBHO),
TO 3TO ypaBHEHUE PABHOCHJBHO ypaBHEHHIO [ (X) = X, T. e. YPABHEHUIO

Ve2+ X =X,

Bossegém obe yacTu 5TOr0 ypaBHEeHUS B KBAJIPAT U IepeUéM K ypaBHe-
HUIO-CJIeICTBUIO:
B+ =%
Orcona x = 2 niam v = —1.
ITpoBepkoil ycraHaBJIMBaeM, YTO KOPHeEM HCXOJHOIO YpaBHeHUS SBJIA-
eTca TOJBKO X = 2.
OTtBeT: 2. =

engy Onpepenenwve
Yucno f(x,) HasbiBalOT HanGonbwmm 3HaveHnem GyHKUMK [ Ha MHOXe-
cree M c D (f), ecnu cywecreyer takoe umucno x, € M, uro ansa Bcex
x € M eeinonusetca Hepaeencreo f(x,) = f(x).

0603Ha4aIOT: max Flx)=_1(x,)

snp OnpegencHwe
Yucno f(x,) Ha3bIBaIOT HAaMMEHBWNUM 3HaYeHneM yHKUMN [ Ha MHOXe-
cree M < D (f), ecnu cywecreyer takoe umncno x, € M, uro gna Bcex
x € M sbinonuserca Hepasencreo f(x,) < f(x).

0O603Ha4aIOT: n}}n f@)= gk
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PaccMoTpuM HECKOJBKO IIPDUMEPOB.

Ina f(x)=+x u M =[0; 4] umeem: min f(x) = f(0) =0, max f(x) =
= /(4) = 2(puc. 2.4). [0: 4] [0: 4]

Ins _,{-{1‘) =|x| u M =[-1; 2] umeem: min f(,r} 2 f('[}]' =0 HiaE f{x) _
= f(2) =2 (puc. 2.5). =1l [-1;2]

7 . 7 5

[

[

Puc. 2.4 rFuc. 2.5

Ecau ¢ — HexoTopoe uuciio u [ (x) = ¢ ana awboro x € M c R, To 31O
YHCJIO ABJSETCI U HAUOONBIIMM, M HAMMEHBIIMM 3HAaYeHUeM QYHKOUH [ Ha
MHO:KecTBe M.

He mobaa ¢pyaxknus Ha gansom muoxkectse M < D (f) uMeer HauMeHb-
mee wiu Hanbosbiee savenue. Tak, nus pyakuuii [ (x) = 2% u f(x) = {x} no-
ay4daeM, 4To m}%n f(x) =0, a Haubosnbuiero 3HaYeHUsT HA MHOKecTBe R aru

GyHKnuM He uMeroT. @yHrnua [(x) = % Ha MHOxKecTBe M = (0; +o0) He uMe-

eT HU HAUGOJIbIIero, HU HAUMEHbIIero 3HAYeHU .
YacTo Ipyu HAXOMJEHUU HAUOOIBLIIEro U HAUMEHbIero SHaYeHUM QyHK-
UMY YI0OHO MOJIL30BATHCHA TAKUMU OYE€BHIHLIMH CBOMCTBAMU:!
o eciu yuxuyusa [ eospacmaem mna npomencymxe l[a; b], mo

fain f(x)= f(a), max J(x)= f(b) (puc. 2.6);
e ecau (f)gﬂiﬁﬁ{i;!.ﬂ [ yowvieaem na npomexncymxe [a; b, mo migl fx) =
= (b, max /(x) = [(a) (pme. 2.7). aa

YA YA
f(b) J(b)r
f@} f@i-=r-=>
1 |
0 a b ].'x-" 0 a b ;’
Puc. 2.6 rFuc. 2.7

25



Hpumep 6. Hangure Haudosnbliee 1 HaMMeHbIIee 3HAUYEHUS (QYHKIIHU
f(x) =22 + 3x + 2 na npomemyrtre [-2; 1].

PeweHuve. ®yaxnnu i = x° u iy = 3x + 2 ABIAIOTCA BO3PaCTAOMAME (10-
Ka)kuTe aTo camMocTroAaTenbHo). Ilo Teopeme 2.2 Bospacrarolneii ABIAETCS
u nan"as @yakuus /. CiemoBaresnnHO, mm f(x)= f(-2)=-12, IIch_){ Fix) =

= /W)=6.m o -

Mpumep 7. [Mokaxkure, uro npu Becex x € [0; 1], 7 € [0; 1], z € [0; 1]
BBIMOJIHAETCS HepaBeHCTBO:!

x(1l-y)+y(l-2+z(1l-x) =1

PeweHne. PaccMoTpuM pasHOCTE JI€BOM M IIPaBOM YacTeil HepaBeHCTBA:

x(l-y)+y(l-2)+z(l-x)-1=x(1-y-2)-yz+y+z-1,

Ilokaxem, 4TO 3Ta Pa3sHOCTh NPUHUMAET TOJIBKO HEIOJOKHUTeIbHbIe
3HAUEHUS.

Cuuras y U z napaMmeTpamMu, paccMoTpuM GyHKIHIO [ (x¥)=(1 —y — 2)x —
—yz+y +z— 1. ®yarnusa f, D (f) = R, — nuHeiiHasA, 1 eé rpa@uKoOM ABJIA-
ercsa npamasi. Torga rpadpukom dyukuuu f, D (f)=[0; 1], ABnserca oTpes3ox,
abcruccesl KOHIOB KoToporo paBubl O 1 1. 9Ta GyHKIHUA ABAAETCA A BO3pac-
Tawle, UK yOsIBallei, WiIn rmocTossHHoU. Bo Becex Tpex cnyyasax Haubob-
mee 3HaveHue pyuarmusa f, D(f) = [0; 1], npuHumMaeT Ha OTHOM U3 KOHIIOB
npome:kyTra [0; 1].

HNmeem:

fO)=—yz+y+z-1=—(y-1)(z-1)< 0

f)=1-y—-z-yz+y+z—1=—yz< 0.

Cneposarensno, f(0) < 0, /(1) < 0. IToaromy rEr{:le f(x) < 0. Dro o3Ha-
yaeT, 4To 1A Joboro x € [0; 1] BemmonHsiercs HepaBeHCTBO [ (x) < 0. Cieno-
BaTeJIbHO, BeIpaskeHue ¥ (1 —y — z) —yz + y + z — 1 TpUHUMAaeT TOJILKO HEIo-
JOMKUTEIbHEIE 3HAYCHUS. W

Ilyers msa mwoboro x € D (f) () D (g) BeinonHsoTes HepaBeHeTBa [ (x) < A

u g(x) 2 A, rorna ypasHenue f (x) =g (x) paBHOCUJIBHO CHCTEME
{f (x)=A
g(x) =

ITo oueBHIHOE cooOpaKeHUe ABIAETCA KJIIOUOM K PEIleHUI0 [eJIoro pa-
Jla YypaBHeHH.

MNpumep 8. Pemute ypaBHenue |x + 1| + |[x — 1| = V4 — a2,

PeweHue. Pacemorpum pyarmun f(x) =[x+ 1]+ |[x— 1| ug(x) = V4 — 12,

IMockonsry 4 — x2 < 4, To V4 — a2 < 2. Torga ana moboro x € D (g)
BBIIOJIHAETCS HepaBeHCTBO g (x) < 2
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PacemoTpuM Ha KoOpAMHATHOM npAMod Todkw A (x), 6 (1) u C (1)
(puc. 2.8). Torma 3HaueHme BhIpamkeHusa |x + 1| + |[x — 1| paBHO cymme
AB + AC. TIlockoasky BC = 2, To npn 11000M IOJI0XKeHNH TOYKH A Ha Koop-
NUHATHON NMPAMOH BbINOJHAeTcA HepaBeHcTBo AB + AC =2 2, 1. e. |x + 1] +
+ |x—1| = 2. Torga pus aw6oro x € D (f) BeinosHsAeTcA HepaBeHCTBO [ (x) = 2.

ITonyuaem, 4TO UCXOAHOE YPABHEHHE PABHOCUJIBLHO CHCTEME:

lx+1|+ =1 =2,

vad—-x% =2,

Bropoe ypaBHeHHe CHUCTeMbl HMEET eJHHCTBeHHEIA KopeHb X = 0, KoTo-
PBIH Tak:Ke SABJIAETCA KOPHEM IIePBOro YPaBHEHUS CUCTEMBI.
OtBeT: 0. m

2 1.4Y7o HasbiBaIOT HYNeéM pyHKU1U?

2. 470 Ha3bIBAKOT NpPoOMeXyTKamMuy 3HaKOMoOCTOAHCTBA (PYHKUMN?

3. Kakyio ¢yHKUMIO Ha3biBaloT Bo3pactamouwen (ybbiBatowen) Ha MHOXe-
crBe M?

4. Kakyio ¢pyHKUUIO Ha3biBaloT Bo3pacTtaowen (ybbiBatowen)?

5. DyHkuma iy = [ (x) aBnseTca Bo3pacTtatouen (yobisatowei). CKonbko Kop-
Hel MOoXeT UMeTk ypaBHeHue f(x) = a, rae a — HekoTopoe Yyuano?

6. Kakoe 4ncno HasbiBaloT HaubonblWM (HaUMeHbILVM) 3HaYeHneM yHK-
UMM Ha MHOXecTBe M?

- m
@ YnpaXHeHVA 4 s uem

2.1. Ha pucyurke 2.9 usobpaxén rpaduk ¢yaxuuu y = f(x), onpenené HHOM
Ha MHOMkecTBe R. ITonb3yscek rpadmukoM, HAgKUTe:
1) HyIH (PYHKIHH;
2) IpOMeAXKYTKN 3HAKOIIOCTOAHCTBA (DYHKIIHH;

7
\\ ’/

A B C 1 /

s \ A 1IN /
v
1|0 | = X

N d ks “‘H__h_ 4
r Puc. 2.8 r Puc, 2.9
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2.2,

2.3,

2!4"

2.5.
2.6.

2.7.

2.8.

2.9.

d3) OPOMEXKYTKH BO3pacTaHUA U MPOMEKYVTKHN YOBIBAHUSA (PYHKIUA;
4) sHAYeHHe: rngn T, max £z, mln_/(;r mdxj(:f max f(x),

s, F L) [-2:1 [-2:1 (-2: 0)
(—2: 0)
Ha pucyake 2.10 uszobpa:kéH rpadpur pyHK-
nuu iy = [ (x), onpenenéuHoi Ha MEOKecTBe R. g4
Ilonsaysace rpapurom, HAUTE: 1 /
1) Hynu QyHKIHH; /
2) NpoMeKyTKHA 3HAKOIMOCTOAHCTBA (DYHKITHN; % {,.:
3) NpPOMEMKYTKHM BO3PACTAHUA U MPOMEKYTKH O\ 1 / &
yOLIBAHUA (PYHKIIUH; / /
4) smauvenue: max /[ (x), min f(x), max f(x), WiF

[0; 2] [0 2] R
H%n f(x), grid{}ﬁf [H}IE}_[(I [

ITpu xkakom HaubOJbLIIEM I[EJIOM 3HAYEHUH |y
napamerpa 1 QpysHrnuda y = (8 — 3n)x — 7 as- Puc. 2.10
JisieTcs Bospacraoliei?

Ilpy kakmx 3HaYeHUAX napamerpa m (QyHKOUA y = mxy —m — 3 + 2x
ABJAeTCA YOBIBAIOUIEH ?

Haiigure npomMe:XyTKH Bo3pacTaHUA (PyHKIMHU ¥ = {X}.

Haigure Hynu pyHKITUK:

y=x%+1; 3) y = xJx-1; 5y #:= {x);
2) y=Ax—1-\x+1; 4) y = |x| —x; 6) y = D (x).
Hajiigure HyIH (QYHKITHH: ;

1) 4 =—b; 3 ad _g; By y=xD(x):

)y ) Y= T )y ()

2}y = |x| +a3 4) y = [x]; 6) y =sgn(2x — 1).

HalinuTe 0poMe:KyTKH 3HAKOIIOCTOSSHCTBA (DYHKI[HUHK:

)y=x2%-2x+1; 3) y=+Jx-1; 5) y = Jx(x —1)%;

9
2)y=g5_7; ) y=|x+1[; 6) y = {x}.
Haiingure npoMe:XyTKH 3HAKOIIOCTOAHCTBA (PYHKITUN:
1) y =22 + dx + 4; 3)y=|x| - 1; 5) y = J(x —1)(x — 3)%;
2) y=Vx+2 )y = 12" -4|; 6) y = [x].

2.10. [loraxkure, 4T0 (PYHKIUA ABJIAETCA BO3pACTAIOIIEN:

1) y=+x-1; 2) y=~2x+1.

2.11. [lora:kure, 4ro PYHKIUA ABJASAETCA BO3pacTalOIle:

1) y=+x -3 +2; 2) y=3x-1-




2.12.
2.13.

2.14.

2.15.
2.16.
2.17.

2.18.

2.19.

2.20.

2.21.

2.22.
2.23.

2.24.

2.25.

2.26.

DyaKUa i = [ (x) asasgerca yoOwiBawomeii. Bospacraomeil unu yobiBa-
01e apiagercsa PYHKIUA (OTBeT 0DOCHYUTE):

1) y = 3f (¥); 2) y = —f (x); 3)y=/f(x)+5?

DyuKnuA y = f(x) Bospacraer Ha MHOKecTBe R. Boapacralomeil miu
yObIBaromieil Ha MHOMecTBe R aBnserca ¢pyHKnuA (orBeT 000CHYITE):
1) y = -3/ (x); 2) y = f(~x); 3)y=/(x+5)?

Hoxkaxkure, uro pyHknua y = x", rae n € N, n — HeuéTHoe, SBIsETCA
BO3pacTarolen.

Haiigure npoMeXyTKM BO3pacTaHUS U YOBIBAHUA QYHKIUHU i = X2 + 1.
Haiiure NpoMeKyTKH BO3pacTaHUsA ¥ yObIBaHUA QyHKIUM I = —x2 — 4.,
Hoxraure, 4T0 QPYHKIWA:

y=g—

2) y = 2% — 4x + 3 y6bIBaeT Ha NpoMexyTKe (—=; 2].
Hokamxure, 4rTo PyHKIIHAA:

1}_‘&,!: xX+5

2) y = 6x — x? BosdpacTaer Ha IPOMEKYTKe (—o; 3].

BO3pacTaeT Ha IPOMexyTKe (3; +oo);

yObIBaeT Ha MPOMEKYTEKe (—d; +o0);

k
Hoxkaxkure, uTo GYHKIHUA Iy = — yObIBAET HA KaXKJIOM U3 IIPOMEKYTKOR
-

(—co; 0) 1 (0; 4+o0) npu £ > 0 1 BospacTaer Ha KAMKJOM U3 9THUX IIPOMEHYT-
KoB npu k < 0.

Haiigure mpoMe:kyTKN BO3pacTaHUsA U YOBIBAHUSA PYHKOIUU ¥ =

241
i 1
Haiigyre npoMeXyTKH BO3pacTaHUs U YOBIBAHUA QYVHKIUU I = 7 4"
._:.l‘" —

HalinuTe npoMesKyTKH BO3pacTaHus ¥ yOBIBAHUA QYHKIUU i = |x — a|.
Hokamxure, 4To QYHKIUA ABJIAETCA BO3ZpPACTAIOIIEH:

1) y=x°+x; 3) y=+Jx-1 +J}; 8) ¥y = xv—x;

2
2) y = xt +Jx; 4) y = xJx; G)y:(\/E+1].
Horaxxute, 4To QPYHKIUA ABJIAeTCA YObIBAIOIIEH:
1
1 = —X+—" 3 = —X+ X}
) Y N7 ) Yy
2) y =VJ2—x +-x; 4) y:—x\/;.

DyHKnuA iy = f(x) ABnAeTcAa Bodpacraloeii. BepHo nu yTBepiaeHUE,
4yTO BO3pacramwilei apngerca pyaknusa: 1) y = (f(x)?%; 2) y = (f (x))*?
Haiigure max f(x) n n}}n f(x), ecnn:

1) f(x) =% - 6x + 10, M = R; 2) f(x)=+16 -2, M=D(f).
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2.27. Haligure max f(x) u rrﬁn f(x), ecan:
1) f(x)=—a?-8x-3, M=R; 2) f(x)=~2x—-x2%, M= D(f).
. B R .
2.28. Haiinure:
1 inl|x —1/+|x —3l); 2 ' x+2|—|x1); 3 ' :
) m};nﬂx |+ |x |), }HE’IK“T-F | |1:‘|], }mf?xrz+l
2.29. DyHKOUHU [ U g onpefiesieHsl Ha MHO:KecTBe R. Bospacratomieit uiau yoni-

2.30.

2.31.

2.32.

2.33.

2.34.

2.35.

2.36.

2.37.

2.38.

2.39.
2.40.

Balolleil ABasieTrcsa GyHKOus iy = f(g(x)), ecau:

1) f u g — Bospacrawiue QYHKIIHH;

2) f u g — yobiBawmue QYHKIIAN?

DyHKIUY [ U g ollpeiesieHbl Ha MHOMecTBe R. Bospacratomieit unu yonI-
Baloleil Apnserca pyHrnus y = f (g (x)), ecau:

1) / — Bospacrawias, g — ydbIBawIIad;

2) | — ybmiBawomas, g€ — BospacTaromas?

IIpn KakuX 3HAYEHUAX Hapamerpa ¢ QyHKIUA I = X |x — a| aABasgercsa
BO3pacTaolei?

IIpu KakuX 3HAUYEHUAX Mmapamerpa ¢ Gyurnus y = (x — 1)(x — a)? asnsa-
eTcs Bo3pacTawleii?

ITpu xakux 3HaUYeHUAX NapaMerpa d (PyHKOUA Iy = |x — a| BospacTaer
HA MPOMeXKVTKe [2; +e0)?

ITpu kakux 3HAUYEHUAX Iapamerpa d (yHKUUA iy = |x + a| yObiBaeT HA
NpoMeRyTKe (—oo; —1]7

Pemure ypasHeHuUe:

1) x° + 2% + x = -8;

2) VX +1+Jx+6+J/xr+13=9;
3) 2% +2xJx -1 =12,

Pemure ypaBHeHUe:
1) 2xT + 2%+ x = 4;

2) 2Jxr +Jx -5 +J2x + 7 =13;
3) 4x® + 3xJ4x -1 = 2.

Pemure ypasuenue:
1) Vx +Jx—5 = 23— 2x: 2) x3+ﬂ=%.

Pemure ypasHeHuUe:
1]x3+\/._:%+15; gy 4 —‘E.

2 +1

Pemure ypaBuenue |x + 1| —|x| = Jat + 1.
Pemure ypasuenue |x —1|+|x + 2| = 9 — x2.



2.41.

2.42.

2.43.

2.44.

2.45.

2.46.

2.47.
2.48.

xT -y =y" —x,

x? +xy +y? =12.

14_@:!}4_\/}’

22+ 3y2 =2

Pemute cucremy ypaBHeHH {

Pemnre cucremMmy ypaBHeHUI {

Cl2yx+y +(x+y)t =3,
Pemnre cucremy ypaBHeHHH § ;
122 4+y2 =1,

Hoxaxure, uro npu Bcex x € [1; 2], ¥ € [1; 2] BoinoaHAeTCA HepaBeH-
cTBO 3(x + y) = 2xy + 4.

Moxkamxure, uro upu Beex a € [0; 1], b € [0; 1], ¢ € [0; 1] BeinoIHAETCA
HepaBeHCcTBO abc +2 Za+ b + c.

Pemnte ypaBHeHHE \/ﬁ +46+x =2x.
Pemure ypasuernue (12 + 1) = 8(2x - 1).
DyHKIUA [ TaKoBa, YTO AJs JA1060r0 X € R BBITIOJIHAETCA HEPABEHCTBO
1
[ - (f@P> .

Mosker nu pyHKEOUA [ OBITH Bo3pacTaioueil uin ydsiBaroniei?

 m
YnpamHeHuWs AN NOBTOPEHUA g g

2.49.

2.50.

Haipgure Bce mapsl uucena (x; YY), YAOBIETBOPAIOUINE YPaBHEHHWIO
Vx2 —4x +,Jy—2 =0.

-2
ITocrpoiite rpaduK QYHKIUH I = i ,

X+2

5 n YéTHble U He4YéTHble (PYHKLUMM

=f =13

Onpepenenne
®yHxuymio f HasbiBaloT YéTtHon, ecnm ansa nwboro x € D ( f) ebinonHseTcs
paBeHcTBO [ (—X) = f (x).

Onpegenexnne
dyHkumio [ Ha3bIiBalOT He4YéTHON, ecnu ana nwboro x € D (f) Bbinonxa-
eTca paBeHcTBo [ (—x) = —f (x).
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Hanpuwmep, ¢pyaxknuus f(x) = x* — uérHas, a QyHKOua g (x) = x° — He-
uyérHas. [eiicreurensuo, D (f) = D(g) = R. [lna nwoboro x € R BHEIIOIHAIOT-
ca paseHerBa f(—x) = (—x)P =x2 = f(x) u g(—x) = (1) = —® = —g (x).

Brinonnenue paBeHcTB f(—x) = f(x) u f(—x) = —f(x) ana moboro
x € D(f) osnauaer, uro mHOKecTBO D (/) obramaeT TAKUM CBOHCTBOM: €CJIH
o D(f), To X D (f). Takyrwo obaacTh onpejieieHHsI HA3bIBAIOT CHMMe-
TPHYHOMH OTHOCHTEJIHHO HAYAJIa KOOPJHHAT.

M3 npuBeJEHHBIX ONPeeSIeHUil CIAeYeT, YTO ecit obacmny onpedee-
HUS PYHKUUU He SAEASEMCA CUMMEMPUYHOLU OMHOCUMENBHO HAUAAAd KOOP -
dunam, mo ama PYHKUUS He MoNcem Obimb HeéMHOU (HeuémHotl).

Hanpuwmep, obnacts onpeneneHus (GpyHKIUM I = % HEeCUMMEeTpHUYHA

OTHOCHTEJIbHO Hauajaa KoopauHaT. IloaTomy sTa QYHKIHA He SABIAETCA HH
YeTHOM, HU HeYeTHOMH.

YV ¢pyarnun f(x) = 2% + a%, D(f) = R, o6nacts onpegeseHus cUMMe-
TPUYHA OTHOCHTEJILHO Hauana KoopauHAT. OIHAKO OHA He ABJSAETCA HH 4éT-
HOM, HU HeueTHoH. [lefIcTBUTE/ILHO,

f(=x) = (x)? + (x)? = = + 2% —f(x) = —x® — a2, [lonyuaem, 4TO HU
onHo u3 paseHcTB f(—x) = f(x) u f(—x) = —f(x) He BBHIDONHAETCA IJA BCEX
xre R.

|lx -2 |x+2]
e .
1+ x 1-x
PeweHue. D(f)={xe R | x # -1 u x # 1}. CnenosarenbHo, 06/1aCTh
ompeneaeHus (PYHKIUH / CMMMETPHYHA OTHOCHTE/bHO HaYaja KOODAHHAT.
s nwoboro x € D (f) umeem:

Mpumep 1. Uccnenyiite Ha yéTHOCTDL PyHKIUIO f(X) =

l-x-2| |-x+2] |x+ 2| |x - 2]
—%) = = g - "
S =5 =) ~ 1% @ 1i% = Jflx).

CnenoBaTenbHO, QYHKIUA [ YéTHAA. W

2" -1
gn 1"
PewleHne. Muo:xecTBo Z ABIseTC CUMMETPHUYHBIM OTHOCHTEJILHO Ha-
yaJjia KoopAuHar.
Insa noboro n € Z umeem:

Mpumep 2. Ucenenyiire Ha YETHOCTL QyHKRIUIO [ (1) = D(f)=Z.

T4 1=2
9-n _ 1 H M Gl |
f{_ )= -1 = 2 =2 " on Z—f(?’l}.
+1 1 1 142 2" +1
z_ﬂ on

CnengosartesibHO, (DyHKIUA [ HeYETHASA. W



=]

Teopema 3.1
Ecnu touka M (a; b) npunagnemur rpacpuky uérHon pyHkuyum f, To Tou-
ka M, (—a; b) raioke npunapnexur eé rpacguky’.

[lokasarenscreo

Ecnu touka M (a; b) npunagnesxur rpadury dyakuuu f, to [ (a) = b.

Tax kak dyekuua [ uérHas, to f(-a) = f(a) = b. Oro o3Hayaer, 4TO TOY-
ka M, (—a; b) raxxe npunagnexur rpadpuxy Gyuxnuu /(puc. 3.1). m

DEE)

Teopema 3.2
Ecnm touka M (a; b) npunagnemut rpapuky HeuéTHon hyHKUMM [, TO TOu-
ka M, (-a; —b) Taoxe npuHapnexwur eé rpadpmky? (puc. 3.2).

Hoka:xure aTy TeopeMy CAMOCTOATEIbHO.

U & YA
bt —4M
i |
T : -
| S0 a x
|
M § - {1-b
Puc. 3.1 FP”C- 3.2
musy Teopema 3.3

Ecnm pyrkumn i = (x) n iy = g (x) 4érrbie (Heuétnbie) n D () N D (2) # &,
1o hyHkums y = f(x) + g(x) asnserca yérHon (HeuéTHoR).

Teopema 3.4

Ecrv pyHkumn i = f(x) n y = g(x) yérhbie (Heuéthbie) u D (f) 1 D (g) = 3,
To chyHkuma ¥y = f(x) g(x) asnaerca yérHon. Ecnn oaHa mu3 pyHkumin |
unu g 4étHas, a gpyraa — HeuétHan, To pyHkuma iy = f(x) g (x) asnaerca
He4YeTHOMN.

1 0 raxom rpaduke roBopsT, 4TO OCH OPAMHAT ABIAETCH €TI0 OCHI) CHMMETDHH, HIIH TPa-
(PHE CHMMETPHYEH OTHOCHTENLHO ocH opauHar. C (HrvpaMu, MMenIIHMH 0Ch CHMME-
TPHH, Bhl IO3HAKOMHINCE B Kypce MaTeMATHKH 6 knacca. Bomee mogpobuo 0b atux du-
rypax BRI V3HAETE B Kypce reoMmerpuu 9 wmacca.

2 O Takom I‘IJE;IZI]HRE TOBOPDAT, 9TO HAYAIO KOODIHHAT ABJIAETCHA €I'0 IeHTPpoM CHMMEeTDHHE,
HIH PPE.II]HK CHMMeTpHYEH OTHOCHTeJLHO Hadalla KOoOpIHHAT.
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Henonb3ysa onpenelleHUA YETHOW U HeYEeTHOH QYHKIIUHM, MOKaMUTEe Teo-
peMsl 3.3 1 3.4 caMOCTOATEILHO.

OueBngno, yro pynknusa y = 0, y koropoit D () = R, ofHOBpeMeHHO sAB-
JseTca U 4YeTHOM, U HeuyeTHOM (yHKuMell. [lorkamkem, urto Apyrux QyHKIUHA
¢ obaacTeio onpeneseHnus R, ABIAOIIUXCA OJHOBPEMEHHO M Y8THLIMU, U He-
YE€THBIMH, HEe CYIIeCTBYeT.

ITyers pyHKUUSA f, onpefesiéHHAass HA MHOKecTBe R, aBisercsa W 4éT-
HOil, u HeuérHOoH. Torma mnsa arboro x € R BRINOJIHAKTCA paBeHCTBA
f(=x)=f(x) n f(—x) =—f(x). Orcioga f(x) =—f(x), T. e. 2f (x) = 0 nna mxso-
boro x € R. CnexnoBarenbHo, pyHKIus / TakoBa, uTo f (x) = 0 gna nwoboro
xe R.

sngp Teopema 3.5
Kaxayto pyHkuymio f, o6nacrs onpegeneHus KOTOpoil CMUMMETPUYHA OTHO-
CUTeNbHO Ha4Yana KoopAuHaT, MOXHO eAUHCTBEeHHbIM cnocobom npepacra-
BUTb B BUe CYMMbl YETHON N HEYETHON (PYHKLMA.

Hokazarenscreo

PaccmorpuM GyHKRINH g(X) = /() +2f(—.r) u h(x) = /() _2’[(_"1}
yeTaHOBHUTE (yOeguTech B 3TOM CAMOCTOSTEJILHO), 4TO (PYHKIUA g uyéTHad, a
byHKUA /1 HeuéTHaA. 3ameTum, uTo [ (x) = g(x) + & (x). Urak, MeI mpejcra-
BUJIM QYHKOHIO / B BHAE CYMMEI YETHOIl U HeUYETHOI QYHKIIUIA.

Hokaxmem, 4TO Takoe IpefcrasieHue eguucTsennoe. Ilyers aT0 He Tak,
T. €. HAMAYTCA YeTHbIe QYHKIVH &, U g, 1 HeYeTHble QYHKIHA h1 U hg Takue,
4yTo A1 Jiroboro x € D (/) BEINONMHAIOTCA paBEHCTBA:

f() = g,(@) + hy (),
S () = g,(0) + Iy ().

Orciona ans moboro x € D (/) BuIOJHAETCA PABEHCTBO

gl(x] - gg(x) = hg(x) - hl(—r}-

ITycts ¢ (x) = g,(x) — g,(x). B cuny Teopemsr 3.3 QyHKIUA () YETHAS.

B 1o xe Bpems dyHKIUA @ (x) = kz{x‘) — hl(:.t‘}, a cJaeoBATeJIbHO, B CHIY
TeopeMbl 3.3 GyHKIUA ( HeuéTHas. OTciofia ciexyer, uTo iy Jdwoboro x € D (f)
GYHKIHSA () — KOHCTAHTA, paBHas HyJ0. CrefoBaTenbHo, 11 aoboro x € D(f)
BBITIOJIHSETCSA PABEHCTBO &, (X) = g,(x) 1 hy(x) = h (x). m

. JIerko

MNpumep 3. Ilpy KakuX 3HAUEHUAX NapaMeTrpa d ypaBHeHue 2ax? + |x| +
+ x% = % — 1 uMeer egUHCTBEeHHEII KOpeHb?

PeweHue. Paccmorpum dyurnuio f(x) = 2ax* + |x| + ¥ — a® + 1. Ona
aBaaercs 4éTHoi. [ToaTromy ecnim ypasuenue f(x) = 0 uMeeT KopeHb Xys TO OHO
TaK/Ke UMeeT KOpeHb —X,. [lJ1a Toro urobbl ypasHeHUe UMEJIO eUHCTBeHHbIH
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KOpPeHb, JOJIKHO BBIMOJHATHCA PaBEHCTBO X, = — X, T. €. X, = 0. Torga neob-
X0aAuMO, 4T00bI X = ) OBLIIO KOpHEM JaHHOT'O0 YPaBHEHHS.

IMogcrasum x = 0 B ucxonuoe ypasaenue. [Hoayunm: a? — 1 = 0. Orciona
a=1nma=-1.

IIpu aTux 3HAYeHHAX nmapaMmeTrpa a uncjo ) aBiasgeTca KOpHEM HMCXOIHO-
ro ypaBHeHus. OQHAKO 9TO He 03HAYAET, YTO YPABHEHHEe He HMMeeT JPYIux
KOpHeil, OTIHYHEIX oT Hyad. IlosToMy cleayeT BBIACHUTH, CKOJLKO KOpPHEMH
HMeeT MCXOo[Hoe ypaBHeHue npu a =1 u a = —1.

IIpu a =1 umeem: 2x* + |x| +x%=0. Tak kak 2x* > 0, |x|] 20u x? > 0,
TO 3TO YpaBHeHHE HMeeT eJUHCTBeHHBIN KopeHs X = (.

IIpu a = -1 umeem: —2x* + |x| + 2% = 0. BTo ypaBHeHHe, KPOMe KOpPHHA
x = 0, uMeer U Apyrue KopHHU, Hanpumep x = 1. CremoBaTe/IbHO, 3HAYEHHE
a =—1 He MOAXOIUT.

OmBeT:a=1.m

? 1. Kakyo dyHKLUUIO Ha3bIBAOT YETHOU (He4éTHoW)?
2. Kakyto obnactb onpegeneHus @yHKUWW Ha3biBalOT CMMMETPUYHOW OT-
HOCUTEeNbHO Hayana KoopauHar?

3. Kakum cBoncTeom obnapaet rpaduvk Y€THOW (HeYéTHOM) hyHKUNK?

4.Kak MOXHO npeactaBuTb GYHKUWIO, 0bnacte onpepeneHns KOTOPOW
CMMMeTpUYHa OTHOCUTENbHO Havana KoopauHaT?

= i
® YnpaHeHMAl 4 s unn
3.1. ®yuxuus /[ yérHas. MoKeT JH BBINOJHATHLCS PABEHCTBO:
D/@-fCD=1  DIESEH=-z 3L -0
3.2. Dyurnua [ yérHada. 00A3aTebHO JIU BLIIOJHAETCA PABEHCTBO f’j;(_ll}} =17
3.3. ®yukuusa / HeuérHas. MoKeT JIU BBIIOIHATHCA PABEHCTBO:
L3
D)+ =1 2) /@) f(-2)=3; 3) £E2 _ g

/(2)

3.4. Hccneayiite Ha 4YETHOCTb (PYHKIIHUIO:
1) f(x)=1T71;
2) f(x)=x", tne n € N un— uérHoe;

3) f(x) =—-3x* + |x| — 1;
4) f(x) =22 —3x +5 ++/x2 + 3x + 5;
3

5 ._I': = ;
) J(x) J1-x -z +1

. 8x+2 3x — 2
6) g(l)__1.2_1-+1+12+h1’+1-
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3.5-

HceenenyidiTe HA 4YETHOCTE (PYHKITHIO:
1) g(x) =", tne n € N u n — He4YeTHOE;

| x|

2) 8(x) =-";
3) fx)=+a—x +Jd+x;
x
4 = & ;
) &%) J3-x—-+3+x
-« 1B = 2|+ |bx + 2|
5) ./(I}_ .1"2—1 L

6) f(X)=(x+2)|x—4] —(x— 2)|x+4].

3.6. HccraepyiiTe HA YETHOCTE (DYHKIITHIO:
x-1 -
1) y="—7; 3) y=+a? -1, 5) y =D (x);
2 _
2}3_;_*‘*' i; 4) y=+Jx-1-Jxr+1; 6) y = xD (x).
¢ ¢
3.7. YérHble GYHKIHUHU / U € TAKOBBI, UTO QYHKIUA /2 (X) = % olpejieseHa.
UccnenyiiTe HA 4ETHOCTh (PYHKIIHIO /1. J
3.8. Heuérable pyHKIUY [ ¥ g TAKOBLI, YTO QyHKIHA /1 (x) = % olpejese-
Ha. UccnepyiiTe Ha YyéTHOCTL (PyHKIMIO A. L
3.9. Opna us pyHknui f uwnu g uérHas, gpyrada — HedéTHaA. F3BecTHO, 4TO
dyaRnua f(x) = % onpenenena. HMceaenyiire HAa H4E€THOCTL (PYVHK-
nuio A.
3.10. ®yuknuu f U g TAKOBEI, 4yTo QYHKIUA Y = [ (g (x)) oupenenena. Ucce-
AVITEe e€ Ha YETHOCTL, €CJIH:
1) f u g — 4érHble QPYHKIHY;
2) f 1 g — He4yéTHbIe QYHKIAU;
3) [ — uérnasa pyHKIUA, a € — HEYETHAA;
4) f — HeuérHaAa QyHKUMUA, a g — 4YETHAA.
3.11. HeuérHasa dyurnusa / rakosa, uyro 0 € D (f). Haitgure /(0).
3.12. HeuérHasa dyurnusa / nmeer 4 nyns. [Jokaxure, uro 0 ¢ D (f).
3.13. Heuérnasa pyurnusa / umeer 7 nyneir. Haiigure f(0).
3.14. Yéruasa pyuknus / umeer 7 ayneit. Haitgure f(0).
" n
3.15. Uccrnenyiite Ha uérHOCThL QYHKNIMIO [(n)= (2 + \E) + (2 — \/ﬁ) ,
D(f)=Z. ) ”
3.16. UccnenyiiTe Ha uérHocTs GyHERnUio [(n)= (WFa1) "= (\/ﬁ — 1) ,

D(/)=Z.



3.17. Yérnasa ¢yuxnua f, onpenenéuHas Ha R, Bo3pacTaer Ha IIPOMEXKYTKE
[0; +e0). Onpenenure, Bo3pacTaoeidl UIn yOLIBAIOIIEH ABIAETCA (PYHK-
nus [/ Ha IpoMexxyTKe (—; 0].

3.18. Heuérnasa pyHKIuA [, onpenenéHHas Ha R, Bo3pacTaeT Ha IIPOMEKYTKE
[0; +e<). Onpenenure, Bo3pacTawmeil HJIA YObIBAKWOINEH ABIAeTCA PYHK-
nus / Ha npoMexyTKe (—e=; 0].

3.19. @yuKknusa [ yérHaA U 1{1;11;]1 flx)=12, 1?3.:;;]{ [(x) = 5. Haiigure rrg'{h}] 1),
max S (x).

3.20. DyuKus [ HeuéTHAA U rgli;]i J(x)=1, 1[1214:? /(x) = 3. Haitgure r?ig] f(x),
g/ @

. K K

3.21. Yérnasa ¢yHKnuA f/ onpegesieHa Ha NMpoOMeXyTKe [—5; 5] U Ha KoHIaX
ATOT'0 IIPOMEKYTKaA JOoCTUraeT HanOOoJbIIero 1 HauMeHbIIero 3Ha4YeHU .
Haitgure f(-0,2) — f(1).

3.22. HalijuTe Bce 3HaAYeHUA IapaMeTpa d, OPH KOTOPBIX (MYHKIUA
y=(x-1)'+a(x+ 1) apnsaercs: 1) uérHoil; 2) HEYETHOIA.

3.23. [Ipu kakux 3HaYeHHUAX napamerpa a ypasHenue ax® +1 = a?y1-|x]|
HMeeT eIHHCTBeHHBIH KOpeHb?

3.24. llocne pacKpbeITUSA CKODOK U MIpUBeLeHU A MOAOOHBIX cllaraeMbIX B BbIpa-
smeHnn (1 —x + 22 — 23 + .+ 2201 + x + 22 + ... + x2%) monyumnu MHO-
rouned. Jlokaxkure, 4TO 3TOT MHOI'OYJIEH He CONEP:KUT ONHOUJIEHOB He-
YETHOM CTelleHu.

1
YrnpaXXHeHUs AN NOBTOPEHUA gu

3.25. YupocTuTe BhIpaMeHUe \/a -2+ 2ya-3.
3.26. Pemnre ypaBaenue (x — 1)(x — 7T)(x — 4)(x + 2) = 40.

§ n NMocrpoeHue rpacdmkoB pyHkumn iy = kf (x) n y = f(kx)

B kypce anre6pel 8 Kiacca Bel 03HAKOMHJIUCH ¢ (PYHKIUeH i = x2 u ya-
HaJu, 4To eé rpapurom asagercda (pUrypa, KOTOPYIO HasbIBalOT Iapadosioi
(puc. 4.1).

IToxakeM, KAK MOKHO, HCIIOJIb3YA rpaduk GyHKIUU iy = X2, MOCTPOUTD
rpadur pyuaknuu iy = ax?, rme a # 0.
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llocTpoum, manpumep, rpadpur GyHKIUH
3 =255, i
ComnocraBuM 3HaYeHUs (QYHKOUH y = x° u
y = 2x% npu ONHUX U TeX ke 3HAYEHUSX apry- \
MEeHTA. \
Rampoit touke (x,; ¥y, rpaduka GyHKIUU \ ]
Y = X% cOOTBETCTBYET eJMHCTBEHHAS TOUKA (x5 2¢,)
rpapura QyHrnuu y = 2x2. A Kamjaas ToOYKa \
()5 ¥,) rpaduKa QYHKIUH Y = 2x? gaBasgeTcsa cooT- \ /

Fe=
—

"
JF

--..____l-‘

[

. . Y
BeTCTEVIOIIEH eJHHCTBEHHOH TOYKE ( .1’1 F ?IJ rpa-

buka dyurnuu y = x2, Takum o6paszom, MeXIY

MHOMKECTBAMU TOYEK rpaduKoB QYHKIuM iy = x2

u iy = 2x? yCTAHOBIEHO BBAUMHO OJ[HO3HAYHOE COOT- rFHC- 4.1

seTcTBue. IloaTomy Bee ToukM rpadpura GyHKIAK

y = 2x% MOXKHO IOJYYUTH, 3aMEHUB KaXKIYI0 TOYKY rpadura QyHKIumM iy = x°

HA TOYKY C TOH e abciuccoil ¥ opAUuHATON, YMHOMKeHHOU Ha 2 (puc. 4.2).
Hcnons3ya rpapur QyHKIMH y = x2, mocTpouM rpadux GyHKIUH

1 2
:_I -
¥Yy=3

Bce Touku rpadpura QyEHROoUM Uy = %.1:2

MOMHO IIOJAYVYHTE, 3aMeHHE

KamAyI0 TOUKY rpadura GyHKIUU i = X2 HA TOYKY ¢ TOH ke abcuuccoi u op-

NUHATOI, VMHOMKEeHHOII Ha % (puc. 4.3).

YA YA

Y= 2x2 \ , /

\ \\ I"ly L \l\ / ’/

FPHE. 4.2 F Puc. 4.3




PaccmoTrpenHble mpuMepsbl NOJACKA3BIBAIOT, KaK, HMCIOJBL3YVA rpauk
byHEIUH Y = f(x), MOKHO TTOCTPOUTH rpaduk dyarmmu i = &f (x), roe &£ > 0.

--i pacuk pyHkumm y = kf (x), rae k > 0, moxHO nonyunTb, 3aMeHUB KaX-
Ay Touky rpacduka pyHkuum ¥ = f(x) Ha Touky ¢ Tom e abcuuccoin
M opaMHaToONn, yMHOXeHHON Ha k.

Ha pucyukax 4.4, 4.5 noxkasaHo, Kak paboTaer aT0O IpaBUJI0 AJdA II0-

CTPOeHUs rpa)uKoB QPYHKOUN ¥ = % uy= = Jx.

3
K
7
1 3
N =
1 X -
= A i *,' i [ o=
= i L rlr—
- 0| 1 . X " TEgY¥E
N ¥ = — I = ! T r
\ ke '—
.| 0] 1 x
rPuc. 4.4 rFHC. 4.5

ToBopsAT, yTo rpad®uk GyHKIHU i = kf (¥) HONYyYEH B pe3yjbTaTe pacrs-
sweHuaA rpaduka Gyaxkuuu ¥ = f(x) B k pas or ocu abemnuce, ecau k£ > 1, win

_ E 1
B pe3yJibTaTe ciKaTHA rpaduka GyHrmuu y = f(x) B = pa3 K ocH abciuce,
ecoim 0 < B < 1.

3
Tak, rpaduk QYHKIIUY I = — [OJIYYEH B Pe3yabTaTe pacTs:KeHUs rpadu-
X

Ka QYHKIUU Y = 1s3 pasa ot ocu abciuce, a rpa@UK QYHKIUUA Y = % Jx —
X

B pesyjbTaTe C:KATUA padpukra QyHKIUYU Y = Jx B3 pasa k ocu abciucec.
Pacemorpum pyHrmun iy = x2 u y = —x2. Kamnoit Touxe (xy; y,) TPadu-
Ka QYVHKIOUH I/ = X° COOTBETCTBYeT eIUHCTBEHHAS TOYKA (xy; —Y,) Tpadpura
GyHRmuU y = —x2. A Kaxkgas TouKa (x,; y,) rpadpuKa QyHKINHU I = —x? apna-
eTcsA COOTBETCTBYIOIIeH eIWHCTBEHHOM To4yke (X,; —¥,) rpaduka QYHKIUH
y = x%. Takum o06pasoM, MeAY MHOMKECTBAMU TOUYeK rpad@uKoB (PYHKIUI
y =x? u y = —x? yecTAHOBJIEHO B3AMMHO OJHO3HAUHOE cooTBeTcTBHE. [ToaTomy
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BCe TOYKH rpaguka (PYyHKIHUH I = —Y" MOJKHO IOJIYUUTH, 3aMEHHUB KaKIVIO

TOUKY rpadura QyHKIUU y = x> Ha TOYKY ¢ TOli ke abciuccoit U OpAUHATOM,
yMHOMeHHOH Ha —1 (puc. 4.6). Tax:ke ropopar, uTo rpad@ur QyHKIUY Y = —x
[IOJIYYEeH B pesyJjbrarTe npeodpazoBaHuMd CHMMETPHH OTHOCHTENLHO oCcH ab-
cuuce rpaduka QyHKIHU i = X2,

Terneps MOHATHO, YTO MPABHUIIO MMOCTPOeHUs rpaduka GyHxrnuu iy = kf (x),
rne k < 0, Takoe e, Kak U JUIs cayyas, korna £ > 0.

Pucysoxk 4.7 unnmocTpupyer, Kak ¢ IOMoHIbi0 rpadpura GyHKIUH

=x NOCTPOHUTL rpad@UKN QYHKIUN I = —% XM Y= ~2.Jx,

WL 7

A
yE¥

\ /’ =V _L+—

(R
[

=Y
=
=Y

[y
l'_,,,.n-l""
y
g
N
x:ll--r
2]
=1

Puc. 4.6 rFuc. 4.7

3ameTum, uTo npu k # 0 Hyau @yHRUIuMit y = /(x) u ¥y = Rf (x) conaga-
ior. CnenoBaresibHO, rpadukn sTuX GYHKIUI mepecekalwT ochk abciuce B of-
HUX W TeX yKe TOUYKAaX.

Ha ¢opsare yuebauka nokasansl rpadurn GyHKIUil i = ax? 1pu HeKo-
TOPBLIX 3HAUEHUAX IapamMerpa «. Kaawlili U3 aTuxX rpapuKoB, Kak U rpapuk
dyuknuu y = x?, maseisator napabomxoi. Touka (0; 0) sBasgeTCs BepPUIMHOM
KasKnoi U3 oaTuX napaboa.

Ecau a > 0, To BeTBu nnapaboJibl HalIpaBJieHbl BBepX, ecau a < (0, To BeT-
BU napabosibl HAllpaBJIeHbl BHUS.

YacTo BMECTO BBICKABLIBAHUA «JaHa QMYVHKIUSA I = ax?» HCIONb3YIOT
BhICKA3bIBaHME «JaHa napabomua y = ax?®s.
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IMokaxkem, KaK MOMKHO IIOCTPOUTH rpaduk GyHKUuU i = [ (kx), ecan us-
BecTeH rpaduk pyHrmun y = f(x).

Paccmorpum cayuait, korga 2 > 0. Ecaun Touka (x> Y,) IPUHALJIEHUT

X
rpadpury pyHrnuu iy = /(x), ToO TOUKA (?ﬂ; Y, ) NpUHALJIEeKUT rpadury QyHK-
X X

uuu y = f(kx). JelicTBUTENBHO, TTPU X = f umeem: [(kx)= f[fbf] =
= f (Iﬂ} = Yy

CrnenoparenbHo, Kama0i TouKe (X,; ¥/,) rpaduKa QyHKOUHA I = f(x) coor-

X,
BETCTBYET eINHCTBeHHAasI TOUKA (?ﬂ; Y, ) rpapuka pyaxuuu y = f (kx). Anamno-

IMMYHO MOKHO II0KA3aTh, UTO KasKJas TouKa (x; ¥,) rpaduka QyHKIUY I = [ (kx)
ABJAETCHA COOTBETCTBYIONIEN eJUHCTBeHHOU TOUKeE (ﬁexl; Y,) rpaduKa QyHKIUN
y = f(x). Takum obpaszom, MeKIY MHOMKECTBAMH TOYEK Ipad@HKOB QyHKIIHUI
y = f(x) u y = f(kx) ycraHOBJIEHO B3AMMHO OJJHO3HAYHOE COOTBETCTBHE.

--ﬁ Npaduk pyHkuum y = f(kx), rae k > 0, mowHO nonyunTb, 3amMeHUB KaX-
ayto Touky rpadmka yHkuum i = f(x) Ha TouKy ¢ Ton e oppuHaTOMN
M abcyuccon, pasaenéHHOM Ha k.

Ha pucynke 4.8 nmokasaHo, Kak
paboraeT 2TO IIPaABUJIO IJA IIOCTpOe- Y4
HUA rpapukoB QYHKIUN I = V2x m ViE -V'Er ——— : =
- T |1 [ LTV
v=\2 AP 2= mElE
I'oBopdar, uTo rpaur QyHKIIUNA 71 ¥2 -
y = [ (kx) mony4yeHn B peayabrare cika- of 1 =
THA rpaduka pyakuuun iy = f(x¥) s kpas = s

K OCH opaMHAT, ecau k > 1, unu B pe-

3yJIbTaTe pPacTAKeHUA rpadura GyHKIUH i = f(x) B > pa3 oT OCHM OPJIHMHAT,

k
ecan 0 < & < 1.
Tak, rpadux GyHKIUMN ¥y = +/2X DOJYYeH B pe3yJibTaTe CKaTusa rpadu-

Ka QYHKIUU ¥ = Jx B2 pasa K oCH OpJUHAT, a rpadpur QyHKIHK ¥ = \/% —

B pesyJibTaTe pacTs:KeHUA rpadura GyHKIUM Yy =+/X B 2 pasa OT oCH Op-
IAHAT.
IMokaskeM, Kak MOCTPOUTHL rpaduk GyHKIUH i = [ (—x), eca1u U3BeCTeH

rpaduk pyHKnuu iy = f(x).
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Ecmu rouka (x,; y,) NpUHALIEXKUT rpapurky QyHKIUM Y = f(x), To
TOUKa (—X,; Y,) IPUHALJIEKUT rpaPUKy QYHKIUU Y = J(—x). eiicTBUTEIb-
HO, [ (—(=x,)) = f (x,) = ¥,- AHAJIOTUYHO MOMKHO IIOKABATE, UTO KAKJasd TOY-
Ka (x;; ¥,) rpad@uKa QYHKIUH Y = f(—x) aBnseTcA COOTBETCTBYIONIEH eJ1H-
CTBEHHOU To4YKe (—X,; Y,) rpaduka QYHKIHUU }Y = f(x). Takum oGpasom,
MEeJKIy MHOMKeCTBaMHU ToueK rpadpuroB GyHKIui i = f(x) u ¥ = f (—x) ycra-
HOBJIEHO B3aMMHO OJIHO3Ha4YHOe cooTBeTcTBHe. Torza Bce TOUKHM rpaduka
byHEEOUU y = f(—X) MOM¥KHO MOJYYHUTh, 3AMEHUB KayKAYI0 TOYKY Irpaduka
GyHEIUU i = [ (x) HA TOUKY C TOH Ke OPAUHATOMH U MPOTHUBOIOJOXKHOIN a6-
CIIMCCOM.

T'oBopsaT, uTo rpaduk GyHKIUU i = /(—x) HoJIy4eH B pe3yjbTare mpe-
o0pa3oBaHHA CHMMETPHH OTHOCHTEJHLHO OCH OpAHMHAT rpapuka (pyHKIUH

y = f(x).

Ha pucynke 4.9 nokasaHno, Kak ¢ IOMOILI0 rpaduka GyHKOUK Y = Jx
IIOCTPOUTS Ipapuk QPYHKIHH I = /—X.

YA

—r—

o |

FPuc. 4.9

Teneps CTAHOBHTCHA IIOHATHBIM, 4YTO IIPABHUJI0 IOCTPOEHHA rpaduKa
Gyukuu y = f (kx), roe £ < 0, amanoruuno cayyaio, korga k > 0.
Hanpumep, Ha pucynke 4.10 nmokasano, Kak MOMKHO ¢ IIOMOIIbIO I'padu-

Ka QyHKIHU I = Jx MOCTPOUTEL rpauKH PYHROUHE i = +/-3x U Y = ,f—% .

= L
-t B
-'h‘“‘.“‘h- B
¥R |II 1‘- J = ‘r/‘t' = et
-
0l 1 X

rPuc. 4.10

a2
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10.

. Kak MOXHO nony4nts rpaduk dyHkumMn iy = Rf (x), rae k& # 0, ncnonb3sya

rpaduk dyHkumm y = f(x)?

. Kakas ¢urypa asnaetca rpadpukom pyHkuMK i = ax?, rae a # 0?

. Kakas Touka siBnsetcs BepwmHon napabonsl y = ax??

. Kak HanpagneHsbl BeTBu napabonsl iy = ax? npu a > 0? MNpn a < 0?

. Kakosa obnacts onpegeneHus dyHkummM i = ax?, rae a # 0?

. KakoBa obnacrb 3HadeHuin yHkumm i = ax? npu a > 0? Npu a < 0?

. Ykaxute Hynu pyHKUuMn y = ax?,

. YKaxuTe npoMexyTKu 3HaKOMOCTOSHCTBA DyHKuMKM iy = ax? npu a > 0;

npn a < 0.

. Ha kakom npomexyTke BO3pactaeT M Ha KakoM MNpomexyTke ybbiBaeT

byHKUms iy = ax? npua > 0? NMpn a < 0?
Kak MoxHO nonyuutb rpaduk dyHkumm i = f (kx), rae k& # 0, ncnonb3ys
rpadwmk dyHkunm iy = f(x)?

® YnpaXHeHMs o s umn

4.1. Ha pucyske 4.11 usoGpakén rpadur dyHrmum y = f(x). IlocTpoiite
rpaux QyHKIIUK:

Dy=3/F  Dy=—f0%  Hy=-2/().

4.2. Ha pucynxe 4.12 uszoOpaxkén rpadur ¢pyrruuu y = g(x). IlocrpoiiTe
rpapur GyHKIIUH:

1) y=1g@)y 2 y=-38)
J f A
f [}
A AR 1
ol \ Ll
10| 14 X —1\0| /1 X
/ [ Y[ \
/
|
Puc. 4.11 " Puc. 4.12
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4.3. Ha pucysxke 4.13 usoOpaxén rpadpur QyHKIuU iy = ax. Haiigure 3Ha-

yeHHe d.
i
A
\ / 1
\ / 1
\ /ﬂ 0 g
1 /I" 1\
ST |
-10] 1 X
a 6
Puc.4.13

4.4. Ha pucynxe 4.14 uzobpamén rpapur ¢pyurnuu y = ax?. Haiiqure 3ua-
yeHHe d.

T

N

| =
/

/

ad |

Puc. 4.14

4.5. Ha pucynke 4.15 uzobpakén rpadpur GyHrmum y = f(x). IlocrpoiiTe
rpaur QyHKIUK:

1
Yy=fens  y=rED; 3 y=/(-%x)
4.6. Ha pucynke 4.16 uszobpaxeén rpadpur ¢yurnuu y = g(x). Ilocrpoiite
rpadur QyHKIIUK:

Dy=re Dy-g(dxl Hy-geam.



Puc. 4.15 FFHC. 4.16

4.7. Hcnoussys rpadur GyHKOUUA Y = \fE, nocTpouTe rpad@uKEu GyHKIIWMN
y=4\f; 5 yz,f—‘—;.
4.8. Ucnonssys rpadur GyHEIUH Y = Jx, nocTpoiTe rpaguru GyHKRIUA
y=—/x ny=+3x.
4.9. Ucnonssys rpapur GyHKIUM i = |x|, mocTpoilTe rpaduKn (QyHKIIUAHA
1
Y = E|x| uy=-2|x|.
4.10. [loxkaxure, uTo QYyHKNUSA iy = ax? npu a > 0 yObIBaeT HA MPOMEKYTKE
S (—e=; 0] 1 Bo3pacTaeT Ha npoMeRyTKe [(; +eo).
4.11. [oxkaxxure, uro GyHKIUA iy = ax? npu a < (0 Bo3pacTaeT HA MPOMEKYTKe
@@  (—oo; 0] 1 yOBIBAET HA IPOMEMKYTKe [0; +o0).
4.12. Haiigure Haubosblllee U HAUMEHLIIEe 3HAYeHUS QyHKIMHU i = —2x2 Ha
MHOKecTBe M, ecan:
1) M =[-3; -2]; 3) M =(-3; 1];
2) M =[-2; 1}; 4) M =[1; 3).
4.13. Haiigure HanboJiblllee M1 HaMMeHbIlee 3HAYEHUS PYHKIHH I = %xz Ha
MHOKecTBe M, ecnu:
1) M =[2; 4]; 3) M =[-2; 4);
2) M =[-2; 4]; 4) M = (-4; -2).
® ¢
4.14. IlocTpoiite rpadpuk GYHKIAN:
1) y = 2[x]; Z)y:—%{‘r}; 3) y =3sgnux.
4.15. ITocrpoiiTe rpaduK GYyHKIIHU:

1} = —%[I]; 2) y = 2{x}; 3) y = -2sgnx.
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4.16. llocTrpouTe rpacdhuk QpyHKIIUK:

1) y = [2]; 2) y={-3}.
4.17. IlocrpoiiTe rpahux pyHKITAN:
Dy=|-2 2=t
N .

YnpaXXHeHUs AN NOBTOPEHUA g g

4.18. Peumiure ypasHenue |3x — 2| = |2x — 3].

N
4.19. IlocrpoiiTe rpathuk ypaBHEHUS y;:,‘, = 0.

4.20. YupocTuTe BhIpaieHHe \jﬁ — Jl'?' ~12v2.
4.21. Ilpu rakuUX 3HAUEHUAX IapaMeTpa d IIPoU3BeJleHue KOPHel YpaBHEeHUH
x? — 2ax + a? — a = 0 pasuo 2?

§ NMocTtpoeHue rpacukoB pyHKUUN y = f(x) + b
my=f(x+a)

IToxaskeM, Kak, UCIONL3Ys I'PpaduK QPYHKIHUHU 3/ = X2, IOCTPOUTEL I'PaduK
byurmuu y = x2 + 2.

CormocTaBUM 3HAUEHUA 3TUX (PVHKIUI IIPH OJHHX U TeX e 3HAYeHUAX
aApryMeHTa.

Raxpoit Touke (x,; 7,) rpadpura pyHKnuu y = x? cooTBeTCTBYeT ejuH-
CTBEHHAs TO4YKA (X,; Y, + 2) rpapura QyHKIUU Yy = x% 4+ 2. A rampmas Tod-
Ka (x; y,) rpadpuka QyHKOUHU Yy = x? + 2 aBiseTca COOTBETCTBYIOLIEH efuH-
CTBEHHOH ToukKe (x,; i, — 2) rpaduka pyHxnum y = x2, Takum obpaszom, Mes-
Iy MHOKeCTBAMHU TOUYeK IpadUuKoB QPYHKIUHA i = X2 u iy = x% + 2 ycTaHOBJIEHO
B3aMMHO OJHO3HAYHOe cooTBeTcTBHe. [loatoMy Bece ToOYKHM rpadpura GyHKIUU
Yy = X% + 2 MOMHO HOJYYHUThb, 3aMEHHMB KAaXKIYI TOYKY rpadura QyHKIUN
y = x? Ha TOYKy c TOH e abcnuccoll M OpAMHATON, yBeJIMYeHHOH Ha 2
(puc. 5.1).

ToBopsT, uTo rpaduk PyHKIUU i = x2 + 2 MOJAyYeH B pe3yabrare mapad-
JeabHOro mepeHoca' rpapura QyHKIUU y = x? BIOAL OCH OPAUHAT HA 2 eu-
HUIILI BBEPX.

Amnanoruusno rpapuk QyHROUE i = X% — 4 MOM¥KHO IOJYYUTh B Pe3y IbTa-
Te NapajlIeIbHOrO mepeHoca rpaguxa QyHKIuH y = X2 Ha 4 eIUHHUILI BHUS3
(puc. 5.2).

1 Ha YPOoEaxX 'eOMeTpPHH BEI donee l'ID,I[pDﬁHD 03HAKOMHETECE C Iapajie/IbHEIM IIepeHOCOM.



Puc. 5.1 FFH.:. 5.2

PacemoTpenHbie npuMepsl MOACKa3bIBAIOT, KAK MOMHO, HCIIOAL3YS I'pa-
buk pyarnun y = [ (x), noctpouts rpadur pyuxnuu y = f(x) + b.

m -i paduk yHkyum iy = f(x) + b mowHo nonyunTsb B pesynbrate napannenb-
HOro nepeHoca rpacguka pyHkumm i = f(x) saonb ocn oppuHar Ha b egu-
Huy BBepXx, ecnn b > 0, n Ha —b egunny Bums, ecnun b < 0.

Ha pumcyukax 5.3, 5.4 nmokasaHo, Kak paboTaeT aTo IpPaBHUJIO IJA IIO-

CTPOEHHUHA I'paUKOB PYHKIHN Y = Jr+3 u Y= . 1
-

YN
| t= L +13 T
L -__1___... A i
N ; Y=
o] B [r—— e
T ! of N4 i
NP LaREEE 1
: | y=2-1 \
O] 1 X
Puc. 5.3 r Puc. 5.4
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B pesayabsrare napajiensHOTro InepeHoca rpapura QyHKIIHU OoJydaeM
urypy, pasuyio sromy rpadpury. Hanpumep, Kamxabpiili u3 rpaduros QyHK-
muit y =x?+ 2 u y = 12 — 4 pasen napaboJe y = x2, moaromy rpapuramMu QyHK-
uuit iy = x% + 2 u y = x? — 4 roxke ABNAAIOTCA NApaboOIIBL.

ITokaskeM, KaK MOMXHO ¢ IIOMOIILI0 rpapuKa QYHKIIUK if = X2 MOCTPOUTE
rpaduk pyurmuu y = (x + 2)2.

IIyere Touka (x,; Y,) OPHHALJIEKUT IPAQUKy QYHKOIUH Y = X2, 1. e.
_rﬁz = y,. Horaxem, 9ro Touka (v, — 2; y,) IpUHALIEKUT IPaPuUKy QYHKINU
y = (x + 2)°. Haiiném 3HaueHue 9Tol QYHKIHMU B TOUKe ¢ abeuuccoi Xi— 2,
Umeem: ((x, — 2) + e = xﬂz = y,. CreoBaresnbHo, Kamao0il Touke (x,; ¥,) rpa-
duKa QYHKIUK 1 = X2 COOTBETCTBYET eIUHCTEeHHASA TOUYKA (x, — 2; y,) rpadu-
Ka GyHEIuH iy = (x + 2)2. AHAIOTMYHO MOYKHO NOKAa3aTh, YTO KaykJas TOUKA
(x5 y,) rpadura pysrnmum y = (x + 2)? sBisgeTcsa COOTBETCTBYIONIEH eNuH-
CTBEHHOH ToukKe (x, + 2; y,) rpaduka pynknuu y = x?. Takum o6pasom, Mex-
1y MHOXKECTBAMU TOYEK rpaduxos GyHruuit y = x? u y = (x + 2)? yeranosie-
HO B3aHMHO OJHO3HAUYHOE COOTBETCTBHE.

ITosTomy Bce Touku rpadura GyHKIUH ¢y = (X + 2)°> MOKHO NONYUYUTD,
3aMEHMB KaXKAVIO TOUKY rpaduka GYHKIUY i = X2 HAa TOUYKY C TOH e OpANHA-
TOH M abcuuccoi, yMeHbIIeHHOH Ha 2 (puc. 5.5).

TFosopsaT, uro rpaduk Gysxnuu y = (x + 2)? nonydyen B peayabraTe ma-
pajelbHOro InepeHoca rpagura GYHKIMU i = X° BAOJbL OcH abcouce Ha JBe
eIUHUILI BJIEBO.
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ITokakem, KaK MOKHO ¢ TIOMOIIBIO TpaduKa GYHKIHUH If = X* IOCTPOUTH
rpadur ¢pyurnum y = (x — 2)%. Jlerko yecraHOBUTSH (cfiesaiiTe 9TO CaMOCTOS-
TeJILHO), YTO Ka)KA0W TouKe (X; Y,) rpaduka QyHKIUU Yy = X% cooTBETCTBYET
eIUHCTBeHHAasa ToOYKa (x, + 2; y,) rpagura QyHrmum y = (x — 2)2 u rapas
To4YKa (X;; ¥,) rpaduka QyHKIUH ¥ = (X — 2)? aBasgercs COOTBETCTBYIOLIEl
eUHCTBEHHOH TouKe (x; — 2; y,) rpaduKa QyHKIUH Y = x2. Takum obpasom,
MEeXIY MHOMKeCTBAMH To4eK rpadgukos dyuknuit i = x° u y = (x — 2)? yeranos-
JIeHO B3aUMHO OJJHO3HAYHOEe COOTBeTCTBHUE.

[ToaTomy Bce Touku rpadura GyHKOUH i = (X — 2)? MOMKHO MONYYUTH,
3aMEHUB KaMJIyI0 TOUKY rpaduka QYyHKIUM i = X2 TOYKOH ¢ TOH 3Ke OpAUHA-
TOH 1 abcnuccoii, ymMeHbIIeHHON Ha 2 (puc. 5.6).

lFosopsar, uro rpadpur pyarnuu iy = (x — 2)? MoIyYeH B peaysbTare Ia-
paJLIeIbHOTO TlepeHoca rpaduka pyukuuu y = x* Bosab ocu aberucec Ha 2 eu-
HUIIBI BIIpaBo (puc. 5.6).

ITU NpPUMEpPhl MMOJCKA3LIBAIOT, KAK MOMKHO, HCIOJAL3YVA rpadur pyHK-

nuu iy = f(x), mocrpouTth rpaduk GyHKIuu i = [ (x + a).

== ﬁ Npacdmk dyHkumm y = f (x + @) moxckHo nony4nTh B pesynbTate napannesnb-
Horo nepexHoca rpacdmka pyHkumm iy = f(x) Bgonb ocmn abecumcc Ha a egu-
Huy Bneso, ecnu a > 0, n Ha —a eguHny Bnipaso, ecnun a < (.

Ha pucynkax 5.7, 5.8 nmokasano, Kak paboraer aTo INpaBUJIO IJA I10-

cTpoeHudA rpaduKoB GYHKIUN ¥ =X +3 u y = 11—1 .

A
13
A f s l
EA
/ 1 b
yrEx[+ 8 = =
I i I 01 x|
LT | _L- IC
L _-11|'I_1'
1 . A
1
o 1 x sl
v+ 1
Puc. 5.7 FPH-’;. 5.8
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3aMeTHM, 4YTO Kamablil U3 rpadukoB QyHKmii iy = (x + 2)* u iy = (x — 2)°
paseH mapaboe iy = x?, moaromy rpadpuramu pysrmuit iy = (x + 2)? u y = (x — 2)?
TOMXE SABJIAIOTCA Mapaboibl.

Mpumep 1. ITocTpoiite rpadur pyaxumu i = (x — 1)% + 3.

PewweHwne.

1) ITocrpoum rpadpuk GyHKIUN i = X2,

2) TlapannensHO IepeHecéM rpaduk GyHKIUY i = x? BAOIb ocu abeunuce
Ha 1 egumuuny sopaso. Ilonyuum rpadpuk pyaxnun i = (v — 1)? (pue. 5.9).

3) IlapannensHo nepeHecéMm rpadur GyHEIUH i = (v — 1)° BIOJAbL ocH
OpAMHAT Ha 3 efMHUIL! BBepX. Iloayuum rpadur pyHrmuu y = (x — 1) + 3
(puc. 5.9).

OnucaHHBIA AJTOPATM MOCTPOEHUSA MPEACTABUM B BHIe TAKOH CXeMBI:

Bopago Beepx
Ha 1 efn. Ha 3 ej.

y=x2 > y=(xr—1)> > y=(x-1)%2+3

Mpumep 2. ITocrpoiite rpaduk GyHKIUUA I = %(:.r +3)2 -1.
PewleHue.

1) ITocTpoum rpapuk GyHKUIUU i = %Iz (puc. 5.10).
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2) IlapannensHo nepeHecéM rpapuk QyHKIUHA Y = %xa BJIOJIb ocu abe-

nucc Ha 3 eguHunbl BiaeBo. llonyuum rpadur byHKmum y = %[_1'+3_}3
(puc. 5.10).
3) IlapannensHo nepeHecéM rpaduk QYHKIUN [ = %{'.1‘ +3)2 BHOJB

ocu opauHAaT Ha 1 eguuHuny BHU3. Ilonyuyum HCKOMBIH rpa@uk (QyHKIHH
1 &

iy ==(x+3)" -1.

Yy 2{ )

OnncaHHBII aJI'OpHUTM IIOCTPpOEHHA NNpeacTaBuM B BHE TAKOH CXeMBbI:

Bnero Buus
1 Ha 3 e]. Ha 1 epn. 1

1 ;
= = y2 > Y =—=(x+3)> Y =
Y 2 Y ( ) » U 2

J_'-.-32—]_
> 2 ( )

N3 onucanHbix npeobpasoBaHUuil ciiefyeT, 4To rpaduroM (QYHKIUU

Y = %(x +3)% —1 aBaserca napabona ¢ BepUIMHOM B Touke (—3; —1), paBHasd

napaboye y = %IE.

JTOT TmpUMep IOJACKAa3bIBaeT, KaK ¢ IIOMOIIbI rpadura (pyHKIHHU
y = [(x) moctpours rpadurk byeknuu y = kf (x + a) + b, B yacTHOCTH KakK
¢ IOMOIILI0 rpadUKa PYHKIUHU I = X2 mocTpouTs rpaduk GyHKIuu i = R (x +
+a)? + b.

Teneps MOKHO cie/IaTh TAKOM BLIBOJ,.

Ipaduxom dpynxuuu y = k(x + a)® + b, k # 0, asnserca napa6oaa
¢ BepuIHHOi B Touke (—a; b), paBHasa napa6oiae y = ki

Mpumep 3. ITocrpoiite rpadur pyuknuu y = —2x% — 20x — 47.

PeweHne. Umeem: —2x2 — 20x — 47 = —2x%2 — 20x — 50 + 3 = —2(x +
+ 5)% + 3.

Mgl npegcrasuau (opMysay, 3agaloliyio JAaHHYIO (PYHKIHIO, B BHJE
y=kf(x+a)+b,rne f(x)=x%, k=-2,a=5, b=3.

CxeMa mOCTpOEHHA MMeeT TAKOM BHJI:

Buero Beepx
Ha D e]l. Ha 3 e].

y =—2x° » I =-2(x+5) » y=—2(x+5)¢+3
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IlocTpoennsil rpathuk sABasgeTcAa nmapadboson ¢ BepUIMHON B TOUKe (—2; 3),
KoTopas pasHa mapabose y = —2x2 (puc. 5.11). =

YA
A
/]
—1 /
Y= +2(x + ) + i
1 I B |,
1 11 M 1 ##-—_ -
1 o* o] 1 X
f \ /N[ [x 6 =T
{ Y= A =11
it [ || =12 VAL LD
(AT A’/ A
At
Puc. 5.11 i Puc.5.12
Mpumep 4. ITocrpoiiTe rpaduk GyHKIUUA I = 2;_":14 :

Pewlenue. Mmeen: 2¥ -2 _24+2-6 Ax -6 9.0 Torna
xr+1 x+1 x+1 x+1
i 6
NaHHYI0 QYHKIOUWIO 3a1aéT opmysia iy = 2 — = T
CxeMma mocTpoeHuss uMeeT Takoi sup (puc. 5.12):
Bnero Beepx
6 Ha 1 efn. 6 Ha 2 e]. 6
= —— - = — —— 2 —

Y x 22 4 ¥ +1 2 g x+1 e

W3 nmocrpoeHus ciaenyer, 4TO UCKOMBIH rpaduk sABIsercsa runepdosioit,
6

paBHOH runepbosne y = — e

Mpumep 5. ITocrpoitTe rpaduk GyHKIUU I = +/3x — 2,
PeweHne. Cnocod 1. Cxema nmocrpoeHust umeeT Takoi suj (puc. 5.13):




Bropaso C:xatue B 3 pasa
Ha 2 e[. K OCH OpJIUHAT

H:E Yy=+x-2 > y=+3x-2

Y

Cnoco6 2. Eciu ganuyo QyHKIUIO IPeACTABUTE B BUae Y = |3 (.r — g) ;

TO NOCTpoeHue rpaduKa MOXKHO NPOBECTH II0 TaKoil cxeme (puc. 5.14):

Caxatue Bnpaeo
BE 3 pasa 2
K OCH OpJAUHAT Ha 3 exn. ﬁ
y=+x > y =+/3x . e;:\/St,r—§|
J
Zh y=lf22r L 2 il 74 o __.--""-"'"';II e
| ATy Ay Y=NI Ay -, | B3 él
deE=—=s Z AP A
4 5 P 2T | Y=l
T 7 Vit Fa 1
0] 1 x| 0 1 x
Puc. 5.13 r Puc. 5.14 =

Mpumep 6. ITocrpoiite rpadur dyHKIUA iy = /1 —3x.
PeweHune. Crnocoé 1. Ilocrpoenue rpaduKa MOMKHO IIPOBECTH 110 TAKOH
cxeme (puc. 5.15):

Cxxatue
CummeTpus B 3 pasza
Bnero OTHOCHUTEJILHO K OCH
Ha 1 efn. _ OCH OpJAUHAT )  OpAHHAT
y=Jr — > y=+r+1 > Yy=+-x+1 — > y=+-3x+1
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Puc. 5.15

Cnoco6 2. IloctpoeHue rpaMkKa MOMKHO IIPOBECTH IIO0 TAKOM cXeme
(puc. 5.16):

Cxxarue
B 3 pasa Cummerpusa
Biero K OCH OTHOCHUTEJBLHO
Ha 1 efn. OpAMHAT OCH ODAWHAT
yzxf; —:-;;:v'}xT'l—ry: [3x+1 » Yy=+-3x+1
i Y i\ y = 3 L2
M 21 |y
AN T = A+
4 ||II Lo 39 1 \ / UI N n ____1
N oL L #ﬁﬁﬂ-—
1 =1 |y Y
' ol
—10] 1 %

Puc. 5.16

Cnoco6 3. TloctpoeHue rpaduKa MOMHO IIPOBECTH IIO0 TAKOH cxeme
(puc. 5.17):

C:rartue
Cummerpusa B 3 pasa Bnero
OTHOCHUTEIBHO K OCH
OCH OpJUHAT OpAHMHAT Ha 3 en.
\
y=+x > Yy=V-r —> y=vJ3xr — > y= \/_3("1__ %J




Puc. 5.17 -

Npumep 7. Onpenenure KOJIMYECTBO KOPHeH ypaBHeHUs |x — a| +
+ 2|x+ 1] =3 B 3aBUCMMOCTH OT 3HAYEHHNA IIapaMeTpa d.

PewleHue. Sanuiiem faHHOe YpaBHeHHUE B BUME:

lx —a| =3 - 2|x+1].

Paccmorpum dpyaknuu f(x¥)=|x —a| ug(x)=3 — 2|x + 1|. 3agaua cBo-
TUTCA K TOMY, 4YTOOBI BBIACHUTh, CKOJBKO TOYEK IIepeceueHus B 3aBUCUMOCTH
OT 3HAYEHHS NapaMeTpa d uMeloT rpaduKu QyHKIuA [ u g.

I'paduk pyHrnum g nzobpakéH Ha pucyHkKe 5.18 KpacHBIM IIBETOM.

[

Puc. 5.18

I'padpur pysxnmm /[ — aTo purypa, KOTOpPyio IMOJyUaiOT B Pe3yILTATE
napaJiielbHOI0 IIepeHoca BAOJIbL ocu abcunucc rpadura pyHrnuu y = |x| (cu-
HUM I[BeTOM H300pakéH rpadur I8 OTPHUIATEJLHOr0 3HAYeHUA , 3eie-
HBIM — JIJISI OJIOYKHUTEJbHOr0, YépHbIM — 1nad a = ().

M3 pucynka 5.18 BHIHO, YTO €CJH BeplIMHA yIjla, SBJAAIOLIErocsa I'pa-
dburkoMm QyHEIUYU f, pacmoioikeHa Ha ocH abciuce JieBee TOUYKU A WU npasee
Touku B, To rpaduku pyHKOU [ 1 g He nepecekawTca. Eciu BepiinHa yria
coBnazaer Jiubo ¢ Toukoit A, n1ubo ¢ Toukoit B, To rpaduku GyHKUNHA [ U g
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UMET OaHY 001yi0 TouKy — ToukKy C (—1; 4). Ecau Bepiumiuna yria HaxXomWT-
cA mMexay ToukaMu A u B, To rpadbuku dyHKOUA / U g UMelOT ABe obuue
TOYKH.

Koopaunarte! Touek A u B umeror sup (a; 0).

3HaueHUs MOapaMeTpa d, INPHU KOTOPHLIX BEepPIIMHA YIJa, ABISIOIIErocs
rpaukoM QYyHKIUY [, COBIIAAAET ¢ TOYKON A MM ¢ Toukoi B, MOKHO HAWTH,
IOJCTABUEB B YpaBHeHUe Y = | X — a| koopauHatsl Touku C. Umeem: 3 = [-1 — a].
Orcrona a = —4 uan a = 2.

ITonyuaem: A (—4; 0), B(2; 0).

OteeT: Ecain a < —4 unm a > 2, To KOpHeil HeT; ecliu d = —4 nin a = 2,
TO OJJMH KOpPeHb; ecau —4 < a < 2, To 2 KOpHs. W

? 1. Kak MoXxHO nony4uts rpaduk pyHkumm i = f (x) + b, ncnonebsya rpacguk

dyHkumMm y = f(x)?

2. Kakas urypa sasnsetcs rpamkom GyHKUmKM i = x2 + b?

3. KakoBbl KOOpaAMHaThl BeplunHbl napabonsl iy = x% + b?

4. Kak MOXHO nonyuunts rpacduk ¢pyHKuumM i = f (x + a), ncnonssys rpaduk
byHKUMKM iy = f(x)?

5. Kakas ¢urypa asnsetca rpadpmkom pyHKUMmM i = (x + a)??

6. KakoBbl KOOpAWHaTLI BeplwmnHbl napabonsl iy = (x + a)??

7.Kakas durypa aensetca rpadmkom dyHkumun iy = k(x + a)® + b, roe

k#0?
- o
® YnpaXHeHVA g auem

5.1. I'pacurk Kaxkou U3 JAaHHLIX PYHKIUU [TOJYUYUM, €CJIH [MapajljiejbLHO Iepe-
HecéM rpaduk QyHKIuM i = x° Ha 4 eJIUHUIIL] BIPABO:
1) y =x%+4; 3) y=(x+4)%
2) y = x* - 4; 4) y = (x - 4)*?

5.2. I'pacdhuk Kakou U3 JaHHBLIX PYHKIUY [IOJYYHUM, €CJIH [IapallieJbHO [Iepe-
HecéM rpaduk QyHkmuM i = x° Ha 5 eIMHUI] BBEPX:

1) y = 2%+ 5; 3)y = (x+ 5)%
2) y =x* - 5; 4) y = (x - 5)*?
5.3. KakoBbI KOOPJAUHATEI BePIINHELI IapabdoJbl:
1) y =22 - 8; 3)y=(r—47>+3;
2) y = (x + 8% 4) y=(x-4)-3? i
5.4. Kax Hajo napa/uiejibHO nepeHecTH rpapur QyHKIUM Y = % , 4TOOBI
IMOJIYYHUTE rpapukr pyHKOUHE i = " :
1) Ha 8 efMHUI] BBEpX; 3) Ha 8 egMHUI] BIIPABO;
2) Ha 8 eIMHHI[ BHU3; 4) Ha 8 eguHUI] BIEBO?




5.5.

5.7.

5.9.

5.10.

5.11.

Kak Hamo mapannenbHO IepeHeCcTH Trpadur QYHKIUH Y = /X, 4TOOBI

MOJYYHUTH rpaduk PyHKIUH Y = /X + 3:
1) Ha 3 eqUHUILI BBEPX;

2) Ha 3 eIMHHUIILI BHU3;

3) Ha 3 eMUHHIILI BIPABO;

4) Ha 3 eMUHUILI BJIEBO?

IIpambie m 1 1, U300paKEéHHBIE HA
pucyHKe 5.19, nmapajnenbHbl, IPUYEM
npsamas n gsngerca rpadpuKoM QYHK-

nuu iy = f(x). Kakoe u3 yreepxaeHuit “A z
BEpPHO: b n
1) npamaa m sABIAerca rpadurom /

bynxnun y = f(x) + b; ;
2) npsaMasag m sABIAerTca rpadurom ~a 0 %
pyuarnum ¥ = [ (x — a)?

ITocTpoiite rpagur QyHKIUH i = X2,
Hcenonssya stor rpauk, mocrpouTe

rpaur QyHKIUH: rPnc. 5.19
1) y = x* - 3; 4)y = (x+2)%
2)y=2*+4; 5) y = (x— 1)% + 2;

3) y = (x — 5)% 6) y=(x+3)%- 2.

[TocTpoiite rpadpuk GyHKuH iy = —x2, Ucnoabays aToT rpadUK, IOCTPO-
Te rpauK GVHKIIMNA:

1) y=-a+1;

2) y = —(x - 2)%

) y=—(x+1)-1;

4) y = —(x - 3)% + 4.

Ilocrpoitre rpaduk GyHROUYU I = — 5 . Menmonbays aToT rpaduk, DOCTPOH-
x
Te rpa@uK GVHKIIUN:
1) y=-2+5 2) y=——0_; 3) y=——>_-2.
X x -2 ¥+ 4

ITocrpoiire rpadpur GyHKIHH I = 2 . Mcnonsays aror rpaduk, MOCTPO-
A
Te rpa@uk QyHKIUM:

Uy=3—h 2) y= &

X x+1

2
x-3

- 3) y = + 6.

ITocTpoiire rpauk GyHKIUKN I = \/? . Uenonbayst aToT rpaduK, IocTpoii-
Te rpad@uK QyHKIUKN:

1) y=+/x —4; 2) y =+Jx—-4; 3) y=+Jx-1+3.
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5.12. 3apaitte hopmynoil BuAA i = a (x + m)* GyHKIUI, rpaduK KOTOPOIi N30~
OpakéH Ha pucyHke 5.20.

174 J 1
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Puc. 5.20

5.13. Bapaiire dhopmysroi Buaa i = a (x + m)? pyurnuio, rpaduk KoTopoil uzo-
OpaxkéH Ha pucyHKe 5.21.

b
b
>

oo

ek

all 4
-_ﬂ"-—-‘-——"-———

—4 0] 1

Puc. 5.21

5.14. 3apgaiite hopmyJioit Buga i = a (x + m)? + n QyHKIHIO, IpaduK KOTOPOil
H300pakéH Ha pUCVHEe D.22.

5.15. 3agaiire popmymnoit Buaa y = a (x + m)® + n pyuknuio, rpadpuK KOTOpOi
n300paKéH Ha pUCyHKe 5.23.

5.16. Pemure rpapuyeckn ypaBHeHUE:

1) (x—l)-ﬂ:%; 92) 212 = /1.
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5 \ ill I
—6 0 1¥
Puc. 5.23 . il
3
5.17. Pemure rpaduuecKkud ypaBHEHHE — = Jx + 2,
X
5.18. ITocrpoiite rpaduk dyurnum y = |x|. Menonsaya aror rpaduk, mo-
cTpoiiTe rpa@uK QPYHKIITUN:
Hy=13-x| -2 E)y:%|x+ll—3; 3 y=1-2jx—1].
5.19. ITocrpoiite rpaduk ¢QpyHrnum y = |x|. Menoasaya aror rpaduk, mno-
cTpouTe rpapuUK QPYyHKITUU:
1}yy=|x-=1]| = 3; Dy=2-|x+4|; )y=2-3|x+1]|.
¢ ¢
5.20. 3agaiire JaHHyYI0 QyHKUu0 Gopmynaoil suga y = a(x — m)? + n u no-

cTpoiiTe eé rpaduK, UCIONL3YA rpaduK QYHKIUY I = ax’:
1) y =x% —4x + 6; 3)y=2x%—4x + 5;
2) y = —x? + 6x — 6; 4) y = 0,2x?% — 2x — 4.
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5.21.

5.22.

5.23.

5.24.

5.25.

5.26.

5.27.

5.28.

5.29.

3ajgaiire gaHHYI0 QYHKIUIO GopMyJsoi Buga iy = a(x — m)? + n u 1no-
crpoiiTe eé rpaduK, UCIONL3YA rpaduk GQYHKIHUU I = ax’:
1) y = 2% — 2x - 8; 2) y = —2x% + 8x — 3.

SazaiiTe JaHHYI0O QYHKIHIO (OopMYJI0i BUaA I =

+ b u nocrpoiire
X + 1

eé rpaduk, UCIIONL3Ys rpaduK QYHKIUYN ¥ = % :

3x+8 =2x x -1
1]y: Y ; z)y:hr_l; 3)y:21,+1'

SazaiiTe 1aHHYIO QYHKIUIO (hopMyIoil BUjga Y = + b u nocrpoiite

X+l
eé rpapuk, ucrnoabaysd rpadpuk GyHKIUM y = % :
4x + 14 T—-x 3x -2
Dy="1  A¥=3773 Ny="r31

ITocTpoitTe rpad®uk PyHKIAMU:

1) y =+J4x-1; 2};:,/1—%; 3)y=|2x-1].

IlocTpoiiTe rpaduk yHKIHHA:

1) y =3x +1; Z}y:”l—g—l; 3) y=(38x—1)%

2 B 3aBUCHMOCTH

OnpepenuTe KOJHYECTBO KOPHEH YPABHEHUS ad — |X| =«
OT 3HAUEeHUs napamerpa d.

ITpu KaKUX 3HAYEeHUAX IapaMeTpa ¢ ypaBHeHHe | x| + a = —x? umeer aBa
KOpHA?

CKOJIBKO RDDHEﬁ B 3ABHCHMOCTH OT 3Ha4YeHHHA IIapaMeTpa «d HMeeT YpaB-

HeHUue WX —a =1-— x?

CKoJIBKO RDpHEﬁ B 3AaBHCHMOCTH OT 3HaYeHHUHA IIapaMeTpa ¢ UMeeT YpaB-

HeHue VX +d =2 —x?

. B R .

5.30.

5.31.

5.32.

5.33.

5.34.

Haitgure Hauboiblllee 1 HAUMeHbIIee 3HaYeHUs PyHKIUH [ (x) = |x — a|
Ha oTpeske [1; 3].

Haiigure HaubGosblnee U HAUMEHbIIee 3HAUeHUS (GyHKIUYU ¥ = (X + a)?
Ha oTpeske [—4; —2].

OnpeaenuTe KOJIUUYECTBO KOPHEH ypaBHeHUdA 3 |x| = |xX — a| B 3aBUCHUMO-
CTU OT 3HAUEHUs apaMerpa d.

OnpeaesuTe KOJHYECTBO KOpHEH ypaBHeHud | ¥ — al| + |x| = 2 B 3aBHUCH-
MOCTH OT 3HAUEHHs HapaMmerpa d.

CKOJNBKO KOpHeH B 3aBUCUMOCTHY OT 3HAUYEHUA IMapaMeTpa ¢ UMeeT ypas-
HeHHe X2+ 1= |x — a|?



5.35. CKOJIbKO KOpHell B 3aBUCHMOCTH OT 3HAUYEHUS IIapaMeTpa d UMeeT Ypas-
HeHHe 2 — x% = |x + a|?

=
YnpaXKHeHus AN NOBTOPEHUA gy g

5.36. Haiifure Bce mapel uyucen (x; ), YAOBJIETBOPAIOIINE YPABHEHUIO

Ja2 —6x +5 +Jy2 -y-2=0.
5.37. Pemure ypasuenue (x + 5)* + (x + 3)* = 2.

§ El NocrpoeHue rpacdhumnkoB dyHkumn y = f(|x])
ny=|f(x)

Bocnosnbs3oBaBuinch omnmpenejeHeM MOAYJIH, MOMHO 3allHCATh.

f(x), ecmu x = 0,
y=[(x)= _
[(~x), ecir x < 0.
Orciofa MOMKHO cleJiaTh BBIBOJ, uTO rpaduk GpyHrmuu y = f(|x|) npm
x = 0 coBnajgaer ¢ rpadpurom dyHKIuU ¥ = f(x), a npu x < 0 — ¢ rpadpuxkom

byaruu y = f(—x).
Torpa mocrpoerue rpaduka GyHEIUHN i = [ (|x]) MOKHO IPOBOAUTE 110
cJenyIollel cxeme.

---’ﬂ 1) NocrpouTtb Ty 4acTb rpamka pyHKuMM ¥ = f(X), BCe TOUKM KOTOpOM
MMEIOT HeoTpMUaTenbHble abcymccsl;
2) noctponTb Ty 4acTb rpacdmka pyHkumm iy = f(—x), Bce TOUKM KOTOpON
MMeIOT OTpMuaTenbHble abcumccbl.
OObeanHeHMe 3TUX ABYX NOCTpoeHHbIX dhuryp aenaerca rpadpmkom pyHK-

umm i = f (|x1).

SametruM, uTo GyHKIUA i = [ (|x|) ABnsercsa uérHoii. [Toaromy och op-
IUHAT sBJsSeTCA OChbI0 cuMMeTpuu eeé rpachura. Torna rpadpur QyHRIIHU
y = f(]x]) MO¥KHO MONYUHUTH IO CJAEAYIONeil cxeme.

---)j 1) Nocrpoutb Ty YacTtb rpacuka cyHkuum y = f(x), Bce Touku KoTOpoOn
MMelOT HeoTpuLuaTenbHble abcymcesl;
2) noctponTb Urypy, CMMMETPUYHYIO NOMY4YeHHOW OTHOCMUTENbHO OCU

opAvHaT.
O0beguHeHMe ABYX NOCTPOeHHbIX huryp asnaerca rpadhmkom yHKUMN

y =f(Ixl).
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Ha pucyske 6.1 nokasano, Kak ¢ moMonisio rpaduka GyHrnun iy = (x — 2)°
nmoctpoen rpapuk pyurnun y = (|x| — 2)%.

\ aF / i /
\

k.

==
-
S

=Y

Puc. 6.1 FPMC. 6.2

Nna dpyskmuu iy = |/ (x)| MoxHO 3anucaTh:
_ |f : | _ f(x), ecmu f(x) =0,
Y= —f(x), ecm f(x) <O0.

Orciofna MOKHO CIeJIaTh TaKOH BRIBOMA: Irpaduk pyHkmuu ¥ = |f(x)| npu
BCEX X, UIA KOTOphIX f(x) = 0, coBmagaer ¢ rpajpuroMm GpyHrIuU i = f(x),
a Ipu Bcex X, MA KoTopeiX f(x) < 0, — ¢ rpadurom pyHKIMHA iy = —f (x).

Torma mocrpoerue rpaduka GyHruu 3y = |/ (x)| MOKHO IPOBOAUTH I10
cieyIolle cxeme.

---ﬁ 1) Nocrpoutb Ty Yactb rpacdmka yHkuum ¥ = f(x), Bce ToukM KoTOopoOM
MMEKT HeoTpULlaTeNnbHble OPAWHAaTDI;
2) noctpoutb Ty Yactb rpacdumka pyHkumm iy = —f(x), Bce TouKM KoTOpOWA
MMEIOT NONOoXUTENbHbIE OpAUHATDL.
0OGbeanHeHUe ABYX NOCTPOEHHbIX huryp asnaerca rpadpmkom yHKUMMN

y=1fx)l

Ilockonbky rpadurun GysHrmuit ¥ = f(x) u y = —f (¥) cCUMMETPUYHBI OT-
HOCHUTEJIbHO OCH abciHce, TO MCKOMBIM rpauk MOMKHO MOJYYUTH IO CJeay-
I0IeH cxeMme.

= -lﬁ 1) Ty wacTb rpachuka pyHkuumn iy = f(x), TouKu KOTOpPO UMEIOT HeoTpULa-
TenbHble OPAWHATbI, OCTAaBUTb 0e3 uameHeHWA;
2) nocTpouTb GUrypy, CMMMETPUYHYIO OTHOCUTENbLHO OCK abcumcc Ton Ya-
ctm rpacdhmka pyHkuMmu iy = f(x), TouKM KOTOpOA MMEIOT oTpULaTenbHble
OpAUHATDI.
OO0beauHeHMe 3TUX OBYX NOCTPOeHHbIX huryp m cocraBuT rpadpmK pyHK-

uum y = | f (x)l.



Ha pucynke 6.2 nokasaHo, Kak ¢ NOMOLILbI0 rpa@ukra (GyHKIUHU
y = (x — 1)? — 2 nocrpoen rpadbux pyaknuu y = |(x — 1)% — 2|.

Mpumep 1. ITocrpoiite rpaduk GyHKIUU Y = |1f|.1‘| +1- 2‘.
PewieHue. ITocTpoenre HCKOMOro rpadguKa MOMKHO IPeJCTaBUTL B BHUJIE
TAKON CXeMBbl:

y=+vx+1 —» yzm'|hl.'|+1 — y:,#|l-|+1_2 .
y= ‘\f|.‘f| + 1= 2‘ (puc. 6.3). m

I
p—
.--"""E—._!
1L+~ | lyEdx|+1
-
-10f 1 X
a
YA
I E
— Y= 1"“-" +-1 I
_-‘-"""‘"--...____‘ —-—..——-—_...--—
e | -
PEER
ffr=
10| 1 X
(4]
77 f
- yvEAAl + 1 -
"""---..._______‘ #‘_’___,_...---"'"_
- L ATvEdR 41-2 L
111 —T
—t— —
- !
3 T~0|_T 3 X
—1
B
i
=+ VAT + 1]- 2]
[ —— 1 i
e — [
— 0 — =
P %

rFHE. 6.3
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Mpumep 2. ITocrpoiiTe rpaduk GyHKIUN ¥ = |1.;‘|.1," +1]-1
PeweHune. ITocTpoeHne HCKOMOro rpaUKa MOMKHO IPEJCTABUTEL B BUJE
TAKOM CXeMBI:

y:m—pg;:«f|.1'+1| —:-y:13|.1'+1|—1—py:‘\/IITH—l‘

(puc. 6.4). m
|
. |
) = I "1 e I
T e
B . P |
ol |
0] 1 X |
a
A
o yE|N +H1 |
—— = |
1 =TT EAx
e
-10] 1 X
6
- Yh |y Edx +]1 =
— _-_--““'""""- —""‘"'-'.———-—_ -
i L~ | [ yl=N]k 4 1] - 1‘-.-
2 ] x
B
YA
— Jf; =h |a\llll|.'|' = 1| - 1| =
_-“‘--"""'h-. = 1 .--""""'—F—_-FF—_
AN .
-2 101 X
r
Puc. 6.4




liprmep 3. Ilpu Kakux 3HaAYeHUAX Iapa-
MeTpa a ypasHeHme |2|x| — 1| = x — a umeer
TPU KOPHSA? 7k

PeweHune. Paccmorpum pysKIuo /(x) =
= |2|x| — 1|. IIpoBeném nmocrpoenue eé rpadu-
Ka II0 TAKOUM cxeMe:

y=2x -1 — y=2x] -1 —>
—»y = |2|x| - 1]. 1

I'padpur pyHruu [ nsobpakéH Ha pu-
CYHEKe 6.5 KpacHBIM IIBETOM.

Pacemorpum pyHKnuio g(x) = x — a. Ee
rpa@uKOM SIBJAAETCA IpAMasd.

3ajaya CBOAUTCA K TOMY, YTOOBI HAMTU
TAKOEe IOJOKeHue npsaMou g(x) = x — a, 1npu
KOTOPOM rpad@ukKu QYHKIUHE [ U & UMEIOT TpU rF”C- 6.5
00IIIHe TOUKH.

JT0 ycsioBue OyAeT BHIIIOJHEHO TOJILKO TOTfa, Korja npamas g(x)=x —a

k|

Bl
L5t | e

| 1% Y

IPOHIET dyepe3 TOUYKY [—%; {}) unm depes Touky (0; 1) (pme. 6.5). Haiiném

SHa4YeHHA IIapaMeTpa d, COOTBETCTBYIOIIHE 9THM MMOJOMEeHHUAM HpHMGﬁ. Hme-

—l—a:l], a:—l,
eM: 2 2

OTtBeT: ¢ = —% UIH a=—-1.H

? 1. Kak MOXHO nocTtpouTk rpadmk GyHkuum iy = f(|x|), ncnonbsya rpaduk

dyHKUMKM iy = f(x)?

2. Kak MoxHo noctpouTs rpadmk ¢yHkummn i = | f (x)|, ncnonbsys rpadmk
dyHkumu y = f(x)?

= =
& YnpaXHeHVA g spem
6.1. IlocrpoiiTe rpad@uk GYHKIAN:
2 x-4
Dy=I|x*-1; 2) y=|=-1; Y=
6.2. IlocrpoitTe rpadur GyHKIHUN:
4 X+ 2
Dy=Nx-1;  2y=|—=|  Dy=]1=

65



6.3.

6.4.

6.5.

6.6.

6.7.

6.9.

6.10.

6.11.

6.12.

6.13.

6.14.

6.15.

O ¢yuknuu y = f(x) usBecruno, uro D (f) =[-3; Tl u E(f) = [-6; 5].
Haiigure:

1) ob6nacTe onpenenenusa GyHrnun iy = f(|x]);

2) obuiacTs ompeneseHua U obaacTh 3HAYeHUH QyHEIUU i = | f(x)].

O ¢pyurnuu y = [ (x) ussectro, uro D (f) = R, uucna —3 u 2 ABiasAOTCS
eé synsamu, f(x) > 0 npu x € (—e=; —3) U (2; +o<). Haiigure HyIM U 1IpO-
MEXXYTKH 3HaKomocToaHcTBa pyHKnuu: 1) y = f(|x]); 2) y = |/ (¥)].

O ¢pyurnuu y = [ (x) usBectro, uro D (f) = R, uucna —1 u 3 asiasoTes
eé aynamu, [ (x) < 0 mpu x € (—=; —1) U (3; 4=<). Haiigure HyIH U 1IpO-
MEKYTKM 3HAKOToCcTOAHCTBA yHKIuu: 1) y = f(|x|); 2) y = | f (x)].
IlocTpouiTe rpacdhuk QyHKITAK:

1) =(|lx| —1)?; 2) y = +lx|+2; 3)y= |_r|1—3 :

ITocrpoiiTe rpadpuk GYyHKIIUH:

1)y = (x| +2)% 2) y = +/lxl-3; 3) y=+2-|xl.

IlocTpoiiTe rpadpuk QYyHKIUH:

1) y =+lx +2|; Ny=(x~2] ~1)* 3) y=+lx-1/+2.

IlocTpoiiTe rpathuK QVHKIAM:

1
1) y =+/lx-38l; 2) y =+lx-2|-3; 3}y:m.
CKOJIBKO KOpHell MMeeT YpAaBHEHHEe B 3aBHCHUMOCTH OT 3HAYEHHUS Iapa-
MeTpa (:

1) ||x| - 1| = a; 2) |(Jx] —1)2 - 1] = a; 3) |Vx -2 =a?
CEOJILED HﬂpHEf’I HMeeT }"pElBH'EHHE' E 3aBHACMMOCTH OT 3HaAYEeHHHA napa-
METpB_ l:

1) |¥* - 1] = a; 2) [(x+2)*-3| =a; 3) I(lx] = 2)* - 3| =a?
IlocTpoiiTe rpaduK QPYHKIUMU:
1) y =+2|x]-1; 2) y =+1-3|xl; 3) y=+/2x-1].

IlocrpoiiTe rpaduk QYyHKIIUH:

1) y=+3lx|+1; 2) y =+/13x +1].

IlocTpoiiTe rpaduK QVHKIUMK:

4 4
1)y_m_2! Z}H_m—_zl 3}H—|1—|1—|X”|-
IlocTpoiiTe rpaduK QVHKIUHK:
1)y =||x| —4]; y=Illx—-1]—1]-1].

2) y = |2]|x| — 4];



® O @
6.16. IlocrpoiiTe rpaduk GyHKINNA:

1 |lxl+2
1) y = |Jlal - 2) Y=g s ) ¥ =lal-1
6.17. llocrpoiiTe rpaduk QyHKIUHA:
x| -2
1}y:‘1§'2|l|—1— 2}y= 1|'|3I+1|—2 S)HZ |.1'|+1"

6.18. Ilpu kakux 3HaYEHUAX IIapaMeTpa « ypaBHeHme ||x — 1| - 1| =x—-a
HMeeT 0eCKOHeUHO MHOTO KOpHei?

6.19. IIpn Kakux 3HaAUEHUSX IIapaMeTpa « ypaBHeHue ||x + 2| — 3| =a — x
uMeeT 0eCKOHEUHO MHOTO KOpHeH?

6.20. IIpu KaKuX 3HAUYEHUAX IMapaMeTpa a ypaBHeHue |2|x — 1| - 3| =x—-a
HMeeT TPU KOpHA?

6.21. IIlpu KaKkuX 3HaAUYeHUAX IMapamMeTrpa a ypasHeHue |[3|x+1| - 2| =a —x
HMeeT TPU KOpHA?

6.22. IIpn KaKuX 3HAUEHUSAX HapaMerpa ad ypasHeHue |2|x +a| — 1] =x-1
HMeeT eIMHCTBeHHEIN KOpeHb?

6.23. IIpu KaKkux 3sHAUYEHUAX IMapaMeTpa a ypaBHeHue |3|x —a| — 2| =2 —x
HMeeT eIHHCTBeHHBIH KOpeHb?

-
YnpaXxHeHUs Ansi NOBTOPEHUA g g

6.24. Pemute HepaBeHCcTBO |x| — |x — 3| = 2x.
912

6.25. Pemure ypasHenue 12 + P Fif
(x + 3)

é n KBapgpaTtuuHaa hyHKUMA, eé rpadpmkK n cBOMUCTBA

sy Onpegenenne
DyHKUMIO, KOTOPYIO MOXHO 3apath chopmynoi Buga y = ax? + bx + c,
roe X — HesaBMCMMan nepemeHHasn, 4, b u ¢ — napametpsl, npuyém a 7 0,
Ha3bIBAOT KBagpPaTUYHON.

Kpagparuunasa GyHKIUA He ABIseTcA AJs Bac HoBoil. Tak, B Kypce an-
re6psl 8 M 9 KJIAcCOB BBl M3yYalu €€ 4YacTHBIe BUAB — (QYHKIuUH Yy = x°
1 iy = ax’. @yHKIUOHAJBHASA 3aBUCUMOCTb ILIOAAN .S Kpyra oT ero pajuyca
onpejenasieT KBaJApaTHYHYI0O @yHKLHIO S (7) = 1, Koropas siBIgeTCs (PYHK-
nueit Buga iy = ax?.
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4
N P <!
Ha ypokax (GU3MKH BBl 03BHAKOMUIHNCE ¢ GopMyoit h = vyt — =5~ » KOTO-

pB_H DHPE,[(EJIHET SJABHMCHMOCTE BBRICOTHI h TeJsxa, ﬁp(}lLIEHHDI‘G BEpTHHEI.J[LHD
BBEPX ¢ HAYAJILHOI CKOPOCTBIO U, OT BDEMeHH ABM:KeHU: . dra popmyia 3a-
gt?

JaéT KBaApaTHuHyo GbyHKIHU A(t) = Ul —

YCTaHOBUM HEKOTOPLIE CBOMCTBA KBaJPATHYHOMU PYHKIIUH.

Ecau puckpuMuHanT D KBagpaTHOro TpéxuieHa ax?® + bx + ¢ orpuma-
TeJbHBIH, TO GyHKHuUS f(x) = ax? + bx + ¢ He umeer HyJeii; ectu D = 0, To
byHKIUA [ uMeeT ONUH HYJb; ecau DD > 0, To GyHKIUA [ ©UMeeT nBa HYJA.

Ecnu b = 0, To dyaknusa [ aBiasercsa 4éTtHoil, ecau b # 0, GQyHKIUA He
SBJIAETCSA HU YETHOM, HU HeyeTHOU. [lorkaKuUTe 3TO caMOCTOATeNbHO.

IIpeobpasyeM BeIpazkeHUe ax? + bx + c.

HNmeem:

2 9 b c 2 b b2 b2 ¢
axl+bx+c=alxX2+=-x+=|=a| 12 +2x —+—-——+-| =
a a 2a 44?2 442 a

=a I+;—)2+—4a£_bz =a I+£2+—4a¢—h2 =a r+£2—£
B 2a 4a2 B 2a 4a ST 2a 4aq

Beeném obo3znavenusa x, = — L] -_D
4 Yo T T Yo T Ty
Torpa kBagparuunyo Gysknuio [ (x) = ax? + bx + ¢ MOXKHO IpPeICTABUTD
B BHE:
S (@) =a(x—x)*+y,.
Hccnenyem yHKIUIO / HA Bo3pacTaHUe W yObIBAHUE.

H}’{ITI:- Il H .I'z, rne .?Cl < Iz, — IIPOH3BOJIbHBIE 3HAYEHMWA aprymMeHTa

GYHKIUH [ U3 MPOMERKYTKa (—oo; X,
Hwmeem: x, < x, < x,. PaccMoTpuM pa3HOCTb f(.:rl) —f(xz). IHonyuaem:

f(‘rl) _f('rg) =da (Il _xﬂ);‘-: TYo— ﬂ(xg _xn)z —Y,=da (.I'l _Ig)((rl o ‘:r[}) + (.1"2 - xﬂ))'
ITockombry X, —x, < 0, x;, —x, <0 ux, —x, < 0, To 3HAYeHHE BBIPAXKE-
Hus (1, — 2,)((x; — x,) + (x, — x,)) — monoxurenbHOE yncyao. Takum obpasom,
3HAaK paccMaTpuBaeMOU PasHOCTH 3aBHCHUT TOJIBKO OT 3HaKa IapaMerpa d:
e ectn a < 0, To f(x,) — f(x,) <0, 1. e. f(x;) < [f(x,), a cnegosarenbHo,
GYHKIUA [ BOBpACTAET HA IPOMEKYTKe (—oo; XI5
e ecit a > 0, TO f{:x:l) > _f{xz), T. . PYHKIUA [ yOLIBAET HA IPOMEIKYTKE
(—==3 Xﬂ]'
AHanoru4yHo MOYKHO HCCJIe0BATh Ha Bo3pacTaHue W yObIBaHue (PYyHK-
nuio / Ha NPoMeKyTKe [X,; +o°) U MONIyIUThL TAKOH pe3yJIbTaT:
e ecaim a < 0, To GyHKIUA / yOBIBAET HA IPOMEKYTKE [y +o2);
e ecaiu @ > 0, To GyHKIUA / BO3pacTaeT Ha NIPOMEKYTKe [xy; +2).
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Tenepr MOHO cliesIaTh TaAKHUEe BBIBOJBI.
Eciu a > 0, 1o f(x,) < f(x) ana moboro x € R. CnenosarenbHO, IpHU

o D
> : xX) = f(xy) =—1-.
a > 0 umeem min Fle)y=f1%;) i
Ecm a < 0, To f(x,) 2 f(x) ana moboro x € R. CnegoBarenbHo, IpH
: D
< rmax f(x) = f(xg) =——.
a < 0 umeem mf?xj(r) S(x,) P

B Tabnune Ha ¢opsane yueOHUKA NIPpUBeJeHLI CBOMCTBA KBaJApaTUYHOU
dyukmuu f(x) = ax? + bx + c.

ITokaskeM, Kak rpa@uk KBaApaTHYHON QYHKIUH ¥ = ax® + bx + ¢ MOXK-
HO MOJYYUTh U3 rpaduKka QyHKINYU Y = ax?,

Bel y:xe crpounu rpauK KBaaApaTUYHOU (PYHKIUM, BBIJAENAS KBal-
par aBydigeHa (cMm. npumep 3 B § 5). HMcmoneaya aTy HAer0, 3alulleM
y=a(x-x,) +1y, rie x A i Y -

: o o 0 2 " 70 da

TDI‘,[[EI CXeM4a IMOCTpOEeHHUA MCEOMOI'O rpacpmca BBITVIAAMT TaK:

Bopago Brepx
HUJIH BJIEBO MM BHUA
i 22 - 5 . 32 g . 32
Y =ax > Yy=alx—-x, » Yy=alx—x) +y,
Ha |X,| en. ua |y,| en.

Ha pucysake 7.1 nokasaHo mocTpoeHHe JJiA caydas, korga a > 0, Xy ? 0,
Y, < 0. Ha pucynke 7.2 nmokasaHo mocrpoeHue Ijs ciaydas, Korga a < 0,
x, <0,y,>0.

YA Y\
Yo
=lalx — x,)* + y,
y = alx 'I-U}._J
y = {I.XE
5 h P-
0 v '
Yy = ax?
Yo N oy
0 Yy =alx —x,)*+ Yy, Y = a(x - x,)°
F Puc. 7.1 F Puc. 7.2
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I'padurkom pyHEIHH I = ax® + bx + ¢ aBiasgercsa ¢urypa, paBHas napa-

bone y = ax?, r. e. rpaduroM GyHEIUM iy = ax® + bx + ¢ aBasercs napabosa
o ) b D
C BePIIMHOHA B TOUKe (X,; ¥,), TAe X, = ~p=r Yo =g

Betsu napa6ouel i = ax? + bx + ¢ HanpaBIeHbl TaK ke, KAK U BETBU I1a-
pabossl iy = ax?: ecau a > 0, To BeTBu napabGosibl HAIIPABIEHBI BBEPX, €CJIH
a < 0, To BerBu napado/ibl HAIIpaBJIeHbl BHU3,

Ob1ee npeacTapiieHue 0 rpauke KBaApaATHUYHON (PYHKIMH Ial0T KOOP-
NUHATEI BEPIIUHLI Mapaboskl U HallpaBJieHUe eé BeTBeil. ITO MpeacTaBIeHHe
OyneT TeM mosHee, yeM 0OoJsibllle TOYEK, IPUHALJIEKAIIUX rpadUKy, Mbl DyeM
sHaThk. lloaToMy rpadgmr KBagpaTHyHOM (PYVHEKIHM MOMKHO CTPOUTHL, HEe HUC-

NoONAb3VH IapailjleJbHbIX IIePeH0OCOB, ,[[EfiGTBYH 1o CJIE,IL}?}DL[IEfI cxenMe.

= --ﬁ 1) Haith abcymccy BepmHbl napabonsi no popmyne X, = — 2"

" 6 e o )
2) HaTK OpAVHaTY BepluMHbI Napabonbl no popmyne” Y, = — T n oTme-

TUTb Ha KOOPAWHATHOM NNOCKOCTU BEPLUMHY napabonsbi;

3) onpegennTb HanpaeneHue BeTseil napadonsl;

4) BbIYMCNINTD KOOPAWHAaTBLI HECKONBKUX TOYEK, NPpUHaAQNEALWMX UCKOMO-
My rpadmky, B HaCTHOCTM KOOPAMHAaTBLI TOUEK NepeceyeHmns ¢ OCbio abcymnce
(ecnn pgaHHas YHKUMA MMeeT HYNW), KOOpPAMHATY TOYKM nepecevYeHus
C OCbiO OPAVMHAT; OTMETUTb 3TU TOUKWU Ha KOOPAMHATHOM NMOCKOCTH;

5) NnpoBecTn Yepe3 BCce OTMEYeHHbIe TOMKWM NMABHYHO HENpepbIBHYIO NMMHUIO.

Mpumep 1. ITocrpoiite rpadur dyukuuu f(x) = x% + 4x — 5. [Tonbayscek
rpauKoM, HAUJUTe IPOMEKYTKH 3HAKOIIOCTOAHCTBA (PYHKIIUHA.
PeweHune. 1) Haiiném abenucey 1 opauHaTy BepiinHbl napabonst. Mme-

4
eM: X, :—E:—Z, Yo=S(x)=f(-2)=4-8-5=-9.

2) Touka (—2; —9) — Bepmmuua nmapadoJIbI.

3) BerBu napaboJjiel HAlpaBieHbl BBEPX.

4) HaiineéM KoopAMHATHI TOYEK IepecedeHU s nmapadoikl ¢ ocklo abeiuce.
Il1s1 3TOr0 pelruMm ypaBHeHUe:

2 +4x-5=0.

[Monyuum x, = -5, x, = 1.

CnenoBaTesibHO, Iapadosia mepecekaeTr och abcruce B Toukax (—9; 0)
u (1; 0).

D

A {DD})MYHF yl] - —4_ IATMMOMHUHATE HEe 0DA3ATEeNLHO. HGETETDT-IHG BEIHHCIHTE sHAYECHHE
el

b
dyHKIEE i = ax’ + bx + ¢ B Touke X, = —2— :
a



Haigem kKoopauHaThl TOUYKM HepecedeHUs napadosasl ¢ OCbH0 OpAUHAT.
Umeem: [(0) =—5. Ilapabosa nepecekaer och opguHaT B Touke (0; —5).

OrMeTuM HalJeHHBIE YeThIpe TOYKH HapadoJibl Ha KOOPAMHATHOM ILIO-
crkoctu (puc. 7.3).

5) Temeps BUAUM, YTO IleJiecOOOPA3HO HANTH 3HAYEHHA NAHHON (PYHK-
UK B TOUukax —1, —3, —4 ¥ OTMeTUTh COOTBETCTBYIOIIME TOYKH HA KOOPAHHAT-
HOU IJIOCKOCTH.

Hmeem: f(-3) = f(-1) = -8; f(-4) = £(0) = 5.

CoemHUM BCce OTMEUYEeHHbIe TOUKH IJABHOH HEeNPEePBLIBHOM JIMHUEH.

HMcromelit rpauk n300pakeéH HAa pUCYHKe 7.4,

LY

L
L

Fﬂ.
1

i —

. 20| 1 |x | |5 b [0[1] %

r Puc. 7.3 rFHC. 7.4

Umeem: f(x) > 0 Ha KamAOM U3 NPOMEKYTKOB (—e<; —5) m (1; +e=);
f(x) < 0 Ha npome:xkyTKe (—5; 1). =

Mpumep 2. Haiigure Hauboablliee U HAaUMEHLINee 3HAUYEHUA (PYHKIINU

__ 4 12x
4 (x2 +1)2 241

PeweHune. [lanuas dyHKIUA onpeneneHa Ha mHoxxecTse R. Ilyers
2x

x% +1
eT BCe 3HaYeHUsd U3 nNpoMexyTka [—1; 1].

Sajavya CBeJach K HAXOMMIACHUI HAaHUOOJBLIIEro M HANMEHBIIEro s3Haue-
Huit pyaknun [ (¢) = t? — 61 + 2 ma npome:xkyTke [-1; 1].

dyuaknusa [ yObiBaeT Ha npomexyTKe (—e; 3]. IlockoabKy
[1; 1] < (—==; 3], T0 dyHKIMa [ yOeiBaeT Ha npome:xkyTKe [—1; 1]. Orciona

S J@®)=f() =9, min f(t)=/1)=-3.

= {. B npumepe 2 § 1 ObL710 YyCTAHOBJIEHO, YTO IIepeMeHHAas ¢ IPUHIMA-
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JTY 3ajladyy TaKKe MOMKHO pelllnuTh rpadpuyecku. laa aroro mHamo mno-
crpouts rpaduk pyurmuu (1) =12 — 6+ 2, D (f) =[-1; 1] (puc. 7.5). Opau-
HaThl TodeK A u B 6yIyT COOTBETCTBEHHO HAMOOJIBIINM M HAUMEHBIINUM 3HAa-
yeHuAMU QyHKIuU [ HAa D (f)=[-1; 1]. m

Mpumep 3. IIpu KakuX 3HAYEHHAX IIapaMeTpa ¢ HaUMeHbIlee 3HAUeHHe
pyurnuu [(x) =12+ 2x — 1 + |x — a| va D (f) 6onbiie, uem 2?
PeweHue. /Ina BRINOJHEHUS YCJIOBHUSA nﬂn f(x) > 2 Heobxogumo u J0-

CTATOYHO, YTOOBI IIPU BeeX X € R BBINONHAIOCH HEPABEHCTBO:
2»2W4+2x— 1+ |x—a| > 2. (%)

CnemoBaTenbHO, 3afjadya CBOJAUTCA K TOMY, 9YTOOBI HATH BCe 3HAYEHHA
nmapamMeTpa ¢, NP KOTOPLIX HEPABEHCTBO (*) BREINMOJHAETCA NMPU Beex x € R,

Hmeem: |x — a| > —a% — 2x + 3.

Pacemorpum dyarmuu g(x) = |x —a| u h(x) = -2 — 2x + 3.

HocraTouHo HAWTH Te 3HAYEHUA MapaMeTpa d, IPHU KOTOPBLIX BCE TOYKH
rpaduka pysHrnUu g (yria, BepunHa KOTOPOT0 PAacIojyiodeHa Ha ocH abcnuce)
HAXOAATCA BHINIE COOTBETCTBYIOUIMX To4yeK rpadurka GyHrnuu /i (nmapabonsl
C BepIIMHOI B Touke (—1; 4), BeTBH KOTOPOil HAIIPABJIEHLI BHU3).

Ha pucynke 7.6 moxasaHbl ABa IOJOMKeHUS rpaduka pyHKOIUU g, IpHU
KOTODBIX rpa@uKu QYHKIUN /7 U g€ UMeIoT ofHYy 001Iyio TouKy. Eciiu BepiinHa
yIyia pacliojioykeHa Ha ocu adciiuce JieBee TOYKH A WM npasee To4ku B, To
MOJIy4aeM MCKOMOEe B3aUMHOE PACIIOJIoMKeHue rpadukoB QyHKIWMA g u /.

Ecau BepmuHa yryia coBnajaer ¢ TOUKON A, To npamas iy = X — d UMeer
¢ napabomnoii y = —x? — 2x + 3 ofHY 0BIIVIO TOYKY. DTOMY CJIYYal0 COOTBETCTRY-

N FE LAY
\k \\ // //
NISNA Y
NV8'¢ P
/] N A
\.\ // / N \‘\ /ff f/
NN f/ // \‘\ \‘\ yd ,/
\ANVO A IRPAANAV AV,
. N rd \‘x.//\\/ .
X A 0] 1 B X
/ \
/ \
[ \
FF‘HE. 7.6




I0T Teé 3HAYEGHHUSA IapaMeTpa ¢, IPHA KOTOPBIX YpaBHeHHE —x° — 2x + 3 =X — a

HMeeT eIJUHCTBeHHOe pellleHHUe.
21

1
Ecuu BepuinHa yriia coBnajgaer ¢ TO4Koi B, To npamas y = a4 — x uMe-
er ¢ mapabosoit y = —x? — 2x + 3 onHy 061YIO TOUKY. BHAUEHUE [TapaMeTpa d,

Ionyuaem: —x2 —83x+3+a=0; D=9+ 12+ 4a = 0. Orcioga a

13
COOTBETCTBYIOIIEE 3TOMY CJIy4alo, PaBHO 0 (yvbepurech B 3TOM CAMOCTOS-
TeJbHO).

OTBeT: a<—24—1 WU a}%.l

MNpumep 4. Ilpm KakuxX 3HAUYEHHAX IllapaMeTpa « ypaBHeHHe
(a+4x -22-3)a—-1- |x - 2|)=0 umeer Tpu KopHs?

PeweHune. PaccMOTPUM KOOPAMHATHYIO ILJIOCKOCTE X, T. €. KOODIHHAT-
HVIO IJIOCKOCTh, KaxKJasd TOUKa KOTOPOIl HMeeT KOOPAHHATEI Buaa (X} a).

PaccmaTpuBag fjanHOe YpaBHEHHe KAK YPaBHEHHE C JIBYMs IlepeMeHHbI-
MU X U ¢, IIOCTPOUM ero rpaduk Ha KOOPAHUHATHON IIJOCKOCTH Xd.

IlepexomguM K pABHOCHJIBLHOH COBOKYITHOCTH:

a=x%-4x+3,
x—2/+1.

'padhurom nepBoro ypaBHeHHsS COBOKYINHOCTH sABJserTcsa mnapabona
¢ BepuinHOoi B Touke (2; —1), BToporo — yroJ ¢ BepiuHoi B Touke (2; 1). Cie-
JIOBATENILHO, I'Pa(UKOM UCXOIHOTI'0 YPABHEHUA SABJsAeTCs 00belUHeHUe D9THUX
(huryp (Ha pucyHre 7.7 rpadpuk ns3o0paskéH 3eJIEHBIM I[BETOM).

if =

ah

A

4 =
N - g ﬁ-L]- L
"-.._.__h‘- T 3
)
Pt
]

4f =

g

-y

Puc. 7.7
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IpAMOH a = a
3HAYEHWH MapaMeTrpa ¢, PABHOM d

Ronuyecrso ToOYek nepecedeHMdA C 3THM I‘pﬂ[i)HHDM FGPKBDHT&HLHDﬁ

1 COOTBETCTEBYEeT KOMHMYECTBY KOpDHEeH NAaHHOI'O VPpaBHeEHMHA IIpH

{i
W3 pucynka 7.7 BUAHO, YTO TONBKO npaMas d = 1 nepecekaer rpapuk

ypaBHEHUS B TPEX TOUKAX.

r 4

OmeT:aa=1. =

1. Kakyio ¢yHKLUMIO Ha3biBAKOT KBagpaTu4yHon?

2. [lepeuncnnTe CBONCTBA KBaApaTUYHON YHKLN.

3. Kakas ¢purypa asnsetca rpapmkom KBagpatniHon GyHKUmMK?

4.Mo Kkakou dopmyne MOXHO HaWTW abcumccy BeplwuHbl Napabdonsbl
y=ax®+ bx + c?

5. KakoBo HanpasneHue seTsen napabonbl y = ax? + bx + ¢ B 3aBucumo-
CTU OT 3Ha4eHWs NapameTpa a?

6. OnuwuTe cxemy nocrpoeHus rpauka KkBagpaTtu4HoOW GyHKLUMA.

= o

® YnpaXXHeHUA g s unn

7.1. OmnpegenuTe HAOPAaBIeHUEe BeTBell U KOOPAUHATEI BePIINHEL Tapadobl:
1) y=xa%-12x + 3; 2) y = -bx% + 10x + 2.

7.2. Haiigure obnacTh 3HAYEHU M IMPOMEKYTKH BO3pACTaHUA U YOBIBAHHS
PYHKIIUU:

1) f(x) = 4x% — 8x + 3; 2) f(x)=4-12x - 0,322

7.3. HaiiguTe obnacTh 3HAUYeHUH M IIPOMEKYTKH BO3pacTaHUA U yObIBaAHUA
PYHKIINU:

1) f(x) =2x% — 12x + 8; 2) f(x) =9 + 8x — 0,2x%

7.4. llocrpoitte rpadur GyHKIIHAMA:

1) y = a% — 4x - 5; 4) y = 22 — 8x + 8;

2) y =—x2+2x+ 3; 5) y =x% - 2x + 4;

3) y =6x—x% ﬁ}y:—%xz+3x—4.
7.5. Ilocrpoiite rpaduk pyHKIIHUN:

1) y =22+ 2x - 8; 3) y =%+ 4x - 5;

2) y =%~ 2x; 4) y = 2x% — 2x — 4.

7.6. Ilocrpoiire rpadur Gpyaxmuu f(x) = x? — 6x + 8. [Monab3ysick rpauKoM,
HayguTe, IPU KAKUX 3HAYEHUAX apryMeHTa QyHKIHUA IPHHUMAaeT 110J10-
JKUTeJbHble 3HAUeHU, a IIPU KaKUX OTpHIaATeJIbHEBIE.

7.7. llocrpoiite rpadgur ¢yurnuu f(x) = —x% — 6x — 5. Ilonbaysace rpagu-
KOM, HAWJUTe MHOKECTBO pellleHnil HepaseHcTBa f (x) > 0.

7.8. MHcnonb3ys rpaduyecKUil MeTO/, YCTAHOBHUTE KOJUYECTBO KOPHEH ypas-

HeHuA f(x) = g(x):




1) f(x) =—2%+ 6x— T; g(x) =—x;
4

2) f(0) = 4 - 22% g(x) ==
7.9. MHcnonssysa rpaduyecKUid MeTOJ, YCTAHOBUTE KOJIHYECTBO KOpHeH ypas-

. 6
HeHuda xZ +4x+1==.
X

7.10. Haiizure KoopAMHATEI TOUKHU mapabonsl iy = —x2 + 9x + 9, y Koropoii:
1) abcumcca 1 OpAMHATA PABHBI;
2) cymma abciucebl ¥ OPAMHATELL paBHa 25.

7.11. Haiizure KoopAauHaTel ToukM mapabonsl y = 2x? — 3x + 6, y Koropoi
opauHaTa Ha 12 OoJsbine abCIMCCHI.

7.12. Haiigure HauMeHbllIee 3HaYeHHe QyHKIuM iy = 3x2 — 18x + 2 Ha npome-

HKYTKE:
1) [-1; 4]; 2) [-4; 1]; 3) [4; 5].

7.13. Haiinure naubosbiiee suauenue GyHknun iy = —x° — 8x + 10 ma npome-
KYTKe:
1) [-5; -3]; 2) [-1; 0]; 3) [-11; -10].

7.14. [Ipyn xkaKuxX BHAYEHUAX IapaMeTpoB p U ¢ Trpapur QyHKIHAU
y = x% + px + g npoxoxur uepes rouku M (-1; 4) u K(2; 10)?

7.15. IIpy xakuxX B3HAYEHHUAX IapaMeTpoB a Hu b HyIaMu QYHKIHH
y = ax®+ bx + T asnsores yucna —2 u 37

7.16. [Ipu Kakux 3HAUEHUSX IapaMeTpoB a u b mapabona y = ax? + bx — 4
npoxoaut yepes Touku C(-3; 8) u D(1; 4)?

® ¢ |

7.17. Ilycts D — AUCKPUMHHAHT KBajJpaTHOro Tpéxunena ax? + bx + ¢. Uso-
fpasuTe cxeMaTHYeCKM rpadMK KBajpaTUyHol QyHKIUY iy = ax® + bx + c,

ecJImn. ! b
1)a>0,D>0,c>0, —— > 0; 3)a<0,D<0, —— >0;

2a 20

b b
2]{?}0,}3—0,—5{0, 4)ﬂ<0,ﬂ‘—ﬂ,—ﬂ<[}.

7.18. Ilycts D — AuCKpUMHHAHT KBajpaTHoOro Tpéxunena ax? + bx + c. Uzo-
fpasure cxeMaTUYeCKM rpadMK KBagpaTUYHON QyHKIUY iy = ax® + bx + ¢,

ecJImn. f b
a>0,D<0, —— <0 3)a<0,D=0, —— < 0.
2a 2a

2)a<0,D>0,c<0, —2!—}}-0;
l
7.19. HaiinuTe Bce 3HAUEHHUA IapaMeTpa d, IIPH KOTOPLIX BepIINHA Napabdoibl
y = —x? + 6x — a npuHAAIeRKUT ocHu aberuce.
7.20. IIpu xakoM 3HaueHUH napamerpa b npoMesxkyTok (—ee; 2] aBnsiercs mpo-
MEKYTKOM BoadpacTanusa GyHrnuu y = —4x? — bx + 57
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71.21.

1.22.

71.23.

71.24.

7.25.

71.26.

1.27.

71.28.

7.29.

7.30.

Ilpun KakoM 3HAYEHHUM IapaMeTpa b IPOMEXKYTOK (—wo; —3] ABIAeTCA
IPOMEKYTKOM yObIBaHUA QyHKIUU i = 312 + b — 8?2

IIpu xakux 3HAYEHUAX mapaMmerpa a GyHKOHA y = 2x° — 4ax + 3 BO3-
pacTtaeT Ha npome:xyTie [—1; 4]?

[Tpu KakuxX 3HAYEHUAX MapaMerpa a GyHKUA iy = —x2 — 2ax + 1 y6uIBa-
eT Ha ImpoMe:KVTKe [-3; —2]7

Ilpu Kakom 3HaueHMH napamerpa a rpadpur GyHEIAU

Yy =ax?® + (a—2)x + i AMeeT ¢ 0ChIo adcIuec ofHY O0IYI0 TOUKY?

IIpu xakom 3HAUYEHUH IapaMeTpa ¢ HauboJblllee 3HAUEHHE (DYHKIIUH
y = —bx? + 10x + ¢ pasHO —3?

IIpy KakoM 3HAYEHHUH IIapaMeTpa ¢ HaUMeHblllee 3HAYeHHe (PYHKIUH
y = 0,6x% — 6x + ¢ paBHO —1?

[Ipu KaKuX 3HAYEHUAX IIapaMeTpa ¢ BeplIuHa napabossl i = x2 — 8x + ¢
pacIiojiozKeHa Bbllle npAMon iy = —27

ITpu KaKux 3HAYEHUAX MapaMeTpa a upsamas y = x — 1 uMmeer ¢ nmapabdo-
noit i = x? — 2ax + 3 oxHy 06UIVIO TOUKY?

IIpu rakux 3HAUYEHUAX lTapamMeTpa @ npaMas iy = —x + 4 uMeer ¢ napa-
6omoit iy = x2 — 3x — a ogHy 06MIYI0 TOUKY?

Ha pucyare 7.8 wusobpamésn rpadur KBAAPATHYHON (PYVHKIHH
y = ax® + bx + ¢. Oupejgenure sHaku KoaPuuuesTos a, b u c.

NS D

Puc. 7.8 rFuc. 7.9

=¥
.

7.31.

71.32.

Ha pucyurxe 7.9 uszobpamxén
rpauk KBaJpaTHYHOH (PYHK-
nuu iy = ax’ + bx + ¢. Onpege-
JHUTe 3HAKH KOod(PPUIUeHTOB a,
buc.
MoryT i1 rpa@uKu KBajjpaTH4-
HEIX QYHKIUM iy = ax? + bx + ¢
- e
U iy = cx* + bx + a GBITH pacro- / / of 1 \ %
JIOJKEeHbI TaK, KaK IMOKa3aHo Ha
pucyake 7.107? FF“C- 7.10




7.33. I'padux kBagpatuuyHoil pyurnuu f(x)=ax’*+ bx+c,tnea+b +c¢ > 0,
HEe HMeeT 0BLIUX TouyeK ¢ ockio aberuce. Onpesenure 3HAK IIapaMeTpa C.
7.34. O kBagpatuuHoil pyHKnun / ussectro, uro f(—3) = /(7). Haiigure Bce

7.35.

71.36.

3HAYEHUA X, MPU KOTOPsIX [ (x) = f(3).

IIlpy kKakux 3HaAYeHUAX IapamMeTpa a
y = x? — 4ax + 5a® — 3 paBHOyaNeHa OT Oceil KoopauHAaT?
IIpy Kakux B3HAYEeHUAX IapaMeTpa a

y = x? + px + g maxopuTcs B Touke A (2; 5)?

BeplIIvHA

napabonsl

BepminHa napaboinbl
y = x% — 6ax + 4 + 8a® Haxongurcs BO BTOPoiil yersepTu?
7.37. IIpn Kakux 3Ha4YeHUAX K02(Q@PUIMEHTOB p U ¢ BeplInHaA napadoJibl

7.38. Bepmuna napa6ousl iy = ax® + bx + ¢ naxogurca B touke C (4; —10), na-
pabona npoxoaut uepesd Toury [ (1; —1). HaiiguTe s3HaueHna Koaddu-

IUeHTOB a, b u c.

7.39. HaiiguTe opIHHATY BepIIMHLI napaboiibl, (pparMeHT KOTOpoOii m3obpa-

JKEH Ha pucyHKe 7.11.

7.40. Haiigure OpAMHATY BepLIMHELI napadoJibl, (pparMeHT KOTOpOM u3obpa-

JKEH HA pHCYHKe 7.12.

Y [ YA

= il
|
ot

[u

Puc. 7.11

\
\
\
\

'-I.

2

.Pnc.?.12

7.41.

7.42.

7.43.

?iui

IlocTpoiiTe rpadpuk GyHKOHUMU:
) y=|x*-2|x||;
IlocTpoiiTe rpadpuK GyHKIUHA:

1) y = |x* - 3|x]|;
ITocTpoiiTe rpaduk QyHKIAMK:
x3 -8 xt-16

1) y=="2-8; 2) y = ;

) Y X -2 ) Y x% -4
IlocTpoiiTe rpaduk GyHKIIUMN:

3)3 x3 —6x2 + 8x
) Y X+ 3 ) Y Ay

2) y=|x*-2|x| - 3.

2) y=|x%—4|x] + 3].

= =3
v e |
1- x?
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71.45.

7.46.

71.47.

IlocrpouiTe rpapuk GyHKIINKA:
lx -3|

Dy=22—4|x—-1] - 1; 3) y=x%+3x- — -4,
N OV (G- W
2) y - |I|{I X ﬁ)?
IlocTpoliTe rpaduk PyHKIIUMU:
3
1) y = 6|x| — x% y=x2+3|x-1| -1; 3) y= 24 4x.

| x|
VeTaHOBUTe, CKOJBLKO KOPHeil HMeeT YpaBHEeHHe B 3aBUCHMMOCTH OT 3HA-

YeHHUs HapaMeTpa d:
1) |22 —-4|x]| + 3| =a; Dx2+3x—-1|-1=a.

7.48. YcraHoBUTe, CKOJABKO KOpHell HMeeT ypaBHeHHe B 3aBUCHMOCTH OT 3HA-
YeHHs NapaMeTpa d:
1) |x®2 - 2|x| - 8| =a; Nxt-4|lx-1| -1=a.

¢ O

71.49.

7.50.

O kBagpaTUYHON GYHKIUU [ M3BECTHO, YTO CYNIECTBYET DOBHO TPHU 3HA-
YeHHA apryMeHTa, IPU KOTOPBIX MOAYJIbL 3HAYeHUA (DYHKIUH paBeH 2.
CronbKO KOpHel umeer ypasHenwue f(x) = 1,17

Moryr au rpadUKu KBaApaTUYHBIX QYHKIuUl y = ax? + bx + ¢ u
iy = bx® + cx + a 6BITH pacHoNoKeHbI TAK, KAK ITOKA3aHO HA pucyHKe 7.137

Yy ylV
/

; 7

=Y
=Y

v{} LY

Puc. 7.13 rPuc. 7.14

7.51.

7.52.

7.53.

71.54.

71.55.

Moryr nu rpaduKu KBagpatTudHoit GyHknuu y = ax? + bx + ¢ n nuueii-
HOU (DYHKIUU I = CX + @ OBITH pacIONOKeHbl TAK, KaK IIOKA3aHO HA PU-
cyHKe 7.147

MNs3Bectno, uto 2p — g = 4. [okamure, 4ro Bce napaboisl BHIa
Yy = X% + px + ¢ IPOXOASAT Yepe3 OfHY TOUKY.

Dyurnusa [ (x) = x? + px + g IpUHUMAET TOJBKO HeOTPUIATeIbHbIe 3HA-
yenus. Halijure HauMeHbIIee 3HAUYEHUE BLIDAKEHUA P + (.

IIapameTp @ NMpUHMMAET BCEe [elCTBHUTeNbHble 3Ha4YeHUA. [loxaxkwure,
uyTO BepmuHLI napaboa f(x) = —x% + 2ax — a® + a + 1 06pasyoT npaMyIo.
IIapamerp @ IpUHMMAaeT BCe [eHCTBUTeNbHble 3Ha4YeHUsA. [loxaxkure,
uTO BepmuHbl napabon f(x) = x? — 2ax + 2a® + 1 o6pasyior mapaboy.



7.56.

71.57.

7.58.

71.59.

7.60.

71.61.

7.62.

INana gyskums f(t) = t* — 2t. IlocTpoiiTe rpapur GyHKIHU g, €CJH
g(x)= min f(t).

[x-1; x]
HMana pyaxnus f(f) = —t? — 2¢. Ilocrpoiire rpaduk QyHKIuU g, ecau
g(x) = max f(t).

[x; x+1]
Haiigure HauMeHbIlee 3HaueHHe PyHKIUU 3y = (1% + x)? + 2(x? + x) + 2
ma D (f).
IIpu Kakux 3HaYeHUSIX Napamerpa a ypasHenue |[x2 —4x+ 3| +x—-a=0
HMeeT TPU KOpHA?
IIpu Kakux 3HAYEHHMAX NapaMeTpa d HaUMeHbIlee 3HAYeHWe (PYHKINH
y=x2—-4x+ 3 + |x — a| Ha R mensme yem 27
IIpn Kakux 3HAaUYEHHAX apaMeTpa d CYMMAa KBaJpaTOB KOpHeH ypaBHe-
Hus x2 — 2ax + a®> — a+ 1 = 0 6ymer HaumeHnbIei?

IIpu Kakux 3HAYEHHUAX IIapaMeTpa d IIPOU3BeJleHNe KOpHell ypaBHeHus
x?2 - 2ax + a® - 2a + 4 = 0 6yger HauMeHbIITUM ?

71.63.

7.64.

7.65.

7.66.

7.67.

7.68.

Onpepenure KOIHYeCTBO KopHel ypaBHenus x! + 2ax? —x+a’+a=0
B 3aBUCUMOCTH OT 3HAYEHUA [MapaMerpa d.

Ha xoopauHATHOMN IITOCKOCTH XY/ YKaMKUATE BCe TOYKH, Yepe3 KOTOphle He
MPOXOAUT HH OfHA U3 mapaboJ Buaa y = x2 — 4dax + 2a® — 3.

dyurnua f(x) =x% + bx + ¢ uMeer ABa HYJIA, OMUH U3 KOTOPBLIX IPUHAT-
aesxkur npomexkytry (0; 1), a Apyroil He IPUHAIJIEKUT 3TOMY IIpoMe-
KYTKY. Hokaxure, uto [ (c) < 0.

Pacemarpusalorcs Bee napabossl Buja y = x2 + px + ¢, g > 0, Koropsie
IepecexkalT OCH KOOpAHHAT B TpexX Toukax. [lyua Kamgoid mapadoibl de-
pe3 yKasaHHbIe TPHU TOYKH IPOBOAAT OKPY:KHOCTh. JloKaxkuTe, 4To BCe
ATU OKPY/KHOCTH UMEIT OBIVIO TOUKY.

Pacemarpusalorcs Bee napaboast Buja iy = X2 + px + ¢, g < 0, Koropsie
nepecekalT OCH KOOPAUHAT B TPEX Toukax. [lnda Kamaou napabdolibl ue-
pe3 yKa3aHHbIe TPH TOYKH HPOBOJAAT OKPYKHOCTh. JloKaxxurte, 4To BCe
ATH OKPYHOCTH UMEIT 0DIYIO TOYKY.

IMoxasure, uro npu Beex a € [0; 1], b € [0; 1], ¢ € [0; 1] BeinonHAETCH

HepaBeHCTBO a’ + b% + ¢ < a?b + b%c + 2a + 1.

=
YnpamHeHus ANA NOBTOPEHMA oy g

7.69.
71.70.

Pemure HepaBeHeTso |x2 — 9|(x + 2) < 0.

Pemute ypasrenue vx2 —3x +2 +Jx2 + x — 2 = 0.
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PeweHune KBalpaTHbIX HEPpaBeHCTB

Ha pucyake 8.1 nzobpaxén rpaduk He-
KOTOpoil (pyHEIUM ¥ = [ (x), obyaacTbio ompe-
JeJIeHUA KOTOPOM ABJAETCA MHOMKECTBO Jeii-
CTBUTEJILHBIX YHCEJI.

C moMolbio aTOro rpaduKa Jerko oim- ey
pelesuTs MPOMEXKYTKH 3HAKONOCTOAHCTBA

dbyakuuu f, a uMmeHHO: iy > 0 Ha KaXKIOM M3 /-\
mpoMeskyTKOB (—5; —2) u (1; +e); y < 0 ma /5 _2\2/1
KayKJIoOM M3 IPOMEKYTKOB (—o; —0) 1 (—2; 1).

OnpeneuB IPOMEXKYTKH 3HAKOIIOCTO-
AHCTBA PYHKUIHU [/, MBI T€M CAMBIM DEIINIH
Hepasenctsa f(x) > 0 u f(x) < 0.

MHO:KeCTBOM pelleHWil HepaBeHCTBAa rPnc. 8.1
f(x) > 0 asnserca muoxecTBO (—5; —2) U
U (1; +e<). MuosKecTBOM pelreHuil HepaseHcTBa [ (x) < 0 ABIsgeTCS MHOMKECTBO
(—eo; —5) U (-2; 1).

Taxkoit MeTox pemenus HepaseHCTB [ (x) > 0 u f(x) < 0 ¢ momouIkIO rpa-
dbuka dyHKIUH iy = f(x) HA3BIBAIOT rpaUIeCKUM.

ITokaskeM, Kak ¢ IMOMOIILI0 3TON0 METOJA PElIal0T KBaJpaTHbIe Hepa-
BeHCTBA.

=Y

snfy OnpepeneuHme
HepasenctBaBupa ax?+bx+c¢c > 0, ax2+bx+c <0, ax?+bx+c =0,
ax?+ bx + ¢ <0, rge x — nepemenHasn, a, b u ¢ — napametpsl, npuuém
a # (), Ha3abIBalOT KBagpPaTHLIMMN.

BoeisgcaumM, Kak OIpele/lUTh IToJoxeHHe rpaduKka KBagpaTudHol QpyHEK-
nuu y = ax® + bx + ¢ oTHOCUTEIBHO OCH abcIiuce.

HamomMHuM, 4TO 3HAK MAHUCKPUMHHAHTA [) KBaApaTHOIO TpEX4YJeHa
ax? + bx + ¢ onpejenser KOJUYECTBO HYJeH KBaJAPAaTHYHON (YHKIUHU
y=ax?+ bx+c. Ecnu D > 0, ro nyneit y pyurnum asa; ecnu D =0, To pyHK-
U HMeeT OJUH HYJb; ecad [ < 0, To HyIel Her.

3Hak crapuiero kosd@UIMeHTA KBaJApaTHOro TpéxuneHa ax? + bx + ¢
ompefiesisieT HAIpaBJeHue BeTsel napabonst iy = ax? + bx + c. Ilpu a > 0 Ber-
BM ITapadoJbl HapaBJIeHLl BBepX, npu a < 0 — BHUS.

CxemaTuueckoe pacrojoxenue napaboasl ¥ = ax? + bx + ¢ orHoCH-
TeJIbHO OcH abdciucc B 3aBHCHMOCTH OT 3HAKOB IapamMeTpoB a u [) oto-
Opaxeno B rabmune (x, u x, — Hyau QyHKOuH, x, — abcrucca BepUIMHEI
nmapadoJibl):

2



D>0

D <0

\/

a>0
X ‘YE :- -ru E E
® © ®
_Y'{} ;
X
a <0
f—s /\

® ® ©

PasbsacHuM, Kak 9Ty TAOJHIY MOKHO UCIOJIL30BATE AJA pellleHUs KBaj-
PATHBIX HEPABEHCTB.
Ilyers, Hanpumep, Hajo0 pelIUTh HepaBeHCTBO ax® + bx + ¢ > 0, rae

a<0mD>0. YenoBuam a < 0 u D > 0 cooTBeTCTBYeT A4Yeiika o TabJIUIEL.

OrseroM Oyner MPOMEXYTOK (X,; X,), HA KOTOPOM rpadHuK KBaJpaTUYHOH
dyHEIMN iy = ax? + bx + ¢ pacnonosxen HaJ ocblo abeuce.

Mpumep 1. Pemure HepasencTso 2x2 —x — 1 > 0.
PeweHne. [Ina kBagpaTHoro rpéxuneHa 2x2 — x — 1 umeem: a = 2,

D=9, 3TuM YCI0BHAM COOTBETCTBYET AuYelKa @ rabauinel. Pemum ypas-

1

HeHue 2x2 — x — 1 = 0. Ilonyuaem X, =- 57 x,=1. 9T yucaa ABIAOTCA HY-

aaMu QyHemuu y = 2x? — x — 1. Torma cxemaruuyecku rpadux QyHKIUU
y = 2x% — x — 1 MoxHO u3006Pa3UTh TaK, KAK IMOKA3aHO HA PUCYHKe 8.2.
W3 pucynka 8.2 BUJHO, YTO COOTBETCTBYIO-
/ .
1 X

niad KBalpaTH4YHadA Q)}?HRH,HH IIPHHHMAaET IMOJIOHH-
TeJlbHBIE dHAYEeHHWA Ha HKaxIOoM H3 OPpOMeXYTHOB \
_l\\_/
2

(—M; —%) u (15 +e0).

o Puc. 8.2
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Mpumep 2. Pemure HepaBeHCTBO —9x= + 6x — 1 < 0.
PeweHune. Umeem: a = -9, D = 0. 3TuM yCIOBHAM COOTBETCTBYET SAYeii-

1
Ka @ TB_G.IIH]_[LI. 1.'S?{ITEIH.'Et]ill.]l'iI—IEB.E‘I‘;'I, qTO Iﬁ = E 1 TGI",E[H_ CxXeMaTH4YecEH rpatjm}c

dyurmuu iy = -9x2 + 6x — 1 MOKHO H300paZUTEH TAK,
KaK IIOKAa3aHO Ha PHCVHKe 8.3. -
o

W3 pucyska 8.3 BUAHO, YTO pelleHHUAMH He-

L et

1
paBeHCTBAa ABJIAKTCA BCe YHCJIa, KpOMe E .

OTBeT: (—m; %)U(% +°°]- u ®buc.8.3

3aMeTHM, YTO 3TO HEPABEHCTBO MOKHO PEIlINTh APYIHMM crmocobom. 3a-
MUIIeM HepaBeHCTBO, paBHOCHILHOe gaHHOoMY: 9x2 — 6x + 1 > 0. Orciona
(3x — 1)2 > 0. PemeHueM 5TOro HepaBeHCTBa ABJISAETCS MHOKECTBO, YKa3aHHOE
B OTBETE.

Mpumep 3. Pemure HepaseHeTBo 3x2 —x + 1 < 0,

PeweHune. Umeem: a =3, D =—11. 31umM yCcI0BUAM COOTBETCTBYET sIUeii-
Ka rabauipl. B aToM ciaydae rpadpuk ¢pyuxmum iy = 3x2 — x + 1 He umeer
TOYEK ¢ OTPHUIATEJbHBIMH OpJIUHATAMH.

Oteer: . m

Mpumep 4. Pemure epasescerso 0,2x% + 2x + 5 < 0.

PeweHune. Umeem: a = 0,2, D= 0. 3TuM yCI0OBUAM COOTBETCTBYET sSAUeii-
Ka rabaunel. B aToM ciayuae KBagpaTHYHAA QYHKIUSA IPUHUMAET TOJILKO
HeOoTpHIlaTeJbHEIe 3Ha4YeHUsA. CiemoBaTesbHO, JaHHOE HEPABEHCTBO HMeEET

EIHHCTBEHHOE PellleHHe Iﬂ. FCTEIH&BJIHB&EM, HTO Iﬂ =-D.
OtBert: {-5}. m

Mpumep 5. Pemure Hepasenerso 2|x — 2| < 2x? — 5x — 1.
PeweHwe. JlanHoe HepaBeHCTBO PABHOCHUILHO CHUCTEME

2y —4<2x2 -_5x -1, 292 _Tx+320,
=0

: Orcroma
ov -4 2-2%% 1L x4 1. 2x% -38x -5

C momolnbi0 pucYHKa 8.4 ycTaHABIMBAaeM, 4YTO MHOMKECTBOM pelleHH

1
IIepBOTO HepaBeHCTBA CHUCTeMBbI ABIAeTcA MHOMecTBo M, = (—m; 2 U [3; +e2).

5] &
MmuoxectBo M, = (—=; -1]U [E; +eco | ABIAETCA MHOMECTBOM pelleHH

BTOPOT'0 HEepPaBeHCTBA cucTeMbl (puc. 8.5).

B2



,/ _ | i~ T
—1\/% x =

m<.—-/
=Y

r Puc. 8.4 r Puc. 8.5 = Puc. 8.6

Muo:xecTBOM pelleHHE cHUCTeMbl sABasAerca MHoxecTBo M, (1 M,. Ero
HaMiJIEéM C IIOMOIIbI0O PUCYVHKA 8.6.
OtBeT: (—oo; —1] U [3; +2). =

Mpumep 6. Pemure HepaseHeTBo x| 2x — 3| < 2.
PeweHwne. JlanHoe HEPABEHCTBO PABHOCHJIBHO COBOKYIIHOCTH IBYX CH-

cTeM:
[ (2x-8<0,
{1(3—2:1:}{2,
2x -3 =20,
{I{Z_r—3} e
-JT(%’ ﬂx{g
2x2 —3xr+2>0, | ¥k ¥ <2,
Orcioma | " ’.rl?"* 3 3 X 2
tl’?E, q =g E%I{Z,
| (202 -8x-2<0; | |[-3<x<2

OTBeT: (—=; 2). &

Mpumep 7. Ilpu KakHX 3HAUYEeHUAX IllapaMeTpa d HepPaBEeHCTBO
(a — 1) x%2 + 4ax — 2a — 4 > 0 uMeeT efUHCTBEHHOE pellleHne?

PeweHne. Eciu a = 1, To gaHHOe HEepaBeHCTBO NPHHHUMAaET BHJ
4x — 6 = 0 u umeer OecKOHEUHO MHOr0 peinenuii. CiemgosaTe/IbHO, @ = 1 He
ITOJIXOUT.

Ilna cnyyas, Korma a4 # 1, paccMOTPHM KBaJpPaTHUYHVI0O (PYHKIIHIO
y=(a-1)x*+ dax - 2a — 4.

Ecin a — 1 > 0, To 9TOMY YCJI0OBHIO COOTBETCTBYIOT AYeHKH @—@

Tabmnuibel. Torna MHOMKECTBO 3HAYEHHI apryMeHTa, IIPH KOTOPLIX KBaJpaTH4-
Hasd QYyHKIUA IPUHUMAaeT HeoTpHUIlaTeIbHble 3HAYeHU A, DeCKOHEUHO.
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Eemma—-1 < U, TO VCJIOBHI eJMHCTEEHHOCTH pPellleHHWHA COOTBETCTBVET

SUyerKa @ TﬂﬁﬂH].[BL C.IIEJIDBB_TEJII:-HD, HCKOMBIMH 3HaY1eHHMAMHM IIapaMeTpa d

a,—lcc{],o a—1<0, B
D<o TCIOJIa eIINB

ABNAITCA PelIeHUA CUCTE MBI 3
24 + 8a—-16 = 0.

2
ATy CHCTEMY, IMOJVIHM @ = —1 UIH d = 3

OTtBeT: a2 = -1 unu azg.l

Mpumep 8. UsBecTHo, 4To c(a + b + ¢) < 0. Horaskure, uro b? > 4ac.

PeweHune. Crnoco6 1. Eciu a = b =0, To us yeaosus caenyer, uro ¢ < 0.
CnemoBaTe/ibHO, YMCIa @ U b He MOryT 6BITh PABHBIMU HYJIIO OJHOBPEMEHHO.

IIyers a = 0. Torna b # 0, u mepasencrso h? > 4ac craHoBuTcs oye-
BH/THBIM.

Ilyete @ # 0. Torma paccMOTPHUM KBAJAPATHYHVI0O (GVHKIHIO
f(x) =ax?+ bx +c.

Umeem: f(0)=c, f(1)=a+ b+ c.

W3 ycaosusa caenyer, uto f(0) f(1) < 0, 1. e. kBagpaTuuHas QyHKIUA [
B Toukax X = 0 1 x = 1 npuHUMaeT 3HAUEHHUA pasHbIX 3HaroB. Torma eé rpa-

(bUKY COOTBETCTBYET siueiKa @ WIu rabaunel. CilenoBaTelbHO, (PYHK-

nus f umeer asa HyasA. [loaTomMy AUCKPUMWHAHT KBAJIPATHOTO TPEXUJIEHA
ax? + bx + ¢ nonoxurenew, 1. e. b > 4ac.

Cnoco6 2. PaccmorpuM KBajgpatuunyio Gysrnuio f(x) = x2 + bx + ac.
Uwmeem: [(c)=c? + bc+ac=c(a+ b+ c). Cregosarensno, [(c) < 0. Bersu na-
pabousl f(x) =22 + bx + ac HanpaBIeHLl BEEPX, U CYUIECTBYeT 3HAYEHUE apry-
MEHTa, IIPU KOTOPOM YHKIHA / IpUHUMAET OTpHLIaTebHOe 3HaueHune. Torma

rpadury (pyHKIIUHM COOTBETCTBYET AYelKa @ Tabauiel. [losToMy THCKPUMU-

HAHT KBaJpaTHOro TpéxuwieHa x° + bx + ac noyoxuresex, T. e. b% > 4ac. ®

? 1. Kakme HepaBeHCTBa HasblBalOT KBaapaTHbIMWU?

2. Kakme BO3MOXHbI Cllydau pacnonoxeHusa napabonsi iy = ax? + bx + ¢
OTHOCUTENbHO ocu abcuyncc B 3aBMCMMOCTM OT 3HakoB a U D, rpe D —
OANCKPUMWHAHT KBaApaTHOro Tpex4yneHa ax?® + bx + c? N30bpasute cxe-
MaTUYyecku 3TU cnyyawu.

- il
YnpaHeHMA 4 s puw

®

8.1. Pemure HepaBeHCTBO:
1)a?2+6x-7<0; 2)x2—-2x—-48 > 0;
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8.2.

8.3.

8.4.

8.5.

8.7.

8.9.

8.10.

8.11.

3)—x*—6x-5>0; 8)xt+4x+4 <0

4) —x + dx -3 < 0; 9) 49x2 — 14x + 1 < 0;
5) 322 — Tx + 4 < 0 10) 3x% — 4x + 5 < 0;
6) x2 —12x + 36 > 0; 11) -4x2 + 5x -7 > 0
7) 422 — 12x + 9 > 0 12) —2x% + 3x — 2 < 0.
PemuTe HepaBeHCTBO:

1)x2+4x+3 > 0; 6) 3x2+6x-4 > 0;
2) % — 3x + 2 < 0 7}%.1’2—2I+3£0;
3) -2 + 12x + 45 < 0; 8) —.r3+%,r—%>0;
4) -3x2-5x-2 2> 0; 9) 2x2-2x+ 0,5 < 0.

5) 522 - 8x+1 = 0;
Haiignre MHOKeCTBO pellleHHIl HepaBeHCTBAa:

1) x2 < 49; 2) x> 5; 3) Ta? < 4x; 4) 0,9x% < -27x.
Haﬁ,ﬂHTE MHOMECTBO pEHIEHHfI HepaBeHCTEA.

1) 22 > 1; 9) ¥ < 3; 3) —3x2 > —12x; 4) —2x2 < ~128.
Pemnre HepABEHCTEO!

1) x(x+5) — 2 < 4x; N2x+1P2-(x+1)(x-T7)<5;

2) 11— (x + 12 < a3 df 2 =1, oAk, Pa =5, 10

4 6 3 1
Pemunre HepaBeHCTBO:

1) 222+ 2) 2 x(x + 5);
2y x —(x+ 4)x + 5) > -5;
3) (6x—1)6x+1)— (12x — H)(x+ 2) < 7 — 3x;
x=1 2x-3. x2 + 3x

4 2 3
Hatinure HauMeHbIIIee 11eJioe pelleHe HePABeHCTBA:
1)42 -2t —x>0; 2) 2x2 -3x-20<0.
Hatigure Haubonabliiee 1iejioe peileHue HepaBeHCTBA:
1) 1,5x% - 2x — 2 < 0; 2) —2x% - 15x - 25 > 0.
CocraBbTe Kakoe-HUOYIb HEPABEHCTBO, MHOKECTBO PEelleHHuil KOTOPOro:
1) obbegHHEHHE IPOMEKYTKOB (—o; —4) H (8; +e<);
2) nmpomexyTok [—2; 9];
3) cocTOUT U3 OJHOTO YHUCJa 1.
Haigure obnacts onpegeeHus QPYHKITUH:

1) y = V-x2 + 3x + 4; 2) y= X2

J6x —2x2

Haﬁ,I[HTE obnacThb onpeleJieHHA BblpaxeHWH:

1) V222 — 9x —18; 2) = ; .
89+2x —x

4)
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8.12. PaBHOoCHUIBbHEI 1K HepaBeHCTBA:
Dx2-2x-15>0unx2-2x-152 0;

2) LI (. 1 <o

x2 - x - 20 x2-x-20
3)ax?2-6x+10>0um—at+x-1<0;
2 +2x+3<0m-222-4>07?
8.13. IIpm Kaxkux 3HaAYEHUAX [IapaMeTpa d He MMeeT KOpHel yVpaBHeHHe:

1) 22+ (a— 2)x + 25 = 0; 2) 4,502 — (4a + 3)x + 3a = 0?
8.14. IIpy Kakux 3HAUYEHMAX napamerpa b MMeeT ABa PasIUYHBIX KOPHSA
ypaBHeHUEe:
1) x2-8bx+15b+1=0; 2)2x2+2(b-6)x+bH-2=07
® ¢
8.15. Pemure cucreMy HepaBeHCTB:
{xz—:r—ﬁéﬂ, {xz—gx—l{}é{),
1) 3) .
x >0 6x —x2 <0
5 222 -11x -6 = 0, i x2-x-1220,
{x+4}0; x?2 +3x-10<0.

8.16. Pemure cucremy HepaBeHCTB:

J—6x3+131'—5£{}, sz—*zx—ls««:o,
1)

2)
16 —2x >0, 5x —x2 < 0.
8.17. HaiinuTe nesnkle pellleHUA CHCTEMEI HEPABEHCTB:
" [-2x2 -5x+18 >0, o <rx2—(\/5—3)x—3\/5€0,
x2+4x-5<0; x2 +x>0.
8.18. Haiingure obnacTs onpesesieHUSA q;yHI{I_[I{H:
1) y = o +Jx+1; 3) y=+x2 —bx—14 - .g :
Jx? —4x —12 x? - 81
2) y = x-3 1 8 4) y - 1 5 2

J6—Tx-3x2 Jr+1

J18 +3r—x2 x-5’
8.19. Haiinure obnacTe onpefieleHUA PYHKIIUH:

- 3
1) y =20 +4x —8x2 + —2; 2) y =

8.20. HaiituTe MHOMKECTBO pellleHUH HepaBeHCTBA:

X+9 xr-1
+ :
J35+2x — a2  [x[-6

1) x2 - 8|x| — 33 < 0; 3)x2-8|x| +15<0;

2) 8x% + T|x) -1 2 0; 4) 4x% - 5|x| +1 > 0.
8.21. HaiinuTe MHOMKECTBO pellleHUH HepaBeHCTBA:

1) 522 - T|x| + 2 = 0 3)6a%2-5|x]+1<0.

2) x2+10|x] — 24 < 0;



8.22.

Pemure HepaBeHCTBO:

1) |x2-x-8| <9; 4) |[4x - 8| 2 a2 —-3x + 3;
2) a2 - 4| < 3x; 5) |8x—2|x < 1;
3)x2-5x+9> |x—-6|; 6) |x—4|(x+ 2) > 4x.
8.23. Pemure HepaBeHCTBO:
1) |2 + 5x| < 6; 4) |22 - 8x| =2 x+ 5;
2) |22+ 8x| < x+ 4; B) x|8x—1| <=2
3)x2—x-2< |5x—3|; 6)x2+ |x-3|-9<0.
¢ ¢ |
8.24. Ilpu rakux 3HaYeHUAX NapaMeTpa ¢ JaHHOEe HepaBeHCTBO BHINOJIHAETCH
IIpH BCeX NeUCTBUTEeJbHbIX 3HAYEHUAX X!
1) 22 —4x + a > 0; Na-1)x2-(a+1l)x+a+1>0;
2)x2+(a-1)x+1-a-a®20; 4) (a-3)x>-2ax+3a—-6>0?
8.25. IIpu xakux 3HaYeHHUSAX IapaMeTpa d He UMeeT pellleHUll HepaBeHCTBO:
1) x2+6x—a > 0; Nax’+(a-1x+(a-1)<0;
2)x2 —(a+1)x+3a—-5<0; 4) (a + 4)x® - 2ax + 2a — 6 < 0?
8.26. [Ipu Kakux 3HAUeHUAX mapamerpa a pyurnusa y = 0,5x% — 3x + a npu-

8.27.

8.28.

8.29.

8.30.

8.31.

8.32.

8.33.

8.34.

8.35.

HHUMaeT HeoTpHUIlaTe/IbHble 3HAYEHUA OPH BCeX JeHCTBUTebHBIX 3HAYe-
HHUAX X7

[Ipu KakuX 3HAYEHHMAX IapaMeTpa a QyHKnus y = —4x? — 16x + a npu-
HHUMaeT OTPHIaTeJbHbIE SHAYEHUA IIPH BCEX IeCTBUTEIbHBIX 3HAYEHH-
AxX x?

IIpu Kakux 3HAYEHUAX IapaMeTpa d HepaBeHCTBO ax’ + (2 — a)x + 3 -
— 2a < 0 UMeeT eITHHCTBEHHOE pelleHue?

s Ka:Kaoro 3HAYEeHHA MapaMeTpa ¢ PelInTe CHCTEeMY HepaBeHCTB:

2 -5x+4>0, 4x2 -3x-1<0,
1) 2)
X > d; x <.
Ilis kasmoro 3HaYeHUs IIapaMeTpa ¢ pelluTe CUCTeMY HepaBeHCTB:
12 —x-T2< 0, ¥2 —-9x+8>0,
1) 2)
X > x <.

IIpu kaKUX 3HAYEHUSX IlapaMeTpa d HepaBeHCTBO X2 — 4x + 3 < 0 apna-
ercsl cjejcTBHeM HepaBeHcTBa x2 — (3a — 1)x + 2a? —a < 0?

IIpu Kaxux 3HAYEHUsX IapaMeTpa d HepaBeHCTBO X2 +x — 2 < 0 apnd-
ercs cleJcTBHeM HepaBeHeTBa x2 — (2a — 1)x — 3a? + a < 0?7

ITpu Kakux 3HaYeHUSX IapaMeTpa a U3 HepaseHceTBa X2 — x < 0 cieny-
eT HepaBeHCTBO X2 — (2a + 3)x + a® + 3a < 0?

IIpu KaKuX 3HAYEHMAX IIapaMeTpa d u3 HepaseHcTBa X2 + x < 0 cieny-
eT HepaBeHETBO X2 — 2(a — 1)x + a? — 2a < 0?

HssectHo, uto b2 — 4ac=0u a + b + ¢ < 0. Peurure KBagpaTHOe Hepa-
BeHCTBO ax? + bx +c¢ = 0.
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8.36.

8.37.

8.39.

HssectHo, uTo H? — 4ac < 0 u a + ¢ > b. Pemure kBagpaTHoe HepaBeH-
erBo ax® + bx + ¢ < 0.

Ilpn kakmx 3HaUYeHMAX NapaMeTpa ¢ YpaBHEHHe HMeeT eJHHCTBeHHOe
pelleHue:

2 x o "
— {4 +3a)x +12 X — - 3a -
1) xe = a) a _ 0; 2) ¢ —3ax —3a -1 _
2= \/—:1'2 +3x -2
HpH KEaKHX 3Ha4YeHHMAX ITapaMeTpa d YpaBHeHHe HMeeT efHHCTBeEHHOe
pelleHHre:
1) x% — (5 + 2a)x + 10a _0; 2) x2 —(2a+2)x + 6a -3 _

x2 -4 V2 + X — 2

HssecrHo, uro (a + b + c)a — b + ¢) < 0. Hokamxure, uro b? > 4ac.

0?

0?

8.40. lsgecrHo, uto a(a + b + ¢) < 0. Nokamure, uro h? > dac.
=
8.41. Pemure ypaBHenue x° — 8[x] + 7 = 0.

8.42.

Pemnre ypasuenne x2 — 6[x] + 5= 0.

.
YnpaxHeHus ANA NOBTOPEHMSA g m

8.43.

8.44.

Inaa wxamjaoro B3HaYeHMs [apaMeTpa « pelIldTe YpaBHeHHE

(x2+4x-5)(Jx —a) = 0.

M3BecTHO, 4TO X, ¥ X, — KOPHHU ypaBHeHHU:A 3x* — 4x — 2 = 0. He pemas

YPaBHEHUdA, HAWIJUTe 3HAUYEHHUE BhIDaKEeHUd |x, — X, |.

§ n PeweHune HepaBeHCTB MeTo4OM MHTepPpBanosB

D(/f) = R u HyJl1AMH SABIAIOTCS YUCIA X

Ha pucynre 9.1 usobpaén rpaduk HEKOTOpPOil QYyHKINK /, ¥ KOTOPOI

X, U X,. ITA yucaa pazbusaior 06-

| s

JIacTh ONpejeeHHsl QYHKIMA HA MPOMEKYTKH 3HAKOIOCTOAHCTBA (—oo; X),
(55 000 (05 6,0 (A5 +o0)

N/ AN RNV
N AT 0

Y
o 0 X\ X x i Wi Xao X
d\ N_"Y; 0| X, / 3

Puc. 9.1 FPH-’.‘.. 9.2




A Bcerga Ju HyIU (QYHKIMH pa3dUBaOT ee 00JacTh onpeuesieHUs Ha
IIPOMEXKYTKH 3HakomnocrosHcrBa? OTBeT HAa ATOT BONPOC OTPHIATEIbHBIM.
Ina dyarnuu g, rpaduk KOTopoit n3obpakéH Ha pucyHke 9.2, mpoMme:xyToK
(x,; ;) He ABASETCA MPOMEMKYTKOM 3HAKOIOCTOSHCTBA. [leficTBUTEIBHO, ecIu
x € (x,; x,), T0 g(x) > 0, a ecnu x € [x,; x3), To g(x) < 0.

I[IpUHIUTHATEHOE PASIUYNE MEeXIY QYHKIUAMHU / U g COCTOUT B TOM,
uyTo rpaukoM pyHKIUMN J/ ABISETCS HempephIBHAA KpHBafA, a rpapuk QyHK-
IIUU £ TAKUM CBoilcTBOM He obGaazaer. I'oBopsAT, 4To QYHKIUA / HeNpepbIBHA
B KaiKJ0ii Touke 00/IacTH onpenelenus, uiu Henpepsisaa va D (f), a dyuk-
us g He ABJAETCA HeNpepbiBHOM Ha D (g) U B TOUKe X, HMeeT Pa3pbIB.

Tak, dyaknusa y = {x} (puc. 9.3) umeer pa3pbiB B KaKJI0#i TOYKe X Ta-
Koii, uro x € Z. IIpmn atom, Hannpumep, B KaskA0i Touke npomekyTra (0; 1) ata
(hbyHKIUA ABIAETCHA HellpepblBHOM, T. €. GYHKIUA HellpepbIBHA HA 3TOM IpO-
MEeKyTHKe.

Tarxoe npejpcrapieHye 0 HellpepbIBHOH (PYHKIUU UHTYUTUBHO ITOHATHO.
Bojiee merajibHO € 3TUM IIOHATHEM Bhl 03HAKOMHUTECH B Kypce aaredpsl U Ha-
yan aHanusa 10 knacca. J[na nanrpHeHIINX paccy:XJIeHHUHN BayKHA CHaeVyIonas
Teopema.

meg)p Teopema 9.1
Ecnu dyHKumMs [ HenpepbiBHa Ha HEKOTOPOM NPOMEMXYTKE M He MMeeT Ha
HEM Hynen, TO OHa Ha 3TOM MNPOMEXXYTKEe COXPaHAeT NOCTOAHHbIN 3HaK.

Hanpuwmep, ¢pyHknusa y = {x} HenpepriBHa Ha npoMme:xyTre (0; 1) u He
uMeeT HyJIeil HA sToM npomexxkyrke. OHa HA 5TOM HPOMEKYTKE MPUHHMAET
TOJIBKO MOJIOMKHUTEJIbHbIE 3HAUEHHUA, T. €. COXPAHAET IIOCTOAHHBIN 3HAK.

Teopema 9.1 mosBonser Ge3 mMoCTpoeHUA rpadukra QYHKIHUH [ pellarhb
HepaseHcTsa f(x) > 0u f(x) <O0.

IIpegcraBuM, uTO ¢ pUcyHKa 9.1 «mcuesam» BCe TOYKH rpaduKa (QPyHK-
nuu f, 3a uckmovenuem Touex A (x; 0), B(x,; 0), C (x; 0) (puc. 9.4). Kax-
IBIA U3 MPOMEKYTKOB (—==; X,), (X5 X,), (X, 2y), (X,; +o<) HE CONEPKUAT HYIEH
byHKIUH f.

=Y

MH“:&'
=1
=
"""l(-'}

ga !

-y |

FFHC. 9.3 FFHE. 9.4
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dDyHKIUsA [/ HempephIBHA HA 3THX NpoMexyTkax. ClemoBaTrenbHO, B CH-
a1y TeopeMbl 9.1 yKazaHHBIE IIPOMEKYTKU ABIAIOTCA MPOMEKYTKaAMU 3HAKO-
IOCTOSTHCTBA (PYHKIUM [,

OcraéTca UL BHIACHHTL, KAKOH 3HAK NIPHHUMAIOT 3HAYEHUA (PYHK-
muu f Ha KaKJIOM U3 9THX MMPOMEKYTKOB. OTO MOXKHO CHEJATH C ITOMOIILIO
«IIPODHBIX TOYEK».

ITycrs, Hanipumep, a € (—oo; X,) U BBIYUCIEHUA IOKA3AIH, UTO f(a) > 0.
Torpga nisa 106010 X € (—e0; X,) BRINIOJHAETCA HEPABEHCTBO f(x) > 0. Beibupas
10 OJHOM TOYKEe HAa KarKJoM IIPOMeXYTKe 3HAKOIIOCTOSIHCTBA U HAXO0/s 3Hade-
HUe (pYHKIIMU B 3TOH TOYKE, MOMKHO OIpellelUTh 3HAK (pYHKIIUM Ha paccma-
TPUBAEMBIX IIPOMEKYTKAX.

OnucaHHbIA METOJ pellleHUs HePABEHCTB HA3bLIBAIOT METOJA0M HHTEp-
BaJIOB.

Cnenyioniasa TeopeMa IOKAa3bIBAET, YTO MHOTHE U3 3HAKOMBIX BaM (QYHK-
U ABJAIOTCH HellpepPLIBHBIMU HA 00J1acTU ollpe/ieieHus.

sy Teopema 9.2

S(x)

OyHkuyma y =——, rpe f(x) n g(x) — mMHOrouneHbl, HenpepbiBHa

g(x)
Ha D (y).

1 wr
Hanpuwmep, ¢pyHKIUA iy = — HenpepbIBHA B KAXKJA0N TOYKEe MHOXKECTBA
X

(—o=; 0) U (0; +==), T. €. HA D ().

Jra TeopeMa IIO3BOJIAET NJIA HepPpaBeHCTEA BHIA

M >0 nnn /(x) < 0,
g(x) g(x)
rae /(x) u g(x¥) — MHOrOYJIeHBI, IPUMEHATHL METOJ] HHTEPBAJIOB.

Mpumep 1. Pemute HepaBerncTBo (X + 3)(x — 1)(x — 2) > 0.

Pewenue. Yucaa -3, 1 u 2 aABasOTcSd HYIAMU PYHKOUU [ (x) =
= (x + 3)(x — 1)(x — 2), venpepsiBHOit Ha D (/) = R. TloaToMmy aTu uyucja pas-
6UBalOT MHOXKeCTBO R Ha NPOMEXYTKH B3HAKOIOCTOAHCTBA (MYHKIUU [
(—o=; =3), (=35 1), (1; 2), (2; +o) (puc. 9.5).

C moMoIbi0 «IpOOHBIX TOUYEK» ONpENESUM 3HAKH (PYHKIUU [ HA yKa-
3aHHBIX IIPOMEKYTKAaX.

Nmeem:

—4 € (—oo; —3); f(-4) < 0, moaromy f (x) < 0 mpu aw06oM x € (—o; —3);

0 e (-3; 1); /(0) > 0, moaromy f(x) > 0 npu awbom x € (-3; 1);

g e (1; 2); f(g) < 0, moatomy f(x) < 0 npu ar0bom x € (1; 2);

3 € (2; +o0); f(3) > 0, moatomy f(x) > 0 npu moboMm x € (2; +oo).



Puc. 9.5 FPH-‘;. 9.6

PesynbraTsl HccaefoBaHUs 3HAKA QYHKIMY [ IOKA3aHbI HA pucyHKe 9.6.

Oteet: (-3; 1) U (2; +). =

Jameuanue. Ilpu opopMIeHUH pellleHU s HePABEHCTE MCCJIe0BATEL 3HAK
(OYHKIIMH HA IIPOMEXKYTKAX MOMKHO YCTHO, (DHKCUPYS Pe3yJILTATHEI B BUJe cXe-
MBI, IIOKA3aHHOMH Ha pucyHKe 9.6.

MNpumep 2. Pemure Hepasenerso (x + 1)(3 — x)(x — 2)2 > 0.

PeweHue. Pyurnusa f(x) = (x + 1)(3 — x)(x — 2)® menpepsisua Ha R. Or-
MEeTHM Ha KOOpPAUHATHOH npamoii eé Hyau (puc. 9.7). OHu pasdHBaOT MHOMKE-
ctBo D (/) = R Ha NIPOMEXYTKH 3HAKOIOCTOAHCTBA QyHKIUY /.

=Y

T F TSN
= A

Puc. 9.7 rFuc. 9.8

Mcenenyem sHak YHKIIUH f Ha KaKIOM U3 9THX IPOMEKYTKOB. Pe3yJib-
TAT MCCJIEJ0BAHHA MOKa3aH HAa pACYHKe 9.8.

OtBer: (-1; 2) U (2; 3). m

(I—U%x+2fu;5)q

Mpumep 3. PelnuTe HepaBeHCTBO .
£ (2x + 1)(x — 4)

P DO
PewweHue. O6racTsio onpefenenus GyHEuu [ (x) = R =1)Tx 27 4x —5)

(2x + 1)(x — 4)2
ABJIAETCA MHOMKECTBO (—m; - %J U [—%; 4) U (4; +e<). @yHKIUA [ HEITPEPBIBHA
Ha KaMkJIOM M3 IPOMEKYTHKOB (—m; —%], (—%; 4), (4; +o=). IlosTomy HYIH

—2, 1, 5 dyuxuuu [/ pasousaior D (/) Ha Takue MPOMEKYTKHA 3HAKOIIOCTOSH-

crBa: (—oo; —2), (—2; —%) [—é; 1], (1; 4), (4; 5), (5; +os).
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AN Pk

R S % T

Puc. 9.9

Pesysbrar ncciiefioBaHUA 3HAKA PYHKIUN [ HA KaXKJOM U3 3TUX IIPOMe-
JKYTKOB IIOKa3aH Ha pucyHKe 9.9.

OTtBeT: (—=; -2) J [—2; —%) U@;4)U4;5). =

Mpumep 4. Pemiure HepaBeHCTBO 2 S B
2-x 2+x

Eae 28 g _ g
PeweHune. Mmeem: %44+ 10 =SF — 0} < 0; A" =58 +0 < 0.
(2—=2x)(2+ x) (2-2)(2+ x)

O6sacTei0 onpeneneHus QyHKmuu [(x) = & ~Ak B ABJIAETCA MHO-
(2=2)(2+ x)
secTBO (—; —2) U (=2; 2) U (2; +o0). @®yuknus [ vyaeir He umeet. [JocKonbKY
dbyHKIMA [ HempepbIiBHA Ha KaKIOM U3 IIPOMEKYTKOB (—e; —2), (-2; 2),
(2; +o0) 1 He UMeeT Ha HHUX HYJIei, TO 9TH IPOMEKYVTKH ABJIAITCA IIPOMEKYT-
KaMH 3HAKOIIOCTOSIHCTBA.

Ha pucynke 9.10 nmokasaH pesyJbTaT HCCJIeJOBAHUS 3HAKA QYHKIUHU [
Ha Ka)XJOM M3 3THX IIPOMEKYTKOB.

JTO HEPABEHCTBO MOMKHO pPelIHThL HHAade. [[OCKONBKY AHCKPUMHUHAHT
KBaJpATHOrO TpéxuwieHa x° — 4x + 8 orpumareseH, a crapuuii KosddunuesT
OJIOMKHUTEJIeH, TO A M000r0 X € R BeINONHseTCs HepaBeHETBo X2 —4x + 8 > 0.
YuenuTenb W 3HaMeHaTedb ApobH, cTosAnleil B JieBOM 4YaCTH HepaBeHCTBAa

2 —4x + 8

< 0, DOJMKHBI IPUHUMATH

(2 — x)(2 4+ x)

3HAYEHUSA PA3HBIX 3HAKOB, II03TOMY e . T -
3TO HEepPaBEHCTBO PABHOCHUJIBHO TAKO- —y 2= X
My: (2 — x)2 + x) < 0. Jlanee caexgyer

obparurhca K pucyHky 9.10.
OtBeT: (—oo; —2) U (2; +0). m
C nmoMoNib0 METO[a MHTePBAJIOB MOKHO PellaTh U HeCTPOroe HepaBeH-
ctBo f(x) = 0 (f(x) < 0). MHOXecTBO pellleHUil TAKOr0 HEPaBEeHCTBA — JTO
o0beINHEHNEe MHOXKeCTBa pelleHuil HepaBeHcTBa f(x) > 0 (/(x) < 0) u MHO-
ecTBa KopHeil ypaBHeHus f (x) = 0.

» Puc. 9.10

2 -
4dx +4l+1;0

Mpymep 5. Pemure HEpaBEHCTBO —;
x°+2x -3




PelLleHWe.
o (2x+ 1Y

HNmeem: G391 = 0. — ‘ s

YcranaBausaem (puc. 9.11), uro —h—f{%\\—fﬁi X
MHOKECTBO (—oo; —3) J (1; +o0) aBnsger-
CA MHOMECTBOM peIlleHHIl HepaBeH- §

" Puc. 9.11

CTBA s +1) > 0.

(x +3)(x - 1)

YpaBHeHHe (2x + 1 = (0 uMeeT efHHCTBEHHLIH KOpeHb X = — ~ i

(x +3)(x - 1) 2

OO0 beIMHUB MHOYKECTBA PelleHU YpAaBHeHUA U HepaBeHCTBAa, MOJYUUM
OTBET.
1

OtBeT: (—; -3)U {_E} U (1; +c0), m

Mpumep 6. Pemure wepasenctso (x2 —6x + 8)vx2 —4x +3 = 0.

Pewwenune. Umeem: (x —2)(x —4)./(x —1)(x - 3) = 0.

Pacemorpum dyurnuo [(x) = (x —2)(x —4) \f(:.r —1)(x — 3). Pemus He-
paBenctBo (¥ — 1)(x — 3) = 0 (puc. 9.12), ycramaBmuaem, uto D (f) =
= (=05 1] U [3; +e0).

T _,»”’f___ _TL“\\_ +_*
f\a_:_x/é X 1 M X
Puc. 9.12 Puc. 9.13

Muo:xecTBO KopHeil ypasHenus f(x) = 0 umeer sug {1, 3, 4}.

Pemum HepaBencTso [ (x) > 0. Hynu dyHkuuu / pasdbusaroT eé 061acTh
onpeJeleHNA HA TaKHe NPOMEXKYTKM 3HAKOMOCTOAHCTBa: (—o; 1), (3; 4),
(4; +o0).

YeranapnusaeM (puc. 9.13), uro MmHOKecTBO (—o; 1) U (4; +0) aBasiercs
MHOJKECTBOM pellleHuii HepaBeHeTBa [ (x) > 0. O0beIMHHUB MHOMKECTBA pelre-
uuit ypasaenus f(x) = 0 u HepaseHcTBa [ (x) > 0, mOJIy4UM OTBeT.

OtBeT: (—=; 1] U {3} U [4; +o). m

|x — 3
2% -B5x+6
PeweHune. JlanHoe HepaBeHCTBO PABHOCHUJILHO COBOKVIIHOCTH JABVYX
CHCTEeM.

Mpumep 7. Pemute HEpaBeHCTBO = 2
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X <H
1) 3-x

2 _Bx+6

IIpeobpasoBaB BTOpOE HEpPABEHCTBO \//
< a9 ¥ 2 o T
: ; l{é{f‘" =

W

g9 3
CHCTEeMBbl, IOJIYy4aeM: | 942 _ gy 4+ 9 £ 2
2 -5x+6 b
x < 3,
3 .Pnc. 9.14
Orcrona 4 2(x - 3}(:{ = _)
2/ ¢
(x = 2)(x - 3)

CxeMma pelneHHs IMOJYUYEHHOH cuHcTeMbl M300paskeHa Ha pucyHKe 9.14.

o 3
Pemenuem sToil cUCTEMB] SIBJIAETCH NIPpOMEXYTOK I:E, 2 |s

B
x >3, x>3, %23,
2) .2 4 - 5
-3 o (2% -1lx+15 o 2(x - 3) =g
2 ; i 2 M <0
xX° —-Ddx+6 xX° —-dx+6 (x - 2)(x - 3) e

JTa cucreMa pelieHui He uMeeT (yOoeguTeCch B 3TOM CAMOCTOATEIBHO).

OTBerT: [g 2). |

"2 1.Kakum cBoiictBom obnapaet dyHKUMA, HenpepbiBHAA Ha NPOMeXyTKe
M He MMeKoLLan Ha HEM Hynen?

2. YkaxuTe MHOXEeCTBO, Ha KOTOPOM HenpepsbiBHa GyHKUMA i = —— , rae
X
J(x) n g (x) — mHOrouneHs..

- =
® YnpaXHeHVA g summ

9.1. Pemure HepaBeHCTBO:

D(x+1)(x—-2)x+5)>0; 3)2x—-1)3 —x)}x+1) <0;

2)x(x-3)(x+2) <0 4) (x - 3)(2x + 1)1 — Sx)(x + 4) > 0.
9.2. Pemure HepaBeHCTBO:

Dx+3)(x—1)(x+4) <0; 3) (1 — 8x)(x + 2)}3 — x) < 0;

2) (3x + 2)(x — 5)(4x — 1) > 03 4) x(5x + 3)(2 — x)(4dx — 3)(x + 5) > 0.
9.3. Pemure HepaBeHCTBO:

1) (x — )(x + 3)%(x - 2) < 0; 3) (2x + 3)(1 — 40)*(x — 2)3(x + 6) < 0;

2) |x —4|(x + 1)(x - 3) > 0; 4) (1 - 3x)3(x + 2))(x — 4)°(x - 3) > 0.



9.4.

2:5;

9.6.

9.7.

9.8.

9.9.

PemuTe HepaBeHCTBO:
1) x%(x + 1)(x — 4) > 0;

2) (1 — 2x)(x — 3)°(2x + (x + 4)(x — 2)2 > 0.

Pemure HepaBeHCTEO.

DE2-2Bx+5)(a2-x+1)>0;

2) (2x + 1)*(a? — 4x + 3) > 0;

3) (8x2 - 5x - 2)(2x2+x+1) < 0;

4) 32 + 22— x < 0;
5)a2 -222 —x+2 >0

6) (212 + Bx — 3)(2x2 — 5x + 2) > 0.

Pemure HepaBeHCTBO:

1) (4 -20)Bx+ 1)(x*+22+1) <0;
2) |lx - 3|(3x + 2)3%(8x2% - 5x + 6) > 0;

Pemure HepaBeHCTBO.

X+3
1) ol > 0;

(x - 2)(x + 1)
xr -4

(2x + 1)(x = 3)

(2-2x)(x-5H)

Ba-Dx+5)

4 (x —8)(1 - 4x) ’

Pemure HepaBeHCTBO.

2) < 0

3) < 0;

¥

1) X+ 2 <0
B3x-2)4-x) _ o

2) (x +3)(x-1) >

3}(x—mmx+n3}

(3 - 1) (1 - 5x)°
x2 —Bx+7

—2x2 4+ 83x+2
Pemure HepaBeHCTBO.

> 0

1}%{h 4)
| 3
2) .1'+2<_r—3’ 9)

:r—l_.r+1

3) <2 6)

X x-1

3)ad—6x+5>0;

3 —x2 +x-1

5) x+8 <0;

6) J': +x2+1 > 0:

x°—-4x -5

(x —4)(x - 3)(8x =7 = x2)
2 -2

20 +8x4 —x2 -3

8 < 0.
) 13 — 64x

7) > 0;

(x — 2)(x2 - 1)(4x - 5 — 3x?)
X+ 7
(x3 —8)(x2 —6x-T)
(8x — 2x2% - 4)(83x%2 - 10x + 3)
2

2) <0

6) < 0;

X“+H5x -6

(x +2)(1 - 3x)

(x* =822)(xt + %% —-8x - 8)
(1-x)(x +2)

7) < 0;

< 0.

8)

4) (x% - 4)(8x%+ Tx+ 2) > 0.
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9.10. Pemnure HepaBeHCTBO:

1) 51+8{2;

2 1
A :}r—l;

x4+ 3
2Y + 3 1
3) — Lo
) ¥ +x-12 2

9.11. Pemiute HepaBeHCTBO:

x° [8x —1|(x + 3)

1) (Bx+1)(B-x)x+5)<0 4) — < 0;
) P -2
2) (2x + 1)%(x — 1)(x — 2) > 0 gy O g
3xr—x* -5
(xr —=3)(bx + 2)(x +3} oxr+4 x+2
3 - 6 = < 0.
) (x = 1)(x + 4) ) x+3 1-x
9.12. Pemure HepaBeHCTBO: ; :
1) (x - 3)(x + 2)%(x — 5) > 0; gy (£ +0) ﬁ“’" + 2(6 =W
X =+
(2-x)(4x +3) 20 10
2 . < 0 4) — 1=0.
){x-mﬁx+n2 )xi-nw42+r—4+
¢ ¢
9.13. Pemure HepaBeHCTBO:
-3 "
1) (x - 5)(x + 4)(x2 + 65+ 9) > 0 &J*éh+2£ﬂ;
— 1"
-2 - 3
2]¢;—43+1; : 1) lxl(x +1) <0
x4 4+x-12 x — 4P (x + 3)

9.14. Pemure HepaBeHCTBO:

1) (x2-4)(x2+x-2)<0
2) (2 —4x) (2 + 2x - 8) (1 + Tx+10) <0

3}{1'-—101—F21H

-62 1) 6.

(x2 + 5x + 6) (a2

2 = 5P |x -2
{1—ﬁ%r+@

4)

9.15. Peuminre HepaBeHCTBO

9.16. Pemure HepaBeHCTBO

- 4)

¥

(x? —4x - 5) < 0.

(x2-x-12)<0



9.17.

9.18.

9.19.

9.20.

9.21.

9.22.

9.23.

9.24.

Pemure HepaBeHCTEO.
1) (x +4)Jx2 -2x —15 > 0;

2) (x +4)Vx2 —2x —15 > 0;
3) (x +4)vx2 —2x —15 < 0;
4) (x +4)Jx? - 2x 15 < 0;
5) (x2 —1)/x? —4 < 0;
6) (x2 —1)Jx2 -4 > 0;

Pemure HepaBeHCTBO.

1) (x —3)v14 + 5x — x2 > 0
2) (x —3)V14 + 5x — x2 > 0;
3) (x —3)v14 +5x — x2 < 0;
4) (x—3)J14 +5x —x2 < 0;
5) (x2 — 25)v16 — x2 < 0;
6) (1% —25)/16 — 22 > 0;

T (2 -DVax2 -4 <0;

8) (x2 —1)vx2 -4 > 0;

9) (22 —-Bxr+4)Jx2 -Tx+10<0;

A X
Pemure HepaBeHCTBO |— & .
x* -9 x“ -9
e | ‘ e |
Pemnre HepaBeHCTBO 5 S :
x“ =16 x“ -16
Pemure HepaBeHCTEBO. .
1 x2 - |x|-12 )
1) (lx] =3)(|x]| — 8) = 0; 3) 3~ 2%
‘1' ==
l% + 2| =% la - 1] 1
2) ———— < 2; 4 8 B S ;
) x ) x+2 X+2
Pemnre HepaBeHCTBO: ;
12 —T|x| +10
1) (lx] = 8)(|lx| — 7) < 03 3) — < 0;
X -6x+9
lx+ 3|+ x 2
2) ————>1; 4 < =1,
) x+2 ) xlx -1|
Pemure HepaBeHCTBO:
2¢ -1 3x x¥2 —Bx+4
1 = 2 2 <1 3 <
) x—l‘ ) :1'2—4‘ ) x? -4
Pemiure HepaBeHCTBO.
x¥-3 x+4 x2 -3x+2
1y (2 ‘ > 1 2 ‘ <1; 3 £q,
) x-5 ) X+ 2 ) x2 +3x+2

10) (x2 —5x +4)va?2 —Tx +10 > 0
11) (x2 —5x +4)vx2 —Tx +10 <0;
12) (x2 —5x +4)vx2 —Tx +10 > 0.

7) (x2 —25)/16 — x2 < 0
8) (x2 —25)/16 -2 > 0;
9) (x2 —4x —5)vx% —5x +6 > 0;
10) (x2 —4x —5)Jx2 —5x +6 < 0;
11) (x2 —4x -5)vx2 —5x +6 < 0;
12) (x2 —4x - 5)vx2 —-5x +6 > 0.
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9.25.

9.26.

9.27.

9.28.

9.29.

Pemure ypaBHeHUe:

1) |12x-1]|+ |22 <x—6| =22 +x—T;

2) |22 —4| ¥ |a*-x=2]| = |22~ 2 -6,

Pemure ypasHeHUe:

1) I8x—-2|+ |22 -5x+6| =22 - 2x + 4;

2) |22-9| + |22+ 4x+ 3| = | 222 + 4x - 6].

HajlifuTe MHOKeCTBO pellleHHII HePABEHCTBA B 3aBUCHMOCTH OT 3HAaUe-
HUA [IapaMeTpa da:

1) |x — a|(bx?® — 2x — 3) < 0; 2) |lx —a|(bx® - 2x - 3) < 0.
Haiiiure MHOMeCTBO pellleHUil HepaBeHCTBA B 3aBUCHMOCTH OT 3HaYe-
HHA IIapaMeTpa d:

1) |x —a|(Tx? - 4x - 3) < 0; 2) |[x—a|(Tx®-4x-3) < 0.
HafifuTe MHOeCTBO pellleHHII HepABEHCTBA B 3aBUCHMOCTH OT 3HAaYe-

HHUA IapaMeTpa a:
1) |[x —1|(x2 - (a + 3)x + 3a) < 0; 2) lx-1|(x%2—(a+3)x+3a) < 0.

9.30. HaiiinTe MHOMKECTBO pellleHHil HepaBeHCTBA B 3aBUCHMOCTH OT 3Hade-
HUSA IapaMeTpa .
1) [x+2|(x® - (a+ 1x+a) < 0; 2) lx+2|(x%-(a+1)x+a)<0.
|
9.31. Pemure ypasuenue 2{x} — {x}[x]=x — 5.

9.32.

Pemnre ypasaenue [xa} — 3{x} =6 — x.

=
YnpaXXHeHUa AN NOBTOPEHUA mu

9.33.

9.34.

Pemnrte ypasaenue | |x — 1] — 1] = 2.

YipocTure BhIpaMKeHHe \/25.5 —4+2Ja? —4a+3 —Ja-1.

KOTAA CAENAHbBI YPOKU g

Mapabona

Durypy, Koropas spjasercs rpahuKoM ypaBHeHUs iy = ax® + bx + ¢, rae

a # 0, Ha3sIBalOT Mapabosoil.

Ha pucynke 9.15 uszobpaxena napabona y = x2. Eciu eé paciooxurs,

HaIlpuMep, TaK, KaK MoKa3zaHo Ha pucyHKe 10.16, To ypaBHeHHe 2TOH QUTYPBI
He Oyner umeTsb BUA i = ax® + bx + c. Moxno mu Gurypy, uzobpakéHHyo Ha
pucyHKe 9.16, HassiBaTh nmapadomoi?
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Puc. 9.15 rPuc. 9.16

EcrecrBenHO, Korjga paBHBIE (UI'YPhI MMEIOT ONHHAKOBLIE HA3BAHHA.
[ToaTomy xoTenock OBbI IaTh TaKoe onpenejeHHe napadosibl, KOTOpoe He OBLIO
Obl cBA3aHO ¢ ypaBHeHHMeM (purypsl. Hanpumep, onpemeieHre OKPYIKHOCTH
O6bL10 nano kak I'MT, paBHOYAA/I€HHBIX OT JAHHOW TOYKH, M JHUIIL 3aTeM I10-
TYy4eHO eé YpaBHeHUe.

Pacemorpum raxyio 3agauy. Ilyers nansl npsamas d u Touka F, He npu-
Hajexanasa sroit npamoit. Haifiném I'MT, paBHOYIANEHHBLIX OT NIPAMOR
1 Touku F.

OnyeruM u3 TOUYKH F IepneHIHKY-
nsap FK na npamyio d. Ilyers Touka O — ce-
penuHa orpeska FK (puc. 9.17).

Bribepem cHcTeMy KOOpPJAMHAT Tak,

yT0o0BI OCh OPAMHAT coBHagaia c npamoin FK, /
I

y M (x5 1)

a och abcHucc — ¢ cepefMHHBIM IIepHeHIUKY-
napom orpesra FK.,

BribepeM egMHWUYHBIA OTPE30K TAaK, 0 B x
yrobsl FK = = . Torma F(D;— ;s K| O—=1,
2 4 4
=
5 1 Puc. 9.17
ypaBHeHHe NpAMOil d uMeeT BUJ Y = -1

Iycre M (x; i) — Touka, npunaanexamasa uckomomy 'MT. Torna pac-

crosinue oT Touku M no npamoit d (gaunna orpeska MP) paBHO |y + i , a JJIH-

2
Ha oTrpeaxa MF paBHa \j:n:2 + [z; - %) .
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C ydyerom yciIOBUSA MOMKHO 3anucatb: MP = MF, T. e.

2
1 _ .2 ok
‘y+4‘— % +(y 4). (1)

3aMeTHM, YTO €CJIM TOUYKA nNpuHagimexuT nckomomy I'MT, To eé xKoopmu-
HAThLI VAOBIAETBOPAIT ypaBHeHuio (1). M maobopor, mapa uuces, ABIAIOIAM-
cs pelreHneM ypaBHeHus (1), — 2To KOOpPAHHATHI TOYKH, MPHHAIJIEHKAIEH
ncxkomomy I'MT.

2 2
Sanuirem y+1 =%% y—l -
4 < 447

2y ly 2 1,1,
Y+ 39716~V 7Y —3Y 716

e
CnenosatensHo, uckomoe I'MT — aTto
(hurypa, sBiaswmascsa rpadpUKoM ypaBHe- YA
HuA iy = x2, 1. e. mapabona (puc. 9.18).
Moxuo nmorkasarh (caenaiTe sTO ca- _
MOCTOATEJbHO), YTO ecJau ToYKH I u K BhI- MG 7
1]
6pares Tak, uro FK = 2l, rie a > 0, To R s
o -
B pe3yJIibTaTe aHAJOIMYHBIX pacCy:KIeHUN 0 m il
6yaeT mojy4eHO ypaBHeHHe i = ax>. d 1K P
4

JTOT pPe3yiibTaT IMOOCKA3BIBAET, YTO

MOJKHO IIPUHATHL TAKOe OlpeJesieHue mapa-
DOJIBL. rPuc. 9.18

sngy OnpegeneHMe
Mapabonon HasbiBatoT MMT, paBHOYAanéHHbIX OT AAHHOW NPAMOM WU OaH-
HOM TOMKM, HE NeXXallen Ha 3ToON NPAMOMN.

ITaHHYIO IPAMYIO HA3BIBAIOT AUPEeKTpHucoi (0T nar. directrixe — «Hanpas-
IAONAA» ), 4 JAHHYI0 TOYKY — (hoKycoM (0T JaT. focus — «odar», «OrOHb» ).

IIpsamyio, npoxonainyoo yepesd (POKYC U NePHeHIUKYIAPHYIO TUDPEKTPH-
ce, Ha3bIBAIOT 0ChIO MAPADOIBI.

ITapabosa obiamaeT HMeJLIM PAJSOM UHTEPECHLIX CBOMCTE.

Ecnu napaboiiy BpaiaTh BOKPYT €é 0CH, TO MOJYYHUM IIOBEPXHOCTh, KO-
TOPYIO HaspIBaIOT napabdosougom Bpamenua (puc. 9.19). Takyio dopmy ume-
I0T 3epKaja IMpoKEeKTOPOB, aABTOMODUIBHEIX (hap, TenecKomnos. JIyuyu c¢sera ot
HCTOYHUKA, PACIOJIOMKEHHOro B (pokyce napaboJibl, OTpamkasach OT IIOBEPXHO-
cTH napabosouaa BpalleHHs, 00pas3yIOT HaNpaB/JeHHBLIN NMy4ok cBera. M Ha-

100



obopoT, BCe CBETOBBIE JIYYH, UAYINHeE IIapajljleJIbHO OCH BpallleHusl, Iocje OT-
paykeHUA cobMpaTca B OJHOH ToUuke — (poKyce. ITO CBOMCTBO JICKHUT B OCHO-
Be NpUHIIHNA paboTkl napabolnYecKUX AHTEHH.

C KpuBBIME, HMEIOUIMMHU (opmMy napabosbl, MOM¥HO BCTPETUTLCH, U3Y-
yasi ABMXKeHHe npeaMeros. Hanpumep, TpaeKTopul OOJETOB KAMHS, OpOIIeH-
HOT'O II0JI YIJIOM K I'OPH30HTY, APTHJLJIEPUICKOr0 cCHapsAa IPU OTCYTCTBUH CO-
IIPOTHUBJIEHUA BO3AYyXa ABIAsA0TcA napadbomamu. Crpyu Boabl B (poHTAHE 00pa-
3VIOT (hUrypy, HOX0KYI0 HA nmapadoJy.

ITapabona menuT miaocKocTh Ha ABe (urypbl. OgHA U3 HAX ABIAETCH
BBINYKJIOH, T. €. BMECTe C JIOObIMH JBYMA CBOMMH TOYKAMH COHED:KHUT OTpe-
30K C KOHIIAMH B 9THX TO4YKax. K€ Ha3hIBalOT BHYTPeHHeH o00aacThio mapabo-
abei. Ha pucyuke 9.20 BHyTpeHHAsa obnacThk napaboJsibl 3aKkpalleHa KeJaTbIM
I[BETOM.

L

Puc. 9.19 FFHE. 9.20

Paccrosaue oT J000H TOUKH BHYTPeHHeH obyactu napabonabl 10 GoKry-
ca MeHbIlle, YeM PAaCCTOsSIHUE OT STOM TOYKU [0 AupeKTpuchl. PaccTrosHue oT
n000l TOUKM, He NPUHAJJIeKAIEH BHYTPeHHeH o0jacTH mapabosbl, IO JTH-
peKTpHuchEl He 0OoJibllle, YeM PAacCCTOAHHE OT 2TOM TOYKH A0 (pokyca. ITH ABa
CBOMCTBA JOKAMKHUTE CAMOCTOATEJbHO.

3HaHUe cBOMCTB napaboJibl MO3BOJIAET PellaTh IeJIbId PAN WHTePeCHbIX
sagay. IIpounnocrpupyem aTo Ha OpuMepax.
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lHipymep 1. loxamure, 4T0 KOHEYHBIM MHOXKECTBOM BHYTpPeHHUX o0ia-
crei nmapaboJi HEBO3ZMOKHO MOKPBITh ILJIOCKOCTS.

PeweHune. ITpoeeném npaMyio, He HNapajjieIbHYI0O HI OfHOI M3 oceil ma-
pabon (Takad npAMas cylecTByeT, TaK Kak rmapadoJ KOHeYHOe KOJUYeCTBO).
Kaxxnasa u3 BHyTpeHHHX obJjiacTell nmapadoJ MJIK He UMeeT 0DI[UX TOYeK C IIPo-
BeJEHHOU NpAMOM, UJIM MHOMeCTBO 00mUX TOueK oOpasyer orpes3ok. Ho ko-
HEeYHBIM KOJIMYECTBOM OTPE3KOB HEBO3MOMKHO MOKPLITh NPAMYIO. B

Mpumep 2. Ha niocKkocTH 3aaH0 KOHEYHOE MHOKECTBO IPAMBIX M KO-
HeYHOe MHOMKEeCTBO TOYeK, HM O/[HA U3 KOTODhIX He NPUHAJIEeXKUT JaHHBIM
npsiMmbiM. JloKamuTe, 4TO HA IJIOCKOCTU CYIIECTBYET TOYKA, PACCTOSHUE OT
KOTOpPOM 10 J000M M3 JAaHHBIX NPAMBIX MeHBIIEe, YeM PACCTOSHHEe J0 J00H
13 3aJaHHLIX TOYEK.

PeweHune. Kaxxayio napy (upamas; Touka) OyaeM paccMaTpUBATL KaK
NUPEeKTpuCcY U GoKyc HeKoTopou mapabosabsi. Takum obpaszom, 3aJaHO KoHed-
HOe MHOKeCTBO BHYTPeHHHUX obaacTell napabos. CornacHo pe3yibTaTy IIpeIbl-
AyIiIed 3ajladyyd OHM He MNOKPBLIBAIOT BCIO IJIOCKOCTh. Bosbmém Jobyio Helro-
KPBITYIO TOUKY, He INPHUHAIIeKANIYI0 HI ofHoi u3 napaboi. Ilockonsky pac-
CTOAHHE OT TOYKH, He NpPHHAJAJIexKalleil napaboye 1 eé BHYTpeHHeil obiaacTu,
0 MUPEKTPUCHI MeHbIlle, YeM PAacCTOSHUe OT 3TON TOYKHU 1o (GoKyca, TO yKa-
2aHHAS TOYEA SABRIASeTed MCKOMOM. B




DyHkynn

Mycte X — MHOXECTBO 3Ha4YeHWW He3aBMCMMOW nNepemeHHon, Y —
MHOXECTBO 3Ha4YeHWM 3aBUCMMOW nepemMeHHou. PyHKUMs — 3To
NpaBMno, C NOMOLLBK KOTOPOro Mo KaXaomy 3HauyeHWo He3aBuCK-
MOW nepeMeHHon K3 MHoxecTBa X MOXHO HalTU eQUMHCTBEHHOEe
3HaYeHWe 3aBUCUMOM NepemMeHHON U3 MHOXecTBa Y.

OYHKUMIO CYMTAKOT 3a4aHHOM, ecn yKasaHa eé obnacte onpepgene-
HUSA U NPaBUNO, C NOMOLLLID KOTOPOro MOXHO MO KaXaomy 3Hadve-
HUIO HE3aBMCUMMOMW NepeMeHHOW HaWTKW 3HaYeHMe 3aBUCMMON nepe-
MEHHOMW.

ObOnacre onpegeneHna PyHKLMUN
MHOXeCTBO BCeX 3Ha4YeHUW, KOTOpble MPUHWUMAET apryMeHT, Hasbl-
BaloT obnactbio onpepeneHus GyHkumMmM 1M obosHavaot D (f) unm

D ().

ObOnacrb 3Ha4eHUA PyHKUUN
MHOXeCcTBO BCEX 3HA4YeHUWN, KOTOpble MPUHMMaeT 3aBUCMMan nepe-
MeHHasn, Ha3blBaloT 0bnacTblo 3HaYeHMW GyHKUMKM KU obo3Ha4valT

E(f) van E(y).

B3zaumMHO ofHO3Ha4YHoe oTobpameHune
Ecnu B oToBpaxeHun f mHoxectea X Ha MHoXecTBO Y Kaxdblii ane-
MEHT MHOXecTBa Y fBNAeTca COOTBETCTBYIOUWMM HEKOTOPOMY €fWnH-
CTBEHHOMY 3M1eMeHTy MHoXecTBa X, Takoe oTobpaxeHWe Ha3blBaloT
B3aMMHO OfHO3Ha4HbIM oTODOpaxeHMem MHoXecTBa X Ha MHoOXe-
cteo Y.

pacdpmk umcnoson pyHKUMK
[pacpmkom 4McnoBon PYHKUMKW Ha3blBalOT reoMmeTpuyeckyto urypy,
COCTOSILLYIO M3 BCEX TeX W TONbKO TexX ToYeK KOOpAMHATHOMU MNockKo-
CTWU, abCuMCcCbl KOTOPbLIX pPaBHbl 3Ha4YeHUAM aprymeHTa, a opAMHa-
Tbl — COOTBETCTBYIOLWMM 3HAYEHUAM DYHKLMI.

Hynb dpyHKUMK
3HayeHWe aprymeHTa, NpyM KOTOPOM 3HadyeHue QYHKUMWU paBHO Hy-
Nk, Ha3bIBAOT HYNEM YHKUMMN.
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NMpomMeKyToK 3HAKOMOCTORHCTEA (PYHKLMMN
[MpomexyToK, Ha KOTOPOM (YHKLMA NPUHUMAaET 3Ha4yeHUaA OfiIMHaKo-
BOIO 3HaKa, Ha3bIBalOT NPOMEXYTKOM 3HAKOMOCTOAHCTBA YHKLMUK.

Bozpacrawouwme 1 yobisawowme pyHKUUKN

*  ®yHKuuio [ Ha3biBalOT Bo3pacTatouein Ha mHoxectee M < D (f),
ecnn ana nobbix ABYX 3HAYEHWI aprymeHTa X, WU X,, NpUHaanexa-
wux mHoxectBy M, Takux, 4to x; < X,, BbINONHAETCH HEPaBEHCTBO
fle) < flxy).

»  OyHkumio [ HasbiBaloT ybbiBalowen Ha mHoxectee M < D (f),
ecnun ana nobbix ABYX 3HaYeHW aprymeHTa X, WU X,, NpuMHaanexa-
wnx MHoxecTBy M, Takumx, 4To X, < X,, BbINONHAETCH HEPaBEHCTBO

Fx) <J ).

Hanbonbliee  HaMMeHbLUee 3HaAYeHNA PYHKUMN
*  Yucno f(:rﬂ} Ha3blBalOT HaubonbWKM 3HaYyeHWeM QYHKUMK | Ha
mHoxectee M < D (f), ecnn cywecTyeT Takoe YMcno x, € M, uto
ansa ecex x € M BbinonHaeTcs HEpaBEHtTEOf(Iﬂ] = [ (x).
*  Yucno fﬁxﬂ] Ha3bIBAIOT HaUMEHbLWWUM 3HaueHrem yHKUUU [ Ha
mHoxectee M < D (f), ecnu cywecTByeT Takoe 4Mcno X, € M, uto
onsa Bcex x € M BbinonHaeTca HEpaBEHCTBDf(;rﬂ] < f ().

YéTHaa v HevéTHan PyHKLUMK
*  ®yHKuuio f Ha3biBaloT Y€THOW, ecnu Ana nboro x € D (f) Bep-
HO paeeHcTBO [ (—x) = f (x).
*  ®yHkuMo / Ha3biBalOT HeYéTHoN, ecnu ans noboro x € D (f)
BepHO paBeHcTBO [ (—x) = —/f (x).

Ceoncrea rpacpmMKoB YETHOM M HeYeTHON PyHKLUMA

*  Ecnu Ttouka M (a; b) npuHapgnexwT rpacuky 4éTHoM dyHKUUU f,
10 Touka M, (—a; D) Takxe npuHagnexwut eé rpaguky, T. e. rpaduk
YETHOM DYHKUUM CUMMETPUYEH OTHOCUTENLHO OCU OpAMHAT.

* Ecnm Ttouka M (a; b) npuHapnexuT rpaduKy HEYETHOM dYHK-
uMu f, To Touka M, (~a; —b) Takxe nNpuUHagnexuT eé rpaduky,
T. €. rpaduK HEYETHOW DYHKLUMN CUMMETPUYEH OTHOCMTENbHO Hava-
na KoopauHar.

KeagparnuHan dpyHKLUMA
DYHKUMIO, KOTOPYIO MOXHO 3agaTe (opMmynon euga iy = ax? +
+ bx + ¢, rpe x — He3aBUCMMan NepemeHHas, d, b u ¢ — napameTpel,
npuyém a # 0, Ha3bIBalOT KBaAPaTUYHOWN,




-f -ﬁ-ﬂﬂ |

YpaBHeHMnA
C ABYyMSA nNepeMeHHbIMMN
M MX CUCTEeMbI

[1 B aton rnaee Bbl pacluMpuTe CBOW 3HaHuMaA oD ypaBHEHMAX C ABYyMA nepe-
MEHHBIMM.

[1 Bbl Hay4MTeCh CTPOWTL rpaduKK YypaBHEHWI ¢ ABYMSA MepemMeHHbIMU € No-
Mouisio npeobpa3zoBaHun rpadukos.

[ Bbl paclumpuTe CBOM 3HaHMA O CUCTEeMaXx ypaBHEHWM € ABYMA nepeMeHHbl-
MW, METOAAaX MX pelleHus, NpuobpeTéTe HOBLIE HAaBLIKW pelleHUs CUCTEM
ypaBHEHMNA.

g m YpaBHeHMe ¢ ABYMSA NepeMeHHbIMU U ero rpaduk

Bripamenus x? + y?, A (x — 1)y + 2), x — 3y ABnAAOTCA IpUMepa-

MU BBIpa)KeHUH ¢ IBYMs IIepeMeHHLIMU X U I.

BripaseHnue ¢ nepeMeHHBIMU X U iy obosHaualor tak: F (x; y) (uuraior:
«2( OT UKC U UTDEK» ).

IIpu Taxom obosnayenunu pasencrBo F (x; y) = 0 aBnserca ypaBHeHHeM
C IBYyMs IIepeMEeHHBIMH X U U.

Hampuwmep, ecnu F (x; y) = ax + by + ¢, 1o paBencrso F (x; y) = 0 aBnsa-
eTcs JIMHEeMHBIM YpaBHEeHHEM ¢ IBYMSA IlepeMeHHBIMHU,

Hamomuum, uyro ecsiu F (x; i) — MHOro4JieH CTaHZAPTHOIO BHJA, TO €ro
CTEeNeHbI0 HAa3bIBAIOT HAMDONBIIYIO U3 CTENEeHell 0JHOYJIeHOB, BXOAANIUX B He-
ro. B atom cnyuae cmenenviro coomsemcemsayrowezo ypasuenusi F (x; y) =0
Haszwviearwom cmenenv mnozouwiena F (x; y).

Hanpumep, crenens ypasHenus x? — x%y? + y3 = 0 pasna 5.

Ecnu B muneitHom ypasHenuu ax + by + ¢ = 0 napamerpsr @ u b oHO-
BpeMeHHO He paBHEI HyJ0 (@ + b2 # 0), To aT0 ypaBHeHHe ABAAETCH ypaBHe-
HHEeM IIePBOii CTeNeHH! ¢ NepeMeHHBIMHU X U Y.

VpaBHeHUEe BTODPOMl CTENEeHU ¢ NMEePeMEHHLIMM X W I UMeeT BUJ: ax® +
+by? + cxy +de+ ey + f=0, rne a, b, ¢, d, e, f — napamerpsl, npuuém
a?+ b%+c%#0.

HanmomauM, uro mapy uduceln (Xx,; ¥,) Ha3blBalOT pelleHHeM ypaBHeHUs
F (x; y) =0, ecnu F (x,; y,) = 0 — BepHOe YUCIIOBOE PABEHCTEO.

Ecnam Ha KOOpAMHATHON NJIOCKOCTH XY OTMETUTH BCe TOYKU, KOODAMHA-
Thl KOTODPBIX ABJIAIOTCA pelieHueM ypaBHeHus F (x; y) = 0, To nony4eHHYIO
(burypy Ha3sIBalOT rpa(hmKoOM 3TOr0 YPABHEHHS.
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Hanpuwmep, rpagpurom ypaBHeHUS MNEePBOU CTEeHU C ABYM:A IepeMeH-
HBIMH SABJISAETCA Npsamas, rpadurom ypassenus (x — a)® + (y — b)? = R?, rne
R > 0, aBnsgercsa okpy:kHOCTHs paguyca R ¢ menrpom B Touke M (a; b)!, rpa-
duxom ypasuenust y = ax? + bx + ¢, rue a # 0, aensercs mapabona.

Mpumep 1. ITocTpoiiTe rpaduK ypaBHeHHs X = 2,

PeweHue. Eciiu B JaHHOM ypaBHeHUH 3aMeHUTL X HA Y, 4 I HA X, TO 1O~
JIYy4UM ypaBHeHHEe i = X2, rpad@UMKOM KOTOPOro sBiasercs napabonaa. 1o 3Ha-
4HUT, YTO HCKOMBIH rpaduk — 370 rpaduK YpaBHeHUS i = X2, IOCTPOHHBIN HA
KOOPAUHATHON IJIOCKOCTH /X, T. €. B CHCTeMe KOOpAHMHAT, B KOTOPOM OCH
abcuce ¥ OpAMHAT IMIOMEHSJINCh MEeCTaMH.

Taxum o6pasom, rpahuKoM ypaBHeHUS X = y° ABasercs napabosa, uso-
OpaxéHHasa Ha pucyHke 10.1. m

Mpumep 2. ITocTpoiite rpaduk ypaBHeHUs Yy = 1 — x2.

B -2
e =1—x°,
PeweHune. JJlanHoe ypaBHeHHEe PABHOCHIBLHO CHCTEMe B Or-
jh1'2+y2:1 g%
cIoa
ly = 0.

Ipadurom ypaBHeHusi x° + y? = 1 ABIAeTCA OKPYKHOCTH paauyca 1
C IEHTPOM B Havajle KOOpIAUHAT.

CnenoBaTesibHO, HCKOMBIM Ipa@UKOM SABJISAETCHA MOJVOKPYIKHOCTb, Jie-
JKAIAA B BePXHEH IMOJNYILUIOCKOCTH OTHOCHTeNbHO ocu abciuce (puc. 10.2). m

YA YA
/ 1
-
g > /’\
o
\ 1 0 1 %

Puc. 10.1 rFuc. 10.2

B § 4-6 BRI HayuUMJIKUCHL NPeodPA30BLIBATE IpadUKl QYHKIIUI, TeM ca-
MBIM CYIIECTBEHHO PACUIUPUIN KJIace PYHKIUHA, rpad@UKHU KOTOPLIX Bbl MOMKe-
Te CTPOUT.

AnanoruyHele npeodpasoBaHUA MOKHO BBIIIOJHATEL ¢ 'paUKaMH ypas-
HEeHUH.

1 3ror draxt OVIeT IoKa3aH B Kypce reomerpun 9 kiacca.
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Huxe npusenemM BoCeMb YTBEDKIeHUH (IIpaBUJI), IOKA3hIBAIONINX, KaK,
ncnoJsib3ysa rpaduk ypasnenus I (x; y) = 0, MoxHO nocTpouTh rpahuKn ypas-
menuit F(x+ a; y)=0; F(x; y + b)=0; F(=x; y) = 0; F(x; —y) = 0; F(kx; y) =0,
rne £ > 0; F(x; ky) =0, tme & > 0; F(|x]; y¥) =0; F(x; |y|) = 0. IlepBoe u3
VyTBep:KAeHUN MbI foKaxeMm. JloKaszaTebCTBO OCTAJNIBLHBIX YTBepPHIAEHUN MPO-
BeJIUTe cCaMOCTOSATEJILHO,

ITycrs Touka (x,; y,) npuHamiekut rpaguxky ypasHenus F (x; y) = 0,
T. €. BEIOJIHAETCA paBeHCTBO F (x; y,) = 0. Torpa Touka (x, — a; y,) npunagie-
KUT rpaduky ypasHenus I (x + a; y) = 0. Helictsurensso, F ((x, — a) + a; y,) =
= F(x,; y,) = 0. CnenosarenbHo, Kamxaoil Touke rpapura ypaBHeHHS
F(x; y) = 0 coorBeTcTByeT eJMHCTBEHHas TOYKa rpadpuka ypaBHeHUS
F(x + a; y) = 0. AnajornuHo MOKHO IIOKa3aTh, YTO KamJasa TO4YKa rpaduka
yvpaBHeHus F (x + a; y) = 0 aB1seTCcA COOTBETCTBYIONIEH e JUHCTBEHHON TOYKe
rpapuka ypasHenus I (x; y) = 0. Takum ob6pasom, MeRJy MHOKECTBAMHU TO-
YeK YKA3AHHBIX I'pad@UKOB YpaBHEHUH YCTAHOBJIEHO BBAUMHO O/IHO3HAYHOE CO-
orsercrBue. [losTomy Bee Touku rpaguka ypasHenus F (x + a; y) = 0 moxHO
[IOJIYYUThL, BAMEHUB KaKIyI0 TouKky rpaduka ypasuenud F (x; y) = 0 sa TOU-
Ky C TOHU Ke opAuHATOU U abcuuccoil, 13 KOTOPOH BhIYIM Uncao a. Ilpusenén-
HbIe pacCy:KIeHUA MOKAa3bIBAIOT, YTO COPaBEJINBO cllelyiolllee YTBepxKIAeHUe.

=nd) lpacdwmk ypasHenua F (x + a; y) = 0 moxHo yaA
MONy4MTb B pe3ynbTaTte napannenbHoOro ne-
peHoca rpadmka ypaeHenmn F (x; y) = 0
BOONb ocu abcumce Ha d egUHUL, BNeBO, ecnu
a > 0, n Ha —a eguHny Bnpaso, ecnu a < (.

=Y

Hanpumep, rpadux ypasaenus (v + 2)% + y2 =
= 4 MOKHO NOJYYHUTH, €CAH IEPEeHEeCTH OKPYHXK-
HOCTb X2 + % = 4 BoJIL ocK abelnuce Ha ABe eUHU-
sl Baeso (puc. 10.3).

snd) lpacdwuk ypasvenun F (x; y + b) = 0 moxHo
Nony4YMTbh B pe3ynbTarte napannenbHoro ne-
peHoca rpaduka ypaevenun F (x; y) = 0
BRonb ocum opavHat Ha b eguHvy BHM3, ecnn
b > 0, n na —b egunny Beepx, ecnn b < 0.

Hanpumep, rpadpux ypasaenus x° + (y + 2)% =
— 4 MOMKHO MOJYYUTb, €CJIH IIePEeHEeCTH OKPYXK-
HOCTb X2 + iy = 4 BAOJAbL OCH OPAMHAT HA [Be eu-
HUIBI BHU3 (puc. 10.4). FF“E- 10.4
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ma®) lpacdmk ypasHenus F (—x; y) = 0 moxHo nonyunTs B pesynstare npeobpa-
30BaHUA CMMMETPUMU OTHOCUTENbHO OCU OpAMHAT rpacduKa ypaBHeHus
F(x; y)=0.

Hanpumep, rpaguk ypasHerus (—x + 2)? + y? = 4 MOKHO IOJTYYUTD,
CUMMETPUYHO 0TOGpasuB okpysHOCTE (X + 2)2 + y? = 4 OTHOCHUTENBHO OCH
opauHat (puc. 10.5).

ss) pacpumk ypasHenus F (x; —y) = 0 MoHO nonyunTs B pesynsrarte npeobpa-
30BaHUA CMMMETPUM OTHOCUTENbHO ocu abcumucc rpacmka ypaBHeHUR
F (x; y)=0.

Hanpumep, rpaduk ypasHenusi x° + (-y + 2)? = 4 MOMXHO HONYYUTH,
CUMMETPUYHO 0TOGPA3UB OKpYKHOCTE X2 + (y + 2)? = 4 OTHOCHUTENBHO OCH
abcmuce (puc. 10.6).

ssd)l [pacduk ypasrnenuna F (kx; y) =0, rae k£ > 0, moXHO nonyunTb B pesyns-
Tate OKatua rpacguka ypasvenusa F (x; y) = 0 B k pas k ocu opaunar, ec-
nu k > 1, nnun B peaynbTtate pactsieHus rpadwmka ypasHenus F (x; y) =0

B % pa3 or ocu opauHar, ecnan 0 < k < 1.

Hanpumep, rpagpuk ypasaenus (2x)° + y? = 4 MOMXHO MOJTYUYHUTh, €CJIH
CHKATH B 2 pasa OKpPY:RHOCTE X2 + 12 = 4 K ocu opaunar (puc. 10.7). [Toxyuen-
HYK (DUTYPY HA3BIBAIOT JJLIHIICOM.

LA 'Y LA
2
2+ - 2+
P o
/\;{/ \\} : m
9 0 9 % 92 X =8 \%i ~J2 ¥
— i . B
2 2 9
Puc. 10.5 .Pm:. 10.6 FPuc. 10.7
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sas)p lpacdmk ypasHenns F (x; ky) = 0, rge k > 0, moxHo nonyunts B pesynk-
TaTe okaTtusa rpaduka ypasHenus F (x; y) = 0 B k pas k ocmu abeyuce, ec-
nu k > 1, unn B peaynbrate pacraikeHus rpacdmka ypasHenus F (x; y) =0

B % pa3 ot ocm abeumce, ecnn 0 < k£ < 1.

2 L, j _
Hanpumep, rpaduk ypaBHeHHA X° + Ey =4 MOMKHO IIOJYYUTH, ec-

JIM PACTAHYTH B 2 pasa OKPYMKHOCTb X2 + y? = 4 or ocu abeuuce (puc. 10.8).
IlonydyenHas (purypa Takxe sSBIAETCA IJLIHUIICOM.

mag) lpacduk ypaBHeHUSs F{|.x |; ) = 0 moxHOo nonyunTtb U3 rpachuka ypaBHeHUs
F (x; y) = 0 taknm oBpazom: nocrpouts hurypy M, asnaowyrocs rpacu-
kom ypasHenusa F (x; y) = 0 npu x > 0, n nocrpouts durypy M,, cumme-
TpuuHyto dmrype M, otHocuTenbHo ocn opauHar. durypa M, U M, asnsa-
€TCA NCKOMbIM rpaduMKom.

Ha pucyake 10.9 zenénbim 1nBerom u300pakéH rpaguk ypaBHeHUS
(Jx] —1)2+ 2 =4.

s=d) pacduk ypasHenus F(x; Iy |} = () mo)tHO nony4unTb U3 rpadukKa ypasHeHUs
F (x; y) = 0 Taknm o6pazom: nocrpouts churypy M, asnaowyiocs rpacu-
kom ypasHeHusa F (x; y) = 0 npun y = 0, v nocrpouts urypy M, cumme-
TpuuHyio gurype M, otHocutenbHo ocu abeuucc. durypa M, U M, sens-
€TCA NCKOMbIM rpadmKom.

Ha pucyake 10.10 opaHKeBbIM IIBeTOM H300paskéH rpadHK ypaBHEHHUS
2+ (ly| +1)2=4.

1 YA
[} Uy A
2 e R

\M,,,__ _:{h.,ﬂ_ o % -1 I
-3
[}
FPHC. 10.9 Puc. 10.10
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lipumep 3. llocrpoitTe rpadux ypasHeHud |[x| + |y| = 1.
PeweHume. Ilycrs F (x; y) = x + y = 1. Torga nckombiil rpaduKk MOMKHO

IIOCTPOMTH 10 Takoi cxeme (puc. 10.11):

Fx;y)=0——> F(|lx|; ) =0 —> F (|x|; |¥|)=0.m

a 6
rPHC. 10.11

Mpumep 4. IIpn KaxkuxX 3HAYEHUAX
nmapaMmerpa d MOAYJIbL PA3HOCTH KOpHeH
ypaBHeHUud X2 — 6x + 12 + a? — 4a = 0 npu-
HUMaeT HauboJbllnee 3HaAYeHHE?

PeweHune. IIpeobOpasyem paHHOE
ypaBHernue: (x — 3)2 + (a — 2)2 = 1.

Ero rpagpuxomM B cucTeMe KOOpAUHAT
xXa ABJIsgeTcA oKpy:kHocTE (puc. 10.12).

Ecnu npamas a = a, nepecexkaer ok-
pPYsKHOCTE B TouKax A u B, To monyns pas-
HOCTH KODHEeH ypaBHeHWs paBeH IJUHe
orpe3ka AB (cm. puc. 10.12). Cnegosa-

0

.Puc. 10.12

TeJIbHO, HaJ0 HAaWTH TaKoe MOJOKeHHe NPAMOH a = d,, P KOTOPOM XOp-
na AB umeer HAaUOONBIIYIO NJIUHY. ITO YCJIOBUE BBIMOJHSETCS TOTrka, KOrma
xopaa AB apnderca quamerpoM okpy:kHOcTH. OTCclona a = 2. |

4 Kak, ncnonbsysa rpaduk ypasHeHusa F (x; y) = 0, noctpouTs rpapmku ypas-

Hehu: Fix + @; ) =0, Fl; w+ b)) =0; F(—x; ) =0; F(x; —y) = 0;
Flkx; y)=0,rne k> 0; F(x; ky) =0, rpe k> 0; F(|x|; y) =0; F(x; |y|)=0?

- I
® @ YnpaHeHV 5 s uewm

10.1. Pemure ypaBHeHue:
1) 22 -8x+y?+ 4y + 20 =0;

2)5x - 2xy + P —4x+1=0;
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4) y? =~1-x% -1.



10.2. Peminre ypaBHeHMeE:

1) 22— 6x + y% + 4y + 13 = 0; 3) Vx—1 = -2y +1)%;
2) 22+ 2xy + 102 — 12y + 4 = 0; 4) x2+Jy? +1=1.
10.3. IlocTpoiiTe rpathuK ypaBHeHMUS:
Py =5 3) (x+ 2)(y —3)=0; 5) xyy —3x +y=3;
2) a2 = 4; 4) y? + 6xy = 0; 6) y? — Sxy + 422 = 0.
10.4. IlocrpoitTe rpadguK ypaBHeHUH:
1) ac? =-dg%; 3) xy — 4x + 2y = 8;
2) p=13 4) x? — 6ay + 5y? = 0.
10.5. IlocTpoiiTe rpad@uUK ypaBHeHUA:
1) lyl = 4) |x+3| =y - 2; 7) lxly = 1;
2) ly-1]=x—-2; 5) xy = |x|; 8) x|yl =1;
3) lx+2y|l=1; 6) (x+2)y=Iyl; 9) lxy| = 1.
10.6. ITocrpoiiTe rpaduK YpaBHEHUA:
1) |y — 1] =x; 3) lx -3yl =2; o) xy = |yl
2) ly+1| =x+ 3; 4) (x—4)2=(y + 1)% 6) |x|y = —6.
10.7. Ha xoopauHATHOH ILJIOCKOCTH X} IIOCTPOITe rpaUK YypaBHEeHUA:
1) :rz\/;; 4) x = yl; 7 lx -1l = |y +1);
2) x =y-1; 5) x = /|y| +1; 8) lxl-1=ly+1];
3) x = -vu; 6) x| = \|yl; 9) x| -1=y|+1.
10.8. IlocTpoitTe rpad@uK ypasBHeHU:
1) |y| =2 3) |y|=vx+1; 5) |y| = lx +1l;

2) |y +1| = Ja; 4) ly +1| = ylx|+1; 6) |y|+1=ylx|+1.

10.9. IlocrpoitTe rpaduk ypaBHeHHs:
1) x = (y - 1)% 4) |x+ 2| =(ly| - 1%
2) || = (y — 1) 5) |x| +2=(ly| - 1)%
x+2=(w-1)%

10.10. IlocrpoiiTe rpadUK YypaBHEeHU:

1) |y| =% 4) |y — 1| = (x - 1)%

2) |yl =1-x% 5) [yl = (1x| — L)%

3) ly — 1] =% 6) |y — 1| = (Ix] - 1)~
10.11. Ilocrpo#iTe rpadMK YypaBHEeHMS:

1) (x- 22+ (y-1)°=9; 3) (lx] =2)*+(y - 1)*=9;

2) (Bx -2+ - 1)*=9; 4) (lx| - 2)* + (ly| - 1)*=9.
10.12. IlocTpoiiTe rpaduk ypaBHeHU:

1) (x - 1)* + (y — 2)* = 16; 3) (1x] = 1)* + (y — 2)* = 16;

2) (x — 1)* + (4y — 2)* = 16; 4) (Ix] = 1)+ (ly| — 2)* = 16.
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10.13. [locTpoure rpadhuk ypaBHeHUA:

1) |x| + |yl =2; Ix—-1|+|y+ 2| =2

2) lx=1] + |yl = 2; 4) |2x - 1| + |y + 2| =2
10.14. IlocrpoitTe rpad@uK ypapHeHUA:

1) |x] = |yl =2; 3) [x+1| - |y—-1|=2

2) lx+1| - |yl =2; 4) |x+1| - |2y —1] =2

10.15. IlocTpoitTe rpaduk ypaBHeHUA:
1) y =4 - x%; 3) |y —1| = v4 — x%; 5) y =2x — x?%;
2) y—1=+J4-x?% 4) |y| -1 =4 - x?; 6) y = 2|x|— x2.

10.16. llocTpoiiTe rpaduk ypaBHEeHUA:

1} & =xf1 - y*; 3) |lx+2 =y1-—22: 5) x = #4y—y3;
2) |lx|=1-y?; 4) |x| +2 = 1 - y2; 6) x = JA[y|- 4.

10.17. IlocTpoiiTe rpadMK YpaBHEHUS:

- x2 G | - X x2 - y?
1) ¥ o 4) (Y _z)iy ):0; 7) e
y-x x? -4 xl =1yl
2 - 2 0w
2}1 + Y 1:0; 5)3, :1:1; g) * +.1:1;
xl -1 y-x y:+y
3) i 6) et ey -2 4 gy B tp—2 g
2 pg? -1 ’ 2% = g ’ || - |1,f|
10.18. Ilocrpo#iTe rpadMK YpaBHEeHMS:
¥eLg?—1 2] + |y| -1 2 4
1) L =0 3) — Ll 5 =0; 5) 2 =1
ly| -1 1-x%-y xX+y
x| -y _ . -y +x) _ o Y -y
2) -~ =/} 4) 721 =g 6) ,rg—:r:L
¢ ¢ o

10.19. Onpesenure KoJu4ecTBO KopHeil ypaBHeHud (x2 + a? — 1)(a — x) = l]
B 3aBUCHUMOCTH OT 3HAYEHUSA IIapaMerpa d.

10.20. OnpepenuTe KoauuecTBO KopHeil ypasHeHus (4 — x2 — a?)(3a — x?) =0
B 3aBUCHUMOCTH OT 3HAYEHUSA apamerpa d.

10.21. IIpu KaKux 3HAYEHUAX IIapaMeTpa ¢ ypaBHeHHe ax —1 = \/ 8x —x%2-15
HMeeT eIHHCTBEHHOE pelnreHune?

10.22. 1Ipu Kaxux 3HaYeHUAX ITapaMeTpa  YpaBHeHUe dx + \f —H—-x%-6x=2
HMeeT 1Ba KOpHA?

10.23. Ilocrpoiite rpadpuk ypasuerus (x* + 1)(y* + 1) = 4x%y2.

10.24. Tlocrpoiite rpaduk ypasuenus (x2 — 2x + 2)(y? + 4y + 6) = 2
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10.25. ITocrpoiite rpaduk ypasHeraus 1 —x? + 1 —y? =2 — x2 — 2,
10.26. ITocrpoiite rpaduk ypaBHenus {x} = {y}.

10.27. Ilocrpoiire rpaduk ypaBHeHud {x} = —{y}.
10.28. Haiifure HauMeHbIee B3HAYeHWe BhIpakeHud |x|[+|y|, ecuam

X2+ (y—4)%=1.
10.29. Haiiure HauMeHblllee 3HAYEHHE BhIpAMKeHHUs x° + y?, ecnm |x + 3| +
+ |yl =1.
1|

YrnpaXXHeHUs AN NOBTOPEHUA gu

10.30. VupocTuTe BhIpasKeHUe \/Zx —2Jx% -4, ecnu x > 2.
10.31. CocraBhTe KBaJpaTHOE YPaBHEHHE, KOPHU KOTOPOro OOJbIIE COOTBET-
CTBYIOIIUX KOpHe# ypasHenusd x2 +4x — 9 =0 Ha eguHuny.

§ m Pachunveckme metTogbl pelleHUs CUCTEM ypaBHEeHUN
C ABYMSA nNepemMeHHbIMU

B kypce anredpsl 7 Kiacca Bbl 03HAKOMHJIKUCE C TPA(UUYECKHM METOLOM
pelleHUdA cUcTeM ypaBHeHMi. HamoMHMM, YTO 3TOT MeTOJ, 3aKJII0YAETCS B M10-
ICKe KOOPJAUHAT O0I[HUX TOUEK I'PaUKOB YPaBHEHU I, BXOAAIIUX B CHUCTEMY.

3a JBa yue0HLIX rojia Bbl IpHoOpeay 3HAUYHTEJbHBII OILIT IOCTPOEHUS
rpad@uKoB GYHKIUA U ypaBHEeHUH, YTO PACHIMPUJIO BO3ZMOKHOCTH IIpUMeHe-
HUA rpadUYecKoro MeToma AJA penieHus Ccu-
cTeM YpaBHEeHHIM.

Mpumep 1. Pemure rpaduvecku cucremy \
VpaBHEHUI:

x2 —4x+y? + 2y =0, \
y=2x?-8x+T. \

PeweHue. IlepBoe ypaBHeHUEe CHUCTEMbI
paBHOCUJIBEHO Takomy: (x — 2)2 + (y + 1) = 5. Ero ofl 5
rpauKoM SABASAETCA OKDPYKHOCTL paguyca J5 '
c neHTpoM B Touke (2; —1), usobpakéHHAA HAa
pucyake 11.1.

'pajuKoM BTOpPOro ypaBHEHUS SABJSETCHA
nmapabosia ¢ BepmiHHOH B Touke (2; —1), BeTBHU FP“C-"-‘

'-L

=Y
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KOTOpPOU HanpasjeHbl BBepX. OKpy:KHOCThL U napabojia mepecekamTcsa B IBYX
Toukax: A(1; 1) u B (3; 1) (cMm. puc. 11.1).

Kak BbI 3HaeTe, rpapUyecKHil MeTO] He rapaHTUPYET TOr0, YTO MOJIY-
YEeHHBIN Pe3yJILTAT siBJAeTcsa TouHbIM. [losToMy HalileHHbIe pelIeHusA CJeay-
eT npoBepuTh. IIpoBepka noaTBep:KaaeT, uTo napel unces (1; 1) u (3; 1) asnsa-
I0TCA PEelIeHUAMH JaHHOI CUCTEMBbI.

OteeT:(1;1),(3;1). m

3aMeTHM, 4TO 3Ta CHCTeMa ABJAETCA YI00HOU IJiA MpUMeHeHu:A rpagu-
YeCKOI'o MeTo[a: KOOpJAUHAaThI TOUYEK IepecedyeHus rpapuKoB OKa3ajluch 11eJbl-
Mmu yucsamu. [loHATHO, 4TO TaKas cUTyalMs BCTpedaeTcs HajleKo He Bceraa.
I'padpuveckniit meros Hanbosee apdeKTUBEH TOTa, KOIa HYMKHO Oolpele/lUuThb
KOJMYEeCTBO pellleHUH cucTeMbl YPABHEHUN WU JOCTATOYHO HAUTH pelleHus
npubnukénsno. Hanpumep, ¢ moMoIbio rpaguiyecKod MHTEPIIPETAIIUH JIETKO
BBISICHUTDL, CKOJIBKO pelleHUN MMeeT CUCTeMa JIMHEeHHBIX YpaBHeHUH ¢ IBYyMs
nepeMeHHbIMH,

ax+by=c,

Pacecmorpum cucreMmy B KoTopo#l a?+b2 =0 m

a,x + b,y = c,,
2, }2
a; + b2 # 0.
KonuuecTBo pemeHuit 9Toit cCUCTEMBI 3aBUCUT OT B3AUMHOTO PACIIOJIO-

MHEHHMA Ha HOJIOCKOCTH ABVX IPAMBIX, ABIAAIONIMXCHA I'pB.d)HHﬂMH FpB_BHEHHﬁ
CHCTeMBI.

* ec/i NpsAMEIe IIepeceKalTcsi, TO CHCTeMAa HUMeeT eJUHCTBEHHOe pe-
IIeHHe;

* ecJaM IpAMBI€ COBIAJAIOT, TO CHCTeMa HMeeT OECKOHEYHO MHOI0 pe-
IMeHWH;

* gCJHM INDpAMBIE IIapaLIe/JIbHBI, TO CHCTEMA pEIlIEHHﬂ He UMeeT.

Mpumep 2. OnpepenurTe KOJMUYECTBO pPEIIEHMH CHCTEMbl YpaBHeHHH
(a+3)x +4y =5 — 3a,
2x+(b+a)y =8

B 3aBUCHMOCTH OT 3HaYeHHHA IIapaMeTpa .

PewneHue. I'pachbuxkom mepsoro ypaBHEHHS CHCTEeMbl ABJISeTCS HeBep-
a+3 9 - 3a

r M o ‘
4 4

Ecau a = -5, To rpadMKoOM BTOPOTO YPaBHEHHUSA CHCTEMBI SIBJIAETCS Bep-
TUKaJbHadA npAMad X = 4. BeprukanpHas U HeBePTHKAJIbHAA NPAMEIE BCerma
HMEIOT TOJBKO OJHY OOIIYI0 TOYKY, IIO3TOMY B 3TOM CJVYae CHCTEMAa HMEeT
eJUHCTBEHHOE pelleHHe.

THEaJbHaA IIPpAMad If = —
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a+ 3 5 -—3u

= P S
IIycrs a # —5. 3anuiieM UCXOIHYIO CHCTEMY TaK: 3 84
y=- 5+ a B4+a’

a+ 3

Ecau - , TO MpAMBIe, ABAAWINNEcH rpaguKaMu ypaBHe-

_5+H
HUM 3TOH CHCTeMBLBI, HMET pa3Hble YVIVIOEBLIE HDB{I)Q)HLIHEHTBI, a cJaengoepaTellb-

HO, OHH IIepeCeKawTCH.

a+ 3 2
Ecnu BrInOJMHAETCHA PaBeHCTBO -— g = — Eagl TO 3TH INpAMBIE HJIIH
a
InapajjaejJibHEI, HJIHX COBIIAIAIOT.
a+3 2
4 5+a’ _
IIpamele mapanjieynbHbl, €CJaU &G Orciona a = —7.
— 3d
# i
4 D+ a
a+3 2
4 5+a’ _
IIpsamble coBOagaoOT, €CJIH Orcoga a = —1.
9-3a 8
4 5+a’

OTBeT: eciik 2 = —1, To cucTeMa UMeeT DeCKOHEUHO MHOTO PellleHuil; ec-
aIu a = -7, To penteHuit Het; ecaun a € R\ {-7, -1}, To cucreMa MMeeT eJIMH-
CTBEHHOE pellleHue. W

Mpumep 3. IIpu KaKUX 3HAYEHHUAX NApaMeTpa d CHCTeMA YPABHEHUMH

x+3|y|+5=0,
: 1 UMeeT POBHO TPU pelieHus?
(x—aP+y2 =4

PeweHne. Jlerko ycTaHOBHTBH
(coenaiiTe 9TO CAMOCTOATENLHO), UTO

2
rpapuKOM MepPBOT0 YPABHEHHUS CH-
CTeMbl ABJISAETCA 00beIHHEHHE ABVX m

JIyuer, HMelOIOHX DﬁH.I'EE Havalo M= = ) OJ

Ly )

=Y

A(-5; 0). Ha pucyuke 11.2 ator
rpa)uK BbljleJieH 3eJIEHbIM IBETOM.
I'patpurom BTOpOrO ypaBHEHUS CHU- -
CTEeMBI SIBJISIETCS OKPYMKHOCTD ¢ IleH- Puc. 11.2

TpoM B Touke (a; 0) u paguycom 2.

Haiiném Taxoe IOJOKEHUE OKPYMHOCTU, IIPU KOTOPOM OHA HUMEET TPHU
obIIue TOYKHA ¢ rpad@uKoM [epBOro ypaBHeHHsA cucreMmbl. M3 pucynka 11.2
BUJHO, UTO TAKOE YCJIOBHE BEHINOJHAETCH, €CJU OKPYHKHOCTh IPOXOJUT dyepes
TOYKRYy A U eé neHTp, Touxka M, jnexuT JgeBee 3Toil Touku. [Tockoabky panuyc
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OKPY#HOCTH paBeH 2, To MA = 2. lloaTroMy HeHTD OKPYHHOCTH HAXOIUTCH
B Touke M (-7; 0). Orcroga a = —7.
OtBeT: a=-7. m

? 1. OnuwuTe, B 4EM COCTOUT rpauUyecknii MeToq peleHns CUCTEM ypaB-
HEHWN.
2. CKONbKO pelieHn MOXeT UMeTb cucTemMa [BYX JIMHEWHbIX ypaBHEeHWUN
C ABYMSA NepemMeHHbIMU?

- |
& YnpaXHeHUs 5, suew
11.1. Pemure rpacudeck cucreMy ypaBHeHHM:
? 2 =4 2. 4142 =25, = y? - 2y,
1) Ty 2) AT T Y 3) A=Y Yy
X+ =2 Xy =-12; x+y=2
11.2. Pemnre rpacudecKkd cucTeMy yYpaBHeHUM:
—_ 2 —4, — .1'_2., — 2 _4: ¥
1) y=x 2) Y 3) X =Y Y
2x +y = -1 2=y x+y=4.
11.3. Onpegenure rpad@udecKd KOJHIECTBO PEIIEHUH CHCTEMbl YPaBHEeHHM !
x2+y2=3 xy = —6, x|+ |y =1,
jy |29 =3, 5y | g) [+ 1Y
Y =X 2x -y =3 x=y-1.
[ 2 2 _ 4 2 _ = —
2}41’ + Y 6) xX°—4x+y =-1,
Y=2~x% xy =4
- o B
3) 1Y Va, 7) < = 4
X -y=2 Y= x4
(=32 -3 (22 + y2 —4x -6y =3,
gy 2 A
_yzﬁ—xz; _:r2+y3+6:|:+2y:—1;
11.4. Onpegenure rpaUuecKd KOJUIECTBO PEIIEHUH CHCTEeMbl YPABHEHHM !
(11 = (v — 5)2 ([ 42 2 _ g,
1) 1Y (x —5)%, 4y iF 1Y
X =9; 1.1‘9* =1
22+ 42 =1, xy =1,
2) / 51,
y—x =38 4yt -dx—-4y =1
2 _ _
y-x==1 lx+1]+|y| =1,
X%+ y = 4x; Y1 =0,
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11.5. CKoIbKO pellleHHII B 3aBUCUMOCTH OT 3HAUEHHS IapaMeTpa d HMeeT
cUcTeMa YpaBHeHUIA:

=%l x| +|y| = a, X2+ y? =4,

, 2) 3)

1
) 2+y =a x2+y? =1, y=x2+a?

X

11.6. CkobKO pellleHHII B 3aBUCUMOCTH OT 3HAYEHHSA IIapaMeTpa d HMeeT

cHCTeMa VPaBHEeHUI:
2 +y? =q, x24+y2 =9, x|+ |y| =1,
1) y 2) Y |
ly|=1 y=a-|xl; X2 y® =al

® o O

11.7. llpr kKaxkumx 3HaYeHHAX IapaMerpa «a CcHCTeMa YpaBHEHHH
(2a —3)x —ay = 3a - 2,
ox —(2a+3)y =5

HMeeT eJHHCTBEHHOE pEI_LIEHHE?

. lax +(a -1y = 2a,
11.8. [loxa:xkure, 4TO CHCTEMA YPaBHEeHHH {3({3 + i+ (Aa sy =a-+6 HMeeT
eIMHCTBEHHOE pelleHue MPpHU BCeX 3HAUYeHUAX IMapaMerpa d.
11.9. Haiingure Bce 3HAUYeHHU A ITapaMeTpa d, IIPHU KOTOPLIX cCUCTeMAa YPaBHEHUH

2x + (9a? - 2)y = 3a, .
HEe HMeeT pelleHuil.
x+y=1

11.10. IIpun KakKuxX 3HaAYEHUAX NapaMeTpa ¢ CHCTeMa VpaBHeHHMH
(a—2)x + 27y = 4,5, .
uMeeT OeCKOHEeUHO MHOT0 pelleHuin?
2x +(a+ 1)y =-1
11.11. Haiifure Bce 3HAYEeHUA MapaMeTpoB @ U b, IpU KOTOPBIX COBIIAJA-
) . |lax+2y =b+1,
0T MHOMeCcTBa pelleHUN cUCTeM ypaBHEHUI
x+y=3
2x+y =a® + 2,

X+ 3y =3.
11.12. Haiigure Bce 3HaueHHs ITapaMeTrpa b, IPpU KOTOPBIX CHCTEeMa ypaBHe-
L |8x+y=a,
HUH b Opu JIObIX 3HAYEHHAX IapaMeTpa d UMeeT XOTA ObI
ax—y =

OJIHO pelIeHue.
11.13. Onpenenure, IPHU KAKUX 3HAYEHHAX IIapaMeTpPa ¢ CHCTeMa YPaBHeHUH

x? +y? =2(1+a),

UMeeT POBHO [Ba pelleHHs.
(x +y)? =14
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11.14. OnpenenuTe, IpHU KaKHUX 3HAYEHHUAX IIapaMeTrpa ¢ cUCTeMa YpaBHeHUH
NS
{y - 'l) = 4:
5 s UMEeeT POBHO JIBA pelleHus.
Ty =8 U

11.15. Hailjure HauMeHblllee 3HAUYEHHe IIapaMeTpa ¢, IIPHU KOTOPOM CHCTeMa
(.17—{:\/5)2 +y? -2y =0,
J3lxl-y=4

11.16. Haiinure naubosblllee 3HAUEHUE TapaMeTpa ¢, IIPpH KOTOPOM CHUCTeMAa
(.1’+{:\/§)2 +y2+6y+8=0,
J3 x|+ y==6

11.17. Haiinure Bce 3HAUeHUd mapameTpa «d, IIPpH KOTOPLIX CHCTEMa ypaBHe-

}TDEBHEHHE HMeeT eJMHCTBEHHOE pelleHle.

Ypﬁ.‘BHE‘:HHﬁ HMeeT efTMHCTEeEHHOE pellleHHe.

. | X=a+Jy,
HUM UMeeT pelleHus.
y2 —x2 -2x+4y+3=0
i
11.18. [loka)kure, 4TO TOUKH IepeceueHus napabon y = x2 — b u x = y? — 4
JIeKAaT HA OJHON OKPYHHOCTH.

.
YnpamHeHVA ANA NOBTOPEHMA oy g

11.19. [lokaxure, 4TO OpH JIO00M HATYPAJILHOM } 3HAUYEHHE BbLIPAYKEHHSA
7. 23" _ 321 gparHo 47.

11.20. [loka;xkuTe, 4TO 3HAYEHUE BRIPpAKEHUS \/23 —~ Bl + \/23 + 87 sapns-
eTcs LeJIbIM YHCJIOM.

g E PelleHMe cUCTEeM ypaBHEHUM € ABYMSA NepeMeHHbIMU
METOAOM NOACTAaHOBKM U MeTogamMM CIIOXKeHUs
M YMHOXXEeHUSA

eesp Onpepenenne
IBe cucrembl ypasHeHUW € ABYMA NepemMeHHbIMW Ha3blBalOT PpaBHOCUIb-
HbIMMW, €C/IM MHOMeCTBa MX pelleHWA COBnaaalor.

x2 +y? =0, x| +|y| =0,
"
Vi-x—-1-y =0 Vi—%+gl—-y =2

HOCHJIBHEI, TAK KAK MHOMKECTBO PeIleHUI Kaxaoil U3 HUX COCTOUT U3 OJHOT0
anmemenTa — mapsl (0; 0).

pas-

Hanpumep, cucTeMBbl {
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esgx OnpegeneHme
ECnM MHOXECTBO pelueHMA NepBOoi CUCTeMbl YpaBHeHUA fIBNseTca noj-
MHOMECTEOM MHOMECTBa pelleHVid BTOPOMA CMCTEMbl ypaBHEHUA, TO BTO-
PYIO cUcTeMy ypaBHEHWI Ha3bIBAlOT CNeacTBMEeM NepPBOA CUCTEeMbl ypaB-

HEeHMN.
X =y,
Hanpumep, cucrema ABJIAETCA ClIelCTBUeM
(x+y—-2)(x+y—-4)=0
. JX =Y,
CHCTeMbI YPaBHEHMII
X+y=2

B kypce anredpel 7 KjJacca Bbl HAYYUJIMCHL pelIaTh CUCTEMBI ABYX JIH-
HEeMHBIX YpaBHEHUH ¢ IBYMsA nNepeMeHHbIMHU. [Ipu 9TOM BBl HCIIOJIB30BAJIU Me-
TOJ MOACTAHOBKM HJIM MeTOJ MOYJIEHHOTO CJIOYKeHUs JIeBbIX M IIPaBbIX YacTel
ypaBHeHUH cucTeMbl. B pane ciyyaeB 3TH MeTOJAbl ABIAAKTCA Tak:ke apdek-
TUBHBIMU JJISI PEIIeHUA HeJUHeHHBIX CUCTEM YpPaBHEHUIMA.

«3aKOHHOCTh» METOJIOB IMOJCTAHOBKHY U CJOMKEeHUS 00ecIeYUBAIOT TaAKUe
JIB€ TeOpeMbI.

unsy Teopema 12.1
Ecnn B cucteme ypaBHeHMN

y = f(x),
F(x;9)=0

3aMeHUTb BO BTOPOM ypaBHEHWM MepeMeHHyIo I BbipaxeHuem f(x), To
nony4Mm cucremy

y = f(x),
F (x; f(x)) =0,

PaBHOCUNbHYIO AAHHOMN.

(1)

(2)

[lokazaTenbCcrBoO

ITycrs mapa uucern (x,; y,) Asnserca pemenuem cucremsl (1). Toraa mo-
JIy4aeM [Ba BePHBIX YMCJIOBBLIX PABEHCTBA: ¥, =f{,rﬂ) u I (x,; y,) = 0. Bo BrO-
pOM paBeHCTBe 3aMEHUM YHCIO Y, PABHBEIM eMmy umciaoM f (x,). Iloayuum Bep-
Hoe umcaoBoe paseHcTso F (x,; f(x,)) = 0. 910 osHauaer, uro mapa (x,; ¥,)
ABIAETCS PellleHueM cHUCTeMbI (2).

AHAIOrMYHO MOMKHO IIOKa3aTh, YTO €CJU Iapa (x,; ¥,) ABIAeTCA pelle-
HUEeM chcTeMbl (2), TO OHA TaKiKe ABJsAeTCA pelleHneM cucremsr (1).

CneposaTenbHO, cucTeMbl (1) 1 (2) paBHOCHIBHEL. |
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sy Teopema 12.2 F(x;9)=0
Ecnn B cucTeme ypaBHeHUNA { ; " 3aMeHUTb OfHO U3 ypPaBHeHUN
G(x9)=0
ypaBHeHuem F(x; y) + G (x; y) = 0, To nonyunm cucremy, paBHOCUNbHYIO
AaHHON.

IokazarenbcTBO TeopeMbl 12.2 aHANIOrM4YHO [OKA3aTelbCTBY Teope-
Mel 12.1. ITpoBenuTe ero caMocToATENbLHO.

1 1 1
Mpumep 1. Pemure cucremy ypaBHenuit - ¥ -1 y+1 Ty’
y2-x-5=0.
2 _1
Pewenne. Mmeem: | y* -1 ¥’
y2=x+5.

ITofcTaBUE B IIepBOE YPABHEHUE BMECTO #° ABYUIEH X + 5, MOJIyduM
cUCTEMY, PABHOCHJILHVIO JaHHOM: -

2 1

x =4,
: 2vr =x+4, |x =4, Yy =8
x¥+4 x Orcioga . ,

y2 = x +5. y=x+5 |y¥=9 | [x=4
Y =-3.

u—yﬂy—l)=ﬂ

OTeeT: (4; 3), (4; -3). m

Mpumep 2. PemuTe cucTeMy YpaBHeHUI x

y2—x=0.

PeweHwve. [Ipu pemenuu aToil cUCTEeMBbI NIPEACTABIAETCSA €CTeCTBeHHBIM
epeiT K TAKOH COBOKYITHOCTU CHUCTEM YDPABHEHUI:

x—y=0,
y?—x =0,
y-==0

r

)

y?—x=0.

Ho raxkoil nepexo] He ABJAeTCH PABHOCHILHLIM. [leHicTBUTENBLHO, MHO-
;KeCTBO pelIeHHil mepBOil CHUCTeMbl COBOKVIHOCTH cojaepxur napy (0; 0), ze
ABIAIOUIVIOCS pellleHUeM UCXOIHOM CUCTeMBl.

Ilpuuuua nosABJAeHUSA IIOCTOPOHHErO pellleHus COCTOHT B TOM, YTO IIPH
3aMeHe CHMCTeMbl Ha COBOKYIIHOCTL He Oblia yduTeHa o0JacTh olpejesleHHs Hc-
XOQHOH CHCTeMbl YPABHEHUII — MHOMKecTBO {(X; y)|ﬁr e R\ {0}, y € R}.
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Ha camom JgeJjie MCXodHasfA CHCTeMa paBHOCHIILHA TaKOH COBOKVIIHOCTH
CHCTEeM.

(x -y =0,
Lyt =x=0,
k;riﬂ,

ly2-x=0.

3&BEDHIHTE pelleHe CaMOCTOATEIRHO.
OtBet:(1; 1). m

x2+y? —x =4,
2

2x

Mpumep 3. Pemure cucTeMy YpaBHeHHI
—xy—-4x+y+2=0.

PeweHue. Pasio:KuM Ha MHOMKUTENH JIEBYIO YACTh BTOPOTO YPaBHEHUS
cucreMsbl: 2x% —xy —4dx+y+2=2x - 4x+ 2 -ay+y=2(x- 12 -y(x-1) =
=(x - 1)(2x— 2 — y).

HcxonHas cUCTEeMa PABHOCHIBHA CUCTEME:

X%+ y? —x =4,
{(:r -D{y—2x+2)=0.

JTa cHcTeMa PaBHOCHJIBHA COBOKYVIIHOCTH ABVX CHCTEM.

i ]

{_12+y2—;r:4,
y—2x+2=0,
{_I2+y2—x:4.

Rﬁiﬂﬂ}’[ﬂ H3 9THX CHCTeéM pellnTe CaMOCTOATeJ]IbLHO MeTOHOM IIoJACTa-
HOBEH.

Otser: (1; 2), (1; -2), (0; ~2), (9; ﬁj. -

x2+y?-2x=0,

Mpumep 4. PemuTte cucTeMy YpaBHeHHI { ,
x?-2xy+1=0.
PewleHune. CioxKuM IIOWIeHHO JieBble U IIPpaBble YacTH YPABHEHUII cHCTe-
Mbl. [losoyumm:
2 —-2xy+ P +xf-2x+1=0,
(x—-y)P+@x-12=0.

121



Hcexonnasa cucremMa paBHOCUIbHA CUCTEME:
j(x—y)ﬂ +(x—1)2 =0,

1:(3 +y? - 2x = 0.
IlepBoe ypaBHeHHE CHCTeMbI (*) HMeeT eIUHCTBEHHOE PellleHue — Ia-
py (1; 1). C momouibio npoBepkH yoexgaemcsi, dro napa (1; 1) asiasercsa pe-

IIeHHeM BTOPOI0 VPAaBHEHHA CHCTEeMBI (*).
OrBet:(1;1). m

(*)

3+ =T,
xy(x +y) =-2.
PeweHne. YMHOKHM 00e 4acTH BTOPOrO VPaBHEHHA HA 3 U pacKpoem
CKOOKM:
2 yd =7,
3x%y + 3y%x = 6.

Mpumep 5. Pemure cucreMy ypaBHEHHIT {

X8+ yd +3x%y + 3y2x =1,

Jra cucTeMa PaBHOCHJIEHa CHUCTeMe.:
xy(x +y) = 2.

{{x+g;)3:1, {:ﬁ:+y:1,
Orcrona
xy(x +y)=-2; |xy =-2.

ITonyuyeHHYIO CHCTEMY MOMKHO PEIIUTL MeTOoM nojacranoBku. Ho cymre-
cTBYeT U apyrou npuem. M3 reopemrl, obpaTHoi Teopeme Buera, ciaenyer, 4To
YKMCJIA X U I ABJISAIOTCS KOPHAME KBAJAPATHOrO ypaBHeHus 2 — ¢ — 2 = 0, ume-
fourero kopuu —1 u 2. Orcioga ecau x =—1, To i = 2, u Haoboport, ecau x = 2,
TO Iy = —1.

Oteet: (-1; 2), (2; -1). m

B pange cayuaeB A pelieHMsA CHUCTEM HeJIMHEWHBLIX YpaBHeHUHU adder-
TUBHBIMU SABJIANTCA METOAbl IMOYJIEHHOT0 YMHOMEHUA U NeJeHUS JIeBbIX
¥ IIpaBbLIX YacTell ypaBHEHUM CHUCTEMBbI.

megh Teopema 12.3

Ecnm B cMcTemMe ypaBHeHUIA rae ¢, # 0 mn ¢, # 0, samennTs

{F (X5 ¥) = ¢y,
G (x; Y) = C,,
oAHO U3 ypasHeHuih ypasHennem F (x; i) - G (x: y) = ¢,c, nnn ypasHeHu-

em S oY) 5 , TO NOMAYYMM CUCTEMY, PABHOCUNBLHYIO AAHHOM.
G(x;y) ¢

IoxkasaTenbcTBO TeopeMbl 12.3 aHAJIOrMYHO JOKas3aTelIbCTBY Teope-
Mbel 12.1. ITpoBenuTe ero caMoCcTOATEABHO.
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Obparum BHUMaHMe, 4YTO TeopeMmy 12.5 HeJlb3dA NIPUMEHATH K TEM CUCTEe-
MaM, B KOTOPEIX He BblnonHsAeTcA Tpebosanue ¢, # 0 u ¢, # 0. Hanpumep, cu-

x—y=0,
cTeMa { yl umeeT aBa pemenuda: (1; 1) n (—1; —1). Ecau Bropoe ypas-
Xy =

HeHHe DTOI CHCTeMbl 3aMeHUTHL Ha Takoe: XY (¥ — i) = 0, To nosy4yum cucremy

X 0,
{ ( y ) MMEIYyIo DecKOHeYHO MHOTO pelneHui Buga (¢; 1), rune t € R.
xy(x —y) =

x2y® =81,
x3y2 =3.

Mpumep 6. Pemute cucreMy YpaBHeHHII {

Ay =243,
PeweHwne. [lanHasi cicTeMa PaBHOCHJIbLHA CHCTEME:
x‘3y2 =3.
Xyzgq “Iy:'g" J(':l..
Orcrona N 1 3
XYy =3 |x=32: |y=9
OTBeT: (1; 9] .l
3
X+ =,
Mpumep 7. PeituTe cUCTeMY YPABHEHUIA {( Y)Y
(¥ —y)xy = 2.
A+ Y 3
PeweHune. Jlanuas cucTeMa paBHOCHJILHA CHCTEME: i
( +Y)xy = 6.

(x + y)xy = 6; 3y - 2y = y® =
OtBeT: (2; 1). m

{.1‘+y:3;r—3y, {:rz‘a’y, {J{-’ = 2y,
Orcropma .

1. Kakune gse cucrembl ypaBHEHWW Ha3blBAOT PaBHOCUNbHBIMU?

2. Kakyio cucteMy ypaBHeHWUM Has3bIBalOT cneicTBuemM gaHHown?

3. ChopmynupynTe TeopemMy, NO3BONAOLWYKO pellaTh CUCTeMbl YpaBHEHUI
C ABYMS NepemMeHHbIMU MeTOAO0M NOoACTaHOBKM.

4. Chopmynupyite Teopemy, NO3BONSIOLLYIO pelaTb CUCTEMbl YpaBHEHWIA
C ABYyMS NepemMeHHbIMU MeTOLOM MOYNEHHOro CNOXeHWs NeBbiX U npa-
BbIX YacTen ypaBHEeHUWN CUCTEMBbI.

5. ChopmynupynTe TeopemMy, MO3BONAOWYKO pellaTh CUCTEMbl YpPaBHEHUI
C ABYMSAl NepeMeHHbIMU MEeTOAOM MOYNEHHOro YMHOXEeHWUA U aeneHus
neBbIX U NMpaBbIX YacTen YpaBHEHUA CUCTEMBI.
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- o
YnpaXXHeHUA , s uun

4
12.1. Pemure MeTo0M NOACTAHOBKH CHUCTEMY YVDaBHEHWI:
x—4y =2, X —y =4, +2x =0,
1) ! By ” N ey
Xy + 2y = 8; x? +y* =8; x2+y? -6y =0;
X =15, 3x +4y = 24, (4y — 3x = 4,
gy 4 4 4 6) { "~
2x—y="19 Xy =12 5x% +16y = 60.
12.2. Pemure MeTOOM HNOACTAHOBKH CHCTEMY YDaBHEeHWI:
— Py =0 a2 —axy+ y? =63, x—1)(y—2)=2,
1y 1Y 3) Y+y 5) (x -1)(y - 2)
3x+y=1 y—x=3; X+y=6;
x% —2y2 = 8, x+2y =1, 5x — 2y =3,
2) 4 1) J o 6) [5x -2y
2+ y=6; 22+ ay+ 207 =1 |3x% -8y = -5.
12.3. Pemure cucremMy ypaBHeHUN: )
s 2 3 5
e e B 1wl 2
1) lx y 12° nix-1 2g g’ '
: : ’ Y ! 212 Y
12.4. Pemure cucreMy ypaBHEeHUN:
! 2 4 5
1 1 3 - , , _ =1
1) ;+E—2, 2}Hy+1 x-1 3) r-1 y+1
ATY=5 x+2 y-1 3’ x+58 y
12.5. Pemure cucremy ypaBHeHHI:
X+ yi=2 x+ 42=8 -t =2
DR S 24,7 3, T
212 +x2 = §; xt + yt +6x = 29; 1% —ay? + 1% = 3.
12.6. Pemure cucTeMy YPaBHEHUIA:
B 8 -9 2 4 y2 =5,
1) | X+ Y 3) X“+y
2x+x% 4+ 5y = 8; ¥ +x%y+y* =6.
(3 1
2) | x° + 4
|52 + 2% = 2y -1
12.7. Pemure cucreMy ypaBHeHUN:
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1) (x-2)(y +2) =0, 5 4x2 +y2 - 2xy =1,
X% +2y% - 3x = 5; 2x-yy =y,



(x +4)(y —1) = 2% + bx + 4,
{xﬁ ~y? -3x +8=0;

12.8. Pemure cucTeMy ypaBHeHUN:
2x? — 3xy + 5y = 5,
{_(.1: -2)(y —1) = 0;

3) «

2x2 —

2x2 +

x2 +y? + 2x + 2y = 23,
22y +2xy =9

ay—-3y="1,
x—-3=(x-1)(y+95);

; (x -1y =2x -2, 9 (22 —2xy+ 42 =9,
x? + y? + 3ay = 4; 4x% + xy + 4y? = 18.
¢ ¢
12.9. Pemure cucTeMy ypaBHEeHMHM:
1) (22 4+ ay =15, o 2y% + 2% + xy = 4,
<
y* +xy = 10; 3xy — 2y = 5;
(-2 R hy+i=0
x° + 3ay =18, ¥+v73 d
2) ¢ % 4)
Y +4y* =T y2+x+i:0.

12.10. Pemure cucteMy ypaBHeHUH:

1) 3x2 +ay-2x+y-5=0,
2x% —xy-3x -y —-5=0;

2) x? +4xy =5,
y? — 2xy = -1;

12.11. Pemture cucremy ypaBHeHUM:
) J3I2 +3y? —11x - Ty +10 =0,
x2+y? -4x-3y+5=0;

(3 +2x%y+ayt —x~y =2
2) < ) )

\y? + 2% + X%y + x+y =6
12.12. Pemmure cucreMy ypaBHeHHM:
JZJ:*3 —Bxy +8x -2y =2,

1
) bxy —2x% + Tx — 8y = —22;

(22 + yP (2 —xy + y) = 4,

2
) i(.rz +y)2(x? +ay +y) =12

3) «

4) <

(22 + 2 4y =12,

|4x + 3xy — x* = 16;

3)

4)

3) "

(13 +3x2y + 3xy? =1,
4) 4 Bk

P +x+y=1

(2 +x+1=-y,

-:

X2 +y+1=—x;

(%3 -~ 3x2%y + 3xy? = -1,

Fy

¥ +y—x=1
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12.13. Pemnre cucremy ypaBHeHHH:

1) (25 =1, % 2xy +6x — y? — 3y =14,
]
3 e b 2x2% + 4x — xy — 2y = 35;
2) (X - y)2(x +2y) = 4, 5) J:rz +4xy +3y? —x — 3y = 24,
"‘l
(x — i) (x + 2y)° = 16; 2x% +xy—y? -2x+y = 6;
2 =40
3)<I3y+~r2_2:6, 6)<y 1Y = &0,
2,2 3 _19. 3
By T W P y—_+xy:10.
12.14. Pemure cucreMy ypaBHEeHU:
. x%y5 = 64, 1) (22 + 3xy+x+3y =8,
x%y® = 256; |By? + ay — 2x — 6y = —4;
2) J(I + y)(x - 2y)* = 81, 5) (22 + xy—2y% + x + 2y = T,
(x + y)°(x —2y)® = 2T, 2% - 3xy + 2y + x — 2y = 5;
3) gxya +x3y = -10, 6) (2x2 + xy —4x — 2y =5,
2%yt + xty? = 20, |22 — 3xy — 2x + 6y = 6.
12.15. Pemure cucreMy ypaBHeHUM:
’ 3
N
T il L {xays 4wy
3 B
a xy =x°y° —6
b=
12.16. Peuure cucremMy ypaBHeHUH:
’ 3
2 -
1]4IH+6—I_3= 2) 2x8 =2yt +1,
Izy_:l:%; 3yszx4y4+2_
: Y

. B R

(x% — 2xy + 2y2) (22 + 2y?) = 1 + 4y,

12.17. Pemiure cucrem ABHEeHHUH
£aE {{:Jr2 +2xy + 2y%)(x2 - 2y2) =1 - 4y*.

(X2 +y2 —ay)(x —y) =1+ y8,

3

12.18. Pemnre cucremy ypaBHeHHH -
(2 +y? +ay)(x+y)=1-y>

12.19. Pemture cucremMy ypaBHeHUM:
xt + %y 4oyt =21, 22 =2y—1

1) | Y 15" 2) Y
x?—xy+y?: =", 2t +yt =2,
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12.20. Pemure cucreMy ypaBHeHHM:

x! + 4yt =5, y: =x-2,
1) ‘ ; 2)
—2xy + 2y? = xt +yt =82
bl
(y*+1) 3
¥24+y2 5
12.21. Pemure cucremy ypaBHeHUH ‘
y(?-1) 4
2 4y 5

23 +4y = y® +16ux,

12.22. Pemure cucreMy ypaBHEHHUH 4 1 4 Y2 .
1+x2

-
YnpaXXHeHUs ANA NOBTOPEHUA g

12.23. Haiigure pemeHus HepaseHcTBa |X + 2| (x2 —a?) > 0 B 3aBHCHMOCTH
OT 3HAUYEHUSA IapaMeTpa d.

12.24. IlocrpoiiTe rpad@uk GyHKIUYN Y = \/2:,r +24x% -1 —Jx -1.

g m MeTtop 3aMeHbl nepemMeHHbIX U gpyrme Cnocoobl
peweHnAa cmcrem ypEBHEHHH C ABYMSA nepemMmeHHbIMWN

B kypce anrebprl 8 Kiacca Bbl HAYYUIKUCH PENIATH YPABHEHUS METOI0M
3aMeHBI IIepeMeHHOIl. YIauHO BBINIOJHEHHAS 3aMeHA CBOJUT pellleHHe JaHHO-
ro ypaBHeHUA K pelleHuio 0ojiee IPOCTOro ypaBHeHUA. ITOT MeTo ] d3(pdheKTH-

BeH H IIPpH pellleHHH I[eJIOTO pAla CUHCTeM YpﬂBHEHHf!.

x(x +1)(3x + 5y) = 144,
Mpumep 1. Pemure cucreMy YpaBHEHHE <
x2+4x +5y = 24.

PeweHue. Sanuunem JaHHYIO CUCTeMY B TAKOM BHIOE!:
{(12 +x)(3x + by) = 144,

(% + x) + (Bx + 5y) = 24.
=12,

Uy = 144,
Orciona
o =12,

IIyers X% + x = u, 3x + by = v. Torna
U+uv= 24
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A= G
22 4x=12
Ilanee, r = -4,
3x + 5y =12,
: 3x + by =12.
OTBeT: | 3; 4 , | —4: a2 .
5 51

J2x+y+1 - Jx+y =1,

3x +2y =4.

J21'+y+1—.‘j,r+y:11
2x+y+1+x+y=25.

Mpumep 2. Penrure cucrteMy ypaBHeHUIT {

PeweHne. Umeem: 1[

u—v =1,

ycrs m =u, Jx+y =v. Hoayuaem: {1{2 v 2 B

=2, u=-1,
Orciona HJIHA
v=1 v =-2.

IMockonbky # = 0 u v 2 0, To UCXOAHAA CHCTEMA PABHOCUILHA TAKOI:

2x+y+1=2, {2.1‘+y+1:4, {1’22,
Orciona
Jrt+y=1 x+y=1 y=-1

OTBeTt: (2; -1). m

ees) OnpepenexHne
MHoro4neH, Bce 4neHbl KOTOPOro MMeloT O4HY M Ty XXe cTeneHb, HasbiBa-
IOT OQHOPOAHbLIM MHOIOM/IEHOM.

Hanpuwmep,
x— 2y — ONHOPOJHLIN MHOTOUJIEH IEePBOM CTeleHH,
x? — Bxy — y? — OJHOPOJHLII MHOTOYJIEH BTOPOil CTeleHH,
3x3 — 2xy? + X’y — y®* — OMHOPOAHBLIN MHOrOUYJIEH TPEThel CTeIeHu.
Fix:y)=a,
Ilna pelleHMs cCHCTEM BHAA rne F(x; y) un G (x5 y) —
G (x;y)=b,
" X
OJHOPOAHBIE MHOTOYJIEHELI, d((deKTuBHONA ABIAerca 3ameHa — = (. Ilpoge-

Y
MOHCTPHUPYEM 3TO Ha IpUMepax.

x% —bay +6y% =0,

Mpumep 3. Pemrure cucreMy YpaBHEeHHII l
2x% —y? =1.
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PeweHue. HeciioxkHO yOequThes, 4TO napa yucen Buga (x,; 0) He ABJsA-
eTcs pelleHHeM JaHHOH cucreMmbl. Pasfenns obe yacTH IepBOro VpaBHEHHS
Ha Y2, MOJYYUM CHCTEMY, PABHOCUJILHYIO NaHHOMN:

2
LI R
Y Y
22—y =T.

Ilyers Xt Torja U3 HepBoOro ypaBHeHUs IoJIyyaeM, uTo 2 — 5r + 6 = 0.

Orcrwopat=2umu t = 3.
HUcxopHasa cucTeMa paBHOCHILHA COBOKVIIHOCTH JIBVX CHCTEM:

X = x _
a){y 6) 1y
2= =% i — =T,

Raﬁmym H3 9THX CHCTeéM MOMHO pPellllNThs MeTOOLOM INOJCTaAHOBKH. C,EI;'E:*
JafTe 3TO CAMOCTOSATEJILHO.

= - N 7 . T 7 . T
OTeeT: (2; 1), (-2; -1), (3\/; \/;), (—3&, —\/;) ]

a3 —y? =T,

Mpumep 4. Pemrute cucTeMy YpaBHEHHH
2y + ay? = 6.

PeweHwue. Ouesunno, uro napa yucen sujaa (x,; 0) He sABasgerca peme-

s X
HUeM JaHHOM cucTeMbl. Torma MOMKHO BBIIOJHUTE 3aMeHy — ={[. OTCIDJ_'[EI.
Y

X =Y.
313 — ya -4
Hmeem: 3{-:3 PaS,ﬂE.TIHB ImoyJaeHHO JieBble H IIpaBble YacTH
+ yt
3,3 3 /43
-1
yPaBHEHH I CHCTeMBI, IIOIY4YaeM Q;”—g 7 . OTcroa % = 7 :
v+ y% 6 y2(t“ +t) 6

682 - T2-—Tt=6=0;

663 - 122+ 52 - 10t + 3t -6=0;
625t - 2)+5Ht-2)+3(t - 2)=0;
(t—-2)6t2+5t+3)=0;
bt

X
HCXD}IHELH CHCTeéMa paBHOCHJ/IBHA CHCTEME: IH

2t =yt =T,
3aBepIINTe pPelleHHe cCaMOCTOATeILHO.
OtBeT: (2; 1). m
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Ecnu B MHOrO4JI€HE [ (X5 /) 3aMEeHHUTH X Ha I, a i Ha X, TO IIOJIYYeHHBIN
MHOrowieH 6ynem obosnavars F (y; x). Hanpuwmep, ecnu F (x; y) = x2 —ay® + 13,
to F (y; x) = y? — 2By + 2.

mug); Onpepenenmne
Ecnu pasencteo F (x; y) = F (y; X) aBnaerca ToAeCTBOM, TO MHOro4neH
F(x; y) Ha3biBaloT cummeTpuYecKnm.

[TpuBeéM IPUMEPB! CHMMETPUYECKUX MHOTOUJIEHOB: X + i/, X% — xy + Y2,
a¥ gt By,

Beeném o603HaUeHUSA U = X + ¥, U = XYy. MHOTOUWIEHEL ¢ U ¢ HABBIBAIOT
3JIEMEeHTAPHBIMH CUMMETPHUYECKMMH MHOTOWIEHAMM OT X M ¥. JTO HA3BaHUe
CBSIBAHO C TeM, YTO CIIpaBeJIMBa CJIeAYIONas TeopeMa.

mugp Teopema 13.1
JTro6oi cMMMeTpUYeCcKMiA MHOrOYMeH C NepeMeHHbIMW X U I MOXHO npep-
CTaBMTk B BMAe MHOrouYneHa c nepemMeHHbIMM X M T, rage U N1 © — 3NemMeH-
TapHble CUMMETPUYeCcKMe MHOMo4IeHbl € NEPEeMEHHbIMA X 1 .

ITokasaTeJabCTBO 3TOH TeopeMbI BBIXOAUT 33 PAMKH Kypca alareodphl
9 knacca. IIpuBelléM HECKOJBLKO IIPUMEPOB, HIKCTPUPYIOMIUX 3TV TEO-

peMy:
2+ y?=(x+y)? - 2xy = u? - 2v;

23+ y¥ = (x + y)(x + y)? — Bxy) = u(u? — 3v) = ud - 3uv;
o+ yt= (2 + y?)? - 2287 = (1 - 20)% — 202 = wt — duPo + 202,

F (% y)=a,

G (&.4y=T rne F(x; y) u G (x; y) —

PHCCMDTpHM CHCTeMY BHIOA

CUMMeTpUYeCKle MHOIOYJIeHbl.
Beensa sameny

X+y=u,xy=muo,
F (no)=a

G, (u;v) =Db.

nmojaydyaeM CHUCTeMY BHIOa

Takaa zameHna apiaserca 3(pPeKTUBHON IIPU pellleHUuH 1eJIor0 pAjla CU-
cTeM YpaBHeHUI,

a2+t +x+y =8,
Mpumep 5. Pemrure cucreMy ypaBHeHHII

X%+ y® + 2%y + y?x =15,
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PelleHune. 3aMeTUM, 4YTO JieBble YACTU YpPaBHEHHH CHCTeMbl — CHMMe-
TpHYecKHe MHOTOYJIeHBbI.
IToAroTOBUM JAHHYIO CHCTeMY K 3aMeHe X + i = u, Xy = v. MmeeM:
(x +y)? —2xy +x+y =8,
(x+y)((x +y)* - 3ay) + ay(x + y) = 15.
uz —2v+u =8, ~20 =8 -u? —u,
OTcioga : .
u(u? —3v) +uv =15; |u(u® —2v) = 15.

Torpa w(u? +8 —wu? —u)=15; u? - 8u+15=0; u =5 wmn u = 3.

v=11 D=2,

HCKO,I[HE[H CHCTeMAa PaBHOCHJ/IBHA COBOKVIIHOCTH JIBVX CHCTEM.

{u =5, {u =3
IHonyuaem: W

xX+Yy =29, e
a) { 11 JTa cucTeMa pelleHHIl He MMeer.
X =11

{I+y:3, ][I:L JI:Z,
0) Orcrona WU
xy = 2. y=2 lyzl.

OtBet:(1; 2),(2;:1). m

xt —x? vyt —y? =72,

Mpumep 6. PemuTte cucTeMy YpaBHeHMIT
x% + xy + y® =13.

PeweHune. IlockonbKy JieBble YACTH YPABHEHHUH SABIAKTCA CHMMETDPH-
YeCKUMH MHOTOYWJIEHAMM, TO MOMKHO BOCIIOJIL30BAThCH 3aMeHOU X + Yy = U,
XYy = v.
OpHako npeacraBiasgercsa 0ongee adheKTUBHLIM, Ipeodpa3oBaB CHUCTEMY
K BUAY ; ; :
(X2 +y?)? — (2% + y?) - 2x%y? =72,
(x% +y?)+ xy =13,

BLITTOJTHUTE TAKYIO 3aMeny: x° + y? = u, xy = v.

u2 —u—-202 =792,

Hmeem:
{u +7v=13.

Pemus ATy CHUCTeMYy MeTOJOM IIOJCTAHOEKH, IIOJYVYAEM:

u =10, u =41,
=23 e 0 =—28.

¥2+32 =10, x2 + y? =41,
OcTanoch PenIuTh CUCTEMBI u

xy =3 xy = —28.

131



SﬂBEpIHHTE pelleHHe CaMOCTOATEeIBRHO.
OTteeT: (3; 1), (1; 3), (-3; -1), (-1; —-3). m

o |x?—-xy?2 +4=0,
Mpumep 7. Pemute cucreMy YpaBHeHUI

X2+ y? +4=4x+2y.

PewieHne. PaccmorpuM mepBoe ypaBHEHUE CHUCTEMBI KAK KBaJlpaTHOE
oTHOCUTENbHO X. Ero guckpumuuant paseH y' — 16. Torga sTo ypaBHeHUe
umMmeeT pernrenusa npu y* — 16 = 0. Orcioga |y| = 2.

SanuineM BTOpPOoe YpaBHEHUE CUCTEMbI TAK:

x? —4x + 4 = 2y — y?. Orciona (x — 2)? = 2y — y2.

Torma 2y —y?> = 0, r.e. 0 < y < 2.

ITockonbky HepaBeHcTBa |y| 2 21 0 < y < 2 KOJIKHEI BBINOJIHATHCS O~
HOBPEMEHHO, TO MOKHO ClleJlaTh TAKOH BBLIBOM: €CJH MCXOAHAA CHUCTeMa UMeeT
peleHus, TO MU MOTYT OBITH TOJNIBKO Iapbl Yuces Buaa (x; 2).

ITogcraBUB iy = 2 B UCXOAHYIO CUCTEMY, ITOJIYYUM X = 2.
OTBeT: (2; 2). m

Mpumep 8. HalinuTe Bce 3HAUYEHHA IIapaMeTpa d, IIPU KOTOPLIX CHCTeMAa

=4+ |x + 4] = y3,
VpaBHeHUH . ) AMeeT eIMHCTBEeHHOEe pelleHUe.
ax“+y+a-—a=2

PeweHne. Eciu napa uuced (x,; y,) ABIAETCA pelleHUeM NaHHO cucre-
MBI, TO U Tapa 4ucen (—x,; Y,) Takxe ABjIsdeTcA eé pemenuemM. [lyisa Toro 4ro-
Obl naHHAsA cUCTeMa WMeJla elMHCTBEHHOe pellleHHe, HOJMKHO BBINOJIHATHCH
paBeHCTBO X, = —x,. Orciona x, = 0. Torna Heobxoxumo, urober napa (0; ¥,)
OblLIa pellleHUeM JAHHOU CUCTEMEI.

|0 —4| +10 + 4] = y3,

Nmeem:
a-02+y +a?2-a=2
_ o :
Orcrona y,=2una=0wumm a = 1.
IIpu atux 3HauveHuaAx napamerpa a napa (0; 2) sBasgerca penieHueM
naHHO# cucremMbl. OZHAKO 9TO HE 03HAYAET, YTO CUCTEeMAa He MMeeT JAPYTIUX pe-

menuii. IloaToMy HalileHHbIEe 3HAYEHUA NapaMeTpa ¢ cJaelyeT IPOBEPUTH.
x+4|=8,

jx—4|+x+4|:y3, lx — 4|+
ITpu a = 0 umeem: Orcrona

ly =2, y =2

IlepBoe ypaBHeHHe MOCHEIHEN CUCTEMbl MOMKHO PENINThL, PACKPBIB MO-
nynau. Mbl 2Ke BOCIIONIB3YeMCS INeOMeTPHYecKOl MHTepIpeTaluei: 3HaYeHHe
BeIpasKeHus |x — 4| + |x + 4| — aT0 cyMMa paccToaHHII oT ToukH A (X) Koop-
TUHATHOM npaMoi g0 Touek B (4) u C (—4) (puc. 13.1). Torma MHOMKeCTBOM
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peleHu MepBOr0 YpaBHEHHUS CHCTEeMbl ABJIIAETCSH
npomexyTok [—4; 4]. CnegoBarenbHo, HOJIYYeHHAA
cHCTeMa UMeeT DeCKOHEeYHO MHOI0 PelleHHIl.

lx — 4| +|x+ 4| = 38,
IIpu a = 1 nmeem: :
2+y=2

&
4

p[:'.um

=Y

Puc. 13.1

Tak kak |x — 4| + |x + 4| 2 8 (HOKaKHUTEe ITO CAMOCTOATENHHO), TO
y® =8, 1. e.y = 2. I3 BTOpOro ypaBHEeHHUS 3TOU CUCTEMBEI CIeAyeT, 4To i < 2.
CnemoBaTe/lbHO, 9Ta CHCTEMa MOXKeT MMeTh PelleHHMs TOJBLKO BuAa (x,; 2).
ITopcTaBuB i = 2 BO BTOpOe ypaBHEeHUe CHUCTeMBbI, moaydaem, uto x = (. Torma
napa (0; 2) aBigeTca eIUHCTBEHHBIM pelIeHHeM 3TOH CHCTeMBEI.

OmBeT:aza=1.m

? 1. Kakon MHOrouneH HasbiBalOT OAHOPOAHbLIM?

2. Kakon MHOro4yneH HasblBaloT CUMMETpUYecKmnm?

3. Kakme MHOrouyneHbl Ha3blBalOT INEMEHTAPHBIMW CMMMETPUHECKMMUA

MHOIroYyneHamm oT x m y-"

4. Kak MOXHO npeacrtaButb nobon cuMmmMeTpuryeckuii MHOMO4YNEH OT nepe-

MEHHbIX X 1 Iy?

= &
@ YnpaHeHVA 5 swem
13.1. Pemiure cucreMy ypaBHEHMH:
ri -4 2 4 " -
)ly x & 3) {(ﬂy)_ 2+;(.1 +y)? =117,
(X2 —y? =5, X —Y =29

@+ 1 x+y=12

13.2. Pemure cucreMy ypaBHeHUI:

. 6’
1)1y x 3) gl =
22 +y? =18, L ’
r1+y+_r—y=§ , .r+y+3
2)1x-y x+y 2’ 4) {Nx-y
x% +y? = 20;

[ o L
Sy J:-I'y 5.1- 34
1 3 J 4 - ‘
2}4I+ 4 4) <V bx Vx+y 15°

J(x+y+1)2+(x+y)2 = 25,

X-y _4
X+y .

X% +4x+y* -3y =0.
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13.3.

Pemure cucreMy ypaBHeHUN:

20y -3 215, (1 a_ %
1) | 4 3)x y 36
x:wi:lﬁ; Y2 — x2y = 324
2 32 2;?:1’ Xy +.r+3y:2’
2]4;( +y° -1 4)<.r+3y Xy
242+ 2% _ 92 Y L E-Y_B
Yy L-rﬂ; oo 2
13.4. PEI_LIHTE CHUCTEMY VDABHEHMH:
x X+ _9
-2 B
1) {:L i —xy= =8, 3) | X z_; x+1
Al Ty == x+1  (y+2 _
y+2 r+1
Iy_ﬁzﬁi x+y+x—2:7
2) y 3 4) | :
Iy—gzg; (x + y)x ~19.
x 2 y
¢ ¢
13.5. Pemure cucremy ypaBHeHHIL:

13.6.

13.7.

13.8.

13.9.
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; 9x2 + /9x2 + 2y +1 =12y,
6x +y = 2;

Pemure cucremy ypaBHeHUN

%2 4+ 2y + 2% + 2y +1 =1,
2)
2x +y = 2.

3y —2x =95

Pemure cucremMy ypaBHeHUIA:

1) {\/4—.14;; +\/9—2;r+y =y
2y -3x =12;

Pemure cucremy ypaBHeHUN:

1) {13x+y+\/21:+y+3—7

3x + 2y = 22;

PemnTe cucremMy ypaBHeHHI:
1) 2x% —b5xy —3y% =0,
x® -2xy-y* =2

2) <

2) -

d

: 2
24+ y38x% -2y +3=2y+5
x +\/1: Y+ 3 Y to

r\/.rz+5+~/y2—5 =i,

22492 =13.
x2+y® 5

xy 2
x2—y? =3.
2x% — by + 2y? = 0,
¥.4-y* =5



13.10. Pemure cucreMy ypaBHeHHUI:

H x? +4xy - 5y2 =0,
x2 - 3xy +4y = 0;

13.11. Pemure cucteMy ypaBHeHUWH:

1) | % +3ay =7,
\y? + xy = 6;
(x2 + xy — y? = 20,

x? + 3xy — 3y? = 28;

2)

13.12. Pemture cucremy ypaBHeHUI:

x? -5y = -1,
1)
Bxy +Ty? =1,

2) x? + xy — 3y? = -9,
x? —y? - 2xy = -T;

13.13. Pemnre cucreMmy ypaBHeHUI:

(x - y)(x* — y?) =16,
(x + 7)(x? + y*) = 40;

13.14. Pemure cucreMy ypaBHEeHHUI:

1) (x+y)(x*—y*) =9,
(x=y*+y*) =5

13.15. Pemture cucremy ypaBHeHUI:

X+ Y+ xy =35,
2 +y?+ay =T,

13.16. Pemuure cucremy ypaBHeHUI:

{IE Fype =1,
1)
X+ay+y=9;

13.17. Pemuunre cucreMy YpaBHEeHUM:

w(x-1)(y-1)=12
(x + 1D (y +1) = 20;

13.18. Pemunre cucreMmy ypaBHeHUI:

1) (x-D(y-1)=1,
x2y + xy? = 16;

x? +4ay — 3y? =2,
> —xy + by? = 5;
{2,1;2 —3xy + 292 =14,

x% + xy — y? = 5.

3x2 —y? =11,

S @ =29 =4,

(x? +2y%) =3,

xy +2x + 2y = 5,

x% + y? +3x + 3y = 8.
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13.19. Pemnre cucremy ypaBHeHHH:

™ - S
x°y +y°x =20, a8+ x%yd + 3 =12,
Hi1,1_ s, Vst 2y g =0
¢y 4 R T
x? Y
2}4?+?_12’ x% +y* =19,
1.1 _1 (y+8)(x+y)=
x y 3’
13.20. Pemure cucremy ypaBHeHUM:
(2 g2 .
T o2 o=11 x% + y3 + 3x2y2 = 5,
5 g T g 2}{, sreny e
x+y =12 M-y ="
13.21. Pemure cucreMy ypaBHeHUH:
1) 4’3:4 +yt —x?—y? =12, 2) 10(x* + ) = -17(x%y + xy?),
22— 2y +2y* = 8; x% +y? =5.

13.22. Pemure cucreMy ypaBHeHHUM:
1) 5(xt + yt) = 41(x? + y?), 2) 3xy — x? — 1;2 =
X% +y? +ay =13; Txor -yt =155

® ¢

13.23. Pemture cucremy ypaBHeHUMA:

- x-y 20 [1 [ 1
1)41’ y+ P x+ + y+ = 2.2,

x% +y* = 34; (2 +1}y+y +11:—4ﬂ,r

(22 +y2 —x-3y-5=0,
gy | ¥ TY THTA
l2x2 +3y2 —2x—6y-13=0:

13.24. Pemure cucteMy ypaBHEeHHHA:

4 3 g Yy -4)(y+4x)=—
13.25. PeﬁIHTe cHUCTeMY YpaABHEeHUH:
1)4hr3+.1'y+6:0, 3){x2—xy2+4:0,
124 — y? = (4x2 — y?)?; x2 +y? +4 =4x + 2y;
2) {’xzyz -2x+y? =0, z {2 +3y? = 2xy,
2x2 —4x + 3+ y® =0; |2y — 2| = 6 — x2.
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13.26. Pemure cucreMy ypaBHeHUM:

1) Jy2—1y+1:0, 2) ;.1'2+4xy+4y4:0,
x? +2x=-y® -2y -1, |x? -4x+6-2y% = 0.
13.27. Pemmure cucremMy ypaBHeHHM:
" 4,y2_12+4.1:—5:0, 5 '3_(y+1)2: x—y,

V-2 +a =4 x+8y=\x-y-9.

13.28. Pemture cucremy ypaBHeHUM:

(x2 — y2 + 6y —13 = 0, 35 (1-(x-382=x—y,

V4—-x® +y2 =9 y?:—-4=Jxr-y-1
13.29. Haiipure Bce 3HaYeHUs IIapaMerpa ¢, IPHU KOTOPLIX cHCTeMa VpaBHe-
Xt —Ra+1x+a®-3=y,
HUH | | l
y —(2a+1)y+a>-3=x
13.30. Haiinure Bce 3HAaUeHUdA mapameTpa d, IIPU KOTOPBIX CHCTEMa ypaBHe-

3y —ax?+1=1,

HUN 1 , MMeeT eAUHCTBEHHOE pEelleHe.
¥4+x+ =da

X+ \.";1‘2 +1

13.31. Haitnjure BCce 3HaUeHUd apaMerpa ¢, OIPH KOTOPBIX CUCTEMa ypabBHe-
Clax* +1) =y +1-|xl,
HUH

1) 4

HMeeT eJHHCTBEHHOE pellleHHe.

HMeeT eIHHCTBEEHHOE DellleHHe.

2 +y? =1
i L
13.32. Pemure cucremy ypaBHEeHUM: [ 9y
2yt =1, y: —y? +y=x2, 1+22 2
1) 2) 3)
254 =1 x3 —x? + x = y?; Y _ 4
1+ 32
13.33. Pemure cucremy ypaBHeHUM: o
X
284 gP =1, X3 =8y +x, T
2 % T 2)y ., 3) 7 .2
2t =1 Vv =8x+y 2y 3
1+ y? '
N

YnpamHeHus AN NOBTOPEHUA g g

13.34. IlIpu Kakux 3HAYEHUAX IapaMeTpa « VpaBHeHUe (\/I —a) (822 +x—
— 2) =0 uMeeT eIUHCTBEHHOE pelleHue?

13.35. JlokaskuTe, 4TO IPH JHOOOM HATYPAILHOM # 3HAYEHME BBLIPAMKEHHA
gi+2 _9gn+2 4 gn _ 9n penuresa maneso Ha 10.
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. '] CucTtemb! ypaBHeHM (HepaBeHCTB)
' KaK MaTemMaTUu4Yeckue Mofenu peanbHbIX CUTYaLMiA

PaccmoTpum sajadyu, B KOTOPBIX CHCTeMbl ypaBHeHUH (HepaBeHCTB)
CJOYKAT MaTeMATHYECKHMH MOJE/IAMHA PEeaIbHBIX CHTYAIM.

Mpumep 1. V3 nBYyX OYHKTOB, PACCTOSTHHE MEXKJAY KOTOPBIMH PABHO
18 KM, BBIILIW OJHOBPEMEHHO HABCTPEYY APYI APYTY ABa TYPUCTA U BCTPETH-
auchk yeped 2 4. C KaKol CKOPOCTBIO LIEJH KaiKJbIi TYPHCT, €CJH AJA MpO-
XOMKJIEHUSA BCEro PACCTOAHUA MeMIY IIYHKTAMM NepBOMY M3 HHUX HYMKHO HA
94 MHUH DoJbllle, YeM BTOPOMY?

PeweHune. IlycTts cKkopocTh HEpBOro TYypHCTa paBHA X KM/4, a BTOPO-
ro — iy kM/4, x < y. Jlo BcTpeuu nepBBIA TYPUCT HNPOIIEN 2X KM, & BTOPOH —
2y kM. Bumecre onu npomnu 18 kM. Torga 2x + 2y = 18. .8

Paccrosinue Mexxy IMIyHKTaAMH II€PBLI TYPHUCT MPOXOIUT 34 — % aBrO-

poii — 3a % y, Tak Kak nmepBoMy TYPHCTY IJIA NPOXOMKIEHUA 9TOr0 PAcCTOA-

HUSA H}'EHD‘HEL 54 MuUH = o4 q = 3. 4y DoJibIlIe, YeM BTOPOMY, TO LA . ﬂ.
60 10 x y 10
Ilonyuaem cucTemMy ypaBHeHHI:
2x + 2y =18,
18 18 _ 9
x y 10

r+tu=9 Y =0=9
Orclona 2 2 1. -
x y 10" [(9-y y 10°
Pemus BTOpOoe ypaBHeHUe IIOCHeQHEN CHCTeMBbI, IOJy4daem: Y, =
Y, =—36. Kopens —36 He moaxoaur 1o cmeicay sagauu. CieroBaTenbHoO, I =
x =4,
OTtBeT: 4 KkM/4, 5 KM/4. B

2,
9,

Mpumep 2. JIa paboTHHKA MOI'YT BMECTE BBIIIOJHUTHL HPOHU3BOJICTBEH-
Hoe 3aganue 3a 10 gueii. [Tocne 6 gHeil coBMecTHOH pabOThEI NEPBOr0 U3 HUX
IepeBeJiM HA IPYroe 3ajjaHue, a BTOPOi mpojossxan paborars. Yepes 2 nus

wr 2
CAMOCTOATE/ILHOH pﬂﬁDTH BTOpPOI'o OKa34JI0ChL, 4YTO CIOEJIaHO E BCero 3aJaHMA.

34 CKOJIBKO JHeH KaKIblii pabOTHHK MOXKET BLINOJHUTL 3TO IIPOU3BOJCTBEH-
HOe 3ajlanue, padoTasg caMOCTOATE/ILHO?

PeweHune. Ilycrs nepBulii pabOTHUK MOJKET BBIIOJHUTHL BCE 3aJaHHe
3a X gHel, a BTOpoi — 3a y aHeill. 3a 1 geHb nepBhlil palOTHUK BBLIIIOJHAET
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1 i3 10 w
— yYacTh 3agaHud, a 3a 10 gHeit — — wyacThb 3ajaHusa. Bropoi paboTHHK 3a
X X

1 w 10
1 neHb BBINOJHAET — YacTh 3ajaHHA, a 3a 10 gHeil — — yYacTh 3aJaHUA.
y Y
Tark xax 3a 10 gHe# coBmMecTHOH pabOThI OHHM BBIIOJHAIT BCE 3aJaHHe, TO
10 10
- + _— = 1-
x Yy

: & & 6
IlepBrrii paboTrHuK paboran 6 gHell M BBINOJHHI — 4YacTh 3aJaHUA,
X

L L 8
a4 BETOpOH paﬁo*raﬂ 8 JHel M BBINOJHHWI — YacTh 3aJaHUWH. Tak kKak B pe3yiib-
Y

2 6 8 2
TaTe ObLIO BBIIIOJIIHEHO 3 3ajlaHnusda, TO —+ — = 3
X oy

Ilonyuyunu cucteMy ypaBHeHUI:
(10 10
— +

X Y

6 8 2

P —|— —_ = —,
lx y 3
pelleHHeM KOTOPO# siBiseTrca napa uuces x = 15, y = 30 (ybenurecs B aTOM
caMocTosaTeNbHo). ClefoBarelbHO, IIePBblil paBOTHUK MOMKEeT BBLINOJHHUTL 3a-
naHnue 3a 15 gHeil, a Bropoii — 3a 30 mHeild.

OTBeT: 15 nueit, 30 nHeil. m

B cnepyrouieil 3agavye MaTeMATHYECKOHM MOIEJLI0 pealbHOM CUTYAIIUU
ABJIAETCA CHCTEeMAa JUHEHHELIX HePABEHCTB ¢ ABYMSA IepeMeHHBIMH,

MNpumep 3. Kamxaslii 13 y4aCTHUKOB MATEMaTHY€CKOH BHKTOPUHBI II0-
JAVYUI OOHY U3 oneHok 9 damnnos, 10 6annos, 11 danmos, 12 dantos. OneHkn
«9», «10», «12» BBICTABJEHBI OJHMHAKOBOMY KOJHMYECTBY VUACTHUKOB, a OIle-
HOEK «11» OBLIIO IIOCTABIIeHO DOJIBIIE, YeM OCTANBLHBIX OIIEHOK, BMECTe B3ATBIX.
Onenky Boiie «10» monyuunu meHee 10 yuacTHHKOB. CKONBKO omeHOK «10»
1 CKOJIBKO OIleHOK «11» OBLIO mMOCTaBI€HO, €CJIH B BHKTOPHHE INPHHUMAJIN
yuacTue He MeHee 12 uyenoBer?

PeweHue. IIycts oneHku «9», «10», «12» monyumam mo X y4acTHHKOB,
a oleHKY «11» — i yyacTHUKOB. Tak Kak oneHok «11» 6bLIO ITONYyYEeHO OOJIL-
e, YeM OCTAJIHBIX OIEHOK, BMECTe B3ATHIX, TO ¥ > 3x. OueHry Boime «10»
nonyunau meHee 10 yuyactHukos, moatromy x + i < 10. Tak Kak B BUKTOpUHE
NIPUHUMAIN yyacTue He MeHee 12 yesioBex, To 3x + iy = 12. [lonyunnu cucre-
MV HEPABEHCTB:

y > 3x,
x+y <10,
3x+y =12,
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Orcropa x + iy > x + ax = 4x. Torga 4x < 10; x < 2,9.
Tak Kak x — IieJioe HeoTpHUIlaTeILHOEe YUCI0, TO U3 HepaBeHeTBa X < 2,5
cineayet, yro x =0, wmu x =1, unu x = 2.

y >0,
ITpu x = 0 nonyuaem cucremy i < 10, He UMeIOMIYIO PEIIeHUH.
y =12,
y >3,
IIpu x = 1 noayuaem cucremy <Yy <9, KOTOpas Tak:Ke pelIeHUIl He
= 9,
IMeEeT. Y
y > 6,
IIpu x = 2 umeem: |y < 8, Orciona y = 1.
y = 6.

CnenoBaTesibHO, OLeHKY «10» monyumiu 2 yU4acTHHUKA, OLEHKY «11» —
7 y4aCTHUKOB.
OTBeT: 2 yyacTHHUKA, ( VIACTHHUKOB. M

Mpumep 4. ABraauHMIO, CBA3BIBAIOILVIO Topoga A u B, obcay:KkUBaOT
caMOJIETEI TPéX TumoB. Kaxkablil caMOJIET IepBOro, BTOPOr0 M TPEThLEro THIA
MoOzKeT B3ATh Ha Oopt coorBeTcTBeHHO 230, 100 u 40 naccaskupos. Bee camo-
JETHI JUHUH MOTYT OfHOBpeMeHHO mepese3tu 760 maccaxuposr. CKOJIBKO ca-
MOJIETOB KaKJ0r0o THIIA 00CIVKHUBAIOT 3TV ABUATIHHHIO?

PeweHne. O6o3Hauum uepes X, ¥, Z KOJUYECTBO CAMOJIETOB IEPBOrO,
BTOPOro, TPeTLero THIIOB cooTBerTcTBeHHOo. Torma monyuyaem ypaBHeHHeE
230x + 100y + 40z = 760, xKoTOopoe HALO pEIINUTL B HATYPAJbLHBIX YHCJIAX,
T. €. IPHHATHL B KAUECTBE OTBETA TOJLKO Te PellleHUs, KOTOPhIe ABJIAIOTCSA Ha-
TYpaJbHBIMU yncaamMu. Mmeem:

(230x + 100y + 40z = 760,
x e N,
q yeN,
lze N.

(23x +10y + 4z = 76,

x e N,

Orciona <y : N
lze N.

140



HNmeem: 20x = 76 — (10y + 42). llockonbry y =1 u z =21, to 10y +
+ 4z = 14. Torpa 23x = 76 — (10y + 42) < 62. Orciona x < % W3 ypaBHeHUs
CHCTeMBI cJIeflyeT, 4To X — 4eéTHoe yucao. CiregosarenbHo, x = 2.

C }T‘IéTDM Hﬂﬁ,ﬂEHHDPG JHAYEeHHHA X IIoJay4YaeM CHUCTEMY:

10y + 4z = 30, oYy + 2z =15,
ye N, Orciona 1y € N,
ze N. ze N.
W3 ypaBHeHUs IOJYYEHHOH CHUCTEMELI CJIeIyeT, 4TO z — YHCJIO, KpaT-
Hoe 5. Kpome Toro, 2z =15 — 5y < 10. Orcoga z < 5, a ciefoBaTesbHO, 2 = 5,
y=1.
OTBeT: 2 camosnéra, 1 camosér, 5 caMoJETOB. M
. -
® YnpaXHeHMfl 4 s unn

14.1. Or crasnuu M B HanpasneHUH cranuu N, paccToaHIe MeXIY KOTODbI-
Mu paBHO 450 KM, oTIpaBuiIcsa CKOpPbIi mmoe3 . Yepes 3 4 mociie 3TOro ot
craHiuu N B HanpapileHHU craHuuu M oTnpaBHICA TOBAPHBLIN I10€3],
KOTOPBIN BCTPETUJICA CO CKOPLIM uUepes 3 4 IocJjie cBoero Beixojaa. Cko-
pBIii Moe3]] IIpeojoieBaeT paccrossHue Mexay cranuuamu M u N va 7T u
30 MmuHu ObIcTpee, yeM TOBapHEI. HaliiuTe CKOPOCTh KamI0ro moesaa.

14.2. I3 oxguoro roposa B APYroM, pacCcTosHUEe MeMIY KOTOPLIMHU PAaABHO
240 KM, BeIeXa/JIH OJHOBPEeMeHHO aBTOOYC M aBTOMOOUIL. ABTOOYC IIpH-
OBLI B MYHKT HasHaueHUs Ha 1 4 moa:xe asromodmasa. Halgure ckopo-
cTH aBTOMODOHIA U aBToDyca, ecnu 3a 2 4 aBTobyc npoes:xaer Ha 40 KM
fosblile, yeM aBTOMOOHIB 34 1 4.

14.3. TypucT IpOILIBLLI Ha JOJKe 110 peKe oT npuctanu A no npucranu B u Bep-
HyJcsi obpaTHo 3a 6 u. HaliguTe CKOpOCTh TeUueHUA PEKH, eciu 2 KM 110
TEYEHHIO PeKH TYPHUCT IIPOILJILIBAET 3a TO JKe BpeMs, 4To U 1 KM OpOTHUB
TEeUeHUsA, a paccTognue Mexny npucranamu A u B cocrasinser 16 k.

14.4. Karep nupoxonut 48 KM NpOTHUB TeueHHA peKu 1 30 KM I10 TeUYEHHIO pe-
Ki 3a 3 4, a 15 kM 110 TeueHnio — Ha 1 4 OwicTpee, ueM 36 KM OPOTUB
Teuenus. Haiinnre coG6CTBEHHYIO CKOPOCTE KATEpPAa U CKOPOCTL TEUYEHHSA

pexu.
14.5. CrouMOCTh JOCTABKM HA CTPOHKY OJHOM MAIIHMHBI IIECKA COCTABJIAET
2500 p., a omguoit mamuusl rpasusgs — 3500 p. 3a AeHL NJIaHUPYETCS

50 peiicoB, NpUYEM TPAHCIOPTHBLIE PACXOAbl He MOJIKHBLI IPEBBIIIATH

140 000 p. CkoJIbKO MAINIKH I'PaBUA MOKET OBITH JOCTABJIEHO 34 NEeHb?
14.6. Ha copeBHOBaHUAX II0 CTpeab0e Ka)KIblil YU4acTHUK jenaeT 25 BbICTpe-

JIOB. 3a KasK[Ibli yAaduyHbIHA BBICTPE] OH moJaydaeT 4 Oo4Ka, a 3a KasKIbLi
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14.7.

14.8.

14.9.

npomMax cHuMaeTcd 2 oukKa. CKOJIBKO IIPOMAaXOB MOXKET CHeJIaTh CTPEeNoK,
yT00BI HaOpaTh He MeHee 60 ouxkos?

Temnoxon MPOXogUT IYyTh OT NIyHKTA A no nmyHkTa B 3a 3 4, a Bo3Bpara-
eTcAa Haszaj 3a 4 4. 3a KaKoe BpeMs IIPOILIBIBYT IIYTh OT ONyHKTa A 10
nyHkra B maotsr?

W13 ropomos A u B, paccrosane mexny xoropeiMu 40 KM, OfHOBpPEMEH-
HO HABCTPeUy APYr APYry BhIEXAJW JBA BeJIOCUNEIUCTa, OJUH U3 KOTO-
phIX npudbLI B ropoja B uepes 40 muH, a apyroii — B ropoa A uepes
1,5 u mocye Berpeun. HaliiuTe CKOPOCTh JIBUKEHU S KAMKIOT0 BEJIOCHUIIE-
oHUCTA.

Paccroanue mexnay cénamu M u N pasuo 36 km. 13 cemna N Briexas Be-
mocunenuct, a yepes (0,5 4 HaBeTpeuy eMy U3 cesia M BeIexaJ BTOpOi Be-
JIOCUMEINCT, CKOPOCTh KOTOpOoro Ha 6 KM/4 OGonbliie CKOPOCTH IIEPBOTrO.
Hatinure cKOpoOCTh KamI0T0 BEJOCUIIEIUCTA, €CJAN OHH BCTPETHIMCH HA
cepenuHe nyTH Mexay cenxamu M u N,

14.10. [IBa aBTOoMOOMIA BBIEXAJH OJHOBPEMEHHO M3 OJHOr0 IIVHKTA B OJHOM

¢ ¢

HanpaBienuu. Ckopocts nepsoro asromodbunsa 50 km/u, a Broporo —
40 xm/u. Yepes 0,5 u U3 TOro ke MYHKTA B TOM JKe HAIPABJIEHUH BbI-
exaJl TpeTHuil aBTOMOOMJIbL, KOTOPLIH 0OorHan nepsblil Ha 1,5 u mos:xke,
yem BTopoii. Haiinure ckopocTh TpeThero aBToMOOMIIA.

14.11. B aByX cniaBax Macchl MEIUW M IIUHKA OTHOCATCHA Kak 5 : 2 u 3 : 4.

CKOJIBKO KHJIOTPAMMOB II€PBOI'0 CILIABA K CKOJLKO KMJIOIPAMMOB BTOPO-
ro HaJo B3ATh, YTOOLI, HepPEIIABUB UX, MOJYIUTEL 28 KI' HOBOI'O CILIABA
¢ PABHBIM cOJep:KaHueM MeIH U ITUHKA?

14.12. EcTh aBa CIOHUTHKA COJIABOB 30JI0Ta U Me[ud. B nmepBoM CJIHUTKe OTHOIIE-

HHe Macc 30Ji0Ta 1 Meau pasHo 1 : 2, a Bo BTopom — 2 : 3. Ecim cma-
BHUThH % IIePBOro CIUTKA C % BTOPOr'O, TO B IOJYYEHHOM CJIHUTKE OKAMKET-
cA CTOJNBKO KHMJIOTPDAMMOB 30JI0T4, CKOJBKO OBLIO KHJIOIPAMMOB MeIH
B IIEPBOM CJUTKE, a €CJIH CIJIABUTL % IIEPBOr0 CJAUTKA U [OJIOBUHY BTO-

poro, TO B HOJYYEHHOM CJIHUTKE OKaxKeTcda mMeAu Ha 1 Kr OoJblne, 4eMm
OBLIIO KHJIOTPAMMOB 30JI0TA BO BTOPOM ciauTKe. CKOJIBKO 30JI0TA B Kaik-
IOM CJHUTKe?

14.13. Paccrosaue mexay npucraiaMmu A u B pasuo 28 kM. OTyaaus ot npu-
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cTauH A B HANpaBJIeHUH NpucTtanu B, yepes 2 4 mocje HAYANA IBHKEHUA
KaTep BCTPEeTH ILIOT, OTIHPABJIEHHBIA OT OIpUCTaHU B M0 TeYeHUI0 PeKHn
3a 2 U 10 Hadaja JABMKeHnA Katepa. HalgjuTe cCKOPOCTh TeUeHUA PEKH N
cOOCTBEHHYIO CKOPOCTh KaTepa, ecJIM KaTep MIPOXOJAHUT PacCTOAHHUE OT
npucrtaiu A no npucranu B 1 Bo3dBpamjaeTcsa obpaTHo 3a 4 4 48 MuH.



14.14. M3 nyHKTa A B OyHKT 5 BbIlIeJ TOBAPHBIU Moesn. Hepes o 4 U3 IYHK-
Ta B B IyHKT A BbIlIeN naccaXupcKkuil moesys. BerpeTuincs OHU B TYHK-
Te C. Or nyukra C go nyHkra B ToBapHbIi noesn meéna 4 4, a maccamup-
ckuii or nyHKTa C 10 nyHKTa A — 6 4. 3a CKOJIBKO YACOB KaMILIH IT0e3]1
MOKET IIPeoJoJeTs NYTh Mexay nyakraMu A u B?

14.15. [IBe Opuraasl, padborass BMecTe, MOTI'YT BBIIMOJHUTEL IIPOU3BOJICTBEHHOE
samanue 3a 8 nueit. Eciu nepsasa Gpuraja, paboras camMocTOATENbHO,

1 s
BBITIOJTHHT 5 3alaHKUsA, a 3aTeM e€é CMeHHT BTopas Opurana, To 3ajlaHue

ovaer BeinoaHeHo 3a 20 gHell. 3a CKOJIBLKO JHEH Kamaasa OpUraga MoKeT
BBINIOJIHUTL JlaHHOE IIPOM3BOJACTBEHHOE 3ajaHue, paboras caMoCTOsA-
TeJIbHO?

14.16. [/IBa TpakTopucra, paboras BMecTe, MOT'YT BCIlaxaTh 1oJe 3a 6 4. Ecan
IIEePBLIH TPAKTOPHUCT IIpopadoTaeT caMOCTOATEILHO 4 4, a 3aTeM ero cMe-
HHT BTOPOIi, TO 3TOT TPAKTOPHCT 3aKOH-
YUT BCOAIIKY 3a 9 u. 3a Kakoe Bpemd, pa-
forasg caMOCTOSATENLHO, MOMKET BCIIAXATh
IoJie KaxKIbIid TPAKTOPHUCT?

14.17. I3 nyuakToB A u B (puc. 14.1), paccro-
AHHEe MeXKJIY KOTOPBIMH paBHO 13 KM,
OMHOBPEMEHHO BBIILJIH B VKa3aHHBIX

HanpaBJeHusax aBa Typucra. CropocThb T o

TYpUCTa, BBIIIeANIero U3 NyHKTa A, | -—
paBHa 4 KM/4, a TypuUCTa, BBINIEAIIEr0 A —_— B
u3 nyaxkra B, — 6 km/u. Yepea Kakoe

BpeMs [OCJe HAYAIa IBHKEHHUS PaccTo-
AHUEe MeXAy TypucTaMu OyIer HaU- rFuc. 14.1
MeHbIIUM ?

14.18. IIpoBonounoii cetkoit gnuHoi 600 M HAZO OTOPOAHUTL VYACTOK 3€MJIH
npaMoyroiabHoi (opmsbl. [Ipu Kakux pasmepax y4acTKa ero IJIOMIAlb
oymer HauboIbIIEH ?

L R X

14.19. /IBa cmoprcMeHa BbIOEralT OJHOBPEMEHHO: MepBbIH u3 NyHKTa A
B IVHKT B, BTopoit u3 nyukra B B nyHKT A. OHH OeryT ¢ pasHbIMH CKO-
pocTsaMH U BeTpedaloTesa HA paccrosHun 300 m ot nyakTa A. IIpobesxan
nopoxkky AB 10 KoHIA, KasKILIA U3 HUX Cpasy MoBOpauyMBaeT 00paTHO
H BeTpeuaeT apyroro Ha paccrosgsauu 400 m or nyukra B. Haiigure nian-
HY mopo:xkku AB.

14.20. Tpu nmioBIa JOMAKHBI IPOILIBITE AUCTAHIINIO OT NVHKTA A 10 nyakTa B
u obparHo. CHavYajga cTapTyeT HepBbIH, Yyepe3 D ¢ — BTOPOH, a elé ue-
pe3 o ¢ — Tperuii. Hekoropyio Touky C, HAXOAAIIYIOCA MEMKAY IIYHKTA-
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MH A U [, BCe IUIOBILI HA MIYTH K NYHKTY [ INPOILIX OJHOBPEeMEHHO.
Tperwnii II0Bel, OPOILILIB 40 NYHKTa B 1 Bo3dBpamasichk o0paTHO, BCTpe-
THJI BTOporo 3a 9 M, a nepBoro — 3a 15 M ot nyukTa B. Haiinure cko-
POCTH TPETHLEro IIOBIIA, ecau AucTaHnusa AB paBHa 55 M.

14.21. 13 nyukra A B nyHKT B yepes paBHbIE IPOMEKYTKH BPEMEHH OTIPAB-

AA0TCA TpU aBToMOoOunsA. B nyHkT B oHM npuOBIBAIOT OJHOBPEMEHHO,
IMOTOM BbIe3:KalT B nyHKT C, Haxomsauuiica Ha paccroaauu 120 KM ot
nyHkTa B. IlepBblii aBroM00MIL NPUOLIBAET TYa Yepes 4ac mocje BTO-
poro. Tpernii aroMmo0uIbL, NpudEIB B nyHKT C, cpady ImoBopadyuBaer oo-
patHo U Ha paccroanuu 40 kM ot nyukra C BcTpedaer nepsbiii. Haiigu-
Te CKOPOCTL IIepBOr'o aBTOMOOMIA.

14.22. V3 nysKTa A B nyHKT B BhIIIen nemexon. Besen 3a HUM depes3 2 4 U3

NYHKTa A BhleXaJl BeJOCHIIEIHCT, a ellé yepe3 30 MHH — MOTOI[MKJIMCT.
Yepes HECKOJILKO MUHYT IIOCJIE BbI€3/la MOTOIMKJIMCTA 0Ka3allioch, 4TO
0 PTOr0 MOMEHTa BCE TPOEe IPEOoJ0JeNH OJUHAKOBYIO YAaCcTh HIYTH OT
nyHKTa A 1o nyakra B. Ilemexon npubsln B nyHKT B Ha 1 4 mosgHee
moTomuKIueTa. Ha CKOJNIBKO MUHYT BeJIOCHUIIETUCT NPUOBLI B IIYHKT B
paHbliie neiexona?

14.23. [IpucTadb A HaXOAUTCA BhIIIE [0 TEYEHUIO PEKH, 4eM npucTadb B. OT

npuctaneit A u B ofHOBpEMEHHO HABCTPeUY APYr APYrY HAUYAJU JBHMKe-
HHe ILI0T U MOTOPHAA Joaka. J[lomnslB 1o npucranu A, JIogKa HeMeIJIeH-
HO TOBepHYyJia o0paTHO ¥ AOrHAJAa IIJIOT B TOT MOMEHT BPeMeHH, Korma

2 L]
OH IIPOIJIBLIL - PACCTOSHUA MY NPHCTAHAMY A u B. Haitnure Bpe-

M#A, KOTOpOe TPATHUT ILJIOT HA OYThL OT npuctanu A no npucranu B, ecan
H3BECTHO, YTO MOTOPHAA JOJKA IIPOILJILIBAET OT IIpucTanu B no npucra-
HH A u obpatHO 3a 3 4.

14.24. Boase goma pacTyT JHUIbI U Oepésbl, IPHUYEM 00IIee HX KOJHYECTBO He

meHbine 14. Eciu yBelIU4YUTh B [Ba pasa KOJUYECTBO JIUII, & KOJIHYECTBO
Oepés yBenu4yuTh Ha 18, To Gepés craHer Ooabine, yem jguil. BEcau xe
VBEJIMYUTEL B JIBA pa3a KoJuuecTBO Oepés, He U3MeHs s KOoJUuYecTBa JINUII,
TO JIUII BCE paBHO Oyaer OoJiblie, yeM Oepés. CKOJNBLKO JHII U CKOJIBKO De-
pés pacTtér BoaJye momMa?

14.25. [IBa aBTOX03A1CTBA OTIIPABUJIH HECKOJIBKO MALIWH JJd IIepeBO3KU I'Py-

3a. KolmuecTBO MAIWH, OTIPABIEHHBIX H3 BTOPOTO ABTOX03SMCTBA,
MEHBIIIe VABOEHHOI'0 KOJHYECTBA MAIIWH, OTIPABJEHHBIX H3 IIEPBOroO.
Ecnu Obl mepBoe aBTOXO03AMCTBO OTIIPABHJIO HA JBe MAIIMHBLI 0OJbIIE,
a BTOpOe — Ha JIBe MeHbIIe, TO MAIIWH U3 BTOPOr0 ABTOX03AHCTBA OLLIO
ObI OoJIblIIe, YeM MalllMH U3 mnepBoro. CKoJIbKO MAaIIMH OBLIO OTHpPABIIE-
HO U3 KaKJI0ro aBTOXO03AMCTBAa, eCJH Bcero ObLJIO OTIpaBleHo He Dojee
18 mamuu?



14.26. B 7 u yTpa oT mepBOoro mpudyaja OTILIBLIM ABe Joaku. CHauvama oHH
IJIBLIK 8 KM IIO 03epy, a 3aTeM O KM I10 TeYeHHIO PEeKH 0 BTOPOro IIpH-
yana. Ilepeas Jgoaka HNpHILIBLIA B MeCTO Ha3HA4YeHHUs He I103:kKe 9 u
50 muH, a Bropas — He paHbiie 10 u 40 MmuH TOro xe gua. Yemy pasHa
CKOPOCTH KaskJ0il JIOJKH B CTOSYell BOJe, ecJi CKOPOCTh TEUEHUS PEKH
paBHa 2 KM/4, 4 CKOPOCTHL BTOPO# JIOAKU B CTOSAYEl BOJE COCTABIAET
75 % cropocTH mepBOi JIOAKH B cTOAYeH Bome?

14.27. JIBoe pabounx uarorosuan mo 60 oguHaKoBRIX AeTajtel, npuuem 30 ge-
TajJled KamIbIi U3 HUX clesal, paboras ¢ HeKOTOPOH MPOU3BOAUTEILHO-
CThIO, KOTOpasa y Broporo padouero 6s11a Ha 20 % BBIIIE, 4YeM Y IepBO-
ro. ITorom mepBeIii pabouuii cTajJ M3roTABIMBATE OoJblle Ha 2 JeTalH
B 4ac, a BTopoilt — Ha 3 geranu B dac. IlepBerit pabounii morpaTua Ha
BBITIOJIHEHHE BCEro 3aaHusa He meHee D u 30 MuH, a BTOpoil — He Dojee
4 u 30 muH. CKONBKO JeTaleil B 4ac M3roTABJIUBAJ BTOPOH padouuii BO
BpeMs BBLIIIOJIHEHHUA [IePBOM IOJOBUHEI 3a1aHUsA?

14.28. Toxapio ObLI10 mopyuyeHO M3roToBuTh 90 meraneii, a ydeHUKY — 35.
Ilepsrie 30 meraneil Tokaps Aejas ¢ IMPOM3BOJUTEJILHOCThEIO B JIBA pasa
oonpnieit, yem yuyeHuk. MaroroBiasasa ocranbHble 60 meranei, oH menan
ellé Ha 2 JeTallk B Yac OOJbIle M 3aKOHYMJ CBOK paboTy He MeHee YeM
Ha 1 4 moaxe yueHuka. OgHako ecau Obl Tokaps nepssie 30 neraneit us-
TOTABJIHMBAJ C TAKOH e [IPOU3BOAHUTEILHOCTEIO, YTO U ocTaldbHbIe 60, TO
OH 3aKOHUYNI OBl pabory He paHee uyem udeped 30 MUH mocje YUeHHKA.
CKoJIBKO JleTajieil B yac Aejiajl VUueHUK?

14.29. Ha xuMuyYecKOM 3aBOJle eCTh IleXa TpéX THIIOB. B KamaoMm nexy nep-
BOT0, BTOPOr0o M TpeThero THUmos padoraer coorBeTrcTBeHHO 350, 80
u 60 pabounx. Becero B aTuX nexax sasoza patoraer 980 uenoser. Haii-
OHUTE KOJHYECTBO LeX0B KAaXKJA0ro THIA.

=
YnpaxHeHUs Anf NOBTOPEHMA o

14.30. Pemnre HepaBeHCTBO ———— < —1.
xlx -1
14.31. CKoIBKO pelleHHII B 3aBHCHMOCTH OT 3HAYEHHUA IapaMeTpa d HMeeT
ypaBHeHHe |¥ + 5|+ |x — 3| = a?




NocrpoeHune rpacdhKoB ypaBHEHUIA C ABYMSA NepemMeHHbIMMN

* [padwk ypaBHeHus F (x + a; y) = 0 moxHO nony4uTs B pe3ynsra-
Te napannensHOro nepeHoca rpaduvka ypasHeHus F (x; y) = 0 Bgons
ocn abcumcc Ha a eguHKL Bneeo, ecnn a > 0, U Ha —a eguUHUL BNpa-
Bo, ecnu a < 0.

» Tpaduk ypaBHeHuns F (x; y + b) = 0 moxHO nony4uTs B pesynsra-
Te napannenbHoro nepeHoca rpaduka ypasHeHus F (x; y) = 0 Bgons
ocv opanHaT Ha b eanHul, BHU3, ecnn b > 0, u Ha —b eguHuL BBEPX,
ecin b < 0.

* [padwk ypaeHenuns F (—x; y) = 0 moxHO nony4uTb B pe3ynerarte
npeobpa3oBaHUA CUMMETPUM OTHOCUTENLHO OCK OpAuHaT rpaduka
ypaBHenusa F (x; y) = 0.

* [padwmk ypaeHenuns I (x; —y) = 0 MmoxHO nony4uTe B pesynsrarte
npeobpa3zoBaHUa CUMMETPUU OTHOCUTENLHO o abcumcc rpaduka
ypaBHeHua F (x; i) = 0.

* [padwk ypasHenus F (kx; y) = 0, roe £ > 0, MoXHO nony4nTs
B pe3ynbrate okatua rpacduka ypasHenus F (x; y) = 0 B £ pa3 k ocu
opawnHar, ecnu k > 1, unu B pesynsrate pacTaxeHusa rpaduka ypas-

Henus F (x; y) =08 % pa3 oT ocu opauHat, ecnn 0 < & < 1.

» Tpaduk ypasHenusa F (x; ky) = 0, rae & > 0, MmoxHO nonyunTsb
B pe3ynkraTe okatua rpadwka ypasHeHus F (x; i) = 0 B & pa3 k o
abcumce, ecnu & > 1, unu B pesynsrarte pactaxeHua rpaduka ypasHe-
Hua F (x; ) =08 % pa3 oT ocu abcumce, ecnin 0 < £ < 1.

* [padumk ypasHeHuns F (|x]; ¥) = 0 MOXHO nony4ynTb K3 rpadmka
ypasHeHus F (x; y) = 0 Takum obpazom: noctpouts durypy M., as-
nstouwyiocs rpadukom ypasHenua F (x; i) = 0 npu x = 0, u nocrpo-
nTe urypy M,, cummetpuynyto gurype M, oTHocuTensHoO ocu op-
AvHat. ®urypa M, U M, agnseTca nckombiM rpacpukom.

» [paduk ypasHeHus F (x; |y|) = 0 moxHO nonyunTts m3 rpaduka
ypasHeHus F (x; i) = 0 Takum obpasom: noctpouts durypy M, as-
nstouwytocs rpadukom ypaeHenua F (x; i) = 0 npu i = 0, u nocrpo-
nTe urypy M,, cummeTtpuunyo ¢purype M, oTHocuTensHO ocn ab-
cumncc. durypa M, U M, aensetcs nckomeim rpadukom.
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PaBHOCUNbHbIE CUCTEMbI YpaBHEeHUN
[Be cucTeMbl ypaBHEHUM € ABYMS NepeMeHHbIMW Ha3blBaloT paBHO-
CUNbHBLIMMW, €CNU MHOXEeCTBa X pelleHnIn COBNaaatoT.

PaBHOCUNbLHOCTE CUCTEM YpaBHEHUM
*  Ecnm MHOXecTBO pelleHUn NepBoM CUCTEMbl YPaBHEHUIA ABNAET-
CA NOAMHOXEeCTBOM MHOXeCTBa peLleHWW BTOPOW CMCTEMbl ypaBHe-
HWIA, TO BTOPYIO CUCTEMY YpaBHEHUW Ha3bIBAKOT CNeACTEMEM NepBOU
CUCTEMBI YPaBHEHUN.

— xX X
e Ecnn B cucteme 1j|f|:.'IE|BH'E'HIr"II.;.i Y f( ] 3aMeHWTE BO ETOPOM
Fi{x: ) =90
yPaBHEHUU NepeMeHHYI0 ¥ BbipaxeHnem [ (x), To nony4um cucremy
y = f@), PaBHOCUNbHYIO AaHHOW
F (x; f(x)) =0, '
. [F(x:y)=0,
e Ecnn B cucTteme YPaBHEHWUM 3aMeHWUTeE oOQHO M3
|G (x;9)=0

ypaBHeHun ypasHeHuem F (x; y) + G (x; y) = 0, To nonyyum cucre-

MY, PaBHOCUNbHYIO JaHHOMW.

S /] {I; y) = Gy
*  Ecnu B cucTeMe ypaBHEHWI raec, #0un ¢, # 0,
G (x; ¥} =c,,

3aMeHUTb OHO 13 ypaBHeHWU ypasHeHuem F (x; y) - G (x; y) = ¢,c,

Fy) ¢
MW ypaBHEHUEM —— ——— = —, TO MONYYUM CUCTEMY, PaBHOCU/b-
} G(xy) ¢
HYIO AaHHOM.




— 'ﬁnll n
HepaBeHCcTBa C ByM#A

NnepeMeHHBEIMA U UX CMCTEMDbI.
AoxazarenbCTrB0O HEepPaBeHCTB

1 B 3Ton rnaBe Bbl 03HAKOMMUTECH C HepaBeHCTBaMW C BYMA NepemMeHHbBIMK
M UX cucTemamMi. YEHEETE, YTO Ha3bIBEAKOT pelleHemM HepaBeHCTBa C ABYMA
nepeMeHHbLIMM U pelleHWEM CUCTEMbI HEDaBEHCTE C JBYMA NepeMeHHbLIMMW.

(1 ,D,IIH LEenoro paga HeEpaeeHCTE C ABYMA NepemMeHHbIMA KM MX CUCTEM Bkl Ha-
YYUTECE CTPOWTE MHOMECTBO TOYEK KDUP,EI,MHETHDﬁ NNOCKOCTK, KOOpOWHa-
Thl KOTOPBIX ABNAKOTCA pelleHMeM HepaBeHCTEa (EHCI'EMI:I HEpaBEHCI'E).

0 Bel Y3HaeTe, YTO O3Ha4YaeT «[Q0Kad3aTb HEPABEHCTBO®. No3HakomuTeCk C OC-
HOBHBIMW METO4aMW OOKa3aTenbCTBa HEpPaBEeHCTB.

§ m HEPEBEHLTBE C ABYMSA nepemMeHHbIMA

HepasencrBa 2x — y > 1, y = 12, 1% + y? < 4 apnsAwTCcs npuMepaMu
HepPaBeHCTB C ABYM:A IlepeMeHHBIMH.

) OnpepeneHmne
MNapy 3Ha4YeHU NepemMeHHbIX, oOpaujaoLlyi0 HepaBeHCTBO C ABYMA nepe-
MEeHHbLIMW B BEpHOE YNCNOBOE HePaABEHCTBO, HAa3bIBAIOT pelleHnem Hepa-
BEHCTBA C ABYMSA NepemMeHHbIMM.

Taxk, nus HepaBeHcTBa 2% — i > 1 Kaxzgasa us nap uucel (3; —1), (0; —2),
(1; 0) saBusieTrca ero pelleHuem, a, Hanpumep, mapa (0; 0) He aABasieTcsa ero
pelieHneM.

ne) Onpepenenme
pachmKom HepaBeHCTBa € ABYMA NepeMeHHbIMM Ha3bIBalOT reomerpuye-
cKky1o (purypy, COCTofIlLYIO U3 BCEX TEX M TONbKO TEX TOYEeK KOOpAWHAaTHOMN
NAOCKOCTU, KOOPAUHATLI KOTOPbIX AIBMAAIOTCA pelleHUaMM AAaHHOro Hepa-
BeHCTBA.

Mpumep 1. MzobpasuTe rpadpuk HepaseHeTBa 2x — iy > 1.

PeweHue. I'padukom ypaBHeHus: 2v — iy = 1 aBingercda npamasg. Jra
npamasd pasdHBaeT KOOPAMHATHYIO IJIOCKOCTL Ha JBe 00JacTH, KaXKIYyI0 U3
KOTOPBIX HA3BLIBAIOT OTKPLITOH moaymaockocTeio!. Ilokaxkem, uTo Kéaras

1 OrkpbiTas MOMYILIOCKOCTE OTIHYAETCS 0T HOJAYILIOCKOCTH TeM, YTO OHA He CONepIKHT
OpAMYIO, €€ OTPAHHYHBAKOIIYIO.
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obnacts (puc. 15.1) aBasgeTca UCKOMBIM
rpa@HuKoM. YA X B
SanuiineM JaHHOe HepaBeHCTBO TaK: N 4
PaccMoTpuM OPOM3BOJIBHYVIO TOYKY yr---o :
M (x; y,), IpUHALJIEKANYI0 VKA3aHHO ;. |
OTKPBITON IOJYILIOCKOCTH. 4 = -
! A
IlycTe npamasa, npoxoadunasa depes Rl oty x
|
Touky M u mnepneHAUKyJApHaA ocH ab- e 28 :
cuuce, Iepecekaer npaMyo y = 2x — 1 ~14 : :
. . — ; f I
B Touke K(x; y,). Umeem: y, = 2x, — 1. s !
IMockonbry ¥, < ¥, TO iy, < 2x, — 1. Cue- (g5 A -+M
1 2 1 1 Lo I
NoBaTeNIbHO, apa (Xx,; /,) ABIAeTCA pelle- o, Yo B
i/
HUEeM JaHHOIO HePaBEeHCTBA. N\","
Mgl 1IOKAa3a1u, YTO KOOPAUHATEI JIIO- d

Dol TOUKH KeNnToH obiacTu ABIATCA pe- .Puc. 15.1
IIeHUeM JTaHHOro HepaseHcTBa. OcTasoch
II0KAa3aTh, 4TO JI000e pelleHUe HepaBeHETBA i < 2x — 1 gBiasAgeTca KOOpAUHA-
TAaMM TOYKHM, IPHHALJIeXKALIEN YKasaHHOU obiacTu.

Paccmorpum napy (x,; Y,), ABAAKOIIYIOCA pelleHHEeM HepaBeHCTBA
y<2x-1,r.e. y,<2x,- 1. IIycrs 2x, —1 = y'. Torga Touka A (x,; y') npu-
HaJIeRUT npamoit y = 2x — 1 (em. puc. 15.1). Tak xkak y, < y', TO TOY-
Ka B (x,; y,) TexuT HUXKe TOYKH A, T. e. IPUHALIEKUAT MKENTOMH obracTu. W

Paccy:xnas aHAJIOMrMYHO, MOMKHO JOKA3aTh, UTO 3eJiéHas o0JaacTh sABIA-
ercs rpapukom HepaseHcersa 2x —y < 1 (eMm. puc. 15.1).

Tak:ke roBopsAT, 4TO HepaBeHCTBa 2x¥ — i > 1 u 2x — iy < 1 3azpaloT cooT-
BETCTBEHHO JKEJITYVIO U 3eJIEHVIO 00/1acTH.

IloroBopuMCs, 4YT0 B H300pasKeHUUN A :
rpachuka DyYHKTUpPHas JUHUA oDo3Havaer I
TOYKH, He IIPUHAIJEeKANIHMEe HNCKOMOMY 7 7 'L_ﬂ,M
rpaduky. ITosromy Ha pucyHKe 15.1 npsa- A
Mad iy = 2x — 1 nzobpakeHa IyHKTUPOM. Mg e ol 1 i
L
Mpumep 2. Mzobpasure HA KOOPAH- 0 o} xil A
HATHOHM IIJIOCKOCTU XY I'padUK HepaBeH- I
cTBa X > 2. :

PeweHne. Ha koopmauHATHONI ILIO-
CKOCTH XI Tpad@uUKOM ypaBHEHUS X =
SIBJIIeTCA BepPTUKaJbHAA nNpAaMasa, pazdbuBawouias MI0CKOCTh HA BE OTKPBIThIE
nmonyiiockoctu (puc. 15.2). ITokamem, 4To OTKPBITAA MOJYILIOCKOCTh, PACIIO-

.Pnc. 15.2
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JOMEeHHasdA cIpaBa OT NpAMOH X = 2 (3aKpallleHHasd o0JIacTh), ABIAeTCA HUCKO-
MBIM r'pad@ukoM. 3anuineM JaHHOe HepaBeHCTBO Tak: x + Oy > 2.

ITycts Touka M (x,; ,) DpUHALIEHKUT YKazaHHOM obnactu. Torpa x, > 2,
a cJieloBaTeNbHO, napa (x,; y,) ABJIAETCA PelIeHUeM JaHHOI'0 HePABEHCTBA.

ITycrs mapa (x,; y,) ABIserca pelleHueM HepasBeHcTBa x + Oy > 2,
T. e. x, + 0y, > 2. Orciona x, > 2. Crenosarensno, Touka K (x,; y,) pac-
II0JIOJKEHA CIIpaBa oT NpAMOM x = 2, a 3HAYUT, NPUHAIJIEKUT 3aKPalIleHHON
obnacTu.

Mgl nokasaam, 4TO KOOPAMHATEI JII0OOM TOUKM OTKPBITON IOJYILIOCKO-
CTH ABIAAIOTCA pelleHHeM JaHHOI0 HepaBeHCTBa, ¥ Haobopor, Modoe pelnieHne
HepaBeHCTBA SABJIAETCA KOOPAHMHATAMH TOYKH, INPHHAJJIEKAIIEH OTKPBITOMR
MOJIVILIOCKOCTH. W

HepasencrBa, paccMoTpeHHBIe B IIpuMepax 1 u 2, ABIAIOTCA YACTHBIMU
cAyUasMU HepaBeHCTBa Buja ax + by > c.

ey OnpegeneHMe
JIVHEeMHbIMN HEPABEHCTBAMM C ABYMS NepeMeHHbIMMN Ha3bIBalOT HEPABEH-
cBaBupaax + by > c,ax+ by <c,ax+ by >c, ax + by < c, rpe x
M i — nepemeHHbie, @, b n ¢ — napamertps..

Paccy:xaaa aHaJIoru4HO TOMY, KaK B mpuMepax 1 1 2, MOKHO ITOKa3aTh,
uyro ecnu a? + b? # 0, To rpa@UKOM KaxKI0r0 M3 HEPaBeHCTB ax + by > ¢ u
ax + by < ¢ sABAAeTCA 0OHA U3 OTKPHITHIX MMOJYILJIOCKOCTEH, HA KOTOpbIe IMps-
Masa ax + by = ¢ pa3buBaeT KOOPAHUHATHYIO IJIOCKOCTh XY .

I'papurom kaskgoro U3 HepaBeHCTB ax + by = ¢ u ax + by < ¢, rue
a® + b? # 0, apngercs MOJNYIJIOCKOCTD.

Ecmu a? + b? = 0, To rpaduKoM JHHEHHOr0 HEPABEHCTBA ABJAETCH WX
BCA KOOPAMHATHASA MJIOCKOCTH, WJIH MIYCTOE MHOMKECTBO.

Mpumep 3. ITocTpoiiTe rpadhuk HepaBeH-
cTBa iy > Xx°. U :

PeweHune. Ilapabora y = x? pasbusaer ) !
KOOPAHWHATHYIO ILIOCKOCTH Ha JBe o0JacTH, \ /
1300paKEéHHBIe HA PUCYVHKe 15.3 EITHIM U 3e- \
JéHBIM I[BeTOM. Paccypas aHaJOTHYHO TO- \ ’
My, Kak B Inpumepe 1, MOMKHO MOKAa3aTh (cae- 9
JaiiTe 9TO CAMOCTOSITENbHO), YTO MCKOMBIM 0
rpauKOM ABJIAETCA MHOMKECTBO TOYEK, JIeyKa-

IUX BbIlle Napaboibl iy = x2, 1. e. kénraa ob6-
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Mpumep 4. TTocTpoiiTe rpaduKk HepaBeHCTBa x° + y* < 4.

PeweHune. I'padurom ypasHeHus X2 + y? = 4 gBIsIeTCS OKPYKHOCTH Pa-
nuyca 2 ¢ HeHTPOM B HaYaje KOOPAUHAT., ITa OKPYKHOCTL pasbuBaeT KOOpIu-
HATHVIO INIOCKOCTE Ha JBe 00JjiacTH, n300pakéHHble Ha pUCYHKe 15.4 KEenTeIM
1 3eJIEHBIM I[BeTOM. PellleHHAMH JAHHOI0 HepaBeHCTBA SABJIAKTCA KOOPIHU-
HATHI TeX M TOJIBKO TeX TOYEK, KOTOPhIe yaJIeHbl OT HAYAJIA KOODJAWHAT Ha
paccrosHue, He Gosbiiee 2. [loaToMy UCKOMBIM rpadUKOM ABIAETCA KPYT pa-
nuyca 2 ¢ eHTpPoOM B Hauaje KoopauHat (puc. 15.4). m

3ameTuM, UTO rpa)UKOM HepaBeHCTBA X% + y? > 4 ABJIsSeTCA MHOMKECTBO
TOYEeK KOOPAMHATHON IJIOCKOCTH, He NPUHAJJEKAIIUX KPYry paauyca 2
C IEeHTPOM B Hayane KoopauHar (puc. 15.5).

i YA
2 2
"‘-.-.-""'\
rd *
! \
I |
$ L =
2 0 2 x 2, 0 12 x
LY f
LY Fa
B, o
=0 =
Puc. 15.4 rFuc. 15.5

IIpumepsl 1-4 MANOCTPHPVIOT TAKYI0 CXeMY IIOCTPOEHHA IrpaHKOB
HepaBeHCTB: IIPeJCTaBUTh HepaBeHcTBO B Buze I (x; y) > 0 (f (x; y) < 0), 3a-
TeM IIOCTPOUTE rpaduk ypaBHenus F (x; y) = 0, xoropslit pazbuBaeT Koopau-
HATHVIO ILIOCKOCTh HA ABe obnacTtu. BeIicHUTE, Kakas U3 9TUX obiacreil AB-
JIseTcs HCKOMBIM rpaduKoM HepaBeHcTBa. Ecau paceMaTpuBaeMoe HepaBeH-
CTBO SBJSETCA HECTPOTUM, TO ero rpagHir colep:KUT rpaguK ypaBHeHUSA
F(x; y)=0.

Jdra cxema IIpPHMeHHMMA H B TeX cCAy4YasaX, Korjga rpadguk ypaBHeHUS
F (x; y) = 0 pazduBaeT 1I0CKOCTL Ha TpU U OoJiee obsiacTi, U B TeX CJIy4asx,
Korjga o0nacThi0 onpejneneHus BeipaxkeHusa [ (x; y) ABIsdgeTcs He BCA ILIO-
CKoCTh. Hakue u3 aTux objacTeil IPpUHANIEKAT UCKOMOMY I'papHKy, BEIACHA-
I0T C IOMOIILIO «IIPODHBIX» TOUEK, HOJ00HO TOMY, KAK MBI 5TO [eJIajii, pemas
HepaBeHCTBa C OJHOI NnepeMeHHOM MeTOLOM HMHTepBasoB. IlogcHUM CyTh aTO-
ro IpuéMa Ha IpuMepax’.

A Crporoe obocHOBaHHe ONHCAHHOIO METOJa BBEIXOAHT 3a Hpeaedkl Kypca anaredpel
9 gmacca.
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tipumep 5. IlocrpouiTe rpauk HepaBeHCTBa XYy < O.

PeweHue. 'paduk ypaBHeHnusa xy = 6 pasbuBaerT KOOPAUHATHYIO ILIO-
CKOCTBh Ha Tpu obnactu (puc. 15.6). B kauecTBe «IpoOHBIX» PACCMOTPUM TOY-
ku A (=3; =3), O (0; 0), B (3; 3). OHN npHUHALIEKAT COOTBETCTBEHHO KEITOI,
cuHell U 3enéHoit obmacTam. Ilpu srom maper (3; 3) u (—3; —3) He ABIAIOTCH
peleHUAMU JAHHOIO HepaBeHCTBAa, a napa (0; 0) apisierca pelieHueM.

Torma MoKHO clesiaTh TAKOU BLIBO/I: MKEATAA U 3eJéHad 0blacTu He IIpu-
HajJIeKaT rpa(pUKy HepaBeHCTBAa, a CUHAA 00J1acTh eMy IIPHHALJIeKHT.

Orcrofa UICKOMBIM rpaUKOM ABJAETCA CHHAA 00/1aCTh, M

Mpumep 6. U3o6pasure rpadguk Hepasencrsa x2 — y? < 0.

PeweHune. I'padpurom ypasuenusi x> — y? = 0 asiaserca oObeAMHEHME
npaMeiXx X + iy = 0 u x — iy = 0. Torna rpaduk ypasuenus x? — y? = 0 pasbusa-
eT KOOPAHHATHYIO ILIOCKOCTh Ha YeTkipe obmactu (puc. 15.7).

C moMoIbi0 «IIPOOHBIX» TOYEK YCTAHABIHBAEM, UTO MCKOMLIM I'padu-
KOM ABJIAeTcAa o0beJuHeHNUe CUHeH M KenTol obnacrei (cm. puc. 15.7). =

Mpumep 7. U3o6pasure rpaduk HepaseHeTsa |y| = |x2 — 2x|.

PeweHwue. 'padurom ypasHeHus || = |x% — 2x| aBiasercsa obbeguHe-
Hue mapabon iy = x? — 2x u y = 2x — x? (y6equTECh B 9TOM CAMOCTOATEILHO).
On pasbuBaeT KOOPAMHATHYIO ILIOCKOCTDb X/ Ha D obnacreit (puc. 15.8). C no-
MOIIbI0 «IIPODHBLIX» TOYEK YCTAHABIMBAEM, YTO MCKOMBIM I'paHUKOM ABJISET-
cA oObelUHeHe CUHel U KeaToil obiacTell BMecTe ¢ UX rpaHUIlaMU. B

' ¥ "
y 4 b ] \‘xi.x y "//1’,
A B \-5-' >
\ oS
~ b a, Fa
- N F
. ~ 14 =t
1__ - -— \\ ra
' o A LA =
T 1
e 0 1 X /ﬁ ‘\1 X
- ’ .
By > R
\‘\ ,f \\
A, \ ’ .
\ - b
' , -~
# -~
&
Puc. 15.6 rPur_. 15.7 Puc. 15.8

Mpumep 8. Ilpu KaxkuX 3HaAUEHHAX IapaMeTpa d MHOKECTBOM pelleHMNid
HepaBeHcTBa |x — 3| + |a — 2| < 4 aBadeTca IPOMeXKYTOK Buaa [m; n], nanHa
KoTOporo He Donpine 47
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PewleHe. I'papukoM HaHHOrO HEPABEHCTBA HA KOOPAUHATHOM ILJIOCKO-
CTH Xd ABIAeTcsa KBajapar, M3o0pakeéHHbII Ha pucyHKe 15.9 (yvbemurecs
B 3TOM CAMOCTOSATEJIbLHO).

Ecnu ropusoHTanbHas npaMas d = d, NepecekaeT KBajapaT IO OTpes-
Ky MN, 70 MHOKeCTBOM pellleH!il HepaBeHCTBA ABISAETCS IMPOMEKYTOK [x; X,],
rie x, u x, — abcuuccel Touex M u N coorsercTBeHHO (cM. puc. 15.9).

W3 pucyaka 15.10 Buauo, uro miumHa orpeska MN He OyaeT IpeBbI-
maTth 4, ecit 2 < a<0um4d4<a<e6.

OtBeT: 2<a<0umwmd<a<6.m

7y ¥
4
l"zl]
2l = 1
¥ 4y &
'll 0 IE E 0 | i I
|
Puc. 15.9 rPnc. 15.10

? 1. Y10 Ha3bIBAlOT peleHnemM HepaBeHCTBa C ABYMSA NepemMeHHbIMKn?
2. 4710 Ha3bIBalOT rpahMKoM HepaBeHCTBa C ABYMS NepemMeHHbIMKU?

3. Y70 Ha3bIBAOT NMHENHBIM HEPABEHCTBOM C ABYMSA NepemMeHHbIMu?

4. Kakaa dwurypa asnaetca rpaukom NUHEMHOro HepaBeHCTBa C ABYMSA
nepemMeHHbIMKU?

<3 o
® YnpaXXHeHUA 4 s umn

15.1. 3agaiiTe HEPABEHCTBOM C ABYMA IePEMEHHBLIMH IIOJNYILIOCKOCTH C I'pa-
Huei 2x + 3y = —1, cogep:kaniyio Touky A (—1; 1).

15.2. 3anaiiTe HepaBEHCTBOM C JABYMSA IePEMEHHBIMHM OTKPLITYIO IOJVILIO-
CKOCTB ¢ rpanuleil 3x — y = 2, He cogep:xamiyio rouky B (0; —1).

15.3. M30b6pasuTte rpaduK HepaBeHCTBA:

1) 3x—y > 1; 2)2x+y = 2; 3y < —1; 4) x < 3.
15.4. U300pasure rpaduK HepaBeHCTBA:
1) x - 2y < 3; 2) x+ 4y = 5; 3)y > -2; 4) x 2 -2.
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15.5. I'pachukamMu KaKMX HepaBeHCTE ABJAIOTCA OTKPLIThIE NOJIYIIJIOCKOCTH

1) 8% als Hx+y>1; 7 &Y S,
X+
2) x > 0; 5) L2 1< 8) Jx > —y?;
x“ 4+ 1;
3) y < 0; 6) =—L_>0; 9) |x| > x?
x° +y
15.6. 'padpukamMu KakHUX HepaABeHCTB ABJAITCA HOJIVILIOCKOCTH:
1) x> 2; 3) L D75 g 5) Vx> —y;
) iedas B, g L2150, 6) |x| > 12
Xt + Yy I + y
15.7. IlocrpoiiTe rpaduK HepaBeHCTBA:
1) y < 2x — % 4) xy < 2;
2) (x - 12+ (y + 2)? < 1; 8) xy = 12;
3) a2+ 2x+y? = 3; 6) (x—y)x+y—1)<O0.
15.8. IlocTpoitTe rpauK HepaBeHCTBA:
1) y < —x? — 3x; 4) xy < 6
2) (x + 2)% + y? < 4; 5) xy > —12;
3) a2+ y? -4y > 0; 6) (x+y)x—y—1) > 0.
¢ ¢
15.9. IlocrpoiiTe rpachuK HepaBeHCTBA:
1yxd >l Yy <2x-1;
2) Iyl < 1; 5)y > |2]x| — 1.
3)y > |xI;
15.10. llocTpoitTe rpa@uK HepaBeHCTBA:
1) 42 < 4; 2) |x] < 3; Ny <|x+1| -2
15.11. llocTpoiiTe rpa)uK HEepaBeHCTBA:
1) y < |a® - 4x|; 6) |xly > 3;
2) y > — 4|x|; ) x|yl <6
3)y < |x*—4|x||; 8) lxy| > 12;
4) x2 - 2|x| + y? < 0; 9) x| + |y <1
5) 22 — 2|x| + 42— 2|y| + 1> 0; 10) |x| - |y| > 1.
15.12. llocTpouTe rpad@UK HepaBeHCTBA:
1) y = a? - 4|x| + 3; )2+ y?—4|x| —4|ly| +7<0;
2) ly| < x?—4dx+ 3; 5) x|y| > 8;
3) lyl >x®—4|x| +8; 6) [lx] -1+ |yl <1
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15.13. IlocrpoiiTe rpauK HepaBeHCTBA:

) (xr+y)Px+y+1)<0; 3) (x —y)|x| < 0;
N T
2) (x + y + 1)(x — )2 < 0 4) 2 +|y| L 20
Y
15.14. IloctpouTe rpauK HepaBeHCTBA:
i 2 + 2 -1
1) 2%y — x%) > 0; 2) 2 ~ 2 > 0.
xXe -y

15.15. IIpu KakuX 3HAUYEHUAX MapaMeTpa d MHOMKECTBOM pelIeHUI HepaBeH-
ctBa 2|x+ 1| + |a— 4] < 2 aBasercsa NpoMeKYTOK Buaa [m; n], aauHa
KOTOPOTO He MeHbIne 1?7

15.16. HaiijuTe Bce 3HaYeHUA apaMeTpa d, IPU KOTOPBLIX MHOM¥ECTBO pellle-
Huit HepaBeHcTBa (x2 — a)(a — 2x — 8) > 0 He cojep:KUT HU OJHOTO pelle-
HHUA HepaBeHCTBA X2 < 4,

=

15.17. IIpu kakux 3HaUueHUAX NapaMeTpa ¢ MHOMKECTBO pelleHUil HepaBeH-
erBa x(x — 4) + a¥(a + 4) < ax(a + 1) cogep:xur He Hojee UETHLIPEX
[eJIbIX 3HAYeHHUH X7

=
YnpaXHeHUs ANs NOBTOPEHUA g &

15.18. [lorkaxure, 4To NpU BCEX HATYPAJBHLIX 3HAUYEHUAX M 3HAUEeHHe BhIpa-
skeaus 11-32" +10 - 2" gparno 7.
15.19. [lorkaxkure, 4TO NPHU BCeX LEJLIX X 3HAYEHUE BhIpaXKeHMs
m-2)n—-Dnn+1)+1
ABJSAETCH KBAJPAaTOM I€JIOTO YUCIIA.

5 m Cucrembl HepaBeHCTB € ABYMA nNnepemMeHHbIMA

ITapa uncen (1; 2) aBagercsa pelleHHMEeM KaMKIOT0 H3 HEPABEHCTB
y—x220uy—x 2= 1. B rakom caydae rosopar, uro napa (1; 2) asusercs
peleHHeM CHCTeMbl HePaBeHCTB

y—x220,
y—-x=1.

--ﬁ Y100bI HANTU MHOMECTBO pelleHUA CUCTeMbl HepaBeHCTB, Hafo HaWlTu
nepeceveHNe MHOMECTB PelleHMA HePaBeHCTB, BXOQALUX B cUCTEMY.
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Pemenusa cucreMb! MOMKHO U300paxkarTh
Ha KOOPAHMHATHOM riockocT. J[yis aToro cie-
IyeT IMOCTPOUTh rpaMKA HepaBeHCTB, BXO-

||
OAINUX B CHCTEMY, U HAWUTH UX IepecedyeHue. N Ty /’?"
ITonyuennas purypa Apiagercs U300paKeHun- / ,'5“
eM MHOKeCcTBa pellleHUuHd CUCTeMBEI. : HiA Y
Iloerpoum wmzobparkeHue pelieHUN 3a- =0 | | )

r—
P

IIMCAHHOM BBINIE CUCTEMEL. \ )
I'papuxoM mepBOro HepaBeHCTBA sB- :} :] V4 ; -

JsAeTcs MHOMKECTBO TOYEK, Jiemxallux He HHU- ?

e napabonsl iy = x°. Dra GuUrypa noxkasana

Ha pucyHKe 16.1 KpacHO# TopU30HTAJIbHOMH

mrpuxosroi. I'pathurkom BTOpOro HepaseH- rpuc_15_1

CTBa SBJSETCSA IOJYILJIOCKOCTh C I'PaHUIleH

y —x =1, nokaszaHHasa Ha pucyHke 16.1 cuHell BepTUKAILHONI HITPUXOBKOIA.

durypa, nzobpakamlias pelleHHs CUCTeMbl, IOKa3aHA CMeIIaHHOW IITPH-

XOBKOI.

2
y—x* 20, .
Tak:xe rosopsaT, 4TO cUCTEeMa HEePABEHCTB 3a1aéT IOCTpPO-
y—x =1
eHHVIO QUTYDY.
0,

=
< 0, zagaér rpeyroiabHUK ABO

Hanpumep, cucremMa HEPABEHCTB - .

-x+y<1
(puc. 16.2).
x2 +y?2 <9,
x=g=0

Ha pucyHKe 16.3 KEJThIM [IBETOM.

Cucrema HepaBeHCTB 3a/laeT IMOJYKPYr, U300parkeHHbIN

FFHC. 16.2 FFH::. 16.3




Mpumep 1. Mzobpasure rpaux HepaBeHCTBA I < E
X

PewneHue.
Crnoco6 1. JlaHHOe HepaBeHCTBO PABHOCUJIBLHO COBOKYIIHOCTH JABYX CHU-

[ x >0,
xy <6,
x <0,
xy > 6.

CTEM.

Il HOCTPOEHUS MHOMKECTB pelIeHHil CUCTeM COBOKYIIHOCTH MOIKHO
BOCIIOJIL30BaThesA npumMepoMm o u3 § 15. Ha pucyake 16.4 :KEATBIM IBETOM
1300paKeH0 MHOMKECTBO pellleHMH MepBOiM CHCTeMbl, 4 CHHUM — MHOMKeCTBO
pelleHnid BTOPOM CHCTEMBEIL.

I'pachux wmcxoaHoro HepaBeHCTBA — OT0 00BeMHEHHEe MMOJYYEHHBIX
huryp.
i xy — 6
Crnoco6 2. UcxonHoe HepaBeHCTBO PABHOCHJIBHO TAKOMY: e 4 0,

X
KOTOpOe, B CBOIO Oouepelb, PABHOCUJIBLHO HepaBeHcTBY Xx(xy —6) < 0. I'padux
ypaBHeHusA x(xy —6) =0 pazbuBaeT KOOPAMHATHYIO ILTOCKOCTB X HA YeThbIpe
obnactu (puc. 16.5). [lanee ¢ moMoIbi0 NIPODHBEIX TOYEK BHISCHUTE, KAKHE U3
obsiacTeil mpuHAIJIEKAT rpadUKy HepaBeHCTBA. 3aBepIINUTe pellleHue CcaMo-
CTOSATEJbLHO. M

y*l‘ y+‘.‘
. — L i
N YTy -
R N
1+ e 1+ -
1 - | -
I - — S
-.-n-..--‘ 0 1 ._x' ---'h, 0 1 x

+
-

Puc. 16.4 rPuc. 16.5

Mpumep 2. M3obpasuTte rpaduk HepaBeHCTBA \/1 — a2 —y?(x+y) > 0.

x+y>0,

PeweHue. [JlanHoe HepaBeHCTBO PABHOCUJIBHO CHCTEME § .
1-x°—y*>0.
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I'padpurom nmepBoro HepaBeHCTBA CHUCTEMB! ABJISETCA OTKPLITAA IIOJY-
IJIOCKOCTE ¢ rpanHunei x + y = 0, nokazannaa Ha pucyHke 16.6 BepruxkansHoO
IITPUXOBKOI; rpa@MKoM BTOpPOro — BHYTpPeHHAs o00JacTh Kpyra pajguyca 1
C IIEeHTPOM B HayaJjie KOOPAWHAT.

CnenoBaTesibHO, I'pa)UKOM JAHHOTO HEPABEHCTBA SABJIAETCA OTKPBLITHIN
MONYVKPYT, DOKAa3aHHbIN Ha pucyHKe 16.6 1BOMHON NITPUXOBKOMH. M

<l

&

.
\
L
¥

By
i
R

Puc. 16.6 er:. 16.7

MNpumep 3. Ilpu Kakux BHAYEHUAX HapaMeTpa «d HepPaBeHCTBO
3 — |x — a| > 1% uMeet xoTs 6bI OJJHO OTPUILATELHOE pelleHue?
PewieHne. BanuueM faHHOe HEPABEHCTBO TaK:
[ ] % 8 =22,

LR S
IJT0 HepaBeHCTBO PABHOCHUJILBHO CHCTEMeE 5 Orcrona
5 X—a> -3+ x°.
a>x+x—3,

a<-x%+x+3.
IMonyuenHas cucTeMa JOJIKHA UMeTh XOTS ObI OJJHO OTPUIATEIbLHOE pe-
menue. [loaToMy 3afaua CBOJUTCA K TOMY, 4T0ObLI HAHTH BCe 3HAYEHUS IIapa-
{a Fxt4a-g
MeTpa ¢, IPA KOTOPLIX UMeeT pelleHHe cHcTeMa +ad < —x2 + X + 3,
l.r < 0.

Ha xoopauHATHON ILJIOCKOCTH Xd U300pasHM pelleHHd HocjiefHeill cH-
CTEMBI.

I'pathukom nepBOro HepaBeHCTBA CHUCTEMEI ABJISETCA MHOMKECTBO TOYEK,
Jesalux Bhinle napabossl @ = x2 + x — 3, rpad@UKoM BTOPOro HepaBeHCTBA —
MHOKECTBO TOYeK, Je:KalluxX HuKe napabossl a = —x? + x + 3, rpaduKoM Tpe-
Thero HepPaBeHCTBA — OTKPBITAA MOJVILIOCKOCTb, PACIIOJIOMKEHHAS CJeBa OT
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ocu opauHat. llepecedyeHue yKasaHHBIX MHOMKECTB H300paskKeHO HAa PHCYH-
Ke 16.7 KeJIThIM IIBeTOM.

CucremMa umeer pellieHrnA, eCJId TNOPHU3OHTAJBHEIE IMDAMEIE IMepeceKa-

I0T MOCTPOEHHVI0 (Qurypy. 910 nepecedeHue obecrneduBaeTcs YCIOBUEM

13

—— < a<3.
L Ja

i

OTBeT: —% <a<3.m

1. YTo HYXHO caenaTb, 4TOObI HANTU MHOXECTBO peLlleHUn CUCTEMbI Hepa-
BEHCTB?

2. Kak MOXHO Ha KOOPAWHATHOM NNOCKOCTM M300pa3uTs MHOXECTBO pe-
LWEHWUNA CUCTEMbI HEpPaBEHCTB?

= =
& YNpaXHeHVs o o uum .
16.1. M3006pasuTe Ha KOOPAMHATHON IJIOCKOCTH XIf MHOMECTBO pelleHHH
cUCTeMbl HEPaABEHCTB:
{ 2x -3y =1, 5 dx+y <0, 3 2x -y > 1,
x+2y <2 y=0; 2x —y < 2.
16.2. l1300pasuTe Ha KOOPAHUHATHOM IJIOCKOCTH XIY MHOMECTBO pelleHUMH
CUCTEeMbl HEPABEHCTB:
X +3y > 1, 2) y+3 =2 2x, 3 3x—y > 2,
x >0 2x -y = —-2; 6x -2y <1,
16.3. U300pasuTe Ha KOOPAMHATHON ILTOCKOCTH XY MHOKecTBO C = A [ B, rne:
DA={x;y) |y<-2*+1}, B={(x;y) | y = —4};
NA={(;y) | y>22—4x+3), B={(x; y) | y < 22+ dx - 5);
3)A={(x;y) | X¥*+y* > 4}, B={(x; y) | y < x%}.
16.4. I1300pasuTe Ha KOOPAMHATHON IJIOCKOCTH XIJ MHOMECTBO peLIeHUH
CUCTEeMbl HEPABEHCTB:
(x2 +y2 €9, x2 +y2 <5,
134, 2 3) 2
x? +y? = 4; xy = 2;
rIE + 2 :> 45 g-. —IE + 1,
1 i 4 Y
(x=3PF +y2 < 9; y = |x|-1.
16.5. l1306pasuTe Ha KOOPAMHATHON IJIOCKOCTU Xl MHOMECTBO pelleHUi

CUCTeMBLl HepaBEeHCTB:
2 2>1 2 4 y2 <4, 24yt =09,
1 x?+y 2) X2 +y 3) x2+y
y < —lxl; xy =0 xy < 0.
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16.6. 3anaiiTe cucTeMoil HepaBeHCTB (QUrypy, H300paKEHHYIO HA PHUCYH-

ke 16.8.
Yi
N
b
b |
b
1 g |
1 .
- -
—T0| 1 X 0 ~ X
= .
*
A
\
a r
N !}’l‘k
7~ "
1 1 \
> = 4 >
0oL x 0] 1 x
-1
\r___r/
6 4
U h Ly )
2 J.,r'”- -"'h‘
1 £ 1 b
31 ah 13
- e
-2 [0 1 |2 X \ \O| /1 | 4 |x
v 7
—2 T
B e

Puc. 16.8 (okoH4yaHue Ha c. 161)
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3

Puc. 16.8 (okoH4aHue)

16.7. BanaiiTe cucTeMOH HepaBeHCTB (QUIypy, H300paKEHHYIO HA PHUCYH-

Ke 16.9.
7y ¢ A
’
Fi

N, 1

aLs

P 1 X 0] 1 x
J, -1

ra
a (7]

Puc. 16.9 (okoH4yaHue Ha c. 162)
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Puc. 16.9 (okoH4aHue)

16.8. M306pasuTe rpa(puK HepABEHCTBA:
1) |x—y| < 2; 4) Jx-y <2
2) | x+y| s x—y; 5)@%@;
3) lx—yl| > 2x +y; 6) 2x +y > Jx -y -1.
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16.9. Uz00pasuTe rpapuK HepaBeHCTBA:
1) |2x - y| < 1; 3) lx+yl 2 x—y;

2) |2x - y| € x+ y; 4) Jx-2y-1< Jx—y.

16.10. M3obpasure rpadhuK HepaBeHCTBA:

8 6 12 12
1) x > —; 2 < -3 3 4) — > 1.
) 7 1 PSS )y = ) =
16.11. M3o00pasure rpapuK HepaBeHCTBA:
1 2 6
1 > —— 2) x € —; 3) — < 1.
) yo— ) 9 ) =
16.12. M3obpasure rpapuxk HepaBeHCTBA:
1) (x +y-1)}Jx2 + y% —1 < 0; 2) (x+y-1Jx2+y%-1>0.
16.13. M3o00pasure rpadhuk HepaBeHCTBA:!
1) J1-lxl(y — x2) > 0; 3) (y+x+2)x?+y*-2<0.

2) V1-|xl(y —x2)<0

16.14. M3o0pas3ure rpauk HepaBeHCTBA |x + y| + |x — y| < 2

16.15. M3zob6pasure rpacdux HepaBencrsa |2x —y| + |x + y| < 6.
16.16. HMzobpasure rpapuk HepaBeHCTBA:

1) |a% + y? — 4x| < 2x; 2y Va2 - \/21 +1-—y2.
16.17. 3obpasure rpacpHE HepaBeHCTBAa:

1) |x2-1] 2% - 1; 2) [x% + % - 2| < 2(x + y).
. B R

16.18. M3o00pasuTe Ha KOOPAMHATHOHN MJIOCKOCTH XY MHOXKECTBO TOYEK, KOOp-
JAUHATHEI KOTOPLIX VIOBJIETBOPAIOT YCJIOBUIO:
1) max {2x, 1} =22 + y?; 2) min {y, 2y — 1} =

16.19. M300pasuTe HA KOOPAUHATHOHN IIJIOCKOCTHU Xy MHOXKECTBO TOYEK, KOOP-
AUHATBI KOTOPLIX VAOBJIETBOPAIOT YCJIOBUIO:
1) max {&% + y? -1, 3} =a?%; 2) min {a?, |x|} =y

16.20. Haiinure Bce 3HaYeHMs IapaMeTpa ¢, IIPpH KOTOPBIX cHCTeMa Hepa-

x2+a+4x +3 <0,
BEHCTB UMeeT eJUHCTBeHHOe pelleHune.
2a—-x+220
16.21. Haiinure Bce 3HAYeHUS IapaMeTrpa «, IIPH KOTOPBLIX CHCTeMa Hepa-
—4x +a =< 0,

; HMeeT eIMHCTBEHHOE pellleHue.
¥4 24 —Bas

BEHCTH {

16.22. [Ipu KaKUX 3HAYEHHUSAX IIapaMeTpa ¢ cucTeMa
x2 —(3a+1x+2a% +2a <0,
: UMeeT pelneHusa?

x+a2=0

163



16.23. [Ipu KakMX 3HAUYEHUAX IMapaMeTpa d CHUCTeMa

x2 +(ba+2)x +4a? + 2a < 0,
l . HUMeeT pelneHus?
210 =4
16.24. IIpu kakux 3HaUYeHHIX IapaMerpa ¢ HepaBeHCTBO 2 > |x + a| + x?
HMeeT XOTA Obl OTHO MOJOKUTEIbHOE pelleHue?

16.25. IIpu kKaKux 3HAUEeHUAX IIapaMeTpa d CHCTeMa HepaBeHCTB

12x —al +|x + al <6,
MMeer:

2x2 +x—-2a > 2
1) peirenus;
2) eIUHCTBEHHOE PeIlleHHe;
3) TONBKO OTPHUIIATEILHEIE PelleHnsd;
4) TONBKO IIOJIOMKATEIbHEIE PeIIeHns;
5) TOJBKO pellleHus, YAOBJIETBOPAIOIINE YCJI0BHUIO |Xx| = 1;
6) MHOKECTBO pellleHHil, coflepKalnX He 00Jiee OJHOTO IeJI0r0 Yucja?

T
YnpaXXHeHUs AN NOBTOPEHUA gy g

5 1
ax-12 lxl-4~
16.27. Pemure ypasuernue (12x — 1)(6x — 1)(4x — 1)}(3x — 1) = 5.

16.26. Haiinure obyacTs onpejesieHus PyHKIUN Y =

5 m OcHOBHbIe MeTolbl A0oKa3aTenbCcTBa HepaBeHCTB

OueBunHO, 4yTO HepasBeHctBa a?> = 0, —a®> — 1 < 0, |a| + |b] = 0,
(a — b)* = 0 BBINONHAIOTCS NPU BCEX SHAUCHUAX GXOOSUUX 8 HUX NEPEMENHDIX.

Hepasencrso x? — 8xy + 17y? > 0 Takme BBINOJHAETCA NOPH JIOOBIX
xe Ruye R, xora aToT (hakT He HACTOJILKO O4eBHIeH. B ero cripaseinBo-
CTH cJiefyer yoeauTnhes.

B makux ciaydasix ToBOpsAT, uTO Tpebyercsa MOKa3aTh HEePaBeHCTBO
x? - 8xy + 17y% = 0.

3aMeTHM, UTO 3aJJaYyd Ha JIOKA3aTe/LCTBO HEPABEHCTE He ABJIAIOTCA N5
Bac HOBbIMHU. Tak, B mpumepax 7 u 8 us § 2 MBI (DAKTHYECKH JOKASLIBAJIA He-
paBeHCTBA.

Iokasxem HepaBeHCTBO X2 — 8xy + 17y? = 0. Umeem:

x? — 8xy + 1Ty? = x% — 8xy + 1642 + 2 = (x — 4y)* + 12

Bripaxenue (x — 4y)? + y? NpUHEMAET TOJLKO HEOTPHUIATEIbHBIE 3HA-
yenuna. CrnegoBarenbHo, npu Jwbdbix ¥ € R n y € R BepHO HepaBeHCTBO
x? - 8xy + 17Ty% = 0.
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s ,H,DEB.B&TEJ‘[LCTBH HEpaBeHCTB UCIIOJL3YIOT pasjinyHble IpueMsbl. Ha-
mpuMep, HepaseHcTBo X2 — 8xy + 17y? > 0 MBI fOKa3anu, BBIAEIUB KBajpaT
nByuaeHa. PaccMOTpHUM eIlé HeCKOJbKO MIPUEMOB /I0Ka3aTe/IbCTBA HEPABEHCTB.

MeToa pazHocTH

ITOT IPUEM COCTOUT B TOM, UTO PACCMATPHBAIOT Pa3HOCTh JIEBOW U ITpa-
BOIl yacTell HepaBeHCTBA U JOKAa3bIBAIOT, YTO 5TA Pa3HOCThL IPUHUMAET 3Haye-
HUSA NOCTOSAHHOTO 3HAKA IPU JIIODLIX 3HAYEHUAX IepeMeHHBIX, BXOISIIUX
B HEepaBeHCTBO.

Mpumep 1. Noxaxkure HepaBencTBo a2b? + a? + b? + 4 = 6ab.

PeweHune. PaccMoTpuM pasHOCTE JIEBOM M IIPABOM YacTeil HepaBeHCTBA:

a’b?+a?+ b% + 4 — 6ab = (a?b? — 4ab + 4) + (a® — 2ab + b?) = (ab — 2)® +
+ (a — b)2.

ITpu m066IX 3HAYEHUAX ¢ ¥ b 3Ta PAZHOCTh IPUHUMAET TOJLKO HEOTPHU-
IaTeJIbHbIe 3HAUEHU A, CIIeJOBATEJIBHO, TOKa3bIBAEMOE HepABEeHCTBO BepHO. W

Mpumep 2. Jorkaxure, uroeciu a > b > ¢, To

a? b2 _
— 5% ¢ >a+2b+c.

PeweHune. Umeem:

a’ +;2 (a+2b+{,)—( :ab a+b}) [i—{b-FL)]

a-b

b " 2
-b bh-i¢’
W3 yenosuss a > b > ¢ enepyer,utoa —b >0, b—c > 0u b2 + 2 2 0.
b2 2
CienoBaTesbHO, > 0, 4TO AOKA3bIBaeT JaHHOe HepaBeHCTBO. M

a-b b-c¢

MeToa ynpouieHHs HepaBeHCTEA
B pange cnyuaeB yIpollleHWe BbhIpajkeHUi, 00pasyION[UX HEPaBeHCTBO,
feJaaeT 3TO HePaABeHCTBO OYEeBHIHBIM.

Mpumep 3. [lokakuTe HEPABEHCTRBO:

11 1
——+——+...+———<1, rtnen € N.
1.2 2.3 n(n + 1) S
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IMokassiBaeMOe HepaBEHCTBO NPUHUMAaeT Bug 1 — <1 ¥ CTAHOBHUT-

n+1
cA OYeBHUIHBIM. B

MeTopg paccy:kaeHHs OT IPOTHBHOTO

Mpumep 4. Hoxamxure, uroecau a = 0, b = 0, o

1#a+\fgvxﬁb+ﬁ?\/a+\/5v\/b+\ff;.

PewweHne. HpEﬂHOJIGJHHM, HTO OOEKa3bIBaAeéMOE HepPpaBeHCTBO HEBEpHO,
T. €. CYIIeCTEVIOT TaKHMe 3Ha4YeHHUA d U b, IIpH KOTODPBLIX BEPDHO HepPaBeHCTEBO

\/a+\/5+\/b+\/ﬁ—z{xfa+\/f_f-v/b+@. Orcroza
(a+b)(b+a)<(a+~a)b++b);
axa + bJb < ab + bJa:
(a—b)(Ja-+Jb)<o.

ITocnenHee HepaBeHCTBO HEBEPHO, Tak Kak npu @ = 0 u b = 0 pasHocTH

a—bu \/’ti; — \[E IIPpHUHUMAKT 3HaAa4YeHHUA OJHMHAKOBOINO 3HAKaA WIH pPaBHBLI HYJIH).
HO.TIY‘:[EHHDE I[IPOTHEBOpeYHe O3HaYaeT, YTO MCXOIHOe HepaBeHCTBO BEpHO. W

METG}I NpUMeéHEeHHA OYeBHIHOIO HEPABEHCTEA

ITOoT HpHéM COCTOMT B cCclIelyioniemM: JaHHOE HepPaBeHCTBO IIOJAVYAalOT
B peayJjisTaTe Hp&ﬂﬁpﬁBGBaHHH OYEeBEHIHOTO HEepPaBeHCTBA a0 IIOYJIeHHOTO
CIHOeHHNA U YMHOMXeHHNA HeCKOJNBEHX OUYeBM/HEIX HEDABEHCTE.

Mpumep 5. [lokaKkuTe HEPABEHCTBO:
a® +b% +¢2 =2 ab+ be + ca.
PeweHune. QueBuHO, 4TO IIPU JNI0OBIX 3HAYEHUAX d, O U ¢ BBIIIOJHAET-
Cs TAKOe HEepPaBEeHCTBO:
(a—b2+(b-c)+(c-a)*=0.
Orcioma a2 —2ab+ 0% + b2 - 2bc+c?2 +¢%2 - 2ca+a? = 0;
a2 +b2+c2z2ab+bc+ca m

Mpumep 6. HoxkamxuTte, uroecma =20, b5 =0, ¢ =0, To
(a + b)b + c)(c + a) = 8abc.
PeweHne. i HeoTpHIATENBHBIX 3HAYEHUH «, H U ¢ BBIIOJIHSIOTCH
TAKIE TPH OYEeBHUIHBIX HEPABEHCTBA:

(Va-+B) >0,
(Vb -e) >0,
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(Ve -a) >o.

a+ b= 2Jab,
b+c > 2Jbc,

C+a = 24ca.
Tak kak o0e yacTH Kayaoro U3 3TUX HEPABEHCTB IPUHUMAKIOT HEOTpHUIla-
TeJIbHbIE 3HAUEHUA, TO MOYKHO IPUMEHHATH TEOPEMY 0 NOYJIeHHOM VMHOMKeHUH

HepaBeHCTB. Hmeem:
(a+b)(D+c)(c+a) = 8Ja2b?c?.

IMockonsky @ = 0, b 20, ¢ = 0, To Va2b?c? = abe.
ITonyuaem, uro (a + b)Y b + c)(c + a) = 8abc. m

Orcropma

Npumep 7. Hokamxure, yro Aaf Jw0beiIx 7 € N, n 2 2, BHIIIOJHAETCA
HEpPABEHCTBO:

1 + 1 +...+i>1.
n+l n+2 2n 2

PeweHune. Tax kKaxk m3 ABYX 0OBIKHOBEHHBIX Apo0eil ¢ OJMHAKOBBIMH

YUCJAUTEJIAMHU DOJIbIle Ta, y HDTDPDI"I 3HaMeHaTeJIb MeHbIIIe, TO MOMHO 3allll-
CaATh 1 OYeBHHBIX HEPDABEHCTE:

Sl
2n 2n
IIpumensas TeopeMy O MOYJIEHHOM CJIOMKEeHHUM HEpPABEHCTB, [MOJIYYUM:
1 1 1 1 1
+

+...+—>—+—+...+L.HDCHO.IELH}?
n+l n+2 2n  2n 2n 2n

R CcHaraeMbBIx

1,'110 : + L +...+l>
2n  2n 2n  2n 2 n+l n+2 2n

N claraeMbIix

b | =

MeToa npuMeHeHMA paHee NJOKA3aHHOI'O HEpABEHCTBA

Hepeako padee JokazaHHOe HEPABEHCTBO MOYHO UCIOJB30BATh AJIA NO-
KasaTeJbCcTBa JApPyroro, bojiee cio:HOro HepaseHcTBa. Hanpumep, Jerko 1o-
Kasarb (yOegurech B 9TOM caMOCTOATeNbHO), 4To a® + b? = 2ab. dro HepaBeH-
CTBO 4YaCTO MPUMeHAeTCA JJIs JOKA3aTelbCTBA APYTUX HepaBeHCTB.
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» IIpumenenue nepaBencrea a- + b= = 2ab

MNpumep 8. Nokaxure, uroecan a > 0, b >0uc >0, To

a+b b+c C+a é— 1+1
a2 +b% b+t ?+a? b ¢

PeweHwue. Umeem:

a+b i+ b 1 1
< = s
a? + b2 2ab  2b  2a
b+ - bh+c 1 1
< = o
b2 4 2 2bc 2¢  2b
cC+a cC+a 1 1
2,142  2a 2a 2°

a+b b+c C+a {1 1 1 1 1 1

Orcro - S—4—+—4—+—+—=

A a2 + b2 P2 +e2 2 ig2 20 2a 2¢ 2b 24 2¢
11,1
a b ¢’

» IIpumenenue HepaBencersa a> + b%+ ¢® = ab + be + ac

MNpumep 9. Moxaxure HepaBeHcrBo al + bt + ¢* = abc(a + b + ¢).

PeweHune. Unmeem:

at + b* + ¢* = (a?)? + (b?)? + (c®)? = a?b? + b%? + c2a? = (ab)? + (bc)? +
+ (ca)? = (ab)(bc) + (be)(ca) + (ca)(ab) = ab?c + bca + ca?b=abc(a+ b +¢). m

? Ha3oBWTe OCHOBHbLIE METOAbl A0Ka3aTeNnbCTea HEPABEHCTE.

- 0
® YnpaXHeHVA g smem

17.1. [Joxra:xkure HepaBeHCTBO:
1) (y + 5Ny — 2) = 3y — 10; 2)a(a-2) =z—
17.2. Jloxka:xuTe HepaBeHCTBO:
1) (2a - 5)? < 6a? — 20a + 25; 2) a® + 4 > 4a.
17.3. [loka:xkuTe HepaBeHCTRO:
1) 2a® — 8a + 16 > 0; 4) 9x% — 6xy + 5y% = 0;
2) 4b* + 4b + 3 > 0; 5) a(a — 3) > 5(a — 4).
3) a® + ab + b? = 0;
17.4. [loxa:xuTe HepaBeHCTBO:
1) 28a — 32 < Ta? - 4;
2) 16x2 — 8xy + 2¢% = 0;
3)3(b—-1)< b(b+1).

168



17.5. [lokamxure, yTo:
1) ecin a 2 6, To a® - 6a*+a -6 = 0;
2) ecnu a = b, To ab (b - a)*é; a® — b3.

17.6. [Tokaxure, uro ecnu x = 4, 10 x° — 4x2 + 2x - 8 = 0.
2
17.7. [loxka:xkuTe HepaBeHCTBO & 1.
a¥ i1 2

17.8.
17.9. loxaxure, uto eciu a < b < ¢, 10 a < % < C.
17.10. [loxa:xuTe HEpaAaBEeHCTBO:

1) @a® + b% + 6a — 4b + 13 = 0; 4) a?b? + a® + b2 + 1 = 4ab;

2) x% - 2x +y* + 10y + 28 > 0; 5) 2a% + b%2 + ¢% = 2a (b + ©).

a2+ +c2+122 4(a+ b + ¢);
17.11. [loka:xkuTe HepaBeHCTBO:
1) a? + b? — 16a + 14b + 114 > 0;
2) 2+ y?+ 10 = 6x - 2y;
3)c?+5d?*+4cd—4d+4 =20
) at+b?+c2z22(a+b+c)-
17.12. Joxaxkure, uro ecau a € [0; 1], To a = a?.
17.13. [loxaxxure, uroecau a = 0u b 2 0, ro a® + b® = a?b + b?a.
17.14. [[oxa:xure Hepasencrso a* + b* =2 a®b + bia.
‘I? 15. [lokaxkure, 4To:

a a+k
ecimu0<a<b, k>0, Tr::ull oy
E}H“i—k
2)ecnma=b>0,kF>0, yT0 5 Z g

® ¢ |
17.16. [Joxaxure, 4To IpU NI00BIX 3HAYEHUAX X, Iy U Z XOTs OBl OHO U3 BHI-
pamenuit x2 + 2xy + 22, y? + 2yz + x?%, 2% + 2zx + y? upuHUMAaET HEOTPH-
natTejbHble 3HAYEHUA.
17.17. [lokaxure, 4TO:
l)eecrnx<luy<l,roxy+1=2x+y;
2)ecnux=z1uy =1, Toxy+12x+y.
17.18. [loramure, 4TO:

2 3
1}%}:2{1—5, rae b > 0; 2);;—2}33{:—25, rmea >0,b > 0.
IE-FQE X+

. FF:_‘E_. a
2

o+ yz 2

17.19. [oxasxure, yro eciu x > Q0 u yy > 0, To

n+1

17.20. [Joxaskure HepaBencrso "' +b"*1 =2 a"b + b"a, tne n — HeuéTHOE

G
HATYVPaJbHOE YHCJIIO.
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n+1

17.21. [lns a > 0, b > 0 gorakuTe HepaBeHCTBO d + b1 = a"b + b"a, rne

1 — YeTHOoe HaTypaJjJdbHOE YHUCJIO.

3 t
€l ?
17.22. [lokaxure, uTo npu b > (0 BLIIOJHAETCS HEPABEHCTBO P 2 — 5
a“ + b
17.23. Jlokaxure, uro nupu a > 0 u b > 0 BbINOJHAETCS HEPaBEHCTBO
a b <2

o = 2
b+2a a+2b "8

2 2 2
17.24. [loxkaxure, uro ecnu x > 0, y > 0, To '5"_ + b* > (a+b)

X i X+ Y )
17.25. U3sBectHo, utTo x € [0; 1] u i € [0; 1]. Hokaxkure, 4ro
1 1 2
_|_

< .
14 2* 1+y3 1+ xy

17.26. [Tokakure HepaBeHcTBo a° + a® —4a* +a?+1 = 0.
17.27. Jokaxure HepaBeHCTBO X5 + x% — 23 + x2 +1 > 0.
17.28. [loxkaxure, uroecan a =0, b =20,c=20ud = 0, ro

Ja+c)(b+d) > Jab + Jed.

17.29. J[lokaxure, 4TO OpH JIO0LIX 1 € N BBIIOJHAETCA HEPABEHCTBO!

1]2J_—2Jn—13}5:; 2)24n+1—2JE<:%?

17.30. Joxaskure, uroecin a > 0, b > 0, ¢ > 0, o

1 1 1 1 1 1 3
—+=+=> + + > .
a b ¢ a+b b+c c+a a+b+c
17.31. Joxkaxkure, uroecau x € [0; 1lu y € [0; 1], To b e B E
il [0; 1] u y € [0; 1] TR pr
a b a+b

17.32. [lokaxxure, uro eciu @ > 0u b > 0, 1o

1+a+1+b l+a+b’

17.33. Joxaxkure, uroecaun a > 0, b > 0uc > 0, To & b i ., []
a+b b+c c+a

i b g ¢
a+b b+c c+a

17.34. [loxaxkure, uroecana > 0, b >0, ¢ > 0, To % 2

17.35. JTokakure HepaBeHcTBo at + bt + ¢t + d* = 4abcd.

17.36. [loka:xkure HepaseHcerso (ab? + 36)(4a* + 9b*) = 144a*bH?.

17.37. [oxaxkure, uroecan a = 0u b 2 0, ro a(l + b?) + b(1 + a?) = 4ab.
17.38. [loxkasure Hepasencrso x* + 4y* + 5 = 8xy.

17.39. [lokaxkure, uto ecau i = 0, To x* + 4% + yy + 222 + 1 = Bay.

17.40. [lokaxure, uro ecsim b > 0, o a*+ b3 + b + 1 = 4ab.

17.41. [Jokasxure HepaBeHerBo @’ + b2 +1 2 ab+ b + a.
17.42. [loxka:kure HepaBeHcTso 4a’ + b2 + 1 = 2ab + 2a + b.
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17.43. [loxa:xkure, uro ecin a > 0, b } Ouc>0,T0

111 1
~+7

1
4 .
a w‘ab Vhe  Aea

17.44. [loxkaxure, uroeciua =0, b =20, ¢ =0, To

a+b+c=ab +be + Jea.

¢ ¢ ¢
b

2 2 2

£l (B () C

i L JeiEd ; e ) =
17.45. [lokaskure HEPABEHCTBO (b} + ( . ) + [ a) . + 7 + -

4 At =t :
17.46. [loka:xkure HepaBeHCTBO [E) +(E] +(5) Sy b okt

b ¢ (i b ¢ a

17.47. Joxasxure, yroecina > 0, b >0, ¢ > 0, o b—{+%+u—?,€a+&+t
17.48. UssecrtHo, uTo a? + b? + ¢? = 1. [lokamure, 410
(-0 +(b-0)2+(c—a)<3.
17.49. [loxkaskure, 4TO NpHU JOOBIX 3HAYEHUAX d, b U ¢ XoTs GBI OJJHO U3 Hepa-
BeHCTB d — b2 < i, bh-i¢c? < i, c—a® < i BEepHO.

17.50. [Toxaskure, 4TO IIPH JIOOBIX MOJOKUTEIBHBIX 3HAYEHUAX ¢, b U ¢ X0oT4

Obl ofHO U3 HepaBeHCTB a(l —b) < i, b(l-c¢) < i, c(l—a)< % BEPHO.

17.51. [oraxure, uro eciu x > 0 my > 0, To 4‘1- ok 4;; 5 < 1.
Xt +y /R XY

17.52. [lokaxxure, uro eciu x > 0, y > 0,z > 0, To
52 2 22
+ — -

=1.

22t 2yz y2 +2xz 2%+ 2xy

17.53. Hoxaskure, uroecim a > 0,5 >0, ¢ > 0 n %+%+%: 1, To
a__ b L 1
a2+bh b2+4c?  2ig: 27
17.54. HUsBecrro,utoa > 0, b >0, c>0uab+ bc+ac =z a+ b+ c. Jokamu-

Te, uTo @ + b + ¢ = 3.
17.55. Ussectuo, utoa > 0, b > 0u ab = a + b. Noraxure, utoa + b =
17.56. [okaskure, uro ecim x € [0; 1lumy € [0; 1], ro (x +y + 1)% = 4(a% + yE).

1 1
.57. < A
17.57. Jloxka:xkuTe HePpaBEHCTBO it T Shid 2, Tnene N
i

17.58. Jloxaxkure, uroecsin x > 0,y > 0,z2>0mayz=1, 1o
xy? . yz? i s

. = 1.
x¥+2 y¥3+2 2342
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17.59. [loka:kure HepaBeHCTBO a° + b2 + c2 + d* + e =Z (a + b + ¢ + d)e.

17.60. [lorka:xkure HepaBeHCTBO 2% + 3% o T <1, rnen € N.

(n + 1)
1 3 5 2n -1 1
17.61. [loka:x1Te HEPABEHCTBO — : — « — - < ,rmen € N.
A P 2'4'6 TR e
1 3 5 2n-1 1 1
17.62. [loxa:kure HepaBeHCTBO —:—:— - > , rne ne —N,
2 46 2n " an 2Jn

n>1.
17.63. [lokaxure HepaBeHCTBO

| 1 1 }\,"2n+1—1

+ + o+ , rne n e N.
\/1_+\/§ \){§+\/q \/2?1—14-\/2?? 2
1 1 1 2n
17.64. [loxa:xuTe HepaBeHCTBO + + ...+ < ;
\E+\/§ \/E-F—\/Z \#2n—1+\/ﬁ 2
rne n € N.
.

YnpamHeHUA ANA NOBTOPEHUA g g

17.65. Pemure ypasHenue (¥2 —x + 1) — 10x%(x2 —x + 1)2 4+ 9x* = 0.
17.66. HaiinuTe BCce 3HaAUeHHA IapaMeTpa ¢, IPH KOTOPBLIX CYMMAa KOpHeH
ypaBHeHusa X2 — (a? —ba)x +Ha —1 =0 pasua —6.

g HepaBeHcTBa Mexay cpegHUMM BennivHaMm.
o HepaBeHcTBO KOLun — byHAKOBCKOro

3HaueHUs BbIPAKEHUN ”l“z ;ba ; B ; b . Jab, 5 2 [ HASBIBAIOT COOT-
a'b
BETCTEEHHO CPeJHHM KBaJPATHYHBIM, CPeIHHM apH(MPMeTHUYECKHM, CPeJIHHM
reoMeTPHYeCKHM, CPeJIHHM rapMOHHUYECKHM yuces a u b,
ITH BeJIMYMHEI HA3LIBAIOT CPeHUMMU, Tak Kak npu 0 < g < b ux suaue-
HUA MPUHALIEHKAT IPOMEeXKYTRY [a; b], T. €. BRINOJHAIOTCA HEPABEHCTBA:

2 2 '
G|t op Bty e fED b ic—2 &b
2 2 1 1
_+_
a b

I[{}HEH{{HTE ITH HepaBeHCTEBa CaAMOCTOATENBRHO.
CBa3b MeX IV CPDEIHMMH BeJIMYMHAMM BRIpAMAT TaKHMe TPDH TeOpeMBI.
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sugd Teopema 18.1
Npw noGbix 3HaveHunx a v b BbinonHAeTca HepaBeHCTBO

az+b%? _a+b
V2 C 2 (1)

[lokasaTenbCcrBo
Hmeem:
a’+ b? = 2ab;
2a? + 2b% = 2ab + a2 + b?;
2a? + 2b% = (a + b)%;
a? + b2 S (@a+b)y?

k)

2 4
la? + b2 > ||(a+f.:-}2;
2 4
la? + b2 }|a+b|-
2 a
2, 2
ITockonsky |a + b| = a + b, To */H ;h ;}a;b'.

3aMeTHM, 4TO B HepaBeHcTBe (1) paBeHCTBO JOCTHraeTCsa TOrAa U TOJb-
Ko Torna, korna a = b u a = 0. [Jokamure sTOT (haKT CAMOCTOATEJBHO.

sagy Teopema 18.2
(HepaBeHcTBO KOwwW ons gByx Yymcen)
Npu no6bIX HeoTpULaTenbHbIX 3HauyeHMAX d u b BbinonHserca Hepa-
BEeHCTBO

“;b:aﬁ. (2)

[lokaszaTeneCcrBoO
PacemoTrpuM pasHOCTE JIeBOM M IIPpaBOH YacTell HepaBeHCTBA:

9
a+b s a+b-2Jab (Ja-b)
—ab = = :
2 2 2

IIpu m06BIX HEOTPUIATEILHBIX 3HAYEHHUAX ¢ U b 3Ta pasHOCThL IPUHU-
MaeT HeOTpHIaATeJIbHEIE 3HaAYeHHA. CJIE,H.DBETEJILHD, JOKa3bIBEaeMOe HepaBeH-
CTBO BEpHO. ®

3aMeTHM, YTO B HepaBeHCTBe (2) paBeHCTBO JOCTHIraeTcsa TOrga U TOJIb-
Ko Torga, korna a = b u a = 0. Jlokamure aToT GaKT CAMOCTOATEJBHO.
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magy Cnepcremve

1
Ecnma > 0, To H+E}32.
NlokasaTenbCcrBO

i |
K nmono:xuTeIbHBIM YHCIAM d U — OpuMeHMM HEPDABEHCTBO Komn:
el
1

5 =z . Ja-—=1. Orcioga a+—=2. m
il

4

1
SEMETHM, YTO B HepaBeHCTBe d + — =2 PaBeHCTBO JOCTHUraeTCcHa Torjga
€l

1 TOJIBKO TOorna, korga a = —. C yuérom Toro, uro a > 0, monyuaem a = 1.
a

IIpu penrenuu menoro pAnxa 3aja4d B NpeAblayineM maparpade, a Tak-
;Ke IIpu JoKasarTeinbcTBe Teopembl 18.1 MBI HCIONL30BAJM HEPABEHCTBO
a? + b? = 2ab. dro HepaBeHCTBO TaKikKe MOMKHO paccMaTpPUBATL Kak ciel-

creue u3 HepaBeHcTBa Komu. JleiicrBurensHo, nockoabky a2 = 0 u b? = 0,
TO MOJKHO 3aMHCATh:

2 . 2
% > Ja2bh?. Orciona a? + b? > 2Ja?b® = 2|ab| > 2ab.

ss®p Teopema 18.3
Ecnm ab > 0, 1o

Jab

W
+ |

| -

(3)

|

[lokazarensCcrBo

Eermma<0ub<0,To

2
: <0 u vJab > 0. B sroMm ciayuae JOKa3LIBA-
e e

a b
eMO€ HePABEHCTBO CTAHOBUTCSA OYEBHHEIM.

IIyerb a > 0u b > 0. Ilpumenum HepaBeHeTBo Kollin K MO0 U TEIbHBIM
1 1
qHCJIAM — H — &
a b

a b~ 11 1

2 “Na b Jup~

Tak Kak obe yacTu aToro HepaseHcTBa npu @ > 0 u b > 0 npuHUMAIOT
OJOMKUTeNbHBIe 3HAYEHUA, TO CIIPABeIJIUBO TAKOE HePABEHCTBO:

“ ém.n

1
=+
il

callla

174



SaMeTHUM, YTO B HepaBeHCTBe (3) paBeHCTBO HOCTHUTraeTcA TOrMa U TOJIb-
Ko Torna, korna a = b u a > 0. JJokaxuTe sTOT (PaKT CAMOCTOATEJBHO.

Teopemsl 18.1-18.3 1m03B0OAAIOT ¢cleJiaTh BLIBOJ, yronpu a > 0u b > 0
CIIpaBeJINBa TaKad [ell0YKa HepaBeHCTB:

[2 2 :
a* + b ;ﬂ'-l'-e{!; b 2
2 2 | [ |
a

ITponnniocrpupyem npumenesne reopem 18.1-18.3 Ha npuMepax.

W

Mpumep 1. [JokaKuTe HePABEHCTBO \/IE +1-y)? + \/{1 —x)% +y? =42

PeweHne. Bocronb3oBaBiinchk HepaBeHCTBOM (1), MOKHO 3aIlUCaTh:

2 P - o
\/I2+(1_y}2:\/§1\/r +{; Y) ;ﬁ%llf';

— 2 2 &
\/(1_1.)%9,2:\@1\/{1 J1?2+y ;ﬁ,lu&%_

HpHMEHHE TeopeMy O IIOYWJIEHHOM CJOdeHHH HepaBeHCTEB, NOJIYy4YaeM.

AP +JT-a7 g > VB[ L L)

Mpumep 2. JoxaxuTe, 9Toecau a > 0u b > 0, To (c;.' + %](b + lj = 4,
[/}

PewweHune. HPHMEHHH HepaBeHCTBO ECIIT_[H, MOMHO 3allMcaThb.
1

m+l I
f}}\/f_? ﬂ}\/f_jl
2 b’ 2 €

Orciona PR = hb+l>2 E
b b a a

IIpuMeHHUB TeopeMy O IOYJIEHHOM VMHOXKEHHH HEPABEHCTB, HOJYYaEeM:
o+ )54l 24\E-\E:4. .
b a b Na

NMpumep 3. Haligure HambGoiablllee 3HAYeHHMEe BhIpaskeHus ab, ecian
usBecTHo, uro a > 0, b > 0u 2a + b = 3.

PeweHune. Umeewm: % = 2”; b J2ab. Orcropa 2ab < %; ab < g
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HOCJIE,H,HE.‘E HeEPABEHCTBO EIJ_IE-' He IMO3BOJAET cIellaTh BBIBOL, YTO Hal-
9
DoJiblilee 3HAUEHUE BeIpaxKeHHnHd ab PaBHO g " HEDGKD,E[HMD TaK¥e NoOKa3daTh,

YTO CYHIeCTBYIOT TaKHe 3HAa4YeHHWHA d 1 f}, INpH KOTOPEIX ab = g

B zanucanuaoM HepaBEeHCTEe Kommnm JJIA HHUcen 2au b PaBeHCTBO NOCTH-
raerTcd ToInsbKO TOr'oDa, KOorga Ba=Db, TEIIE.‘[JI:- HY#HEBIE 3HAYEHHWA d U b MoxkHO

HAITU, PELIUB CHCTEMY
2a = b,
2a+b=3.
Orciona a—ﬁ b—E
4’ 2"
CrnenoBaTenbHO, Haubo/bllee 3HaUeHUe BeIpaKeHus b paBHO — . W

Npumep 4. Usgectro, uto a > 0, b > 0, ¢ > 0. JlokaxKuTe HepaBeHCTBO

a_ . b N 3
b+e c¢+a a+b 2
PeweHwne. Beeném obosznauenus: b+ c=2x, c+a=2y, a+ b = 2z.

Orciopaa+b+c=x+y+z,a=y+z—-x,b=x+z—-y,c=x+y-=z.

b ¢ y+2Z-X X+z2-Yy X+y-z
Ameem: —— + - = : 2% g 4 : -
M bvc c+a a+b 2x 2y 2z
=1[£+£—1+i+5—1+‘—r+£—1]:
2\ x - 2 ¥y oy z  Z
:1 i_|_£ _|_1 E_|_£ +1(1+£)_§;
2ly «x 2lz y 2\ z «x 2
1 1 1 3 3 3
-2 Rk, WSS T N N
2 2 2 2 2 2
;1,;2';3"‘—flul+l+1=E
x y z 2

Mpumep 5. Moraxure, uro ecnu x = 1, y

TO x#x—1+\/y—1+\/z—lé3.
2 2ab

PeweHwne. SanuiieM HepaBeHCTBO (3) B TaKOM BHIe: +abh = =
2(x-1)-1 2x-2 _2_2

Hmeem: Vx-1=,J(x-1)-1 =
\/ \/( ) x-1+1 X x
Paccy:xgasg aHAJIOTHUYHO, IIOJIVYAEM, UTO
y-1>2-2
Y

2

'\,I'E—]_;g—z.
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Torna \/I—1+Jy—1+\/z—1}6—{E+E+E]=ﬁ—2-§=3. |

X y z 2
B panbHelimeM HaM HMOHAAOOMTCA cledVIONIAa JeMMA.

ey Jflemma
Ecnu kBagpatHbiin Tpéxunen ax® + bx + ¢, rae a > 0, npn Bcex 3Ha4eHn-
AX X NPUHUMaeT HeoTpUUaTenbHbIe 3HA4YeHUn, TO ero guckpummHaHt D
HenonoXuTeneH.

Bocnones3oBaBumucs TabInIel Ha C. 81, JOKaXHUTe 9TV JeMMYy CaMOCTO-
ATeJbHO.

OriocreH Jlyn Kowu (1789-1857)

Bolpatowmmnca dpaHuy3ckuid matematuk. Onybnukosan
bonee 800 pabot B 0obnactn apupmeTUkn, TeEOpUKM Yucen,
anrebpbl, MaTtemMaTuyeckoro aHanusa, auddepeHuuans-
HbIX YpaBHEHWN, TeOpeTU4eckonm u HebecHoW MexaHuKM,
MaTemaTuyeckon Gusnku. 3aHumanca Takxe nccnegosa-
HUSMKU B obnactu TPUroHOMETpUWM, TEOPUWU YNPYrocTH,
ONTUKK, aCTPOHOMMU. Bbin YneHom MapUKCKOM akagemum
Hayk, JIoHQOHCKOro KOponeeckoro obuiectea WM MoYTM
BCEX aKaJeMui HaykK mupa.

Buktop Aikosnesu4 ByHsakoBckui (1804—1889)

BbipatolwMmMca oTevyecTBeHHbIM MmatemaTuk XIX B. B Teue-
HWe MHorux net boin BUUe-npesngeHTom MeTepbyprckon
aKagemMuu Hayk.

sug)p Teopema 18.4
(HepaBeHcTBO KOwKM — ByHSAKOBCKOTO)

Npu no6GbIX 3HaueHusx a,, d,, ... a4, b, b, ..., b, BeInonuneTca HepaBeH-

creo (@b, +ah, +...+ab, ) <(a2 + a2 +...+ a2)(b? + b2 +...+ B2).
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LOKa3aTeneCcTBo
Ecmm a, =a,= .. =a, =0, To JoKa3bIBaeMO€e HEPABEHCTBO OYEBH/IHO.
PaccmoTpuM caydail, Korja XoTs Obl OJHO M3 Yucell d,, d , 4, He PaB-
Ho 0.
IIpu n060M 3HAYEHNH IIePEeMEeHHOH X BBIIOJHAETCS HEPABEHCTBO
2 2 2
(ax-bYy+(@x-56)y+..+l@ex—b6)y 0.
9TO HEPABEHCTBO MOMKHO IPUBECTH K TAKOMY BHUIY:
2, .2 2)..2 _ L R e 2
(“1 +a2 +..i+ 02 )Jr: 2(&1191 +aby +uoe H”E'}H)A +b2 + b2 +...+b220.

E!

JleBasa wacTh nocjiefHero HepaBeHCTBA — 5TO KBaJpaTHBIA TpEXdJieH
C MOJOKHTEJbHBIM CTAPIINM Koa(h@dHIHeHTOM. ITOT KBaAPATHBLIA TPEXdJjeH
IPHHUMAET HEOTpPHUIlATEeJIbHbIe 3HAYEHHA MPH JIOOBIX 3HAYEHUAX IepeMeH-
Hoii x. Torga cornacHo JeMMe ero JHCKPHUMUHAHT [) HeIloJIoKHTeleH.
Nmeem:

D=4(fslbl+azbz+...+u!:) ~4(@ +a+...+a2)(b2 + B2 +...+ B2).

nH
Tak kaxk D < 0, To

i (2 o K2 2

(albl +ayb, + ot anb”) (a +a; an)[bl + B2 oot bﬂ]. =
Ecmm a, =a,= ... =a, =0, To paBeHcTBO B HepaBeHcTBe Komu — Bynsa-

KOBCKOT'O JIOCTUraeTcs NnpH Jio6six sHavenusax b, b,, ..., b .

PaccmoTpum cayuaii, korjga XoTs Obl OOHO U3 YUCeN a4, a
Ho 0.

IToka:xkeM, 4TO B 9TOM cJydae B HepaBeHCcTBe Komu — ByHAKOBCKOrOo
PABEeHCTBO JOCTHUTAEeTCA TOrJA M TOJBKO TOrNA, KOTda CYILIeCTBYeT TAKOe UHC-
70 R, 4TO BBIMOJHAKTCA PaBeHCTBA

b,=ka,, b,=rka,, .., b, =ka,. (4)

Jlerko mokasars (caenaiiTe 3TO CAMOCTOATEIBHO), YTO €CIH BBIIIOJIHAET-
csa yeaosue (4), To HepaBeHeTBo Komn — ByHAKOBCKOro mpespaliaercs B pa-
BEHCTBO.

Hoxraxxkem obpaTHOe },rTBepHmEHHe. IIycrs

2, .8 2\(h2 1 h2 2
(ab +a,b, +...+ab ) (HI + az +'“+ﬂn)(b1 + b? +...+b”).
ITO 03HAYAET, YTO KBAJpPATHOE YpaBHEeHUE
2 .2 L2\ a2 L Y s B2 4 B2 2 _
("'1 +az +..+a )I Z(albl +ah, +...+ aubﬁ).t + B2+ b2 +...+ b2 =

9 ---y @, HE PAB-

uMeeT eAUHCTBeHHBIN KopeHb. IIyeTh aToT KopeHb paBen k. Torma umcio A
ABNAETCA KOpHEM VPABHEeHHS
2 2 : 2 _
(3 =0) Flam =Y+ «Floax=bsy=9
CieoBaTeIbHO, BLIIOJHAIOTCA PaBeHCTBA
ak=b,a,k=0b,, ..,ak==0,.
O HepaBeHCTEBE
2 2 2
(aby + @by, +..vab,) <(a+a2+...+a2)(b2 +b2+...+b2)

nn
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OynmeM TOBOPHUTH, 4YTO HepaBeHCTBO Romm — DByHAKOBCKOro INpHMeHEHO K
nabopam uucen (a; a,; ...; a ) u (b; by .5 b).

Mpumep 6. [lokaxuTe HEPaBEHCTBO

2 ;
(al + 8y + oo +an) %n(af + a2 i+ af)
PeweHue. ITpumensada nepasencTso Komu — ByHsakoBcKoro K Habopam
anucel (a,; d,; ...; a,) u (15 1; ...; 1), sanumem:
(@;*1+a,*1+..+a, 1)*<

i(af+a§+...+a§)(12+12+...+12)=n(a]2+a§+...+az).

s
h caaraeMhbix

2
9, .2 5
Orciona (al +a, +...+an) én(al +a; +...+a”). =

W3 noxazaHHOTO HepaBeHCTBa MOMHO IIOJIVHHTE TaKOe HeEPaBeHCTBO.

H

2 4.t 2
\/ﬂl + (4'2 45 T Hﬂ < {fl +H2 I it a
=
H H

Bripasxkenus, 3anuMcaHHBIE B JIEBOM M IIPABOH YacTAX 3TOr0 HepaBeH-

CTBA, HA3BIBAIOT COOTBETCTBEHHO CPeJHHM KBAJpPaTHUYHBIM U CpegHHM apud-

MeTHYeCKHM YHcel d,, d,, ..., d . OT0 HePaBeHCTBO ABJsAeTcs 00001eHneM He-
paBeHcTsa (1).

nDHMED j 2 ,[[.TIH OO HUTeJBEHEBIX YHCeI A, buc JOKa¥HUTe HepaBeH-

CTBO

(a3+b3+t,3)[ +;+:];(a+b+{:)2.

1 1 1
PeweHune. K nabopam uucen | ava; bv@; cJe ) u { . v ) npUME-
( ) Ja b e
HUM HepaBeHcTBOo Kommn — ByHsaKoBCKOro:

i o (3] (5T () o848

1] (a+b+c). m

1

Orciopa (a® + b3 + LS)( #i

Mpumep 8. Pemure ypasuenue v3x +vx2 —3x+1 =2|x —1].

PewleHune. BamnuueM jIeByI10 YACTh YPABHEHHU S TaK:
J3-Jr+13x® —3x +1.

K mabopam umcen (v"_ ) (J? Jx? - 8x + 1] NPUMEHUM HepaBeH-
crBo Koum — ByHsKoBCKOro:
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(V8- +1-vaZ -3z +1) <((v8) +12)((Vx) + V2 —3x+1)’).
Orciona (JB’—T +Jx2 - 38x +1)2 < 4(x2 -2x +1);
‘J3:1:+~sz —3.r+1‘ﬁ~2 Bla=1]z

B3x +Vx2-3x+1<2|x-1|.
B sToM HepaBeHCTBe PABEHCTBO AOCTHIAeTCH TOTHA U TOJIBKO TOTJA, KOr-

14 CYLIeCTBYET TAKOe YUCJIo R, 4To

V3 = kix, N R ro T
1=FkJx2-38x+1, V3 1
HOJI}"-{EHHGE YpaBHeHHMe PAaBHOCHJIBHO MCXOIHOMY.

£ = 2 s -2 — = X = 3’
Viseen: 1 3 = x?-3x+1 [3x°-10x+3=0,
¥ > U_ X = U’, b i

-
=

OTBeT: 3; % |

? 1. 3HauYeH1A Kakunx Ebipﬂ}KEHHﬁ HA3bIBAKOT CPEOHMM KBapPaTU4YHbBIM, Cpef-

\ 4

HUM aprUpMeTU4ecKum, cpeaHUM reomeTpuyeckmum, cpegHUM rapMoHu-
YeCKUM [BYX MONOXWUTENbHbIX Ynucen a n H?

2. Kakue HepaBeHCTBa BblpaXatoT CBA3b MeXay cpefHMMWN BennvynHamm?

3. 3anuwuTte HepaBeHcTBo Kown — ByHakosckoro ans Habopos uncen (a,;
flor veri B MDBy7 i),

4. Mpwn kakux ycnoeusix B HepaseHcree Kowwu — byHAKOBCKOro gocruraer-
CA paBeHCTBO?

- o
YnpaXXHeHVs o, o uem

18.1. Jl1s mONOMUTENLHBIX YHCe) a U b JoKauTe HepaBeHCTBO

a , 2565

eru 2

18.2. [Ina monouTeNbHBIX YUCEJI X U I JOKaKHUTe HEPABeHCTBO

E_}i;g'

y 27x 3

18.3. Jlokaxure HepaseHncTBO (X + y)(xyy + 16) = 16xy, rne x =2 0, y =2 0.

1
a b

18.4. Jlokaxkure, uro ecniu a > 0u b > 0, To (a + .‘b)(1 + —J = 4,

18.5. Tokaxure, uro eciu a = 0 u b = 0, 1o (a® + b)(b? + a) = 4a?b?.

180



18.6. Jlokaxure, uroecnun a > 0, b > 0, ¢ > 0, To

(az +L](b2 +iJ({, +LJ = 8.
be ca ab

18.7. llokamxure, uro eciu x = 0, y =2 0, To (x + 1)(y7 + 1)y + 1) = Bxy.

2
a“ +4 :
18.8. [lokamuTe HepaBeHCTBO 5 2 \a® + 3.

2
x“+6 :
18.9. JloxaxuTe HepaBeHCTBO > a2+ 2
az + 2
18.10. [loka:xkuTe HepaBeHCTBO 5 = 2.
as +1

18.11. IIpu a > 0 gokaKHTe HEPABEHCTBO 2({.{ + %] +a? = 4a.

=5

18.12. [lokaskuTe HepaBEHCTBO X2 + 5
x4 +1
18.13. [loka:xure HepaBeHcTBO a° + b2 + 21 + 21 >1,
ac+2 bc+1
18.14. UssectHo, uTo a® + b? =1, ¢ + d? = 1. Jokaxure, uro |ac + bd

|
18.15. UseectHo, uto a? + h? =1, c? + d? = 1. Jokaxure, uro |ac — bd|

<1
= |

18.16. [lokaxkure mepaBercrso v1+a? -1+ b% = |1+ ab.

18.17. [lano: a? + b® + ¢ =1, x% + y® + 2% = 1. Jlokamure, 4TO
-1<ax+by+cz< 1.

18.18. [lano: a®> + b?> + ¢ =1, x? + y? + 22 = 3. Jlokaxkure, 4TO

—J3 < ax + by +cz < /3.
® ¢

18.19. IlepemeHnHEIe X U Iy IPUHUMAIOT [I0JIOKUTEJILHBIE 3HAYEHU S, H UX IIPO-
usBefleHue MocTostHHO. [lokamuTe, 4TO UX cyMMa OyaeT HauMeHbIIeH
TOTa M TOJLKO TOrHAa, KOTAA 5TH YUCJIA PABHEI.

18.20. IlepemeHnHSBIe X U i IPUHUMAIOT ITOJIOKUTEbHBIE 3HAYEHUA, U UX CYM-
Ma nocrogHHa. JlokamuTe, YTO UX IPOH3BeJeHHEe OyIeT HaubOIbIITHM
TOrga U TOJBKO TOr[a, KOrja 9TW YMcjia paBHbI.

18.21. UsBecTHO, uTo X > 0 m xy = 12. Halinure HauMeHbIIlee 3HAYEHHUE BbI-
pakeHus X + 3y.

18.22. Haiijure HauMeHbIIee 3HAYeHUe BhIpaskeHus ba + 2b, ecau a > 0
u ab = 10.

18.23. Haitgure nHaunboJsblliee 3HaYeHUE BbIpaKeHUsa xy, ecau x > 0, y > 0
ux+ 3y = 6.

18.24. HM3zBectuo, utroa > 0, b > 0 u 3a + 4b = 24. Halinure vanbonbllee 3Ha-
yeHHe BhIpaMeHus: ab,

o 16
18.25. Haiiqure HauMeHbIIee 3HAYEHHEe BhIpaxeHus x2 + .
X
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18.26. MaBsecTHo, uTo X > (. Hajliiure HauMeHblIee 3HAUEHHE BLIPAMKEHHA
12 +10x + 16
X )

18.27. Haiinure Hanboabllee sHaUYeHHE BRIpAKeHU 5 _g 1 ecau x > 0.
xXe +

18.28. Haiinure Hanboablee 3HaAUEHHE BRIpAKeHU 5 :
4x° +3x +1

18.29. UssecrHo, 4TO a4, > 0, a, > o, ..., a, > 0, a,a
HEepaBeHCTBO

o - @, = 1. Jlokaxure

(1+a)l+a,)..(1+a)>2n

18.30. Toxkaxxure, uro eciu a > 0, b > 0, ¢ > 0, 1o b+e . ';-ﬂ 5 B b = 6.
€l ] C

18.31. [Joxkamure, uroecan a > 0, b > 0,¢ > 0,d > 0, To %+g+;—:+;—f} 4.

18.32. 1114 HOJOMKUTEILHBIX YHCeJ d U b JoKaKHTe HepaBeHCTBO
2 2
a?+1 b*+1
+ = 4.
b a
18.33. /115 H0oJ0KHUTENBHBIX YHCeJ d U b JoKaKuTe HepaBeHCTBO
(a+1)% (b+1)>? 2

b T+ = = 8.

18.34. MassectHo, uto a € [0; 1], b e [0; 1], a+ b =

. Jloka:KkuTe HepaBeH-

B | =

crBo /(1 -a)(1-b) < %

18.35. HassectHo, uTo |a| <1 u |b| < 1. [lokamure HepaBeHCTBO
ab+ (1 —-a?)(1-b2) < 1.

18.36. UssectHo, uTo a + b = 1. [Joraxkure, uro a + b? = =,

Ba | =

18.37. MaBecTHO, uTO @ + b = 2. [lokaxure, uro a* + b* = 2.

18.38. [loxa:kure, uto ecau a* + b* =2, to |a + b| < 2.

18.39. MssectHo,utroa > 0,5 >0,c>0ua+ b+ c=1. [loka:xure HepaBeH-
be ca 1

ab
CTBO -+ - < —.
a+b b+ c¢+a 2

18.40. [Toxaxkure, 4TO ‘aﬂl — b2 + byl — a? ‘ <1.

18.41. [lokaskure, uto ecniu x +yy + z=1, o x? + y? + 22 =

Co | =

18.42. UsBecTHO, 4TO @@, + A, + ... + a, = n. Jlokaxxure, 4T0
al +a; +...+a> > n.

18.43. Jlokaskure, uto eciu a2+ b2+ c2=1, 1o la+b+c| < /3.
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18.44. Hannure saudonbliiee 1 HaUMeHbIIIee 3HAYEHUS BhIpaKeHUsA 3x + 4y,
eciu x2 + y? = 1.
18.45. Haiinure HauMeHbIIee 3HAYeHHe BhIpaxeHus a2 + b2, ecnu
5a-12H =13.

18.46. Tokaxkure HepaBencTso (a* + b +c?) (Lz + fiz + %J = (a+b+c).
€l ¥ «

a b
18.48. [ln1s NOJOKUTENBHBIX YUCET dy, dy,y ..., A, NOKAKHUTE, YTO

(a, +a, + ... Jr.f.tn}[ﬁi Gl B i) = 12,

18.47. [okaxure, uroecaua > 0, b >0uc > 0,10 (a+ b+ -:.')(l + 1+ %) =90,

L4 a
® ¢ ¢

18.49. [loraxxkure HepaBeHCTBO

(@+c)b+d)y<~a?+b% -2 +d? +c2 + b2 Na? +d2.
18.50. [Toxasxure, uro ecim a + b + ¢ = 3, To J3a+1++3b+1+J3c+1<6.
18.51. JlokakuTe HEPABEHCTBO J2a+5+vJa-3++/25—-3a < 9.

18.52. Pemrute ypaBHeHHe X —2 + 4 —x = 12 —6x + 11.

18.53. Pemure ypasrernue 1 —x + 1+ x = 12 + 2.

18.54. Pemrure ypasHeHHe 2X —1 +5x = \/(.rz +4)(x + 24).

18.55. [loxaxure, uro ecau x2 + y? + 22 =44, ro |3x —y + z| < 22.
18.56. M3secTHo, uto x? + 3y? + 2% = 2. JlokaxxuTe HEPABEHCTBO

g 2
2x + y z|%4\/;.

18.57. [loxamure, uroecan a > 1u b > 1, o

i b
- = 4,
=1 e Ay |

18.58. IToxaxure, uto eciu a = 0u b = 0, 1o (a + b),|% -; ¢ > a\Jb + ba.

18.59. Magectno,uro a > 0,5 > 0u a+ b= 1. [lokaxure, 4To

2 2
1 1 25
=y - ;_I
('{Hb] +(b+a] 5

18.60. [oxaskure, uro eciu @ > 0u b = 0, 1o Ja? +1 +Vb? +1 = 2Ja + b.

I1B.G1. IokamuTre HepaBeHCTBO
Ja+b-172+22 + J(b+c-1) +2a® + J(c +a—1) + 262 > 3.
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18.62. Ha croponax AB, BC, CD u DA kBagparta ABCD cooTBeTCTBEHHO OT-
metuan Touku M, N, Pu (). Jloka:xure, 4TO NEePUMETDP YEeThLIPEXYTOJIb-
Huka MNP() He MeHbIIIe CYMMBI fHaroHAaJ el KBajgparTa.

18.63. oxaxure, uroecina >0, b >0, c>0una+b+c=1, To

(1+a)1l+b)1l+c)=8(1-a)l->b)1l-c).

18.64. UsBectHO, uTo X > 0, iy > 0, z > 0. Joka:xkure HepaBeHCTBO

12 > z2

1
Fro——h Z—(x+y+2)
Y+2 " 24X X+ 2( y+2)

18.65. [loxaxxure, yuroecsina > 0,5 >0,¢c > 0,d > 0, o

1.1, 4 16 64
a b ¢ d a+b+c+d’

18.66. [loxkaxxure, uroecina > 0, b >0, ¢c > 0, 10
a b c
>,
\/hui-{: +\/{:+a * a+b <
T

YnpaxHeHus ANA NOBTOPEHMA oy

18.67. IIpu KakUX 3HAUEHUAX IapaMerpa @ YpaBHeHHE (ﬁ - a){4.1' -9)=0

HMeeT eJHHCTBEHHOE pEHIEHHE?
12n +1

18.68. [lokaxkuTe, 4TO NpH JI0O0M HATYPAJILHOM 3HAYEHHH M APoOL 30n + 2
H
SABJAETCA HECOKPATUMOM.

KOrJIA CAENAHbI YPOKWN

J¢pdeKTUBHbIE NPUEMBI AOKa3aTeNnbCTBa HEpPaBeHCTB

Marepuasa ABYX NpeAblAyINUX mnaparpadoB mokasbiBaeT, uTo Haubosee
o((eKTHBHBEIM METOLOM [J0KAa3aTeJbCTBA HEePABEHCTB ABJSETCS IIPUMeHeHUe
paHee JOKa3aHHOIO HEPaBeHCTBA.

Ecau ¢ noMounb0 HEKOTOPOTO HEPABEHCTBA MOMKHO JOKA3aTh LieJIblil psij
npyrux, 6osee cJI0KHBIX HePABEHCTB, TO TAKOEe HEPABEHCTBO OYyAeM Ha3bIBATD
knoueBbIM. Tak, HepaBencTea a’ + b? = 2ab, a® + b? + ¢? = ab + bc + ac, ue-
paBeHCTBA MeXAy CPeJHHMH BeJIMYMHAMH, HepaBeHcTBo Kommu — ByHsakoB-
CKOro, 6e3ycJ0BHO, MOKHO OTHECTH K KJIIOUYeBbIM HepaBeHCTBAaM.

B sToM pasjesie Bbl IO3HAKOMUTECH €lllé ¢ HECKOJIbLKHMH KJIOYeBLIMU
HepaBeHCTBAM.

B 3apaue 17.18 BEI JOKAa3aJIM HePABEHCTBO

2
%EZQ—F), rne b > 0 (1)
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SaMeTHM, YTO B HepaBeHCTBe (1) paBeHCTBO JoCTHIraeTcs TOJBLKO IIPH
&=8;

ITokasxeM, KaKk MOKHO IPUMEHATH HepaBeHCeTBO (1) 1A nokasarenbeTBa
IPYIUX HepaBeHCTB.

Mpumep 1 (upumep 2, § 17). Jokamxure, uro ecau a > b > ¢, 1o

a? b2
> 7
—7 52 a+2b+c
PeweHwne. 13 ycinosusa cuaenyer, uroa — b > 0u b — ¢ > 0. Torga
2
o
=2 —(a—-b) =
T 2a—(a—-b)=a+b,
® soh—(b-c)=b
m = —{ — f,) =8+ C.

3aMeTHM, YTO paBeHCcTBa @ = d — b U b = b — ¢ BLINONHAIOTCA OJHOBPE-
MEHHO TOJbKO IpH yeaosuu b = ¢ = 0. IToaToMy B 3alIMCAHHBIX HepaBeHCTBAX

PABEHCTBO OJHOBPEMEHHO JOCTUTATHCS HE MOMKET.
e b2

+ >a+b+b+c=a+2b+c. m
a—-b b-c

Orcrona

MNpumep 2. Noxkaxure, uroecan a > 0, b > 0uc > 0, To

4 b-‘-i .4
il C
g g oo g bl el
he  ca ab

PeweHue. Umeem:

4 242
L > 2a® - b,
he be

4 2.2
B _&) > 2b% — ac,
ac ac

A 22

o &Y = 2c? —ab

ab ab

at bt ; ;
Orcriopa — 4+ —+ — 2 242 + 2b% + 2¢%2 —ab — bec — ca =
be ca ab

=(@+bP2+A)+ @+ b2 +c2—-ab-bc—-ca)z2a’?+b*+A. m

Mpumep 3. UasecTHO, uTo x > 0, 7 > 0, z > 0. [lokakure HepaBeHCTBO:

-2 2 2
* P iy, W }1(‘x'+y+z}.
Yy+2z " z24+x x+y 2

1 g VEAZAHHH K 3agaue 18.64 6n1m0 mokasaHo, Kak MOMHO JOKA3ATE paccMaATpHBaeMoe
HEPABEHCTEBO ¢ IOMOIIEI0 HepaBeHcTBA Homm — ByHaKoBckoro mian HepaBeHcTBa Komrm.
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PeweHWe. Eciau HepaseHeTBo (1) DpUMeHUTh IJIA KaKI0HM U3 TPpEeX Ipo-

6Eﬁ, CTOAITHNX B JeBOH YacTH JaHHOI'O HEpABEeHCTBA, TO IIOJVUYIMI

x2

=>2x—y—2z,

y+z
2
¥ 5o
=2y —-z-x,
Z+ X Y
2
> Z2z—x—1.
X+y &
2 y? 22
Orcropa ——+ —— + 22X =Yz —r—-x+Az-x=y=0,

Y+z z+Xx X+Y
Ho ansa taxoro pesyisTrara He Tpedyercs NIpUMeHeHUEe KAaKUX-IU00 KJII0-
12 y? z2
YyeBbIX 3a/la4: HePaBeHCTBO +—2— + = (0 aBnsdgeTcH 0OYeBUIHBIM.
Y+z z+x X+Yy
OaHAKO HTO He 03HAYAeT, YTO HepaBeHCTBO (1) He IPUMEHUMO K JAHHO-

MY IPHMEpY.

x 2x)2 2x)2
Nmeem: = i ~( x) . Terneps K apobu =) IPUMEeHHMM HepaBeH-
y+z 4 y+z + 2
1 (2x)2 _ 1
T80 (1): =- 2ol pp—2),
crBo (1): g7 > 7(dx —y —2)
AHATOrMYHO MOXHO IIOKA3aTh, YTO
2 2
¥y 1 4 z S 1
= — —Z—X), =z —(4z—x—1y).
Z+ X 4 ( Y ) X+y 4 ( H)

Temepb ¢ MOMOIILK TEOPEMBI O IOYJIEHHOM CJIOYKEHUHM HEpPABEHCTE
oJy4aem L + y + 22 1 (4x Z)+ : 4z —x—-y) Orcrona
y+z z+x x+y 4 Y 4 g

-2 2 2

i z 1
PRV - R
y+z z4+x x+y 2

(x+y+2) nm

HepasenctBo (1) Mmo:kHO 000011uTsE. Ha caMmom gene crpaBeqiMBo Takoe
HEepaBeHCTBO:

{n—fz}f—:,ﬁ‘na”“’—kb”“’“, rnmene N,ke Nyn=z2k,a>0,b>0.
)

YacTHbIH caydyail 9TOro HepaBeHCTBA, Korga # = k + 1, a UMeHHO Hepa-
BEHCTBO

f.{ﬁ:+1

> >(k+1a—kb, rneke Nya>0ub>0 (2)
]

BbI MOXeETe JOKa3aTh MeTOOOM MaTeMaTH4YecKoH HHOVEIHHA.
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Ormerum, uTo B 3agave 17.18 BeI l0Ka3aJu 3TO HEpaBeHCTBO AJid 1 = 2:

3
?—3}3:::—23), rmea>0ub>0
¥

Mpumep 4. Jorkamxure, uroecau a > 0, b > 0uc > 0, To

2 3 4
a b C

e = 20+ P
'b ' il

PeweHue. IIpumMenuB HepaBeHCTBO (2), 3aNHIIEeM:
a’
b

3
> >sp-2
oy

= 2a - b,

‘:4
—= >4 —3a.

a.i
Ocranochk IpHUMEeHHTh TeopeMy O IO4YJIEeHHOM CJIOXEeHHH HepaBeHCTB. W

B zagaue 17.24 Bbl 1oKa3alid TaK0e HEPABEHCTBO:

EIE

X

2
+b—;‘ﬁ
Y

X+y

2
(@b ,rmex > 0,y >0

HpHMEHHH 9TO HEPABEHCTBO, NOEKaXeM HepaBEHCTEO.

)
X

2

b2
Yy

— +—+

ig{a+b+c)3

,rmex>0,4>0,z>0
z X+Yy+2z a 4

(3)

2 p2 2 p2 2
el 7 C i+ 0 C
Nmeem: _+_+_;Q+_
x Yy z
HepaseHcTBO (3) ABnIseTcs KJIIOUOM K pEUIeHHIO IeJIoT0 pAja Hempo-
CTBIX 3aa4. PaccMOTpUM NpUMephI ero IpUMeHeHH .
B nepsylo ouepenb nokaxeM, Kak, UCIOJL3YS HepPaBEHCTBO (3), MOXKHO

MOKAa3aTh yiKe u3BecTHOoe BaM (cM. 3ajauy 18.64) HepaBeHCTBO.

(a+b+c)
X+y+z

=

X+ U Z

Mpumep 5. UsBectHo, uro x > 0, y > 0, z > 0. JlokaxkuTe HEpaBeHCTBO:

.3 2 2
X e . 2 s (X+y+2)
y'-I-Z

> =
x+y 2

Z+ X
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.2 4 2 2
X 2 X 4+ -+ Z
PeweHune. Umeem: + Y + = ( el ) o
g X IFY FFIFIFIFE+y

(x+y+27?

1
ey is —E{x+y+ z).

Npumep 6. Joxamxure, uroecau a > 0, b > 0uc > 0, To

b Lot b B sep
2a+b 2b+c 2c+a
PeweHune. Mmeewm:
b C i b2 o2 ) a?

+—t = — +
2a+b 2b+c 2c+a 2ab+ b? 2&:(:+{:2+2m+a2

=

< (a+b+c) _(a+f}+rj}2_1 &
a® + b2 +¢? 4+ 2ab + 2bc + 2ac  (a+ b +¢)? ‘

nﬂHMED 7. ,[L.T[H IMONOMHUTEeJIBHBIX HHCEJI X, I/, £ NOKAXHNTe HEPpABEHCTBO.

2 + 2 4 2 S 9 -
o R I o S
2 9 9
PeweHune. Umeem: e + 5 + 4 = (l + 2 + i ];"-3
X+y Yy+z 2z+Xx X+ Yy+2 2Z+x

(1+1+1)32 B 9

= 2. =
X+Yy+y+z+z+x x+Yy+z

HpHHE,ﬂéHHHE HHAEe 3aa4M BbI CMOXeTe PelldTh ¢ NIOMONIBLID) HJAMOYEe-

BeIX 3a7a4 § 17 u npumepoB, pacCCMOTPEHHBIX B JAHHOM pasjieJie.

7 B
YnpaXHeHMA 4 s oew o
I[{}HEHRHTE,'-ITOECJIH&}ﬂ,b){]‘,c“}ﬂ,TD%+f)—+i}ﬂ+b+ﬂ.
C
Hoxraxkure, uro ecnu x > 0,y > 0,z > 0, To0
2 2 2
S Y S A
X%+ 2yz  y° +2xz  z° + 2y
gl Bt . ¢t

HMoxraxure, uro eciu a > 0, b >0, ¢ > 0, o f—3+—3+—33a+b+c.
) ;

C [
IJ1s1 MONOMUTENBHBIX YACeI X, I/ U 2 JOKaKUTe HePABeHCTEO:
3 48 .8
..I- z i
LA e i R
i Z X
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10.

11.

12.

13.

14.

15.

16.

17.

HUzsectHo, uto a > 0, b > 0, ¢ > 0. JlokaxuTre HepaBeHCTBO:
a? b2 c2 a+b+c
-+ 2
b+2c c¢+2a a+2b 3

Moxamxure, uroecnu a > 0, b > 0wuc > 0, To

a® b3 c3 a? + b? + 2
+ 2
b+ec c+a a+b 2

HUszsectHo, uto a > 0,5 >0, ¢c > 0 u d > 0. Jloka:KuTe HepaBeHCTBO:

a? b2 c2 d? a+b+c+d
+ + 2
b+c+d c+d+a d+a+b a+b+c 3

Nano: a > 0,bh>0,c >0, a®+ b? + ¢® = 3. [lokamure, 4To:
1 1 1 .3

l+ab 1+bc 1+ac 2°

Hoxaxkure, uro ecnu x > 0, y > 0, z > 0, To
X Uy z > 1

+ * + ==,
X+2y+3z y+2z+3x z+2x+3y 2

(Cm. npumep 4 6 § 18) Horaxure, uro ecim a > 0, b > 0uc > 0, To
a b c 3
=

= T .

- +
b+c c+a a+b 2

HNssectHo, uTo X € [0; 1], 7 € [0; 1], z € [0; 1]. [Joxka:kuTe HEpaBEHCTBO:
(x+1)(y+1)(z+1) = \/8(1’ +y)(y + z)(z + x).
MN3eectno, uto x € [0; 1], & € [0; 1], z € [0; 1]. [Joka:xkuTe HepaBeHCTBO:

X Y P |
2+yz 2+2v 2+xy

HNssectHo, uto x € [0; 1], & € [0; 1], z € [0; 1]. [Joxka:kuTe HEpaBEeHCTBO:
1 1 1 3
+ + < .
l+x+yz 1+y+xz 14+z4+ay x+y+2z

Moxamxure, uro ecnu a > 0, b > 0, ¢ > 0, To
1 1 1 < 1

+ == "
ad +b% +abec b+ +abe ¢ +a® +abec  abc

IMoxaxxure, uroecima =20, b =20, c=20ua+b+c=1, ro:
a(b?®+ )+ b(c® + a®) + c(a® + b3 = 2abc.
HMoxamxure, uro ecau a > 0, b > 0, ¢ > 0 u abec =1, To:
1 N 1 N 1 < 1 4 1 N 1 -
alb® +c®)y b +a®) c@+b® a+b b+c c+a
TIJ11 ITOJIOAKUTEIbHBIX YUCeI d, b U ¢ JOKaKUTe HepaBeHCTBO:
ad +b% b3 4+c? 3 +ad

- - +
a2 + b b? 42 2 442

>a+b+c.
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18.

19.

20.

21.

IokaskuTe HEPABEHCTBO a® + b + ¢’ >
a? + b b2 +c? 2 +a? 2
b>0,c>0.
MN3Bectno, uro x € [0; 1], ¥ € [0; 1], z € [0; 1]. Jokaxxkure, uToO:
1 n 1 . 1 > 1 . 1 . 1
l+xy 1+4+yz 1+ 2z2x 1+ x2 1+y3 14z

IMokaxuTe HEPABEHCTBO 1 - 1 - 1 +...+i < 2Jn, rne n e N.

Vi V2 3 7

1 1 1
+ +t—=>2n+1-2, rne
JoJ2 3 Jn

ﬂ+b+c,1‘,{(ea}0,

2 ']

HokasxkuTe HepaBeHCTBO +

ne N.



Ntorn R
rnaBbl

PeweHnne HepaBeHC(TEa C ABYMA NepemMeHHbIMW
Flapy 3Ha4YeHUN nepemMeHH.bIXx, oﬁpau.l,alm.uym HepaBeHCTBO C ABYMHA
nepemMeHHelMi1 B NpaBWbHOE HWUNCNOBOE HEPABEHCTBO, HA3bLIBAKOT
pelieHeM HepaBeHCTBa C ABYMA NepemMeHHbIMWK.

padhmK HepaBeHCTBa C ABYMA NepemMeHHbIMMN
papukom HepaBeHCTBa C ABYMA NepemMeHHbIMWU Ha3blBalOT reoMmet-
pPUYECKYIO Urypy, COCTOALLYIO M3 BCEX TeX M TONbKO TeX TOYeK Koop-
OMHATHOW MNOCKOCTW, KOOPAWHATLI KOTOPbIX ABNAKOTCA pelleHUsMM
AaHHOro HepaBeHCTBa.

JliHeiHOe HepaBeHCTBO ¢ ABYMA NepemMeHHbIMM!
JIMHenHbIMM HepaBeHCTBaMM € ABYMSA NepemMeHHbIMW Ha3blBaloT He-
paBeHcTBa BUaa ax + by > ¢, ax+ by < ¢, ax+ by = ¢, ax + by < ¢,
rAe X 1 i — nepemeHHsle, @, b n ¢ — napameTpsi.

PelseHne CMCTEMbl HEPaBEHCTB
HT1obbl HANTKU MHOXECTBO PEeLUeHWI CUCTEMbl HEPABEHCTB, Hado Ha-
TW NepeceyeHUe MHOXECTB pelleHWI HepaBeHCTB, BXOAALMUX B CU-
cremy.

OcHOBHbIe MeToibl il0Ka3aTeNnbCTBa HEPaBEHCTB
MeTopa pa3sHOCTW, MeTOf YNpPOLEeHNA HepaBeHCTBa, MeTof paccyxe-
HUA OT NPOTMBHOrO, MeTo NPUMeHeHUs OYeBMAHOIro HePaBeHCTRa,
MEeTO4 NPUMEHEHMA paHee AoKa3aHHOro HepaBeHCTEA.




rnasal .ﬁ“
= T

4 CreneHHana QyHKUUA o

[0 B atou rnaee Bbl y3HaeTe, Kakyto QyHKUMIO Ha3biBalOT CTENEeHHOW YHKLKM-
el C HaTypanbHbIM NoKasarenem, KaKMMK cBoncTBaMmn obnagaet ata yHK-
UMA, YTO Ha3biBalOT KOPHEM #-W CTeneHn, Kakumu cBorMcteamu obnapgaet
KOpeHb #2-1 CTeneHW, YTO Ha3bIBaloT CTeMNeHbio C pauMoHanbHbiM Nokasa-
Tenem W KakoBbl €& CBOMCTBA.

[0 Bbl HaydyuTecb M3BNeKaTb KOPHM M-W CTeneHW, BbiNOMNHATbL BO3BeAeHue
B CTEMNeHb C pauMoHanbHbIM NokasaTtenem, Npeobpa3oBLIBaTh BbipaXeHus,
copepalime cTeneHn ¢ pauroHanbHbIMKW NOKasaTeniMmM U KOPHW 1-1 cTe-
ned.

é m CreneHHaa PyHKUMA C HaTypasibHbIM NoKa3arenem

CgoiicTBa u rpapuru GYHKIUA i = X U i = x? XOPOIIO 3HAKOMEI BAM U3
MpeAbIAVIINX KJIACCOB. JTH (DYHKIHH ABIAKTCA YACTHBIMH CAy4YaAMH (PYHK-
nuu y =x", n € N, KOTOpYI0 Ha3bIBAIOT CTeNeHHOH (hyHKIHEeH ¢ HATYPaJIbHBIM
IoKa3aTeJeM.

ITockonpKy BeIpaeHue x, n € N, UMeeT CMBICJI IIPH JI000M X, TO 00-
AACMbI0 ONpedeneHuss CMenenioil OYHKUUL ¢ HamypaibibiM noKaame-
aem saensemcs muoxcecmeso R.

OueBUAHO, YTO paccMaTpuBaeMas GYHKUUSA UMeem eJunHcmeenHbll
Hyto x = 0.

HanpHeillee uccjefoBaHue CBOMceTB pyHKIUU i = x", n € N, npoBegém
I IBYX CJy4YaeB: N — UYETHOEe HATYPAJIbHOE YHCJ0 U 7 — He4YeTHOe HaTy-
pajlibHOEe YUCJIO0.

» Ilepeoiii cayuaii: n = 2k, k € N.

Ormerum, uro npu £ = 1 nonyuaem QyHKIUIO i/ = X2, cBOMCTBA U rpaduk
KOTOpPOI OBLIIM pacCMOTPeHEI B Kypce anredpel 8 Kiacca.

ITocKoIbKY IIPH J000M X BEIpaskeHMe X2F mpuHUMAaeT TOJIBKO HeOTPHUIA-
TeJIbHbIE 3HAYEHUHA, TO 00J1aCTh 3HAYEHHU paccMaTpuBaeMoil GyYHKIIUU He cO-
Nep:KUT HU OJHOTO OTPUIATENbHOI0 YUCIIA.

MoskHO IOKAa3aTh, 4To JidA Jgiodoro a = 0 cylecTByeT TaKkoe 3HAYEHUE
apryMeHTa X, 4ro x2 = q.

% CraszaHHOE 03HAYAET, YTO 001ACHbIO 3HaAUeHUll ynKuuu y = x", ede
N — YeMmHOe HaAMYPAaibHOe YUCA0, ABASAEMcs MHOINHCecmBOo [0; +eo).

Ecau x # 0, To x2* > 0.

192



% CrnemoBarenbHo, npomencymiu (—o; 0) u (0; +oo) gsusaromces npome-
ACYMKAMU 3HAKONOCMOAHCMEA (hyHKyuu y = x", z0e n — uémmoe Hamy-
paivioe Yucio.

Y Dynxyusa y = X", 20e n — uémmoe HamypaivbHoe YUC10, A6AAenCs
yémmoi. JledicTBUTENBHO, A5 A000r0 X U3 00JacTi onpeaeJeHUs BhITIOIHA-
eTcss paBeHCTBO (—x)2¢ = 2k,

PaccmorpuM Npou3BoJibHBIE YMCIA X, U X, Takue, 4To x, € (—oo; 0],
x, € (—0; 0]  x; < x,. Torga —x, > —xzk = (0. Bocnosb30BaBUINCE CBOMCTBOM
YUCIIOBLIX HepaBeHCTB, nosydaeM (—x,)% > (=x,)?. Orciopa x2¢ > x2k,

% CuemoBaTelbHO, PyHKUUA I = X", 2de n — uémmnoe HamypaibHoe
yucno, yoveaem ua npomedwcymre (—-; 0]. AHATOTUYHO MOKHO IOKA3ATh,
4TO 3Ta PYHKIUA goapacmaem na npomexcymre [0; +eo).

ITonyyeHHbIe CBOMCTBA IMO3BOJAIT CXeMATHYECKM H300pasuTh rpadux
dyHKIUN ¥ = X", rie n — 4€THOe HaTypaiabHoe uuciao (puc. 19.1). B uacrtHo-

cTH, rpaduK QYHKIUH i = X! u3o0pakéH Ha pucyHke 19.2.

¥4 i, Nz
M — 9eTHOE \ !y — 3t
HATYDPAJIBHOE YHCIIO \ l
|
1| |
> 1 o| 1 X
rPuc. 19.1 rPuc. 19.2

e Bropoit cnyuai: n =2k +1, ke Num k =0.

OrmeruM, uTo npu £ = 0 monyuaeM QPYHKIUIO I/ = X, CBOHCTBA U Irpad@HK
KOTOPOil ObLINM paccMOTPEeHBI B Kypce anredps! 7 Kiacca.

Teneps nyers £ € N.

Mo HO I10Ka3aTh, YTO JJIs JI060r0 ¢ CyLIecTBYeT Takoe 3HAYeHUe apry-
MeHTa X, uTo x2¢+1 = ¢,

% CkaszaHHOE 03HAYAET, YTO 0OIACMBIO 3HAYEHUL PYHKUUU i = X", 20e
n — Heueémioe Hamypaibnoe Yucio, aeasiemcs mmodicecmso R.

Ecau x < 0, To x2*+1 < 0; ectm x > 0, To A2+ 1 > (),

% CaepoBarenbHo, npomencymiiu (—=; 0) u (0; +o0) asraromces npome-
HCYMEAMU 3HAKONOCMOAHCMBA PYHKUUU I = X', ede n — Heueémmnoe Hamy-
Paibioe ucio.
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QDyukyus y = x", zde n —
HEUEMHOEe HAMYypaibHoe YUCHO,
asasaemcs Heuemuotl. JledicTBu-
TeJLHO, AJa Jboro x U3 objacTu
onpenejJeHUsl BBIIIOJHAETCS paBeH-
CTBO (_X)Ek +1 = _42k+1

Pacemorpum npousBoJibHBIE
ypcsaa X; u X, Takue, 4To x; < X,.

y=x",

H — HedeTHOe
HATYVPAJILHOE YHCIID
n=>=1

2
Bocnmones3oBaBUINCE CBOMCTBOM

YUCJIOBBIX HEPABEHCTB, IIOJIYYaeM
TER ok 4 1
. 2 o wpltF

% CoemoBaTenbHO, (DyHKUUA
y =", 2de n — nHeuémnoe namy-
PalIbHOe YUCTKO, ACASAEMCA 603PAC-
maroulell.

ITonyueHHbIe CBOMCTBA IIO3BO-
JAKT cXeMaTudecKH H300pasursh .Pm:.19.3
rpadur QyHKIUU i = X", roe 1 —
He4YeéTHOe HaTypalabHoe uucao, # > 1 (puc. 19.3). B gacrHOCTH, rpadmuirmn
byakmuu iy = x° u y = x° nsobparkensl Ha pucyHre 19.4.

yA I yh

Pd.
[h

rPuc. 19.4

B rabnune npuseseHs! cBoiicTBa GyHKIMHU iy = X", n € N, ycTraHOBIeH-
HbIe B 3TOM naparpade.
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1 — 4Y@THOe 1 — HeueTHoe

HaTypalbHOE YHCIOD HATYpaldbHOE YHCIIO
Ob.s1acTe onpeieeHus R R
ObnacTs 3HAYEHHN [0; +o2) R
Hynu dyERIMN x=0 x=0
Yy < 0 Ha TpOMeKYTKe
ITpoMexyTKN Y » U masampon (—==; 0),
H3 OIPOMeXYTHOB
SHAKOIIOCTOAHCTEBA {_m; 0) " {0, +m) y > 0 Ha nmpoMeryTHE
(03 +eo)
YeTHOCTh Yeruas Heuetnasn
YOBIBAET HA TPOMEKYTKE
Boapacrauue/ (—==; 0], B
O3pacTawnilad
yOBIBAHHE BO3pacTaeT
Ha npomexyTHe [0; +eo)
MNepeuncnute cBONCTBa CTeNeHHOU GYHKUUW C HATypanbHbIM YETHLIM MO-
Kasarenem; He4YeTHbIM NnokKasaTrenem.
= m
o YnpaXHeHVA g smem
19.1. @yuKnusa 3agana opmyaoi f(x) = 1'%, Cpasuure:
1) f(1,4) u f(1,8); 3) /(-6,9) u /(6,9);
2) £(~7,6) u f(-8,5); 4) £(0,2) u £ (-12).
19.2. ®yuknusa sagana popmynoi f(x) = x%!. Cpasaure:
1) £(20) u f(17); 2) f(~44) u f(1,5); 3) /(-52) u f (~45).
19.3. ®yuknusa 3agana Gopmyaoi f(x) = 12, Cpasuaure:
1) /(3,6) u /(4,2); 3) /(-2,4) u /(2,4);
2) /(-6,7) u [ (-5,8); 4) /(-15) u /(2).
19.4. ®yuknus 3agana dopmyaoit f(x) = x°°. Cpasuure:
1) /(9,2) u /(8,5); 3) /(19) u / (-19);
2) f(-1,1) m f(-1,2); 4) /(=7) u /(9).
19.5. Cnexyer mu u3 paBeHCTBA X = X), 4YTO X, = X,, ecau: 1) n — uérHoe;
2) n — HeuéTHOE?
19.6. Cirenver Iu U3 HepaBeHCTBA xP > x5, 4TO X, > X,, GCHH! 1) n — uérHoe;
2) n — HeuyéTHOE?
19.7. Crenyer JIH U3 HepaBeHCTBA Xy 2 X UTO X7 > X5, €CHIH: 1) n — 4érHoe;

2) n — HeuéTHOE?
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19.8. CxoJIbKO KOpHEH B 3aBUCUMOCTHY OT 3HAUEHUS MapaMeTpa  UMeeT ypaB-
HeHue:
1) x12 = g — 6; 2) x*t=q?+ Ta - 87

19.9. CxonbKO KOpHEH B 3aBUCUMOCTH OT 3HAUYEHUSA MapaMeTpa ¢ UMeeT ypas-
Henue x3 = 9a — a®?

19.10. CymecTByer nu yérHas pyHkunus f, onpenenéanas Ha R, yaoBieTBo-
pawomasa yeaosusam: f(0)=0, f(-1)=1, f(2) = 10247

19.11. CymecTByeT Jiu HeuéTHAS QYHKIUA [, onpenéienHas Ha R, yaoBieTBo-
psafoniasa yeaosusim: f(0) =0, f(-1)=-1, f(3) = 2437

19.12. IlocTpoiiTe rpaur GYHKITHH;

1) y=x2%-1; Hy=(x-1)%4 T)y:—%x‘i;

2) y = (x + 2)% Hy=(x+1)-1; 8) y = |x*|;

) y=x'-4; 6) y = —%; 9) y = (lx] + D™
19.13. llocrpoiiTe rpa@uKk GYHKIIUMN:

DNyg=a2+3; Hy=(x+1)%4 T y=—-at

2) y = (x - 8)% 5) y = (x - 1)* + 2; 8)y=(lx| - 2)%

3) y =xt+ 2; ﬁ)yzir’g; 9 y=|x+1]|%

19.14. llocrpoiiTe rpaduKk GYHKIIUN:
i 5

1 ) x)= 2 x) =
) /) {r s

Ilonbaysck NOCTpOEHHBIM rpadHKOM, YEAKHUTE IIPOMEXYTKH BO3pacra-
HUA U IPOMEXYTKHY YObBIBaHUA NaHHOU HYHKIIAM.

4 5

, ecin x < 0, x?, ecam x < —1,

—x—2, ecin x = —1.

x3, ecim x <0,
—\E, ecau x = 0.

MOCTPOEHHBIM rpaPUKOM, YVKaKHUTE INPOMEKYTKM BO3pacTaHUsA M IIPO-
MeXYTKHW VOBIBAHUA NaHHOU (DYHKIUHA.
19.16. IlocrpoiiTe rpadur QyHKI[HH:

19.15. [Tocrpoiire rpadgur pyurunuum [(x) :.{ Ionsaysacs

LY = | #a 2) y = |x|xt + x°.
19.17. llocrpoiiTe rpaduk HYHKITUM:
1) =|z| 2% 2) y = |x]|xt — 5.
19.18. Haiizure Haunbosbliee u HauMeHblIee 3HaYeHus GyHrnuu [ (x) = x° Ha
OpPOMEKYTHE:
1) [0; 2]; 4) (—=; —2];
2) [-2; —-1]; 5) (=2; 1).
3) [-1; 1];
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19.19. Haiinure nHanbonbllee 1 HauMeHblllee 3HaYeHna Gyarnuu f (x) = 1% Ha
IPOMEIKYTHE:
1) [-13; —-1]; 2) [-2; 1]; 3) [1; +eo); 4) (1; +eo).

19.20. HeTHbIM MJIM HEeYETHBIM HATYPAJIbHBLIM YHCJIOM SIBIASETCH IIOKA3aTellb
creneHu n GyHKIUHA [ (x) = X", ecnu:

1) /(-4) > [ (=2); 3) /(-4) < f (=2); 5) / (=4) > [ (2);

2) [(-4) < f(2); 4) /(4) > [(2); 6) f(4) > f(-2)?
. 2 A
19.21. Pemure ypaBHeHHE:

1) 21l 4 23 = 2; 2) 2xt 4+ 10 =3,
19.22. Pemture ypaBHeHHUeE:

1) 48 + x" =-5; 2) a8 + 328 =14,

19.23. Haiinure Hanboblllee 1 HauMeHbllee 3HaYeHna GyHrnuu f (x) = 1° Ha
npome:xkyTre [—1; a].

19.24. Haiinure nHaubosbllee 1 HauMeHbllee 3HaYeHua Qyarnuu / (x) = 1% Ha
npome:kyTEe [a; 2].

=
19.25. Pemure ypaBHeHue bx'7 — 3x% = 2,
19.26. Pemure ypaBHenue 11x'° + 2x* = -9,

. .
YnpamHeHus ANA NOBTOPEHMA g &

19.27. UsBectHo, uto A — B. BMmecro 3Haxka * sanumure 3uHak | uam () rak,
yTo0OBI 00PA30BaNIOCH BEPHOE PABEHCTBO:
1} A% B=258; 2)A*B=A.
19.28. Pemmure ypaBHeHHE!:
1) (x+y)?+(x—-3)72=0;
2) (x+ 2y — 3)? + x? — dxy + 4y* = 0;
3) |x — 3y — 6] +(9x + 6y — 32)2=0;
4) >+ y?+ 10x — 12y + 61 = 0;
5) 2522 + 102 — 30xy + 8y + 16 = 0.

§ m O6paTHana dyHKUUA

Ha pucynkax 20.1, 20.2 uzobpakensl rpadpuku Qyurnuii / u g.

Jl106as ropusoHTANIbHAA IpAMAas nepecekaer rpaduk GyHrnuu / He 60-
Jlee 4eM B OIHOI TO4Ke. DTO O3HAYAET, YTO KaKAOMY 4Hcly ¥, € £ (f) coorser-
CTBYeT eIMHCTBeHHOe YUCJI0 X, € [) (/) Takoe, uTo Yy = o (x,). PyHKIHA g TA-
KHM CcBOMcCTBOM He obaamaer. [eiicTBuTenbHO, U3 pucyHKa 20.2 BMAHO, UTO
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FPHC. 20.1 - Puc. 20.2

SHaAaYeH IO y[i COOTEETCTBYIOT IOBa 3Ha4YeHHMHA apryMeHTa .,1“1 51 “112 TaKWe, 4TO
Yy=8x)) ny,=g(x,).

) OnpegeneHme
®yukuymio ¥ = f(x) HasbiBaloT obGparumon, ecnu gna moboro Y, € E(f)
CyljecTByeT eAUHCTBEHHOE X, € D (f) taxkoe, uto Y, = ¥ (x,)-

dyukua [ (cm. puc. 20.1) aBaserca obOparumoii. @yaknusa g (cm.
puc. 20.2) He aABnsgeTca 0OpaTUMOI.

DYHKIUU Y = X, I = l_, 3= Jx smasores IIpuMepaMy 00paTHMBIX
dbyaroui (puc. 20.3).

'y A
Wy = @y
> =
0 X 0 X
a (4] B
rPuc. 20.3

@yuknus y = x? He apisercsa obparumoii. Hanpumep, 3HaueHUI0 QYHK-

UM, paBHOMY 4, COOTBETCTBYIOT JIBA 3HAYEHMS apryMmeHTa X, = -2 U x, = 2.

segy Teopema 20.1
Ecnu pyHKUMA ABNAETCA Bo3pacTawowen (ybbisaowen), To oHa obpatuma.

[lokazaTensCcTBO

ITpenmo/o:KuM, 4TO CYIIECTBYET Bo3pacTamwinada GyHKIUA [, He ABIAI0-
masica obparumoii. Torga Haugeres y, € E (f), nnsa KoToporo cyuecTByioT X,
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n x, (x; < x,) rakme, uro f(x,) = f(x,) = y,.

BMmecre ¢ Tem (yHKIHS [ — BO3pacrawoiias, y4 .
M K3 HepaBeHCTBa X, < X, ClIelyeT, 4TO :
S (x;) < f(x,). Ilomyunnu nporuBopeune. N

AHalOTHYHO paccMaTpHBalOT CJaydai, I
Korga GyHKIUA [/ ABIAeTCA yObIBAOIIeH. B |

0 x

OrmeTuM, 4yTo oOpaTHAsA TeopeMa HeBep-
Ha, T. e. He J0baa obparumas QyHKIUA ABJISA- PP“C- 20.4
eTcsi Bo3pacTalolleil (yosiBalomeii).

Hanpumep, va pucyuke 20.4 uszodpaxén rpauk odparumMoil PyHKIHH,
KOTOpAas He ABJAETCA HU BO3pacTaiolleid, HA yObIBalOIIeH.

Pacemorpum dpyaKIuio y = f(x), 3agaHHyio TabJIUYHO:

i 2 6 7

y V5 V6 J7

DyHKIUA | ABngercsa obpaTuMOil.
I[Tomensaem cTpoku TabAUILI MECTAMHU U PACCMOTPUM (PYyHKIUIO i = g (X),
3aflaHHVIO IIOJIVYeHHON Tabauien:

x V5 \ V7

Y 5 6 7

CD}’HR].[HH f H g CBA3AHBI TAKMMH CBOHCTBAMM:
1) D (N=E @ uE(f)=D (g);
2) f(5)= /5, g(J5)=5;

/(6)= 6, g(\/6)=6;

f(=A7, gT)=1.

OTH paBeHCTBa O3HA4aloT, 4T0 ecau f(x,) = y,, To g(y,) = x,, ¥ ecian
g{xl) =Yy Tﬂ,f{yl) = X;.

@O E@ Onpegenenme
mYHI{I.IHHfH £ Ha3bIBAKT B3aUMHO obpaTHbIMMK, ecnu:

NVD(H=E@uE()=D(g):

2) pna mo6oro x,, € D (f) n3 pasencrsa f(x,) =y, cneayer, uro g (y,) = X,
T. e. g (f(x,) = x,.
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Take roBOpAT, YTO (PYHKIUA £ ABIsAeTcsa oOpaTHONl K (QyHKIuu f,
a ¢pyukusa / — oOpaTHOI K QyHKIUHN Z.

PaccmorpenHble Bhillle (PYHKIIUK, 3ajaHHble TAOIUYHO, ABIASIOTCA [IPU-
MEepOoM B3auUMHO 00paTHBIX (HYHKIIWII.

Bropoe ycnosue B onpefelieHMHU B3aUMHO 00paTHBIX QVHKIIMNA MOMKHO
3aMeHHUThb Ha Takoe: Jis jmoboro x, € D(g) us pasencrsa g (x,) = y, cienyer,

uTo f(Y,) = X5 T. €. f(g(x,)) = x,,.

Mpumep. Morkaxure, uto GyHxknuu f(x) =2x — 1 u g(x) = ITH ABJISA-
I0TCS B3AMMHO 0OpaTHLIMH.
PeweHue. Unmeem: D(f)=E(@) =R, E(f)=D(g)=R.
IIyers f(x,) = Yy, T. €. Y, = 2x, — 1. oxaxem, uto g(y,) = x,.
Yog+1 2x,-1+1

Hmeem: g(y,) = 5 = > = X,-

Ecnu pyaxnus [ He ABiserca o6paTUMOii, TO He CYIIECTBYeT PYHKINH,
obpaTHoil K Heil. JIlobasa obpaTuMada GyHKIUA UMeeT 00paTHVIO.

Ilycts f — obparumasa dyHKIMA, a QYHKIUA g — el obpaTHasa. U3
oIpejie/IeHUs B3AUMHO 00paTHBIX QYHKIHIH CIeyeT, YTO ecJu [ — 9To mpaBu-
JI0, TI03BOJISIIONIEE 0 3HAYeHUIo IepeMeHHOol x u3 D (f) HaliTU COOTBETCTBYIO-
ee 3HaYeHUe nepemMenHoit y u3 E(f), To g — 3T0 MpaBUIIO, MO3BOJIAIONIEE TI0
3HAUEHUIO NIepeMeHHOH i/ HAllTU COOTBeTCTBYIONee 3HAUEeHHe IIepeMeHHOI x. B

B paccMoTpeHHOM BhIIIEe npuMepe ObLIO JOKA3AHO, YTO AJA (PYHKIUH
x+1

y = 2x — 1 obparHoit ABnsgeTca QYHKIUA Y = . OpHako pelneHue 3TOH 3a-

la4yu He II0Ka3blBaeT, KaK II0 JaHHOU (PYHKIUHK HaATU eil obOparHyro. Ilora-
JKeM, Kak 9T0 MOMKHO CHeJIATh.

dyurknusa y = 2x — 1 — Boapacraomasn. CiaenoBarelbHO, 0OHA ABIACTCH
oOpaTuMOii.

Yrobb! 3anaTh 00paTHYIO (QDVHKINID, HAJ0 YKA3ATh MPABUIIO, O3BOJIAI0-
Ijee 10 KaXKJA0MY 3HAUEHUIO IIepeMeHHOI i/ HallTU TaKoe 3HAUEeHUE IepeMeH-

HOI X, 4To i = 2x — 1. Jlna 9TOr0 BEIpA3UM X 4Yepes 1.
L
Ameem: 2x =y +1; x = y; ‘

IlonyuyeHHOE paBeHCTBO 3aJa€T (PYHKIHIO C aDIYMEHTOM I U 3aBHCUMOH
IepeMeHHOH X.
TpaauIIHOHHO HE3aBHMCUMYIO IlepeMeHHY 0003HaYaoT OYKBOH X, a 3a-

BUucuMyo — OykBou y. llpunep:xuBasch Takux o0O3HAYeHUII, MOKHO CKa-

. - x+1
3aTh, YTO MBI IIOJNYYUIN (QYHKINIO, KOTOpas 3ajaercda GopMyJIion Yy = .

o 2
OHa U ABJIsgeTCA NCKOMOI.
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Paccmorpum emé ogqun mpumep. PyHKIUA i = X* He ABJIAeTcA oOpaTH-
Moii. BmecTe ¢ TeM sra (hyHKIMA Bo3pacTraeT Ha nmpoMexyTie [0; +o<). Creno-
Bareabuo, Pyurmus f(x) = a2, D (f) = [0; +o=), ansercsa obparumoii. Taxsxe
IIPUHATO I'OBOPUTEH, UTO QYHKIUA iy = A2 ABIAeTCA 00PATHMON HA MHOKECTEEe
[0; +e<). Haiiném pyHKIUIO, 06paTHYIO K QYyHKIUYN .

Umeem: y = x2, rie x € [0; +e). Orciona \@ =+x?% = |x| = x. PaBeHeTBO
JY = X 3a7aér QYHKIUIO ¢ ADrYMEHTOM I U 3aBUCUMOI IepeMeHHO .

Bocnonb30oBaBiIiuch TPAAUIIMOHHBIMY 0003HAYEHHUAMM, MOJNYIUM PYHK-

U0 I = \/;, obpatHyi0 K GyHKIHH f.

mush) Teopema 20.2

Npacdmkm B3anmMmHo obpaTHbIX hYHKLMIA CMMMETPUYHbI OTHOCUTENbHO NpA-
MOon Y = X.

[lokasaTenbcTrBO

IIycrs Touka M (a; b) npunaanesxurt rpadury pyuknuu iy = f(x). Torna
b = f(a). Eciu dyHKknus g aeaserca obpatHoil K pyuknuu f, To g(b)=a, 1. e.
touka N (b; a) npunagne;xut rpadury GyHKIHU i = g (x).

ITokaxxem, uro Toukum M m N CHMMETPUYHBI OTHOCHTEJILHO IIPAMOIL

S

Ecnu a = b, o rouku M u N coBnanaior
¥ IPUHAJJIEKAT IPAMOA I = X.

IIpu a # b wumeem (pue. 20.5):

ON =+a? +b*, OM =+a® +b%, 7. e. ToOUu-
ka (O paBHOyJa/ieHa OT KOHIOB oTpe3ka MN,
a CJeI0BATeNbHO, IPHHAIIEKUT CePeIuHHOMY

nepneHIuKyasapy orpeska MN. Cepenguna K

a+b a+b
orpeska MN uMeeT KOOpPIHMHATEI 3 = 5 |
T. e. NIpPUHAJIeKUT Npamoi y = x. Cnenosa-
TeJBHO, IPAMAfA I = X ABIAETCA CepPeJUHHBLIM rPu < 20.5
nepneHIuKyaapoM orpeska MN. m

IlokazaHHYI0 TEOpeMYy HWJLIICTPUPYIOT TpaUKH B3aMMHO O0O0paTHBIX
(hbyHKIMI, KOTOpEIe paccMaTpuBajuchk Beiire (puc. 20.6).

? 1. Kakyto dyHkUMIO Ha3biBatoT obpatumon?

2. Kakue pyHKUMWN Ha3biBalOT B3aUMHO obpaTHbiMn?
3. Kakum cBoncteom obnapaioT rpadmkmn B3aumHo obpaTHbix pyHKUMIA?
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Puc. 20.6

o YnpaXHeHMA 4 s uen

20.1. Kakue u3 yHKIMI, rpaduKHA KOTOpPbIX H300paskensl Ha pucyake 20.7,
ABIAITCA 00paTUMBIME?

T/

I

Ao

d

Puc. 20.7

x

A
vAnS

"1/

/ 0

20.2. Kakue u3 (pyHKIMI, rpaduKN KOTOPBIX H300paskeHbl HA pucyHke 20.8,
ABJAIOTCA 00paTUMBIMU?

Puc. 20.8
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20.3. [lokaxxure, yTo faHHas PYHKIHUA He ABIAeTCA 00paTUMOM:

1
1)y = |xl; 2)y=-;ﬁ 3) y = 9; 4) y = [x].

20.4. Jloxaxxure, 4T0o QYHEIMUYU [ U g ABAAIOTCA B3AUMHO O0pATHBIMH:

Ufmf:§+%,guj:&r—h

2) f(x)=Jx+2, g(x)=a% -2, D(g) =[0; +=).
20.5. [lorakure, 4To QYHKIUHU / U g ABIAIOTCA B3AUMHO OODATHBIMH:
3

) f)=4x+2, 0= F-3;
2) f(x) = (x— 3)%, D (/) =[3; +=), g(x¥) = Jx + 3.

20.6. Haiignre hyHKIMIO, OOPATHYIO K JAHHOIM:

1 1 1
Dy=38x—1: 2 y=—: 3) y= . 4)y = —x + 4.
)y =3x Y= LY S Yu= 3%
20.7. Haiignre yHKIMIO, OOPaATHYIO K JAHHOM:
1 4
1) y = 0,2x + 3; 2D)y=——; 3 y= : 4) y = 4x — 5.
)y X V= =5 V== o )Y
20.8. Haiignre dyHKIMIO, 00PaATHYIO K JAHHOM:
l1-x
1) y=2Jx -1 2) y =%, D (y) = (~=; 0; D y=1—"
20.9. Haiigure yHKIMIO, OOPaATHYIO K TAHHOM:
x+2 1

1) i = 3 3) y =+x? -4, D(y) =[2; +=).

2)y=f;

20.10. llocTpoiiTe B 0IHON cHUCTeMe KOOPAMHAT Ipad@uK JaHHOU (PYHKIHUA U
rpadur @QyHKIIUKU, 0OpaTHOM K Hel:
x, ecau x = 0,
1) y =-0,5x + 2; 2 y= x+1; 3) y =
2x, ecau x < 0.
20.11. IlocTpoiiTe B 0lHOM cHUCTeMe KOOpAMHAT rpadMuK JaHHOHM (PYHEIIHHA H
rpapur GyHKIKMKM, 0OpaTHON K Hel:

\/';, ecaun x = 0,
1) y = 3x - 1; 3) y=
EI’ ecnm x < 0.

2) y =x%—4, ectu x = 0;
20.12. Haitnure pyHEIUIO, 0OPATHYIO K JAHHOM:

g = {V‘I—L’, eclIu X = 3,

2x — 5, ecaan x < 3.
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20.13. Haunure pyHKIUIO, 0OpATHYIO K JaHHOM:

2—x2 ecnm x =1,

4= 2—x,ecan x < 1.

=
YnpaXXHeHUs Ana NOBTOPEHUA g g

20.14. Kakye MHOXeCTBA PABHBI:

A={x|x=6n-1,ne 2Z}; C={x|x=0n+4,ne £}
B={x|x=10n+9, ne Z}; D={x|x=10n-1,ne Z}?
20.15. Hcnonbaya auarpaMMbl Jiljiepa, IPOUIIOCTPUPYITE CBOHMCTBA Oollepa-

WA HaJl MHOXKeCTBAMMU:
HANBNC=AN(BNC);
2)AUBNO=AUBNAUO).

§ m OnpepeneHne KOPHA 72-W CTENeHn

Brl 3HaeTe, 4TO KOPHEM BTOPOI cTerneHu (KBaJPATHBLIM KOPHEM) M3 YHC-
Jla (2 Ha3bIBAKOT TAKOE YMUCJI0, BTOPas CTEeIleHb KOTOPOro paBHAa d. AHAJIOTUYHO
OIpeieNIAI0OT KOPeHb M-Il cTerleHW U3 uuciaa a, rne n € N, n > 1.

malp OnpepeneHne
KopHem 1-i cTreneHmM u3 Yucna 4, rge 1 € N, n > 1, Ha3bIBalOT TaKoe YMC-
no, n-A creneHb KOTOPOro pagHa d.

Hanpumep, KOpHEM OATOHA CTENeHH U3 YMcja 32 ABISAETCA YMco 2, TaK
Kak 2° = 32; KopHeM TpeTbel cTeneHH U3 unucia —64 apirserca yuciao —4, Tak
Kak (—4)% = —64; kopEAMH YeTBEPTOH cTeneHu U3 yuciaa 81 ABagOTCSA YKCaa 3
u -3, rak kak 3% =81 u (-3)* = 81.

W13 onpeneneHusa ciueayer, 4To JwbOol KopeHb YpaBHeHUsA X" = a, The
ne N,n > 1, apusgercsa KOpHeM 1-il cTeleHH U3 YHcia a, U HaobopoT, J1000i
KOpPEeHb 1-# CTeleHU U3 YHCa d ABJSeTcsS KOPHEeM paccMaTpPHUBAeMOIro YpaB-
HEeHUA.

Ecian n — HeyéTHOe HATYPAJbHOE YHUCJI0, TO QYHKIHUA I = X" ABJIsAETCH
BO3PACTAIOIIel, U IOCKOJLKY eé 00JIacThio 3HAUeHUH ABJIsSeTCA MHOKecTBO R,
TO YpaBHeHMe X" = @ UMeeT eJMHCTBeHHELIH KOpeHb IIPH JI000M da.

Pucynor 21.1 maaoocTpUpyeT IocJefHee VTBep:IeHHe: IPH JIH00M
3HAYEeHHH a rpaduru GyHKIUN i = X" ¥ iy = @ ©UMeloT ogHY 00myio Toury. Tor-
a MOYKHO C/IeJIaTh TAKOM BBIBOJ:
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eciiu n — HeuémHoe HamypaavHoe Yucjao, doavuiee 1, mo xopensw
n-il cmeneHu U3 1100020 HUCAA CYyulecmeyem, NPUHEM MOJILKO OOUN.

y4 \ y4 l
y=x" = =0 y=x"
y=a,a=0 y=aa=t
| |
[ |
1 |
i I |
'} o ! 1 |
. 1 —_
-x, 0 X, "
y=a,a<0 y=a,a<0
1 — HEeYeTHOoe HaTypanbHoe Yucno, 11 > 1 1 — 4YETHOe HaTypanbHOoe YMCNo
o
rFuc. 21.1 Puc. 21.2

n

KopeHb HeuéTHOM cTeneHu #, 7 > 1, U3 4yucyaa a 0003HAYAKOT TaK: Va

(4UTAIOT: «KOpeHb #-il cremeHu u3 «@»). Hampumep, Y32 = 2, 3-64 = —4,
{o =o.
Buak 4 HA3BIBAIOT 3HAKOM KODHS 7-i CTeNeHH WM PAXUKaIOM. Boi-

paskeHue, cTOAlIee O] PATUKAJIOM, HA3LIBAIOT IMOJKOPEHHBIM BhIPAKeHHEM.
KopeHb TpeTheil cTemeHH TaK:Ke IMPUHATO HA3LIBATH KYOMYECKHM KOp-

Hem. Hanpumep, 3anuch 32 4YNUTAOT: «KyOUUeCKHil KOPeHb U3 YHCaa 2».

i 2k +1
IMoguepkHEM, YTO BhIpAKEHUE Ja, ke N, cymecrsyer npu jiroboM da.
Hz OolnpeneJleHHA KOPHHA -1 CTeleHUu cilenyerT, 4TO npu ﬂ?ﬂﬁ'ﬂﬂ! f 8bl-
nROJIHAemcC:s pﬂﬂﬂﬂﬂmﬂﬂ

(2£E+‘1/E)2k+1 i

Hanpumep, (%)3 = ("'—l],l)I = 0,1,

Paccmorpum ypaBHeHHe X" = @, Ille 1 — 4Y€THOe HaTypajlbHOE YHCJIO.

Tak Karx o0sacrTeio 3HaAYeHUH QYHKUMU Yy = X", e ¥ — YETHOe HaTy-
pajibHOE YHCJIO, ABAAeTcA MHOMXKecTBO [0; +<), To npu a < () gaHHOe ypaBHe-
HUEe He UMeeT KOpHeH.

OueBuano, 4ro npu @ = () ypaBHeHHe HMeeT eJHHCTBEHHBLI KOpeHb
x=10.
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DyHKIUA iy = X', e 1 — YeTHOe HaTypaJbHOEe YHCI0, BOo3pacTraeT Ha
npomeskyTKe [0; +e0) 1 IpUHUMAaeT Bce IMOJOKHUTebHbIe 3HaUYeHuA. Clemosa-
TeJibHO, Ipu a = () ypaBHeHHe X" = @, rlle 1 — 4YETHOE HATYPAJbHOE YHCJIO,
Ha npoMexyTKe [0; +o0) HMeeT e[UHCTBEHHLIH KOPEHb.

ITockonbKy paccMaTpuBaemMasi (PYHKIUA — uyérHasdg, To npu a > 0 nau-
HOe YpaBHeHWEe MMeeT [1Ba KOpPHS, KOTOpPbIe SBJIHAITCA POTUBOMNOJOMKHBIMUA
YHUCJIaMU.

Y 9TUX YTBep:AeHUH ecTh IIpOCTasd reoMeTpHYecKas HHTeplnpeTanus
(puc. 21.2). Ecau a < 0, To rpaduku GyHEUHN iy = X" U i = @ He UMeT 00-
mux To4yek; ecau a = (), To paccmarpuBaemMble rpaguKM UMeOT OfHY 00IIYI0
TOUKY; ecnu a > (), To 00mUX ToYeK ABe, IPUYEM UX abCIUCcChl — MPOTUBOIIO-
JIO¥KHBIE YHUCIIa.

Teneps MO#HO ciejiaTh TAKOH BBIBOJ:

eciu n — yémHoe HamypaivHoe Hucsio, mo npu a < 0 KkopHa n-i
cmeneHu U3 Hucjaa a ve cyuiecmeyem; npu a = ) xopenv n-u cmene-
Hu u3 uucaa a pasen 0; npu a > 0 cywecmsyrom dsa npomueono-
JOHCHBIX HUCTAA, KOMOPbLE ABAAIOMCA KOPHAMU N-U CMENEeHU U3 HUC-
Jaa a.

Brl 3Haere, yTo apudmMeTHUYecKUM KBAaJAPATHBIM KOpPHEM M3 HeOTpUIla-
TEeJbLHOTO YMcjia ¢ Ha3blBAIOT TAKOe HeoTpHUllaTeJbHOe YUCJI0, BTOpas CTeleHb
KOTOPOTO paBHA d. AHAJNOIMYHO ONpENeNsioT apupMeTUYecKUl KopeHb M-H
CTeleHH.

i) Onpepenexnme
ApudmeTUHecKMM KOpPHEM 72-i CTeneHW M3 HeoTPUUATENbHOro Yucna d,
rgpe n M n > 1, Ha3bIBAKOT TaKoe HeoT puyulaTenbHoOe YACNO, ¥-A CTeneHb
KOTOpPOro paBHa d.

Apudmernueckuil KOpeHb #-i CTeIeHN M3 HEOTPUIATEJLHOI0 YUCIa d
oGoanauaior Tak: ia.

Hanpumep, i/&ﬁ — 3, tak kak 3 = 0 u 34 = 81;

/64 = 2, mak xax 2 > 0 u 26 = 64;

90 =0, rax kax 0 > 0 u 010 = 0.

Boobuie, ecru b 2 0u b"=a,rnene N,n> 1, o Ya = b.

ObpatuM BHHMAaHHEe HA TO, YTO AJdd 0003HAaYeHUA apUPMeTHUYECKOrO
KOPHS M-H cTelNeHHd M3 HEeOTPHUIATEJbHOI'0 YHCIA ¢ M KOPHA HEeYETHOH cTere-

HU 77 U3 YHCJA d UCIIOJL3VIOT ONHY M TY Ke 3allHCh: Ya. Banucs %a, ke N,
HCIIOJIB3YIOT TOJBKO JIJiA 0003HAUEHHs apU(MMeTHUYECKOro KOPHA. 3aMeTHM,
UYTO KOPeHb Y6THOI CTEeIeHH U3 YHCciIa d He HMeeT 0003HaUeHH .
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C nmoMoIbio 3HAKa KOPHA #1-U CTelleHU MOYKHO 3allUChIBATH KOPHH ypaB-
HeHua x"=a, rnene N, n > 1.
WEcnn n — HeuyéTHOe HATYPAJbHOE YHCJIO0, TO IPU JI060M 3HAUEHUH

paccMaTpUMBaeMoe YPaBHeHHE UMeeT eJUHCTBeHHLIN KOPeHb X = Ya.

WEcnu n — 4éTHoe HATypaJbHOe Yueyo u g > 0, To ypaBHeHUe uMeeT
JBA KOPHA: X = a, Xy = .

WEcnmu a=0, to x=0.

Hanpumep, KopHeM ypaBHeHHS X° = 7 SABJIAeTCA YHCJIO 37, KOPHAMH

ypaBHeHUA x* = 5 ABIAIOTCA [Ba YUCIA: 45 u 5.
W3 onpegenenus apuMeTHYECKOr0 KOPHSA #-i CTEIIeHH CJEeIVeT, YTOo:

1) "a =z0, e a = 0;
2) (%)n:a, e a = 0,

6
Hanpumep, E/’? Z0 u (QE) =1T.
IToka:xkem, uto npu Jwbom a u ke N

2k = 1 2k +1
—a =-""a.

2k +1
JIJLH TOTO ‘ITDﬁBI JOKa3aTh PAaBEHCTEO RV A— y, Halo INOKas3aTh, YTO

yzfz‘+ 1 — 5
Meent: (_2.{‘ +_1/£_£ _ _(2.53 +\1/{E

ILDHEIBEIHHOE CBOMCTBO IIO3BOJISAET KOpeHb HEeYeTHOH CcTeleHH U3 OTpHIIa-
TeJIbHOT'O YHCJIa BBIPDasHTh Hepeas apHQJMETHHECRHfI KOpeHb.

Hanpuwmep, 2= —%E, ¥-12 = -Y12.

Bsime 6p110 VCTAHOBJIEHO, YTO KOPEHb HEe4YeTHOM CTelleHH, B YaCTHOCTH
R}’ﬁHHECRHﬁ KopeHb, U3 nw0boro yucia CYIIeCTBYET U IPDUMHHUMAaeT e THHCTEBEH-
HOe 3HadYeHHe. HDBTDM}’ KaxIoOMYy YHUCIY X € R M0:XHO IIOCTaBHTE B COOTBET-

)2.{'+1 )2.{‘+1

= _al

CTBHE eJTHUHCTBeHHOEe YHCJIO If TAKOe, UTO lf = \.l'g X. ¥YKasaHHOe npasuJjo BBﬂaéT

dyaknuo [(x) = aaf;, ¢ obmacteio onpenenenus R.
ITokaxeMm, uTo QyHENUA [ ABasiercss o6paTHON K QyHKIUE g (x) = x>,

ITockonbKy ypaBHeHUe Yx =a pu JI000M @ UMeeT KOpeHb (a UMeHHO
qyucyo a®), To obnacTeio 3HaYeHUN QYHKIUK [ aBaseTca MHOMkecTBO R.
Umeem: D (f) = E(g) =R,
E(NH=D(E=R. .
s Bcex x € R BhINIOJIHAETCA PABEHCTBO (%’E) = x. MHBIMHU cJI0BaAMH,
2(f(x)) = x nna Bcex x € D(f). CkazaHHOe o3Ha4aeT, 4To / U g€ — B3AUMHO
obpaTHble QYHKI[HH.

207



Hcnonssys rpaduk pyHrnun iy = x° u Teopemy 20.2, MOXKHO IOCTPOUTH

rpaux QyHKIUU Y = ¥x (puc. 21.3).

Puc. 21.3

ﬁ? 1. YTO Ha3bIBAIOT KOPHEM 71~ CTeneHu 13 yncna?

2.4710 HasblBalOT apUPMeTUHYECKUM KOPHEM 7-W CTeneHu U3 HeoTpuua-
TenbHOro yucna?
3. Kakaa dyHKuma asnaetca obpaTtHoM K dyHKUMK 1 = 13?2

= =
® YnpaXXHeHUAl g s uew
21.1. Haiiqure 3HAUeHHWe BhIpAXKeHU:
1) ¥216; 3) 5/-0,00001; 5) 3—%; 7) #o2;
2) 40,0016 4) 435; 6) %%/—243; 8) &gz,
21.2. Yemy paBHO 3HAYEHUE BRIPAKEHUS:
1) ¥343; 2) 4 7%; 3) 0,5%-64; 4) %4950 9
21.3. Briuncaure:
3=} 15 ) 1g i
1) (35); 3) (-¥2); 5) (E@J :
2) (-47); 4) 474 6) 548",
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21.4. Haiinure 3HaUYeHHUe BhIpAKeHUS:

1) (318)°; 3) (-811)’; 5) 3 Y457;
2) (—%)9; 4) (%%T; 6) (—25'-1{—_5)5-

21.5. Beiuucaunre:

1) 0,331000 — 58256 + 6 - (—96) " ; 2) 145 +(-2410) - Y-128

21.6. Briunciaure:
2
1) 200%/0,001 - 3/~0,00032 — (-4+/2);
. 5
2) 3/8000 - 4 f?% _(3B8) + .

21.7. Haiigure obaacTh onpeieleHUA BEIPAMKEHNA:

1) ¥x-1; 2) Yx2 —x—2; 3) Yxl-1; 4) 8[x2(x - 3).

21.8. Haiimure obacTs onpenejleHUA BeIPAMKeHNA:

1) ¥x-2; 2) Yx?2 —4x +3; 3) 83— |xl; 4) Wlxl(x - 6).

21.9. Peminre ypasHeHMe:

1) x° = 9; 3) 2% =5; 5)2Tx3-1=0;

2) x7 = -2; 4) x* = -81; 6) (x + 5)* =10 000.
21.10. Pemture ypasHeHHe:

1]1“9—1 3 att=0 5) 64x° + 2 = 0;

2) = 4) x5 = —64; 6) (x - 3)¢ = 729.

21.11. Pemure ypaBHEHHe:

1}§F=%; 3) ¥x = -6; 5) 32x + 7 =0;
2) ¥x = 3; 4) §Yx = -2; 6) 2x +7 = 0.

21.12. Pemture ypaBHeHUe:

1) ¥x =-2; 3) Yx =-2; 5) 43x -2 =
2) #x =-2; 4) ¥3x -2=0; 6) ¥3x-2 =

21.13. llocrpoiiTe rpad@uK PyHKIUU:
. 3 4
1) y=(¥x); 2) y=(¥x).
¢ ¢

21.14. Haiinure obaacTh onpeie/ieHUs BhIpaKeHMsI:

1) ||_9; 2) V6 — x| ifﬁ

21.15. Haiinure obaacTs onpeeieHUs BbIpaKeHNs:

x| -4 10/
]_ B : 2 3
) \ 12 - 36 ) Yl \fr+4
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21.16. Peminre ypasHeHHe:

1) (x2 -4)¥x+1 =0; 2) (x-1D)Yx2-2x-3 =0.

21.17. Peminre ypasHeHHE:

1) (lx]-8)%¥2 - x =0; 2) (x+2)¥x2 +2x -3 =0.
21.18. IlocrpoiiTe rpaduk GyHKIIUN:

1) y=Wxr-1) +(#1-2) +1;

6 6

2) Yy = (EE) +{ﬁ~..u“1—£) .
21.19. llocrpoiiTe rpaduk GyHKIIUKA:

1) y=x(¥x)5 2) y=(32+x) +(¥2-x).

21.20. IlocTpoiiTe rpad@uK GYHKITUN:

1) y=2-x; 3) y = ¥ll; 5) y = 3l - 1;
2) y = Yx—-2-2; 4) y = x| —1; 6) y = |*~.3|"I+1 —2|.

21.21. Haiigure HauGosblllee U HaMMeHbIIIee 3HaAYeHUs GyHKIuU [ (x) = 3l
Ha MPOMexKyTHe:

1) [2; 3]; 3) [-2; 2]; 5) [-1; +e);
2) [-1; 0]; 4) [-2; 1]; 6) (—oo; 2).
® & ¢

21.22. JlokakuTe, 4TO ABJIAETCA UPPAIMOHAIBHBIM YHCJI0: 1) %E; 2) %.

21.23. JlokakuTe, YTO ABJISIETCS UPPAIMOHATIBLHBIM YHCJI0: 1) ff’t_'; 2) ¥12.
21.24. B 3aBuMcHUMOCTH OT 3HAUEHHUSA IapaMeTpa d OIpelesIuTe KOJUYeCTBO
KOpPHEeH VpaBHEeHH:

1) (x-a)¥x+1=0; 3) (x —a)¥x -1) =0.
2) (x —a)¥x +1) = 0;

21.25. B 3aBUCHMOCTU OT 3HAUYEeHUA TapaMeTpa a OIpelesIUTe KOJHUYeCTBO
KOpHeH ypaBHEHHA:

1) (x +1)¥x-a =0; 2) (x-DFx -a)=0.
21.26. CKOJIBKO KOpHEH MMeeT ypaBHeHHe % =d— X B 3aBHUCHMOCTH OT 3HA-
YyeHHsA napamerpa a?

. =
YnpamHeHuWs ANA NOBTOPEHUA g g

21.27. Haiinure odbeguuenne MmaoxecTs A u B, ecin A ={x | x =4n, n € £},
B={x|x=4n+2,ne Z}.

L5 2 -1
21.28. Yrnpocrure BhIpakeHue ( - yj : (;1: el J :
X - X+y
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CBOMCTBa KOPHSA 7-N CTeNeHN

PEIGCMDTDHM TeopeMEl, BEIpaaklInie CBOMCTBA KOpHA }-# CTelneHu,

nnp Teopema 22.1
(nepBas Teopema 0 KOpHe U3 CTeneHu)
Ana moboro a € R v k € N BbinonHsaioTca paBeHcTBa:

2k + 1
|I'a2iz+l - a

2k aZk — |ﬂ;|

[lokazaTeneCcrBO i
2k + 1
Ilniga Toro 4TodLl JOKA3aTh PABEHCTBO 7 X = If, 10CTATOYHO MMOKAa3aTh,

uto y*** ! = x. Torna mepBoe U3 JOKA3LIBAEMBIX PABEHCTB OYEBUIHO.

2% X =1, AOCTATOYHO NNIOKa3aTh,

fe

Ist Toro uTobbl AOKA3aTh PABEHCTBO
yro y = 0 u y%* = x. Umeem: |a| 2 0u (|a])*=a*. =

sus) Teopema 22.2

(kopeHb U3 Npou3seaeHuUs)
Ecmaz=z0unb=20,ne N,n>1, 1o

Yab = Ya - Yb

[lokazaTenbCcTBO
Iloisi Toro uToGBI IOKA3aTh PABEHCTBO X =Y, Tae x = 0, Z0CTATOYHO

oKasarh, uro iy = 0 u y" = x.
HUnmeem: Q/E Z0mn {‘fg = 0. Torna Q/E - ("/E = (0. Kpowme Toro, (f/.f_.! ~ 2‘/{5)

= (”a)” A2 b)” =ab. m

H

W3 reopemsl 22.2 cneayer, utoecim a < 0un b <0, ne N,n > 1, 1o

Yab = ¥—a - 4-b.

sus) Teopema 22.3

(KkOopeHb U3 YacTHOro)
Ecmaz=z0ub>0,ne N,n>1, 1o
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MokaxkuTe 3Ty TeOpeMy CaMOCTOATEJIbHO.
n E -
J

3ameruMm, utoecin a<0u b <0,ne N,n>1, ro

sssy Teopema 22.4
(cTeneHb KOpH#A)
Ecma=0,ne Nke N,n>1, 1o

[lokasaTensCcTrBO
Ecan k =1, To nokassiBaeMoe PaBeHCTBO OYEBUIHO.

k
IIycers & > 1. Imeem: (‘{’,fa) =%Ya . Ya....%a=%a-a-....a =Ya*. m
[ i 4 M mm oom e

FaHosuTene FuaHomnrenei

mngp Teopema 22.5

(kopeHb U3 KOpHA)
Ecma=0,ne Nke Nn>1,k>1, 10

¥a -4

[lokazaTensCcrBO 5

Nmeem: {/@ = 0. Kpowme Toro, ({/T':{/—.‘:_.-:)mE = ((M)”] = (%’E)ﬂ =a. i
masp Teopema 22.6

(eTOpas Teopema O KOpHEe 13 CTeneHu)
Ecma=0,ne NN ke Nn>1, 1o

NlokasaTenbCcrBO
Ecau k£ = 1, To fokaspiBaeMoe PaBeHCTBO OYEBUIHO.

IIyers k > 1. Umeem: ”{ﬂ/a_‘{’ = «.”,.'iffa_‘i*’ =a. m
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Mpumep 1. Yapocrure sipaskenue: 1) Fa3; 2) Ya'2; 3) Ya2; 4) 61645,
ecimx =z 0my < 0,
PeweHune.

1) U3 ycnoBusa caenyer, uro a = 0. Torna 1\/— «11!‘9' J_

2) Ja'? = Y(a®)* =|a?|.

3) Y = =

4) Vuureisas, uro x = 0 u y < 0, momxuo sanucars: $x6yb = §/(xy)® =
= |ay| = |x||ly]| =x(-y) =—xy. n

Mpumep 2. BeiHecuTe MHOMKUTENL U3-TIOJ 3HaKA KopHA: 1) 3250;

2) ¥b13; 3) ¥-b13: 4) Ya®h7, ecnm a < 0.

PewneHue.
1) IlpencraBuM 4MCIIO, CTOAIIEE MMOJ 3HAKOM KOPHS, B BUJe IIPDOU3BE-
nHeHnusd ,E[B}F’X yycesdl, 0ODHO H3 HDTDI}HK gHBadeTCH R}’GGM pB.I_[HDHaJI]':-HGFG

YHCJIA:
{250 = ¥125.2 = 52.
2) U3 yenosusa ciaenyer, uro b = 0. Torpa
Vb3 = Yb*op® = 651Yb3 = b° - Y.
3) U3 yenosus cuaenyer, uro b < 0. Torna
§-b13 = 8p10(—b) = 63183 = —b5 - §/-b3.

4) Us yenosus cnenyer, uro b = 0. Torna Ya®b? = $abb6b = |allb|$/b =

= —ab%b. m

Mpumep 3. BHecuTe MHOMKHTENL IIOJ 3HAK KOpH:A: 1) —2%; 2) ai/"i—’;

3) ¢9c7; 4) 35%/—72.

PewieHne.

1) -2%3 = -8/64 - %3 = -8192.

2)Ecnua?0,m aift = Yat 47 = JTat; ectma <0, To aill =Ygt YT =
. _4!

3} Ha yenosus crenyer, uro ¢ = 0. Torna ¢ e = W10 .17 = 1Wel7,

4) U3 ycanosuda caenyert, uro b < 0. Torga

3&;1/—72 _ 4315 »t,/-”gi e #3154 (-%‘J _ 4275 m
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\E+1 \ff:—2-\4.l'ub+\/g
PeweHune.

1) Pagno:XMuB YHCIHUTENb JaHHOH Apo0H HAa MHOMKHUTEJIH, HOJAydaeM:
2
-1 _ &) -1 _(\/5—1)(\/5+1) op 1.
% +1 % +1 §b +1
2) PazinouB YMCJANTE s U 3HAMeHAaTe b JaHHOM 1po0K HA MHOMKHTEH,

T b - Was ) Yasth
Ja - 23ab + b (42 - 4 Va4 "

Mpumep 4. CoxparuTte Apo0Okb: 1)

Wab + %
Wab
PeweHue. 13 ycnoBus caeayer, uro uneyia g u b ogaoro suaka. Pacemo-

TPUM JBa CIYUYas.
IlepBniii cay4yaii: @ > 0 u b > 0. Umeem:

1m+% :l%-mb+wb-l% :1ﬂ!](1uﬂ+1%):ma+1%
1001 1%_1& b 1%_1% 1%
Bropoii cayuait: a < 0, b < 0. Umeem:
ek + 36 _ a6 - (98) _ Wb (Ve -9b) W -b
Im 19[_;‘113_;} m_a_1\[— lﬁ

Cuyuait, korma a < 0 u b < 0, Mmo:KHO pacemorpers uHave, Ilyers a = —x,
b=-y, rnex >0,y > 0. Umeem:

10/ 1 10 xy 10 y 1%/;.1%@
WSy W9
B 1{}/{; - lg,f__a

Mpumep 6. Tokaure, uto ¥9 + J80 +39-./80 =

PeweHune. Ilycrh 2{9 +/80 + ﬂg —+/80 = x. Bocmoasayemcs TeM, 4TO
(a + b)Y =a®+ b? + 3ab(a + b).
NUmeem:

¥B=9+/80 +9- 80 + 39+ 80 - 39— 80 - (39 + /80 + /9 - /30).

Orciona A* =18 + 3x; ¥ —3x— 18 =0.

Mpumep 5. Coxparure apobb
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PaccmorpeB genurenn yucaa 18, HECHIOMKHO YCTAHOBUTh, YTO X = 8 fAB-
lseTcs KOpHeM JaHHOro ypaBHeHus. Pasgenus MHorouneH x° — 3x — 18 Ha
NBYYJIeH X — 3, moJy4yaeM MHorodueH x2 + 3x + 6.

Nmeem: (x — 3)(x% + 3x + 6) = 0.

JTO YpaBHEHHE HMeeT eIUHCTBeHHBII KOpeHb X = 3. |

? HEPEL{HU’IHTE CBOWCTBA KOPHA 1-1 CTeNeHun.

R =
& YnpaXXHeHVA g s uen

22.1. Hamnure:

12 | 4
1) 364 -125; 9) 3/210 . 75. 3) 8318 .10%4; 45 g =l

53 . 216
22.2. Briuucianre:

1) /0,064-343;  2) 40,0081-11%;  3) 5
22.3. Hainure:

1) 42 48; 3};1%; 5) 463 +10 - 643 - 10;

‘ 8/0530 _ ~12 ! 3
2) 30,054 - ¥/4; gy e 6) 43.%3-427 .3 9.
S,I'zﬁ : 74

22.4. Yemy paBHO 3HAYEHWE BbIPpasKeHMs:

1) 325 - ¥5; 4) 39— V17 - 3o+ 17;

9) V80, 5) 3217 +10 - 32417 —10;
%/'f:

3) {215 .53 . {26 . 5¢; 6) 4125 .18 -2 - 4807

22.5. Yupocrure BhIpajKeHUe:

1) V¥a; 2) 4¥x; 3) 4/cS; 1) Warp2e, 5) 14/81.

22.6. YrpocTuTe BhlIpasKeHUe:

1) $x; 2) Vs 3) 123 4) 2faip7 5) 964.

22.7. IlpencraBeTe BEIpajKeHUe Jr:_z B BHJle KOPHA:

5 24  al6
= g 8231
21ﬂ 516

1) yeTBEpPTOIL CTEIEHH; 3) mecATOl CcTelleHH;

2) nrecToi CTENeHH; 4) BoceMHaAIIaTOH CTEeIIeHH.
22.8. lIpencraBeTe BEIpa:KeHUue %, b = 0, B Buje KOpHS:

1) mecToil cTeneHu; 3) NATHAAIATON CTEIeHH;

2) neBATOH CTeIeHH; 4) TpUALIATOMN CTEIIeHH.

22.9. BriHecuTe MHOMUTEbL U3-110J 3HAKA KOPHA:

DU w6 Yiod D Y
2) ¥162; 1) ¥7290; 6) ¥-a; 8) 3/~108a751°.
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22.10. BrimecuTe MHOMKHUTEEL U3-T10] 3HAKA KOPHS:

1) 480; 2) ¥432; 3) 35448; 4) 4243b°'8.

22.11. BrecuTe MHOMKHUTENE 10 3HAK KOPHS:

1) 24/3; 3) -1040,271; 5) 53/0,04x; 7) b33b3;
2) 4/5: 4) E?./EE; 6) 2 5/6y; 3) cﬁ.
¢

22.12. BuecuTe MHOMKHUTEN L 10 3HAK KOPHS:

1) —E/EF 2) 24/7; 3) 5¥4a; 4) 2.1:3{‘/%.
22.13. BaMEHHTe BhIpasKeHUue TOMAEeCTBEeHHO PABHLIM €MY:

1) ¥625 — 3320 — Y135 + ¥40;

2) ¥56m + Y-189m — ¥-81n —1,5%24n + 3/448m.
22.14. Ynpocrure BhlpaskeHUe:

1) ¥54 — 3316 + 53128 + 3/2000;
2) 46254 + 3416a — 24814 + 431296a.

22.15. Ynpoctute BeIpaskeHUe:

1) V2V3; 3) Ya¥a; 5y §x33x7;
2) 3/33/2; 4) 3b8b; 6) 324242.

22.16. Yuopocrurte BeIpajKeHue:

1) Java; 3) 3byb; 5) 3x23x18;
2) 3/3/3; 4) Y2 ¥e; 6) Ja¥la¥a.

22.17. Yuopocrure BhIpaskeHUe:

1) (1+¥a + ¥a2)(1 - ¥a); 2) (1++a)(1+%a)1-¥a).

22.18. Yopocrure BeIpajKeHUe:

1) (Vm +n)(&m + ¥n)(&m + 8n)(&m - ¥n);
2) (3fa — &ab + 36)(¥a + ¥b).

22.19. Cokparure gpo0db:
1) Ja -+b . \/abz Va2b 7 Ja+ib .
Yo+ 407 \/_—\/E ' \/_ ﬂ+\/5
2) 8r -9 5) & b2 — bia® 8}2H%E'
Yx +3 3a2h? , Y2 ,

.FH+%"E_ ﬁ}\/_+4\[—+16 9)%/5.{_3—{4/;+\/_—1
wi_ M x - 64 a-~a '
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22.20. CoxpaTute Apo0b:
% +1 a-b | 5) m + f,/;
Ya-1" VV-w

1," ~ ymn 4 2 b —bya ﬁ)3+3}(§
J_-J_ Jab ¥z
® &

1)

%"azbz + %,/agh '

22.21. Ilpu KaKUX 3HAYEHUSAX ¢ BBINIOJIHSIETCS PABEHCTBO:

1) Yla-57 = (Ya-5); 4) Sfata-1) = Yasfd - a);
2) 3(a-5)* = [3#&—5)4; 5) Wa-4 +1@'[a—4}9 =g -

4 12
1 — ot _ (4, _ : a—2:122—a
3) Ya-2)t =(¥a-2); 6) Ty — ‘/a_a?
22.22. IIpu KaKUX 3HAYEHUAX ¢ BLINOJHAETCHA paBeHCTBO:
4
1) Ya®0 = ad; 3) Va =(¥a);
4
2) Yad® = —ab; 4) Ja :(‘%.f—a) ?

22.23. IIpu KaKUX 3HAYEHUAX ¢ U b BBIIOJHAETCA PABEHCTBO!

1) 4ab = Y~a - Y-b; 3) Yab = Ya - Yb;
2) Y-ab = ¥a - {-b; 4) Yab = Y-a - Y-b?

22.24. [Ipn KaKuUX 3HAYEHUSX X BBINOJHAETCA PABEHCTBO:
1) m =4x-2.-Yx+2;
2) 8f(x-3)T-x) =¥x-3-¥71—x;
3) H(x—6)(x-10) =Yx -6 -Yx-10?

22.25. YOpocTUuTe BRIpaKeHue:

1) YmS, ecou m = 0; 5) v0,25b, ecoiu b < 03

2) ynt, ecniu n < 0 6) y81x%y*, ecnu y = 0;
3) ¥256k8, ecnu k < 0; 0,014%bh'%, ecrma < 0,5 =20

4) §c2; 8) —1,2115!64,173“, ecau x < 0.

22.26. YOpocTUTe BLIpaKeHHUe:

1) ¥625a%4; 4) W p30qi°, eciu p = 0

2) #U,D{)Olbz‘-", ecau b = 0; 5) ¥m36n80 ecom m < 0, n < 0;
3) —5vJ4x2, ecan x < 0; 6) ab?yYa®®h36ct4, eciu b =0, ¢ < 0.
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22.27. BriHecuTe MHOKUTEb U3-T10J[ 3HAKA KOPHHA:
1) m; 5) 4162a418¢12, ecnmu a > 0, ¢ < 0;
2) W, ecann a > 0; 6) W;
3) W, ecan x # 0; 7) W.
) ¥32m'8nl7;
22.28. BoinecuTe MHOMKUTEJIL U3-TI0]] 3HAKA KOPHSA:
l}m,ecﬂuaéﬂ; 3)W,ecﬂma<0,b{0;
2) m; 4) W, ecau a > 0.

22.29. BHecuTe MHOMUTENE IIOJ, 3HAK KOPHSA:

1) a¥2, ecoma = 0; 4) b¥e;
2) ab§|——~ ;2 ,ectma > 0,b<0; 5) a$-a;

3) mn 4 ,}3 . 6) ab¥yab®, eciu b <0
men

22.30. BrHecuTe MHOMKUTEIb 110]] 3HAK KOPHA:

1) f:%, ecau ¢ = 0; 4) abd—— %5 , ecan a < 0;
2) a¥la; 5) av—-ad.

3) —abi6, ecnu a <0, b >

22.31. [loka:xure, 4T0 3HaYEHUE BhIpasKeHUA SBIIAETCS LEJIbIM YHCIIOM:
1

1 1
. + . e . =
Y12 + 31 2+ Y22 Y22 1 Y2.3 + Y32 $9992 + 999 . 1000 + 10002
22.32. IIpu KaKUX 3HAYEeHUAX a U b BepHO PaBeHCTBO:

1) Ya®b® = ab¥ab; 2) Yatb = ailb; 3) Yath = -ayb?

22.33. YupocTuTe BhIpaKeHUe:

1) §(/6 —2)%; 3) Y2 - V3)%;
2) Y -2)%; 4) §(J/3 - 2)2.

22.34. YupocTuTe BhIpaKeHUue:

1) §(J5 - 2)¢; 3) 1Z(V11 - 3)3;
2) W3 - V5)2; 4) YT -3)°.
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22.35. Hanpure sHayeHHe BhIpasKeHUd:

1) V10 - 3§19 + 64/10; \/\F f}ﬂ lﬁf V18
2) V4 + 22 - {6 - 442;

22.36. Haiinure 3HaYeHUe BbhIpaskeHUA:
1) §7 - 443 - Y2+ 3; 2) 26 -1 425 + 446.

22.37. Ilocrpoiire rpadhur QyHKITAHA:

1) y = 2x +Yx®; 3) y = Y(x - 2)%; 5}3;::3 +2;
§x8

2) y=Yx - Ya%; 1) y = Ya?  Ya?; 6) y = Ya® - Ux°.
22.38. llocrpouire rpadhur QyHKIIAN:

1) y=¥Yx® —2x; 2) y = Y=x - Y% 3}.-?:6"1:6
22.39. YuopocTure BhIpaKeHHe: !

1}[ 1 _i‘jE+1]: Ja__

Ya-1  Ja Ja -24a +1
2) (Y1 a¥x )ﬁf:?ﬁﬁ;
Y -1 Yx-1) 8x-1

o (G [ 1)

4}JE+2?_ Ya-3  Yab-9).
8a-8b \Ya-3%a+9 Ja+21)
5) {/2“2@‘-

%/JF Ja+1
Va+i Na-1.
22.40. [lora:xure TOMKIECTBO:
1}[ 1 _Ef_—l) 3 2 _ x4,
Q/:i_’ +1 %f_ \/'_ + 2\/': +1 x
a+b 3ab? - 3a2b

\/_ \/_ \/_ zﬂ-l-‘\f(t{'_ 6 -I-E' :
T = Ya + ¥b;
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\/m+4~..,r' \/\! ~4+2 m-4ym
\/m dim-4 -YJm-4-2 m-—B

. A& K .
22.41. [lokamxuTe, 4TO 3HAYEHHE BhIPAMKEHHUSA SABISAETCH pauHOHﬂ.TIbHLIM
YHCJIOM:

1) ¥7+ 542 + 37 - 542; 2) 3/6./3 +10 — 3643 —10.

22.42. JlokaxKure, 4To %/20 +1442 + %1/20 ~ 142 = 4.

22.43. Vupocrure seipaskenue (°42 + )2 + D(E2 + D2 + D2 +1).
22.44. YupocTuTe BhIpajKeHHe (6%/{_1 + 1){3% +1)-...- (\/E +1).

=

22.45. lIpuBegure npuMep TAKOT0 MHOTrOYJIeHa C LeJbLIMU Koa(pg duinueHTamu,

4TO YHUCJIO % + 39 apnsgercs ero xopHeM.
22.46. IIpuBegure npuMep TAKOI0 MHOTOUYJIeHA C LeJLIMU Koa(pg duiueHTamu,

4TO YHCI0 Y2 + 3 ABIAAETCA ero KOpPHEM.
22.47. [loramxure, 4TO SABJAeTCA UPPAIMOHAJILHLIM YHCJIO:

1) 32 + ¥5; 2) 33 + /2.

22.48. [loraxxure, 4YTO ABIAETCA UPPAIHOHAJIBHBIM YHCJIO:

1) 37 -¥3; 2) ¥2 + 3.

22.49. [lokaxure paBeHCTBO

J2+J2+\/_..+ V2+6 10245 + 3 + %2 3.

10 pa,q;;r:mtuﬂ
22.50. [loxa:xure paBeHCTBO

J2+\/2+\/2+\/2+ J2+J14 =6 + 35 + 46 — /35

m m
YnpamHeHWs ANA NOBTOPEHUA g

22.51. [lora:xure, 4To Opu J1000M LeJIOM 3HAYEHUHU 7 3HAYEHHNE BRIDAMKEeHUS
n(n+ 1)(2n + 1) xparHo 6.
22.52. Haiinure Bce HATYpaJbHbIe 3HAUYeHHUSA 1, IIPH KOTOPLIX sABIdAeTCH Ile-
2n +11

JIBIM YHCJI0OM 3Ha4YeHHe BhIpameHHdA N T
M

220



CreneHb € payMoHanbHbIM NoOKa3arenem
N eeé CBOMUCTBa

HanomBum OIpejejieHre CTelleHH C HaTVpaJdbHBIM IIOKa3aTeJleM:

a"=a-a-...-a, ne N,n>1;
\_V_-l'
1t MHOMBHTE el
al = a.

Br! 3HaeTe, 4TO cTeNeHb ¢ HATYPAJIBLHBIM MOKAa3aTeJeM 00JIalaeT TAKUMHU
CBOUCTBAMU:

1. a!ﬂ . ﬂ“ —_— ﬂﬂr+ H‘;

2.a":a*=a®” " ", a+0,m>n;

3- {am}n = aJ’HH‘;

4. (ab)' = a"b";

al'  a"
5. || =—, b=0.
b b
IToz:xe BLl O3HAKOMUJIHCE C ONPeleSIeHUAMU CTelleHHU ¢ HYJIeBLIM IIOKAa-
3aTeJieM U CTelleHH ¢ OTPUIATELHBIM 1eJbIM ITOKA3aTeIeM:
a®=1,a#0;
—h 1
a"=—,a#0,ne N.
H
el
JTH OIIpeeNeHUs OUeHb VIauHble: IPU TAKOM II0JX0/e BCE IIATh CBOMCTE
CTeNeHH ¢ HATYPANLHBLIM IOKA3aTeJIeM OCTANHUCH CIPABEJIMBLIMU M JIJSA CTe-
IIEHH C I[eJIBIM II0Kas3aTeIeM.
Beenem mnousTHe creneHM ¢ ApoOHBIM IIOKaszaTejleM, T. €. CTeIeHH a’,

o m
ImoxasaTeJbs HOTOpPOH ABJAAETCA palHOoOHaJlBHBIM YHCJIOM BHIa ¥ = —, I'le
M

me £Z, ne N,n > 1. KenarenpHo ciejaTh 970 TAK, 4T00LI CTEeIeHL ¢ APOO-
HBIM IIOKa3aTejeM 00/a/ajia BCeMHU CBOMCTBAMHM CTEIIEHH C IeJILIM IoKasaTe-
nem. IToackaskoi g TAKOro OIpelesIeHMsA MOMKET CHAVIKHTE CJIeIVIOU[MMA

IIpuMep.
p p 2 2

Ob6o3HaUNM Uepes X HCKOMOe 3HaueHHe crerneHu 23, 1. e. x = 23, Yuyu-
(5)
THIBas cBOHCeTBO (@™)" = a™, MoskHO 3anucath x3 =\23) = 22, CnenoBarein-
L v 3
HO, X — 3T0 KyOH4uecKuit kopeHb U3 yuciaa 22, 1. e. x = V22, Takum obpasom,
2
Y 3
28 =22,
It coobpaskeHUdA MOACKA3LIBAIOT, UTO Iejleco00pasHo MIPUHATEL CIeny-
I011lee oIpenesleHHe.
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sy OnpegeneHme
CreneHbi0 MNONOXUTENBHOINO YUCNa d € pauMoHasibHbIM MoKasarenem 7,

n
npeacraeneHHbim B Buge —, raem € Z, n € N, n > 1, Ha3biBaloT umcno
n

Vam™, 1. e.

m
n

= -\nfum
3
Hanpumep, 57 - 58, 3 5_37 - ~ Y31, 0,498 = 0,470 = 19/0,43

EHMETHM, YyTO 3HAUEHHE CTeleHH , rlle ¥ — palluoHaldbHOEe YHCJ10, He

34BHCHT OT TOro, B BHUIe KaKol ﬂp(}ﬁl{ npencraBjaeHO YHCIIO 7. BTD MOMHO ITIO-
m mhk

J
KasaTh, MCIIOJIb3YA paBeHCTBA A’ = Na” u aw ="Ja™ =a™.
CreneHb ¢ OCHOBAHMEM, PABHBLIM HYJIIO, OINPeeIsioT TOIbKO JJd I10JI0-

JAHHUTEJIEHOI'O PAallHOHAJILEHOI'O ITIOKa3aTe .

a" =a

07 =0, rgeme N, nec N.

| =

3aMeTUM, 4TO, HanpuMep, 3anuck 0 2 He MMeeT CMBICJIA.
m

IloguepkHEéM, 4TO B OIpeae/leHHUAX He HIAET pedd O CTemeHW a’ i
1
a < 0, Hanpumep, BeIpa:keHue (—2)3 ocrajgoch HeolnpeaeléHHBIM. BMmecTe c

TeM BEIDAXKEHHe 3—2 MMeeT cMbICJ. BOZHHKaeT ecTeCTBEeHHBIN BOIPOC: HOoUe-
1

39 = (-2)3 2 & ’

MYy HE CUHTATh, YTO = (—2)3 ? Iloxakem, 4TO Takas JOTOBOPEHHOCTL IIPU

BeJia OBl K IIPpOTHEBODEYHID.
1 2
V-2 = (-2)2 = (-2)5 = §(-2p2 = ¥4.

HO.HY‘{H.IIH, YTO OTpHIAaATeIbHOE YHUCIIO ﬁ.,.l'3 -2 pPaBHO INONMOHKHTEIBEHOMY

YHCITY §4.

HOHEI.DHEM, YTO CBOMCTBA CTEIIeHH C IeJbIM IHOKasaTeJaeM OCTAaITCH CIIpa-
BeIJHUEBELIMH M OJA CTEIIeHH C IPOHU3BOJIBHBIM PAallMOHAIBHBIM ITOKasaTeEJeM.

megp Teopema 23.1
(npou3sepeHuMe creneHemn)
Ansa nwo6oro a > () n MoBbIX pauMoHanbHLIX Yvcen P U ¢ BbINOMHAETCH
paBeHCcTBO

a’ - aql=a "1
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LOoKa3aTeneCcrBo

3anuireM panHoOHa/JdbHBIEe HHUCHAA P U ¢ B BHJlE ,ﬂpﬂﬁﬂﬁ C OJHHAaKOBBEIMH

3HAMEHAaTeJNAMHU: P = e q = E, rneme Z, ke Z,ne N,n > 1. Hmeem:
n

L
H
m o+ m &

m I
af - af=qgn .qgn = %Yagm . ‘:.’fﬁ‘rl' = Yam .ﬂ’!" = a..”f'am +k = a n o =qan Tn o= art*1. m

se) Cnepgcreme
Ona mwo6oro a > 0 n nwboro pauMoHanNbLHOro 4UCNa P BbINOMHSAETCH

paBeHCTBO

[lokasaTeneCcTBO
IIpumensia Teopemy 23.1, samumem: a™® - a”’ = a?*? = a® = 1. Orcioga

g ¥= i . B
aP

negp Teopema 23.2
(yacTHoe cTeneHen)
Ona moboro a > (0 n NbGbIX payuoHanbHBIX YACENn P U ( BbINONHAETCA

paBeHCTBO

a cal=aqf 1

[lokazareneCcTBo
IIpumensas Teopemy 23.1, sanumem: a¥ - a”’ ~9=aq9*? -9 = q”. Orcroga
a’"i=a” : a%. m

nusgp Teopema 23.3
(cteneHb creneHu)
Ansa moboro a > () n nobbiX payuoHanbHbIX YMCen P U ¢ BbINONHACTCH

paBeHCTBO

(a?)? = aP4

[lokasaTensCcrBO
ITyers p = E,me Z,ne Nyn>1,ng= %,SEZ,szN,IeZ‘? 1. Umeem:
I

5 :
m\E  wl( m\ | s ——— ms m s
{{Iﬂ'}q = (HF) = (HF) = & (;}fﬂju ) == k qnfﬁ'm"'l = kﬁ”faﬂfﬁ = a;ﬂﬂ =fn b = apq' =
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sy Teopema 23.4
(cTeneHb Npou3BeAeHUs U CTENeHb YacTHOro)
Ona no6bix @ > 0w b > 0 v nio6oro paumoHanbLHOro YNCNa P BbINOAHAIOT-
CA paBeHCTBA

(ab)y = a’b”

a\' a?
i

Iora:xuTe 3Ty TEOPEMY CAMOCTOATEJILHO.

Mpumep 1. ITocTpoiiTe rpadpux GyHK-

1 \-3
nun f(x) = (+3) . yA

PeweHune. ObnacTeio onpeaeneHns GyHK-
nun [ aiaserca MHOKecTBO (0; +eo). laHHYIO
(OYHKIIUIO MOXKHO 3aaTh TAKHMHI YCJIOBUSIMU:
f(x) = x, D(f) = (0; +=). I'padux pyHRIUH 1
1300paskéH Ha pUcyVHKe 23.1. &

PaccmoTpuM nmpuMepbl, B KOTOPBIX BBI-
MOJHATCA TOMXKJAECTBeHHBLIe HpeobpazoBaHUs
BEIDAMKEHUI, cOomep:allux CTEeIeHH C palnuo-
HAJBHBIM IOKA3aTeJIeM.

FPHC. 23.1

Mpumep 2. VopocTuTe BhIpaKeHUE:
(3a®? + b%2)(a%? — 4H%2) — (a2 + 2b°2) (a2 - 259-2),
PeweHune. PackpoeM CKOOKH, HCIIOJL3YS IMPABHJI0 VMHOMKEHHUS MHO-
ro4JIeHOB, (POPMYJY PAa3HOCTH KBAJpPATOB, 4 3aTeM IPHBEAEM II0J00HEIe CIa-
raemMsle:

(3a%3 + b2)(a®? — 4hO2) — (a3 + 2692)(a%® — 2b02) =
= 3a%6 — 12a%3H%2 + @®3b02 — 4H%4 — %8 + 4504 = 2a%0 — 11a%3p"2. m

1 3
Mpumep 3. PaziosuTe Ha MHOMKHTENIN BhipaeHue a2 — hH1, ucnonbays

hopmyay: 1) pasHOoCTH KBaapaToB; 2) pasHOCTH Ky0OB.
PewieHune.

1) aé - bg = (a%)z - (:‘J%)E = (a% - b%)(a% + bg) ;
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oy av—in —(at) _(53) — (ot — 3ok + ot 4 13) . m

11
6 + 3b2c1
Mpumep 4. Coxparure gpods: 1) il il = 2) L

2 1
b3 — 9¢2 4

PewueHue.

1} Pagznoxue yuncnuTens 1 3HaMeHATe b ,ILPDGH Ha MHOMHTENIH, IT0JY-

Haen:
5

5 LI l( : l) L
b6 + 3b2¢1 b2 \bh3 + 3¢1 b2

b3 — 9'3% (h% - 3{:2)(53% + 3(:%) f;% - 34::i -

1 1 1( 1 ) ! 1 1
3 163 3923 _ 3 3 1
2) Umeem : 1? e T (E) =83=2. m
11 1(1 1 2
43 - 23 23 (23 —1) 23
1 1
x3 +2 x3 -2 16
Mpumep 5. YopocTuTe BhIpAKEHNAE — = =T
x3 -2 x34+2 x3-4

1
PeweHue. Breinonuum 3ameny x3 = y. Torga nanHoe BeIpajKkeHUe IIPU-

HHMaeT BUI:
S y+2 y-2 16

y-2 y+2 y?>-4
9TO0 BbIpadKeHHe JIErKO YIPOCTHTb. SaBeplIUTe pelleHHe CAMOCTOs-
TeJIbHO.

OTBeT:

1
X8 + 2

? 1. ChopmynupynTe onpegeneHue cTeneHn ¢ pauuoHanbHbIM NokasaTenem.
2. MNepeuncnuTe CBOUCTBA CTEMEHM C palMOHanbHbIM NOKa3aTenem.

- O
® YnpaXHeHVA 5 spmw

23.1. IllpencraBeTe cTeneHdb ¢ ApobHLIM MMOKA3aTeJlieM B BUJe KOPHS:

1 1 1
1) 53; 2) b7, 3) (ab)7; 4) (m + n)>°.
23.2. 3aMeHUTe cTeleHb ¢ APOOHBIM ITOKasaTeleM KOpHeM:

1 6 9
1) §%; 2) %4 3) a7; 4) (a — 2b)16,
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23.3. llpencrasbTe KopeHb B BUJIe CTElleHH C JPODOHBLIM IMOKa3aTeleM:

1) 2) ¥6°; 3) Y2-2; 4) Ya® - b7.

23.4. 3aMeHHUTEe KOPEHb CTeNeHbI0 ¢ APOOHBIM MOKa3aTeJeM:

1) Va3, 2) Wm; 3) Y5a°; 4) Yx +y; 5) §0,38.

23.5. HaliguTe 3HaYeHHe BhIparKeHUs:

1 _3 4
1) 42; 3) —5-0,01 2; 2) 273 ;
1 1
2) 3-64 3; 4) 0,216 3; 6) 32792,
23.6. Uemy paBHO 3HaAYEHHE BbIpasKeHMs:
1 1 5 2
1) 83 2) 1000071; 3) [i] 2, 4) 0,125 37
23.7. Halinure 3Ha4YeHHUe BhIparKeHUs:
1 1
B 1 3
1) (5-0:8)6 . 54.8. 3 | e S (L 5) 3604 - gL.2.
ey ’ )[mJ (700] ’ ) ’
. 1 1,6
1,5 = 1\
1 82 L
9 . ol B . {}I.E_
A e o ()" 16
22
23.8. Hemy paBHO 3HaYeHUEe BhIpAXKeHUA:
3 4% 6 2.5
1) 5%4- §-1.8 ..5-2.6, 3) (97) > D) {2;) 1,455,
1 \ 02 81%
9 0.7y8 . 7-17.6. s . bl
) (708 : T- 9(x) s o=
33
23.9. U3BecTHO, 4TO @ — HOJOMXKUTEJbHOE uncio. IlpencrassTe a2 B BUle:
1) kBajgpara; 3) mecToi cTelneHH;
2) ryba; 4) BOCBMOII CTEIIeHH.
23.10. M3ssecTHO, uTOo b — mnonoxuTrenbHoe yncao. IIpeacraseTe B BUge Kyba
BEIpaKeHHe: . . ;
1) b?; 2) bz; 3) b3; 4) b1:8: 5) b1t,
23.11. PackpoiiTe cKoOKU:
Wt Jowd [ 1)2
1) 2aZ\a2 — 4) + 8aZ; 4) \a3 + b3} ;
2
1 1
2) (a®® — 36%3)(2a%5 + b%3); 5) [(1_5 = %H_E] .
(307 2357 + c3).
3) \38b3 — 2 )\3h3 + 2 6) (b** + 3)2 — 654
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1 2 1

7) (cﬁ—l)(cﬁ +c3 +1); 9) (aé+bé)

8) (a% + a%)(ag —ag +a); 10) (Ig —1)(;::% +:.r% + 1)(1*% +1].
23.12. PackpoiiTe ckoOKuU: 4 ,\2
1) (5a®* + b*2)(3a’* — 45°+2); 5) (fﬁ - b_ﬁ) :
1 1 1
2) (m®® + n%%)(m®> — n%>); 6) (,}:E + 2)():5 —2x6 + 4) :
3) (a% - 55%)(.{1% - Sfﬁ_i) 1 ) (y'° — 4y°%)? + 8y?;
4) (m% —n% )“3; 8) (ﬁ'; - )(.{.{i + 1)(.{1% +1).

23.13. lIpencraBeTe faHHOE BRIpAXKEHHE B BUAe PAa3sHOCTH KBAJIPaTOB U PA3JIo-
JKUTE ero Ha MHOMKUTeNU (IepeMeHHbIe NPUHUMAIOT TOJLKO HeoTpHIla-
TeJIbHble 3HAYEHUA):

1 1 1
1) a - b; 2) a® - b? 3) x2 - 3; 4) x3 — yT;
23.14. Pazno:xuTe Ha MHOMKHUTEH, UCIIOAL3VA (hOpPMYJIY Pa3HOCTH KBaJApPATOB

{HEDEMEHH]:I'E' IpHHAMaKT TOJBRKO HEOTDHIATE/IEHBIE 3HAY EHHH):
1 1

2

1) a® — b5 2) x6 — yb; 3)5-c; 4) 1622 — 2519,
23.15. lIpencraBsbTe TaHHOE BbhIpaskeHHe B BHUIEe CYMMBI KyDOB M pasjlOMKUTeE
ero Ha MHOMKHUTENH (IepeMeHHble NMPUHUMAIOT TOJBKO HEOTPHUIlATEeNh-

HEIEe 3Ha4eH HH] .
1 1 3 2

1) a + b; 2) a2 + b3; 3) a2 + 2T; 4) a3 + b%_
23.16. PaznoxuTe Ha MHOMKHUTENH, UCIIOJNL3YA GOPMYJIY pasHoCcTH KyDoB (1me-

peMeHHbIe IPUHUMAIT TOJbKO HEeOTPUIATeIbHbIe 3HAYEHMS):

1) a - b; 2) al® — p1-5; 3) m%6 — 8nl8; 4) x
23.17. Coxparure Apo0b:

=1 &

1 | 1 1
a— 5a2 a+2a2h2 + b m2 — n2

1} l » 4) 1 l ¥ T} ﬁr
a2 -5 a2 + h2 m2 — n2

2 1. 1 2 3 1
_ 3 _19-3,/3 3 1 3

2) ﬂft 4!}'“5; 5) 4¢ L}?e d 1+ 9 : 8) at +Ta o
a4 2hY: 1 1 1
2c¢3 — 3d3 a— 49a2
1 1
a-b a+b 305 — 63

%) 1 1.7 % 1 17 9) 1 1
ab2 + a2h a3 + b3 105 — 25
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23.18. CokpaTute apo0b:
1

a + 2a3 a-b a—-125
D)= Y711 27 Qg
as +2 a3 +ad3b3 + b3 a3 — 25
5.1 15 05 _ p0.5 7 8
mand — mind a = poe mé — 36mb
2) E5 Vg 8= "1
min4d me — 6ms3
1 1
12 85,25 _ 25,85 i _ Qi
3) : ﬁ1 ; 6) — 0,5 J:JB . » 9) 2414 8;L
= X+ 23y + i = =
a—a2b ; : 64 — 21
\ R
23.19. llpu KaKHUX 3HAYEHUSAX ¢ BBIMOJHSAETCS PABEHCTBO:
18 T
1) ((a—2)§) =q-2 2) ((m—Z)_E) =q-27
23.20. llocTpoiiTe rpad@uK QYHKIIUN:
( 1)3 1)* 111
1) y =\x3/; 2) y= ((I — 2}4) : 3) y=x2x3x86,
23.21. Broiuuciaure 3HayeHUE BhIPAMKeHUA:
L. 2 10000%* -10%°
1) 123 .63 -(0,5)3; ) 1 1 3
100°2 - 10008
3 1 1
. 3 . 812
9) 2515 4 (0,25)-05 — 81075, LR N
06 52 .03
1
T 3 22 4 -1
3) (iJ ' +{1) .(0,81)05; 7 (728) 275 . 3675:
16 8
1 5] . _E 2 e
LA 6.76
4) 168 .875 . 415; g) |22
2171 .53
23.22. Haiinure 3HaYeHUe BhIpaKeHUA:
1 : % 0,24 . 40
5 18 320,24 | 40,7
1) | 3432 .| — : 4 R
) ( (49) J ) 6406 1605
] 1 1 1 1. =
i1 1 .. 122 32.73
2) 104 . 404 . 52; 0) — T T
73 .8 6 ]2
3 1 2 L
Sy 5 Tm . 5 3.3 3
3) 0,0016 ¢+ -0,04 2 + 0,216 3; 6) —3 1
153 -2 3
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23.23. Peninre ypasHeHue:

2 5 1
1) x 3 =0,04; 2) (x -2)2 = 32; 3) (x2-2¥)1 =-1.
23.24. Pemuure ypaBHeHHUE: 3 -
1) x5 =27 2) (x-1) 5 =100; 3) (x -5)7 =0.
23.25. Yupocture BhlpakeHHe: . - . L g
| a-b ald — b1o 3 a2 +2a1b1 + b2  a-a3b3
)a“*f'—e{:“’a_ a-b ) 756 571 B LR
abh6 — qbhe ath1 + b2
0,5 0 0,5 2 ; -2 :
0,5 _ A0, 5 ; 2 4 b2 3(aq — b3
2) aﬂh b > L. a +b : 1) a +h. . a (a —b) '
a%® 4 pO5 505 _ pOS . 2 3 3
(a® — ab)3 a2 — h2
23.26. YpocTuTe BhIpaKeHUe: )
11 I
m—n m+ n = ) b4 b
D= —p=—1 o 3)(”4_h4)'?__§’
m3 —n3  m3 + nd a4
1 1 1 1 3 3 1
A 1 y ) — ab 2 —m2 2
2) (1—{:35)(1+r13'3+f113)+4 al . 4) L ms_m +ﬂ;.
2 - ql2 m3 —m2  m?+m2
23.27. Jloka:xuTe TOXIECTBO:
1 a®+2 o -2) &% 2
a+2a® +1 a-1 ) a®+1 a-1’
(a — b)? a — b2 B é %
2) 3 §+(1 1)( 11 )—Za - 2b2,
a2 — bz a2 + b2 /\a+a2b2 + b
23.28. [loxaxxure TOXKIECTBO:
m? + n? m+n m 2 ]
1] g l =% 1 1 . g L n‘g — mﬂs
m2 + mn2 m2 + n2
. | 2 2 1. X
9 a 3h 3 1 . a3 +b3 _ ashs
Vgt g o "3 x| a a3 a7 3
a3-b3) ad3+as3b3+b3 a3 -ph3
23.29. Yupocrure BhIpakeHHe:
7 5 2 1 2 2
1] a3 —2a3h3 + ghsd % 2) (J_‘,‘B + 23 Lfty + 41}3) [2 i[?]
1 as; -1 2—3[— |.
5 4 1 2 2 ’ 3 1 3
a3 —a3b3 —ab3 + a3bh ( xt - By‘j;) : W s
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23.30. YopocTtuTe BhIpaskeHHe:
i 3

xX—y X2yt +x
1) - .

1 2
yﬂ 14
1 1 .
yt x2+y

b | |

2
1

=1l
g
b | e
|
)
-

X+ + X

4 1
2) EmS _ 27m3n : :[1_3i/£]_3m2_
m3 + 33mn + 9n3 &
. 2k R .

23.31. Yupocrure Beipamkenue (a%12% + p073)(q%25 + pL5)(a% + b3)(a + ).
23.32. Vopocrure Boipamenue a’2 +a% +a% + g +... +a"l,
23.33. VopocrtuTe BeipakeHue h127T — p126 4 pl2.o _ pl2d o 4 [83

1
YnpamHeHuWAa ANA NOBTOPEHUA g

23.34. CyuecTBYIOT JIM TAKHEe HATYPAJIbHbLIe YUCHIA 71 U k, 4TO 3HAYEHUE BhIpA-
sKeHHA 5" + 1 KpaTHO 3HAUYEHUIO BhIpaKeHUd 5 — 17

23.35. [lokaskure, 4TO He CYIIECTBYET TAKOI'0 HATYPAJIBHOI'O YUCa 17, IJIs KO-
Toporo 4yucyaa p + 5 u p + 10 apndoTed IpoOCTHIMMU.



MNrorn ™R
rnaBsbl

a4

O6paruman pyHKUMA
®yHkumio y = f(x) HasbiBaloT obpatumoir, ecnu ana nwboro
Y, € E (/) cywecrsyeT eguHcTBeHHoe X, € D (f) Takoe, uto i, =/ (x,).

BzaumHO oDparTHble PyHKLMN
®dyHKUMK [ 1 g Ha3bIBAIOT B3aMMHO 0BpaTHbLIMU, eCNN:
ND()=E@unE()=D(),
2) ana noboro x, € D (f) n3 paeeHctBa f{;rﬂ} = Y, cnepyeT, 4yToO

g (W) = x,, 10 ectb g (f (1)) = .

Ceo#icTBO rpathvKoB B3aMMHO 0DpaTHbIX YHKLMNA
[patbmkn B3aMMHO 0BpaTHbIX BYHKLUMK CUMMETPUYHBI OTHOCUTENBHO
npaMon i = X.

MNepeas Teopema O KOpPHe U3 CTEMNEHU
2k +1f 2k +1
Onanoboroa e Ruke NBbiNnonHaOTCA paBeHCTBA: a =
2k
2% =l

KopeHb M3 nponsBepeHns
Ecma=>0ub=>0ne N,n>1,10 Yab =a - b

KopeHb M3 4acrHoro o
Ecnua;?DMb}U,neN,n}l,m*\ij A
b~

CreneHb KOpHA
Ecnua?D,nEN,keMn)l,m(”a) = Va*

k

KopeHb 13 KopHRA

Ecrma 20, ne NNke Nn>1,k>1,70 ’{}%:”%

Bropas TeopemMa O KOPHE M3 CTEMNEHN
Ecma >0,ne N, ke N,n>1,10 "a* =%a

CreneHdb NONOXXUTENbHOrro Ynucna v Ymana (O ¢ paynoHanbHbIM
nokKazarenem
CreneHbio MONOXUTENBHOro 4Yucna a ¢ paunoOHanbHbIM MOKa3aTe-

m
nem 7, npeactaeneHHsiM B Buage —,raeme Z, n e N, n > 1, Ha-
n

m
3bIBAOT YMCno va™, Toectb a’ =ar = \a™.
I

On =0,rpeme N, ne N.
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5 HUucnoebie .

nocnefjoeareibHoOCTH

[0 NpegmeT n3y4yeHus 3ToM rmaebl — dyHKUKMKM, obnacTeio onpegeneHus Ko-
TOPbIX ABNAETCA MHOXECTBO HaTypanbHbIX YMCEN UNKM MHOXECTBO, COCTOR-
uiee 13 NepebiX 1 HaTypanbHbIX Yucen. Bel M3y4nTe CBOMCTBA 3TUX (hyHK-
UMW, O3HAKOMMUTECh CO cnocobamm mx 3afaHna U MX YacTHbIMW BMOAMWN —
apuPMeTNHECKON U reoOMeTPUYECKOW NPOrpeccnamu.

[1 Bbl Hay4MTECh HAXOAWMTL YNEHbI NPOrPECccu, BLIYUCIATE CYMMBbI ¥ NepBbIX
MX YNEHOB, 3anNUCcbiBaTh DECKOHEeYHbIe Nepuognyeckme aecaTuyHblie gpobu
B Buae 0bblKHOBEHHLIX Apoben.

5 m YUucnoBblie nocnegoBarenbHOCTA

YacTo B NOBCEIHEBHON KH3HH BCTPEUANOTCA O00BEKTHI, ¢ KOTOPBIMH
ya00HO obpamaTbes, ecJal UX IpeJBapUTeNLHO IIPOHYMepoBaTh. Hanpumep,
HOMEpa UMeIOT MeCcAIbl ¥ KBapTaJbl I'ofia, JHUA HeJelH, IoAbe3Ibl 1 KBAPTH-
pBI JlOMa, BArOHBI II0€3]1a, KAaMKJAOMY ydalleMycs Balllero KJacca IIPUCBOEH
CBOM IOPANKOBBIH HOMEP B KJIACCHOM »KypHAJe.

O0BeKTHI, KOTOPble IIPOHYMEPOBAHBI HMOAPA] HATYPAJILHBIMH YHCIAMK
1, 2, 3, ..., n, ..., 00pPasyOT NOCJIAEAOBATEIFHOCTH.

Tak, MOMHO TOBOPHUTH O HOCJHEJOBATENLHOCTH CTPAHHI] KHUTH, OVKB
cJIOBA, 9TajKeil JjoMa H T. [I.

O0BeKTsI, 00pa3yioliue MocIeJoBaATelLHOCTh, HA3LIBAIOT YJIeHAMH IIO-
caemoBarenbHocTH. KakabIil yjieH MmocjefoBaTeJLHOCTH MMeeT CBOH HoMep.
Hanpumep, sHBapb — 9T0 NEPBbIN UA€H TIOCIEI0BATEILHOCTH MecANeB rojia,
YUCJIO0 3§ — GMOPOU WieH TOoCHel0BaTeJbHOCTH IIPOCTHIX yuces. Boobie, ec-
JIA 4JeH IOCJIeOBATeIBHOCTH UMeeT HOMED #, TO ero HasblBAlOT M-M Y4JIeHOM
IIOCJeOBATEIbHOCTH.

Ecin uneHaMH IOCJIEI0BATEIEHOCTH ABJIAIOTCA YHCIA, TO TAKYIO IIOCTe-
JNIOBATEJILHOCTEL HAa3bIBAIOT YHCJIOBOIA.

ITpuBegéM MpHMepPEI YHCIOBBIX IIOCIEJ0BATEILHOCTEI].

1, 2, 3, 4, 5, ... — HnocaenoBaTeJILHOCTE HATYPAJIBHBIX YUCEJ;
2,4,6, 8,10, ... — nocaegoBaTe/IbHOCTh YETHBIX YHCEJI;
0,3; 0,33; 0,333; ... — mocaegoBaTeIbLHOCTL AECATHUYHLIX IIPUOIHIKe-

u 1
HUH 1pobu 3 r

19, 38, 57, 76, 95 — mocienoBaTeNbLHOCTL JABY3HAYHLIX YHCEJI, KpaT-
HBIX 19;
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-1, -2, -8, -4, -5, ... — mocJel0BaTeJIbHOCTL OTPUIIATEIBHBIX IeJIbIX
YyuceJ.

B nansHelinneMm MbI OyeM paccMAaTPHUBATH TOJBKO YHCJIOBEIE IIOCIEeN0BA-
TeJIbHOCTH.

ITocnenoBaTeIbHOCTH OLIBAIOT KOHEYHBIMH I OecKoHeuHBIMH. Hanpwm-
Mep, MOCIeJ0BATEILHOCTh YETHRIX HATYPAJILHEIX YHCEJ — 3TO 0ecKOHeUHAas
[IOCJeJ0BATeIBLHOCTL, a IIOCJIeJ0BATEJLHOCTh JBY3HAUHEIX YHCEJ, KparT-
HBIX 19, — 5TO KOHeUHAas II0CJIeJ0BATEeIBHOCTD.,

IInsa obo3HAUEHUS YJEHOB IOCIEJOBATENLHOCTH HCIOJIL3YIOT OVEBBI
C HHIEKCAMU:

5 G55 @ v Q5w

WUHaeKkc yKasbIBaeT IOPAIKOBBLIA HOMEpP YJeHa II0CJIeJ0BATEeJIbHOCTH.
Ilst o603HaYeHUs caMoOil IOCIeI0BATeIbHOCTH UCIIOIb3YIOT 3anucK Buja (a, ),
[b”}, (c,) ur. n. Hanpumep, mocnaeqoBaTENbHOCTD IPOCTHIX YHCEJ MOMKHO 000-
3HAYUTh Tak: (p,). Umeem: p, =2, p, =3, p, =5, p, =7, p,=11nur. A.

Ilocredosamenvrocmnb cuumarom 3adanmoil, eciu YKasano npasuio,
C ROMOWBIO KOMOPOZO MOICHO HAWMu J1000U €€ wien.

Ecau npasuio onucaHo CJIOBAMH, TO TAKOH criocob 3ajaHud ImocienoBa-
TeJILHOCTH HA3LIBAIOT OonmHcaTeabHbIM. IIpuBenéM nmpumep mociegoBaATeIbLHO-
CTH, 3alaHHOM OIHUCATEJILHO.

Kaxaslid ujieH ImocjaeJoBATEIbHOCTH PaBeH OCTATKY OT JAeJIeHHSA ero Ho-
Mepa Ha 3. BeinHIilleM HeCKOJILKO NEePBLIX YWIEHOB 9TOH IIOCJAeN0BATEILHOCTH:

1,2,0,1,2,0,1, ....

Ecnau nocnenoBaTe/ibHOCTH SABISAETCA KOHEYHOM, TO €€ MOYKHO 3a/aTh
¢ noMmoinbio Tabnuiei. Hanmpumep, ciemyiomas tabiauiia 3agaéT HocIemgoBa-
TeJIBHOCTE KYOOB OJJHO3HAUHBIX HATYPAJIbHBIX YHCEL.

n | 2 3 4 5 6 3 8 9

a x 8 27 64 125 216 343 512 729

MgpI IpUBeJIM IPUMEP IOCIeI0BATEILHOCTH, 3aJaHHON TAOJIHYHO.

IlocinenoBaTe/IbLHOCTE MOMKHO 3aJaTh ¢ MOMOLILIO GopmyJisl. Hanpumep,
paBeHCTBO X, = 2", rle nepeMeHHas # NPUHUMAaeT BCe HATypallbHEIE 3HAYe-
HUA, 3afaéT M0CIeJ0BaTeIbHOCTE (X,) HATYPAIbHEIX cTeneHeill yucia 2. Mer
3aajil ATy MOCJEeI0BATEeJbHOCTh ¢ HOMOIIbIO (hopMyssl 72-ro wieHa. Buinu-
IIIeM HEeCKOJBLKO IepPBhIX YJIeHOB 9TOH IOoc/ieJOBaATEe/IbHOCTH:

2.4.8. 16,32, ...

PacemoTpuM HeCKONBKO MPUMEPOB 3alaHUA NOCJAEI0BATENLHOCTH ¢ I10-

MOIHILIO (POPMYJIBI 72-T0 YIeHA.
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@opmyiia a, = 2n — 1 3aiaer nocjaeJoBaTeIbHOCTh HATYPAJIbHBIX HEYeT-
HBIX YHCeJI:

1,3,5,7,9, ...
— n " '
@®opmyna y, = (-1)" 3agmaér nocienoBaTenbHOCTh (4,), B KOTOPOM Bee
YJIeHbI C HeYETHBIMU HOMEpPaMH PaBHEI —1, a ¢ YETHEIMH HOMEpaMH PABHBI 1:
-1,1,-1,1,-1, ...
@opmyna ¢, = 7 3a7aéT MOCJeJ0BATEJLHOCTE (C,), BCe WIeHBEI KOTOPOi

ABHBI UHCIV T:
P v 7, 7,7, 7,7, ..

IlocienoBaTe/IbHOCTH, BCe WIeHbLI KOTOPOM paBHBLI, HA3LIBAIOT CTAIHO-
HAPHOM.

PaccmorpenHbie croco0bbl 3ajlaHUs IIOCJEN0BATE/NbLHOCTEH I[TOMOTAIT
IIPOCIEeIUTEL CBA3h MEMHAY MOHATHAMU «(PYHKIIUA» U «IOCIeJ0BATEILHOCTD» .

Paccmorpum dpyHKIUIIO i = f(X), 00JIaCTBIO ONIPeieIeHUs KOTOPOIi ABJIA-
eTCsI MHOKeCTBO HATYPAJIBHBIX YUCEeJ WJIN MHOMKECTBO 77 IepPBbIX HATYPAaJb-
HEBIX ynces. Torga pyHkusa / 3agaér 6eCKOHEUHYIO MOcIeA0BaTeIbHOCTE f (1),
f(2), ..., f(n), .. n1u KoHEUHYIO mocJjenoBarensHocTs f (1), f(2), ..., f(n).
Mo:KHO CKa3aTh, UTO HECKOHeuHAasi NOCAedosameibHoCmb — Mo PYHKUUA,
obracmvio onpedenenus Komopou asisemcs mmuoxcecmeo N, a Koneunas
nOCAE008AMENLHOCTIb, COCMOAWAAL U3 N YUIeH08, — MO (DYHKUUA, 00-
aacmn onpedenetus KOmopot — MHONCECTME0 N NEPBHLIX HAMYPATbHBIX YU -
cen. JIpyruMu cJlIoBaMu, OecKoHeuas NocaedosameibHocms — 3MmMo 0no-
Opaxcenue mmodcecmea N nHa nexkomopoe Henycmoe mMHolicecmeo A, a xoneu-
HAsl NOCAEe008AMENBHOCTIL — 210 omobpaicenue mmoxcecmsa {1, 2, ..., n}
Ha HEKOMOpoe Henycmoe muodxcecmeso B.

Hanpumep, ¢yurnuo y = x2, D(y) = N, MOXXHO paccMaTpUBATEL KAk
II0CJIeJOBATEJILHOCTL KBAAPATOB HATYPAJIBHBLIX YUCE:

1, 4, 9, 16, 25, ....
Tak:ke MOMKHO CKa3aTh, 4TO, HAIIpUMEp, CTAIIMOHAPHAS IIOCJIEL0BATEb-
HOCTB 7, 7, 7, 7, ... — 2T0 oTODpa:;xkeHne MHOKecTBAa N Ha MHOMKecTBO {7}.

Hepeako mocnemoBaTe/IbHOCTh 3a/al0T IIPABHJIOM, KOTOPOE II0O3BOJISAET
HAWTH CJHeAVIOIINH 4YieH, 3Had IpeablayIIHi.

Paccmorpum mociegoBaTenbHOCTS (@,), 3alaHHYI0 OIKUCATEIBHO TAKUM
oOpas3oM: MepBbIil 4ieH paBeH 1, a KaKJIblil CJIeIYIONHI YJIeH MOCIeI0BATEb-
HOCTH B 3 pasa Ooublie npeaeiayigero. Mmeem:

1, 3,9, 27, 81, ....
ITY NOCJeJOBATEILHOCTh TAKHAKE MOMKHO OIIPEJeJHUThL ¢ HOMOIILI0 TAKUX

VCJIOBUIA:
a,=1wnua,, ,=3a, nia mwoboron e N.

IJTH PaBeHCTBA VKA3BIBAIOT IEePBLIH UeH IoCJeJ0BATeILHOCTH U IIPAaBU-
JO0, ¢ IIOMOIILI KOTOPOT'O IO KaKJAOMY 4YIEHY II0CJIeJOBATEeIBHOCTH MOMKHO
HAWTH cJeAVIOMMUKA 3a HUM dieH. Mmeem:
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a; =1,
a,=3a, =3,
a,=3a,=9,
a,=3a, =27

uT. JI.

@opMyay, BBEIPAMXKAIOIIVIO YJIeH I10CJeJ0BATE]LHOCTH 4Yepe3 OAUH WU
HEeCKOJBLKO NpeAblAVINUX 4YJeHOB, HA3BLIBAIOT peKyppeHTHOH dopmymnou (or
JIAT. recurro — «BO3BpalaThesa»). B npusengéHHomM npumepe atTo Gopmyia
a, ,=3a, roe n — m060e HATYPaJIbHOE YUCJIO. YCIOBUA, ONpeAesSIolue
IepBblid MJIM HECKOJIBKO MepPBLIX YIeHOB, HA3bIBAIOT HAYaAJbHBIMH YCI0BHA-
mMu. B pacemaTpuBaemMom IpdMepe HadajlbHOE YCJIOBHEe — 3JTO PaBEeHCTBO
a, = 1. Cnocob 3amanus MocCaAef0BaATEILHOCTH € IOMOINbI0 HAYAJIbHBIX YCJIO-
BUIH U peKYPPEeHTHOU (GOpPMYJIbl HA3BIBAIOT PEKYPPEHTHBIM CIIOCODOM 3ajaHUA
nocJjejoBaTeJibHOCTH!,

3aMeTHM, 4YTO 3HAHHUE OJHOH JIUIIL PEeKYPPEeHTHOH (opMyILl He II03BO-
JqsieT 3aaTh IOCJdeloBaTe/IbHOCTh. [lOMKHBL OBITH €llé YKas3aHbl HAYaJIbHBIE
VCJIOBHS.

IIpu peryppeHTHOM cnocobe 3ajaHUs IIOCJAELOBATEJILHOCTH IIepPBBIN
WJIN HeCKOJIbKO MepBhIX YJIeHOB IOCJeI0BATeIbHOCTH 3ajlaHbl, & BCE OCTAJIb-
HbIE€ BBIYHUCIAT OAUH 3a ApyruM. C 3ToH TOUKH 3peHHsA cnocod 3ajaHUsA I10-
cjenoBaTe/IbHOCTH (popMyJIiol 72-T0 4ujleHa Kamercs Dojiee yaoOHBIM: ¢ ero mno-
MOIIbI0 MOXHO Cpas3y HAWTHU HYKHBIN YJeH IocJel0BaTeIbHOCTH, 3HAA JUIIb
ero Homep.

Mpumep 1. IlocnemoBaTensHOCTs (€,) 3ajaHa (POPMYJIONH M-TO UIeHA
¢, =37 — 3n. fiBnserca Jqu YI€HOM 3TOH mociepoBaTenbHOCTH yucso: 1) 19;
2) —7?7 B cinyuae yTBepAUTEJILHOIO OTBETA VKAXKHUTE HOMED 9TOro UJieHa.

PeweHwe.

1) Ecan uncno 19 asndercda 4ieHOM JaHHOH IIOCJed0BATEIbHOCTH, TO
CYLIeCTBYeT TaKoe HaTypaJbHOEe 3Ha4YeHHe 1, IIPHU KOTOPOM BBLINOJHAETCS pa-
BeHCTBO 387 — 3n = 19. Orcwona 3n = 18; n = 6. CnegosareilbHo, uyucjio 19
ABIAETCA IIECTBIM YICHOM IIOCJIe0BaTeIbHOCTH (C, ).

2) Umeem: 37T —-3n=-T;3n=44; n = 14; . Tar Kak 4ucJIO 14% He AB-

JIfeTCA HATYPAJbHBIM, TO YHCJIO —7 He ABIAETCA UJIeHOM JaHHOW mocjenoBa-
TeJILHOCTH.
OTBeT: 1) asnsiercsa, n = 6; 2) He aABnAeTCA. W

1 B aroifi rmaBe B 3amHCH PeKVPPEeHTHEIX (OPMYJ MepeMeHHAs # MOKeT HPHHHMATL
M00bIe HATYPATbLHBIE 3HAYCHHA,
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llpumep 2. llocnenosarenbHOCTh (@,) 3alaHa pPeKyppeHTHO: a, = 19,

=Ta, + 1. fABnaerca nu yncao 1001 ureHoM aTo#l mocae0BaTENLHOCTH ?

PeweHune. Kamplil 4led mociefoBaTelbHOCTU (d,) ABIAETCA LENBIM

YKMCJIOM, KOTOPOe NpH fejieHuu Ha 7 gaet B ocraTrke 1. Tak kak uucao 1001 ge-

JTUTCHA HAIEJIO Ha T, TO OHO He MOKeT ObITh YJIeHOM 3TOH II0CJIeIOBATEIbHOCTH.
OTBeT: He gaBigeTcsa. B

l‘:In+ 1

Mpumep 3. IlocnepoBaTeNbHOCTHL (@,) 3ajaHa (OPMYJIOH 7-TO 4IeHa

n+1 & ..
—. . 3anaiiTe eé peKyppeHTHO.
n

i

PeweHune. Nmeem: a, = 2. B ¢popmyite 7-ro 4ieHa BbIpasuM 1 Yepes d, .
Umeem: na, = n + 1; n(a, — 1) = 1. Taxk xKak ¢, # 1, To MOXKHO 3aIMCaTh

~ 1
a, — 1
1
+ 2
n+2 a, -1 2a, -1
Nmeem: a, , = = = .
s n+1 1
7+ 1 n
a, —
Zan -1
OtBer:a, =2, a, , = " m
n
Mpumep 4. IlocnemosarenbHOCTs (@2,) 3ajmaHa PeKYPPeHTHO: a, = 5,
a,=13,a, ,=5a, ,— 6a . [lokaxure, YTO 3TY MOCIEAOBATEILHOCTb MOMHO

3ajaTh popmMynoit n-ro unerHa a, = 2" + 3".

PeweHue. [[oxkazaTelbCTBO NPOBEAEM METOJOM MATEMATHYECKON WHH-
IYKITMH.

Ilpu n = 1 nonyuaem a, = 5 = 2! + 3!, npu n = 2 nony4yaem a
= 22 1+ 32, 7. e. Teopema 6a3a UHAYKIMU BepHA.

ITycrs a, = 2k + 8% yu Gy, 1= 2k+1 4 gk+1 meem:

a,,,=5a,,  —6a,=5-2""145.-3+1_§.2k_6.3k=5-2t. 24
+5-3"-3-6-22-6-3"=4-24+9-3t=2k+2 4 3k+2 Teym cambIM mHOKa3a-
HA TeopeMa HHAVKTHUBHBLIIA Imepexo.

CnepgosarensHo, a, = 2" + 3" gna n060ro HaTypaIbHOTO 7. W

2:13:

Mpumep 5. IlocnemosarensHOCTs (@,) 3ajgaHa peKyppeHTHOo: a, = 1,
. 2 . un+1 +:1 Haii
9 = Lypg =" o — o LTS G044
n

PewleHWe. 3anniieM HECKOJBKO II€PBLIX YJIEHOB IOCJIEN0BATEILHOCTH:
o ik = ) Pk g IR
a,=1la,=2,a,=3,a,=2,a,=1,a,=1, a,=2.
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B nannou mocienoBaTeNbHOCTH KadIBIH 4JeH, HAYUHASA C TPeThero, ol-
HO3HAUYHO omnpefendercsa ABYMS IPeAbIAVINMMH uYieHaM#. MbI BHIHUM, YTO
a,=a,na,=da, CregosaTesbHO, He IPOBOJA AaIbHEHAININX BEIYUCICHUAN, MOMK-
HO CIeJIaTh BBIBOJ, 4TO dg = d,, d, = d,, d,, = d, 1 Boobue, a, .= da, I JI10-
boro HarypansHoro 1. O Takoil mocjae0BaATEJILHOCTH I'OBOPAT, UTO OHA ABJIAET-
cA MePHOAHYEeCKOH ¢ IIepPHOoJ0M, PaBHBIM 5. B aToil mocnegoBaTeIbHOCTH 4Jjie-
HbI, HOMEepPa KOTOPBIX CPABHMMBI IO MOAYJIO 5, paBHbI. OTciona a =a,=1.

OtBeT: a2, = 1. ®

1000

? 1. Y10 obpa3yoT 06BLeKTbl, KOTOpble NPOHYMEpPOBaHbl NOAPAA HaTypalb-
HbIMK Yncnamm?

2. Kak Ha3biBaloT 00bekTsl, 0bpa3syolume nocnegoBaTenbHOCTL?

3. Kak Ha3biBalOT YneH nociegoBarenbHOCTU, UMeoWnii Homep 71?

4. Kakyio nocnegoBartensHOCTb Ha3blBalOT YMCNOBOW?

5. B kakom cnyyae nocnegoBaTenbHOCTb CYNTAKOT 3a4aHHON?

6. MNepeuncnure cnocobbl 3agaHua nocnegoBaTeNbHOCTM.

7.MoAacHUTe, 4YTO Takoe hopMyna 71-ro uneHa nocnefoBarenbHOCTU,

8. KakoBa cBfizb MeXAay MOHATUAMMU «PYHKUUA» U «rocnefoBaTeNbHOCTb»?

9. lNoscHUTe, YTO TaKkoe pekyppeHTHasa dopmyna.

- =
® YnpaXXHeHUA g, s wuw

24.1. [locnepnosarensHocTs (a,) 3agaHa (opmyaoit 7#-ro uieHa a, = Tn + 2.

fABnsieTca MU YIeHOM 9TOH MocjedoBaTeJlbHOCTH uncio: 1) 149; 2) 477
B cnayuae yrBepAuTeIbHOIO OTBETA YVKAXKUTE HOMEP 9TOro 4JeHa.
24.2. llocnenoBaTe/lbHOCTD (b”] zanaHa (GopMyJoH 1-ro YileHa bn =n? -4, §Is-

JdgeTcs JHU 4YJIeHOM aTOH IocjeaoBaTelbHocTH uumcyo: 1) 16; 2) 777
B cnyuae yTBepAUTEILHOTO OTBETA YKAXKUTE HOMEp 2TOr0 4JieHa.

24.3. [locnenosaTenbHOCTh (@,) 3anaHa pexkyppedaTro: @, =1, a, , =a, + 3.
fABnserca 1M 4WiIeHOM 3TOMH IocJeloBaTeJIbHOCTH yucao 9997

24.4. Tlocnenoparensuocts (b, ) safana pexyppenrtao: b, =2, b =2b . 5B-

n+1
JIAeTCs JIM YJIeHOM 3TOM HocjeloBaTelbHOCTH uucygao 10247

24.5. CKONbKO OTpHIIATENbHBIX YJIEHOB COAEPHKUT IOCJIeJ0BaTeJbHOCTh (X ),
3ajlaHHas (popmynoii n-ro unena x, = 6n — 507

24.6. Haitgure HOMep HepBOro OTPUIATEJIBHOIO 4YJjieHAa IOCJel0BaATelbLHO-
cru (y,), 3agannoi Gopmyoit n-ro urena y, = 38 — 3n.

® ¢ |

24.7. llocnenoBaTeIbHOCTD (@, ) 3aiaHa OPMYJIOH 72-TO YIeHa d, = 1% — 3n — 8.
Haiiagure HoMepa 4JieHOB 3TOM NocJef0oBaTelbHOCTHU, KOTOpPbIe MeHb-
mre 10.
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24.8. llocnenoBaTe/IbHOCTE (FJH] 3ajaHa (opmysaoid »-TOo WiIeHa bﬂ = —n? +
+ 151 — 20. CKoJIBKO YWIEHOB 3TOMH IocjefoBaTe/IbHOCTH Oosbliine 167

24.9. TlogdepuTe OAHY U3 BOSMOIKHBIX (hOPMYVJI #2-T0 YieHa II0C/IeJ0BaTeIbHO-
CTH, MEPBLIMH Y/IeHAMH KOTOPOH SABISAIOTCA YHUCIIA:

1)1, 4,9, 25, .._; 4)0,2,0, 2,0, ..
1 1 1
2) 6,8, ¥, 14, AT, .3 5)0,1,0, 5> 0, g 0, 10
1 2 3 4 2 2 2
3)0: E: E:E: g:---: 6}2:09 gaor Eaﬂp?ros CEERE

24.10. IlogbepuTe ogHY U3 BO3MOMKHBIX (POPMYJI 7-T0 WIeHA MOCJIe0BATE b-
HOCTH, IIepPBLIMU WiIeHAaMH KOTOPOH ABJSIOTCS YUCIA:

1) 2, 9, 28, 65, 126, ...; 31,2, % 4, 1,6, 1

g ?,...;
1 1 1 1 1
3% g agt praar it AR LB

24.11. IlocnegoBarenbHOCTS (@, ) 3alaHA PeKYypPeHTHO: @, =4, a, , = [ a, ]
Haiigure a

2)

1000
24.12. [locnenoBaTenbHOCTE (a,) 3agaHa Gopmynoit n-ro uneHa. 3ajgaiite eé

pPeKyppeHTHO:
1) a, =2n - 3; Z)HJ*‘:nfz; 3) a,=n?

24.13. IlocnenosaTensHOCTh (a,) 3agana opmyoil n-ro uneHa. 3ajgaiite eé
pPeKyppPeHTHO:
1) a, =n; 2){:.!”:??11; 3)5.!”:\/5.

. B R .

24.14. CyumecTBYIOT M TaKhe 3HAYEHHUA ¢, IPH KOTOPBLIX NOCJIEeJ0BATE]b-
HOCTB ABJISETCHA CTAI[MOHAPHOM:

n a— oS 2 — L] ~ —_— -~ _— 2 — l?
1)x,=a, x, , =x; —4x, +6; 2)x,=a, x, ,=x2—-3x, +5
24.15. Haiijure CTO NepBLIA 4YJeH NoOcCIeJoBaTeNbHOCTH (4,), ecau a, = :
7
n+1
”2_2* 2 = f "
i
24.16. Haiinute cTO NMepBBIM 4YJI€H MOCJIeA0BaTelbHOCTH (a,), eciu a, = 0,
'QE = 1’ ﬂn+2 = &'”_'_1 S au‘
24.17. IlocnenoBaTeIbHOCTEL 3ajlaHa peKyppeHTHo: a, = 7, a, = 25, a, , , =
="Ta, ,— 12a, . [lokaxure, 4TO BCE UJIEHBI 3TOM IIOCIENOBATEILHOCTH
IpH JAeJleHUH Ha 3 naloT B ocTaTke 1.
24.18. IlocnenoBaTe IbHOCTD 3aflaHa PEKyPPeHTHO: 4, =3, a, , , =4a, — 3. [lo-

KajKHTe, YTO BCEe YJIeHBI 3TOH MOCJAeJOBATEIBHOCTH ¢ HEUYETHBIMH HOMe-
paMu JeJATCs HaleJo Ha o.
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24.19. IlocnenoBaTeIbHOCTE 3aflaHa peKyppeHTHO: 4, =8, a,  , = Ta, — 6. Jlo-
KasKHTe, YTO BCE WIEHBI 9TOH ITOCJAEJ0BATEJ]bHOCTH IpPHU JeJeHUH Ha 3
NaT B OCTaTKe 2.

24.20. IlocnenoBarennbHOCTL 3ajlaHa PEKYPPEHTHO: d

="Ta, ,— 10a,. doraxure, uro a, = 2" + 5".

24.21. IlocnemoBaTeILHOCTE 3ajlaHa PEKYPPeHTHO: a, = 4, a
Hoxamxure, uro a, = 2"~ + 3.

24.22. Hainure opMmyay #-ro 4ieHa MOCJeN0BaTe/IbHOCTH, 3aJJaHHON peKyp-

1, a,= 29, a =

1 2 n+ 2

= 2a, — 3.

n+1

PEHTHO:

a,=1,a,, ,=2a, +1; 3)a,=0,a,  ,=a +2Ja +1+1.
1 1

2] HIZE’ an+1:2_a )

"
24.23. [locnemoBaTeIbHOCTE 3aflaHa peKyppeHTHO: ¢, =1, a,, , =a + 8n. [lo-

KEaxHTe, 4TO J10001 YWiIeH 3ToH IIocJe1OBaATeJBEHOCTH ABJAETCHA KBalpa-
TOM HATYPAJBHOI'O YHCJIA.

=

24.24. TlocneoBaTeIbHOCTEL 3ajlaHa PeKyppeHTHO: a4, = 1, a

— 2 2
n+1 _al +H2 T

+ ot af}’ + n. JlokasKkuTe, 4TO B 9TOM ITOCJIELOBATEJILHOCTH BCE YJIEHBI,
KpoMe OepBOro, He ABJAIOTCH KBaJparaMy HATYPAJbHLIX YUCEJ.
24.25. [Ina nocnefoBaTeJIBHOCTH (X,) CIpaBeAJIMBA TaKad PEKYPPEeHTHAaA

thopmyrna: x,

PBIX BBINOJHAETCHA PABEHCTEBO J{.'l = xlﬂ[}ﬂ'

= .:tff; —2x, +2. Haligure Bce 3HAYe€HUA X,, IIPU KOTO-

]|
YnpaXHeHuUa AN NOBTOPEHUA g g

24.26. Hailinure Bce 3HAYeHUA IMapaMeTpa d, IIPU KOTOPBLIX MHOYKECTBO pele-

3 x2 -x-6<0,
HUI CHCTEMbI HEDABEHCTB S COAEPIKUT POBHO TPH IEJBIX
x>a

YHCIa.

24.27. Pemure mepaserctso (x2 — 9x? —6x +5 = 0.

KOTrJA CIENAHbI YPOKMU

O KPONUKaXx, NoACOoNHYXaX, COCHOBbIX WNWKaxX U 30N10TOM Ce4YEHUU

PaceMoTpuM mocie[oBaTe1bHOCTS (2, ), 3aJaHHYI0 PeKYPPEeHTHO TaKUMU
COOTHOIIEHUAMMU

(24 + U

leﬂﬂz]"'u n+1 n"

n+2
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SanuIleM HeCKOJIBKO €€ IIepPBLIX YJIeHOB:
1,1, 2,3, 5, 8, 13, 21, 34, 55, 89, ... ..

YneHbl 2TOM MOCJHEJOBATENLHOCTH HA3bIBAIOT uMclIaMH PudoHaTIM.
IT0 00BACHAETCA TEM, UTO UTANLAHCKUN MaTeMaTHK U Kyner Jleonapno ITu-
zaHckunii (Pudbonauun), peumas nonyaapuyio B XII B. 3amauy 0 YUCJIeHHOCTH
IIOTOMCTBa Iapbl KPOJIMKOB, IIepPBbLIM 00paTujl BHUMAaHUe HA 3aMedyaTesbHble
CBOMCTBA 9TOH mocjaenoBaTelbHOCTU. M3MeHeHHe KoOJIMYeCcTBA KPOJUKOB IIPO-
HCXOOUT I10 CAeAVIOUleMY IIPABUIIY: KAaMKIas B3POCJasd apa KPoJILKOB exKeMe-
CAYHO IIPUHOCHUT Napy KpoJib4yaT, a Te Yepes3 Mecsl] TaK:Ke HAaUUHAIOT IIPOU3BO-
naTh moromMceTBo. Ha pucyrnke 24.1 KonudecTBO Iap KPOJHKOB COOTBETCTBYET
[ocJIeJOBATEJIbLHOCTH Yuces PuboHavyyu.

it
2 mec. : \- g;g?

o

¥l

l
fl__ l

7

b4
W QL
3 mec. ;gﬂ f %Q@; A ;

» " I
-~ BB
&%} & gg{f éﬂg} < @% Ptk .d%%

Yucaa @uboHAYYM MOMHO BCTPETHUTHL B PA3JIUUYHBLIX CUTVAIIUAX, H JaxKe
HEKOTOPbIe ABJEHUS IIPHUPOALI CBA3AHLI C 9THMM YHCIAMU.

IIpexcrasere cebe, UTO BBl UETE 10 NOPOMKKEe, BLIMOLIEHHONI KBaJpar-
HBEIMH IIJIMTKAMU B OJHMH PAN, HACTYHASA KaMIbIHA pa3 Ha CIeAVIOUIYIO ILIIHTKY
UIU Yepes oJHy. B aToM cayuyae KOJMYecTBO CIIOCOOOB MPOMTHU NOPOKKY U3
1 ILTATOK PABHO 71-MY YJIeHY IIocJefoBaTeIbHOCTH PuboHAYYH (IIpOBEPhTE 3TO
CAMOCTOATENbHO, HAIIpUMED, AJs ciay4das 11 = 8).

Puc. 24.1
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Neonappo Musanckun (PuboHa4vyumn) (1170 — ox. 1250)

WTanbaHckun matematuk. MyTewecrsys no crpadHam Boc-
TOKa, 0O3HaKOMWUACA ¢ AOCTUMXEHUAMW apabcknx matema-
TUKOB U cnocobcTBoBan pacrnpocTpaHeHUIo 3TUX 3HaHWK
B EBpone. Ero ocHoBHble Tpyabl «Liber Abaci» (1202) —
TpakTaT 0b apudmeTuke u anrebpe, «Practica Geometriae»
(1220) 3anoxunu OCHOBbI NMpUMeHeHWs anrebpanyeckux
MeTOAOB B reOMeTpuun.

Eciau mocMOTpeTh Ha CeMeHAa B TOJIOBKE IOJCOJ-
HyXa MJIHM aHaHaca, TO MOMHO VBHUIETh, YTO OHH pac-
IIOJIOKEHBI B BUIE IBYX CEMEMCTB cIOUpaseil, 3aKpy-
YHBAKOI[HMXCA B INPOTHBOMIOJOKHBIX HaIpaBJIeHHAX.
KonuuecTBa cnupajieid B 3TUX CeMeHcTBax SABISAIOTCS
COCeIHMMH YJeHAMH IOcJieJoBaTelbHOCTH PuboHAY-
yu. Kax npaBuino, A IMOACOJMHYXA 9TH YHCJIA PABHLI
34 u HH, ogHAKO BCTpedyawTcA M TrUraHTel ¢ 89 u
144 cnupanamu. ITomodbHoe cBoiicTBO! MoOMHO 00HA-
PY:KHUTHL B CTPYKTYPE COCHOBBIX IIHINeK. To Ke ABJe-
HYe HabaopaeTcd W Ha ILJIojax aHaHaca, Ife cIupa-
jaeil o0bI4HO OBIBaeT 8 u 13.

Hucaa @uboHauyu 00IaNA0T HEJILIM PAJIOM HH-
TepecHLIX CBOHCTB.

Ecau B nocaepoBateabHoCTH PubOoHauum s

i
KaxIoro n N BBIUHCIUTE OTHOIIEHHE : » TO IIO-

H.FI

AIYyYUM ITocjenoBatensHocts 1; 2; 1,5; 1,(6); 1,6;
1,625; 1,(615384); 1,61(904761); ... .
JTa mocaefoBaTeJBLHOCTL 00JaJaeT TAKHM CBOMCTBOM: C BO3pacTaHHeM

V541 _
2

HOMEPOB €€ YJIeHbl BCE€ MeHbIlle M MEeHbIIe OTIHYAITCA 0T YHCJIa

~1,618.

EIJ_[E B JaBHHe BpeMeHa C 3THM YHCIOM JHOIWM CBA3BIBAJIHNA CBOH IIpen-
CTaBJIeHHA O KpacoTe U rapMOHHH. FPEHECRHE CEVJBIITOPEI XOPOIIO 3HAJH
0 COOTBETCTBEHH NPAaBHJBHBIX Hpﬂﬂﬂpﬂ,ﬂf{ HeJIoOBedYeCKOr'o Tejia 9TOMY Maruve-

1 B foranuke Takoe codeTaHHE OBYX ceMeHCcTB {‘:]IHDB_.]IEIL"I HAa3bIBAIOT q}HJI.]IGTElHCHEDM.
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ckomy 4yucay. WM He 3pa aHTHYHBIE 3044YHe HUCIOJIL30BAJIM €ro B CBOUX Dec-
CMEPTHBLIX TBOpeHHAX. Tak, orHomeHue niauHBI IlapdeHoHnal! K ero BbICOTE
npubnmxésHo pasuo 1,618, I'enuit snoxn Bospoxnenus Jleornapmo na Buaun
CUMTAJI, YTO CPeJH MHOT'HX OTHOIIEHHII, KOTOphIe HcHoab3yeT TBopel, cyie-
CTBYET OJHO, eJUHCTBEHHOEe 1 HeloBTOpruMoe. IMeHHO ero oH Ha3BaJl «30JI0-
ThIM CEYEHUEM» .

PaccMoTpuM emé oguH mpuMep. 3anuiieM PaBeHCTBA:

1 1 2 1 3 1 51 | 8
== 1+===3 1+——=—=3 1+ ———=—3 1+ = —
1 1 1 1 2 1 3 1 51
1+ = 1+ —— 1+ —
1 1 1
14—I 1+
1+ =
1 13
1+ =— HUT. .
1 8
1+
1
1+
1
1+
1+1
1

ME1 EHIHUM, YTO IIPpaBbIE HaCTH BLBINMHCAHHLBIX PABEHCTE IIPpelJCTaBJIAIOT
co00il oTHOILIEHHE ABYVX COCeIHHX YJIeHOB IMOCeJOBaATEeJILHOCTH Pdubdonavun.

1 w1 BT Y
Nmeem: 1+ =1+ = = :
by My i, by
by 4
Tak Kak cIpaBeiJHBO PABEHCTBO
1 T
1+ = .
My by
U 1
TO MBI (haKTHYECKH MeTOJ0M MaTeMATUYeCKON MHAVKIIMU AO0KA3aJU, YTO
1 ure +1

1 u

n

«KPACHBIX »
e TUHUI]

IIpuBeném elge HECKOJILKO CBOMCTB, KOTOPLIMHU 00naganT unciaa ®udo-
Hau4H:
1) %y+ts+ bl =U,  a~ 13

2y + Ut Tt v Uy 3 S0,

I Mapgenon — xpam B Aduuax, mocrpoenuslii 8 V B. 10 H. 2.
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YU, +u, +u+ ... tu,, =uU, -1,
B g B ‘

4y WU+t =U U S
+ (1", n > 2;

6) m000e HaTypaJbHOE YHCJIO MOKeT OLITh IPeJCTABIeHO B BU/JE CYMMBI
HECKOJBLKUX PA3JUYHBIX YyKces PudoHAUYH.

Hcnons3ysa MeTol MaTeMaTHYeCKOH MHAVKIINY, TOKAKHUTE 9T CBOMCTEA
CAMOCTOATEJNLHO.

@pasnysckuii yueéneiili Jlax Bune (1786-1856) mameén dopmyay n-ro
YjJeHa IoceJoBaTelbHOCTH PuboHAUYM:

s (50

-
5] Hu _Hn—l 'Hn—l

2

n = .
J5
Tpynno nmosepurs, 4T0 9Ta opmyJa 3aaeT HaTYpalbHble YMCIa. TeMm
He MeHee 9TO TakK.

ol

§ E ApudmeTnyeckan nporpeccmna

PaccMoTpuM Takue ocaeqoBATeILHOCTH:

2.0, Y2, 1%, 22, 2T, ..;

121,62 2:2.5:3: 3,5 .2

3,1,-1, -3, -5, -7, ...

Onu 06/1a7a10T TAKOH XapaKTepHOM 0COBEHHOCTBIO: KANCOBIU CAeOYI0ULIL
Yien NOCAedosamelbHOCmi NOAYYeH 8 pe3yibmame npubasienus Kk npe-
Obtdywemy oonozo u moezo Jace yucia. st mepBoil mociel0BaTeIbHOCTH 3TO
YHCJIO PaBHO D, Ajas Bropoir — 0,5, Aas TpeTheill paBHO —2.

C nomobHLIMU IIOCAE€J0BATEIBHOCTAMM JOAAM IPUXOIWIOCH HMETh JIe-
JIO ¢ JaBHHX BPEMEH, KOTa OHH CUMTANH MNpeaMeThl HapaMu, MoJy4as [Iocje-
poBarenbHOCTs 2, 4, 6, ...; DATépKaMu, moaydas IocjaegoBaTelbHOCTEL 9, 10,
15, ...; mecarkaMu, mmoaydasa nociegosarenasHocts 10, 20, 30, ...; u . 1. Takue
IOCJAeJOBATEILHOCTH HASBLIBAIOT apu(MeTHYECKHMH Iporpeccuamu (0T JIaT.
Progressio — «JIBUMKEeHUe BIepén»).

mesd OnpegeneHue
ApudmeTnyecKon NnporpeccMen HasbiBalT NOCNeQOBaTeNIbHOCTL, KaXabin
YneH KOTOPOW, HaYMHaA CO BTOpPOro, paBeH npeabigyuiemMmy “neHy, cno-
eHHOMY C OAHUM W TEM e HYNCNOoM.

qHCJID, PaBHOE pPas3HOCTH INOCAeIVIOINETo M HNpelblavVINero 4WieHOoB IIO-
Clle10oBaTeJIbHOCTH, Ha3bIBAKT PpPA3HOCTBIO ﬂpH[l]METH‘IEEROﬁ nporpeccHm
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u obo3HaualoT OyKBOU  (mepBoil OYKBOIl JaTHHCKOrO cioBa differentia —
«Pa3HOCTb» ).

Hraxk, ecnu (a,) — apupMeTUYeCKas IIPOrpeccus ¢ pasHOCThLIO d, To

d=a,-a,=a;—a,=a,— a3 = ...,
T. €. JJIA J000ro HATYPAJBHOTO /1 BBEINIOJHAETCA PABEHCTBO d
Orcioa moy4yaeM peKyppPeHTHYIO (hopMyay:
a.l"l N an +d.

CnenoBaTelibHO, apu(MeTHYECKYI0 IIPOrPECCHI0 MOMKHO 3aJaTh PeKyp-

PEHTHO:

a =d.

i+ 1 H

w+l:Hw‘a\_l_dr

Takum o0paszoMm, umodOLl 3adamv apu@MemuuecKylo npozpeccuio,
Hado yxasamuv e€ nepevlilt wien U Pasnocm.

IIpuBenéM HeCKOJILKO NIPHUMEPOE.

Eciu a;, = 2 u d = 5, 70 nonyuyum apudmMeruyecKyio Iporpeccuio, IpH-
BEe/IEHHVIO B HavaJje naparpada:

2012, 17, 22, B, .

Ecmn a, =1 u d = 2, 1o nmonyuum apudMeTuvecKyio IpOrpeccuio —
IIOCJIeIOBATEJIbHOCTE HEUETHBIX YHCEJ:

1, 3,5, 7,9, 11, ....

CranmuoHapHasd IOCJIeIOBATEJILHOCThL ABJSETCA apU(MeTHYeCKOH IIpo-
rpeccreil, y koropoit d = 0. Hanpumep, A14 mociefoBaTeIbHOCTH 5, b, 5, 5, ...
umeeMm: a, = 5, d = 0.

Ilokaxxkem, Kak MOIKHO 3aJaTh apH(pMeTHYECKYIO NPOTPeccHI0 ¢ IIOMO-
110 (QOPMVJIBI 72-T0 YJIeHA.

13 onpenenenusi apu@mMeTUUeCcKoil Iporpeccuu (a,) ciaemayer:

a,=a, +d;

a;=a,+d=(a,+d)+d=a,+d" 2;

a, =az+d=(a,+d-2)+d=a,+d- 3;

a,=a, +d=(a,+d-3)+d=a,+d- 4.

IlpuBenéHHBIE IPUMEPHLI MOMOTAIOT CAENATh TAKOM MHIYKTUBHBIN BBIBOJ:

a =a +dn-1)

ITy MUIOTEe3y MOMKHO [TOKA3aTh METOAOM MATEeMATHYECKOH HHIYKIIUUA
(cmesaiiTe 8TO CAMOCTOATEJILHO).

3anucaHHOe PAaBEeHCTBO HA3LIBAIOT (DOPMYIOH 72-T0 wieHa apudgmMeTrHye-
CKOH IpPOTPeCcCcHH.

Paccmorpum dyarnuio f(x) = kx + b, y xoropoit D (f)=Nwunmu D(f) =
= {1, 2, ..., n}. OHa sBasgercaA apupMeTHUECKOH ITporpeccueil ¢ pasHOCThIO,
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paBHoil k. [leiicrBurensHo, f(n+ 1) — f(n)=k(n+ 1)+ b — (kn + b) = k. 310
03HAYaeT, uTo mocjemoBareasHocts f (1), f(2), ..., f(n), .. — apudpmeruue-
CKas IIPorpeccus ¢ pasHoCThIO, PABHOM k.
Hanpumep, Ka:kaas U3 IIOCJIeI0BATeIbHOCTEI,
3ajaHHBIX (hopmynamu a, = Tn — 2, b, = -3n + 4,

c, = J2n +1, asnsiercda apudmMeTHYeCcKOM nporpec-
CUeH.

Tor ¢arr, yro pyurnusa f(x)=kx+b, y xo-
Topoit D(f)=N uwnmu D(f)={1, 2, .., n}, aB-
JdseTcsa apudMeTHUECKOHM Iporpeccueil, HMeeT
reoMeTpUYecKyIl0 HMHTEepIpeTanuio: ecjlid TOYKH
KOOPAMHATHON IIJIOCKOCTH JIe)aT Ha HeBepTH-
KaJbHOU mpsiMod U uX abcuucesl — IocjeoBa- Ol oo
TeJlbHble HATYPAJbHbIE YHCIA, TO HX OPJAHUHATHI
SIBJIAOTCA 4YJleHaMUW apuMeTHUYecKoil mporpec-
cum (puc. 25.1).

Us onpenenenns apudMeTu4ecKoi mporpec- Sp,. 251
CHHM cJieflyeT, YTO NpH # > 1 BBINOJHAKITCA paBeH-

creaa,—a, ,=duna a,=d.Orciopaa,-a, ,=a,, ,—a, Toraa npu

n+l
n > 1 monyuyaem

Jobout unen apudmemuueckoul npozpeccuu, Kpome nepeozo
(u nocneonezo, ecau npozpeccus KoHeuHa), pasen cpeonemy apud-
MemuuecKomy 08Yx coceoHuUx ¢ HUM YJI€HOB.

Bepuo u obpaTHOe yTBep:KIeHHE.

Ecnu e nocaedosamenvHocmu Kax@cowlii uieH, Kpome nepeo-
20 (u nocaedmnezo, ecau nocnedosamesibHoCMb KoHedHd), paéeH
cpednemy apudmemureckomy 068YX COCEOHUX C HUM UTEHOE, MO
ama nocaedosamelbHOCmb A6JAemcsa apudpmemuyeckKkou npozpec-
cueu.

nu—l +£.',”+1

2
—d , T. €. pa3dHOCTE NOCJIeIVIOLIero M 11pe-

n+1 n?

, Tme n > 1, monydaem

IleiicTBUTEIbHO, U3 PaBEHCTBa d, =

2:1”=a”_1+.r:1 X

n+1? —1:"‘:1

n
NBIAVIIEro 4JeHOB JAHHOH MOCJeJ0BaTeJbHOCTH MNOCTOSIHHA. JTO O3HAUYAET,
4TO MOCJIe0BATeIbHOCTE (¢,) — apu(pMeTHYEeCKas IIPOTPeCCUs.

Ilokazas qBa B3aUMHO OOPATHBIX YTBEPIKIEHUS, TeM CAMbIM MBI T0KAa34a-

JIM TAKVIO TeopeMy.
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sy Teopema 25.1
NocnegoBarenbHOCTb, coAepawan Gonee AByX YieHOB, ABnNAeTcA apudg-
MeTMYeCcKON nporpeccMen Torga U TonbKo Torga, Korga Kawablil eé 4neH,
Kpome nepeoro (M nocnegHero, ecny NocnefoBaTenbHOCTL KOHEeYHa), pa-
BeH cpegHemMy apudmMeTUHEeCKOMY ABYX COCEAHUX C HUM YNEHOB.

Mpumep 1. Ynens! apudMeTUUECKO porpeccuu (a,) — Iesble YHUca.
V3BecTHO, YTO a, * @, = 406 u Upu JeneHHHU e€ IeBATOro 4jeHa Ha YeTBEPTLIM
yjJeH B YACTHOM ITojiydaeMm 2, a B octarke 6. Haliqure mepBhIil ujieH U pas-
HOCThL IIPOI'PeccUu.

PeweHne. Banumenm: a,=a, +2d,a,=a, +3d, a;=a, +5d, a,=a, + 8d.
Torga ¢ yueToM yCJI0OBUA MOMHO COCTABHUTHL TAKVIO CUCTEMY YPABHEHUI:

(”1 + 2{1)(&1 + 5d) = 406,
a, +8d = 2(a, +3d) +6.

ITY CUCTEMY MOMKHO peIIUTh MEeTOJOM ImoiacraHoBku. ChemnaiiTe 3To

camocTrosaTenbHo. [lonyuaem: ~

a, = 4,
d=5
HI—E
1 7’
a7
==37"

Tak Kak 110 yCIOBHIO YJIEHBI IOCJIEI0BATENILHOCTH (2,) — Ie/ible Yuca,
TO UCKOMBIM OTBeTOM Oyaer a, = 4, =5,
OtBeT: 2, =4,d=5.m

Mpumep 2. Moryr nu uncna 1, V2, /3 6erre wienamu oxHOM apudme-
THYECKOI Imporpeccuu?

PeweHune. IIpegnonoxum, uro uncaa 1, \E, J§ — WieHbl apudmeru-
YeCKOil mporpeccuu (a, ) ¢ pa3HOCTBIO d (d # 0) 1 cooTBeTCTBEHHO PaBHBI a,,
a,, a, Torja MOKHO 3aITMCATD:

l=a,+d(n-1),
J2 = a, +d(m-1),
J3 =a, +d(k-1).

Orciona V2 —1=d(m—n), 3 —-1=d(k—n).
\E—l _m-n
\/5_1 k—n"

HpB_BﬂH YAaCTh 3TOI'0 PABEHCTEBA ABJJAETCH PDallMOHAIBHBIM YHCIOM. He-
CJIOZEHO NMOKa3aTh (C,[[EJIEI‘:JITE aTo CB_MDCTGHTEJII:-HG), HTO JieBad 4YacTh pPaBeH-

Tak kak &k # n, To

246



CTBAa — YHCJ0 MppanuoHaabHoe. ClleloBaTeJIbHO, MOJYYEHHOE PABEHCTBO He-
BEPHO.

Takum obOpasom, umciaa 1, ﬂ, \:@ He MOryT ObIThH YWileHAMH OIHOH

apu(pMeTUYecKo IIporpeccuu.

"

OTBeT: He MoOryT. ®

1. Kakyto nocnejoBaTenbHOCTL Ha3biBalOT apUpMeTUUECKOW Nporpeccuen?

2. Kakoe 4ncno HasblBaloT pa3HoCTbio apudmeTnyeckon nporpeccnn? Kak
obo3Ha4aioT 310 Yncno?

3. Kak MOXHO 3afiaTb apnpMeTUYECcKyo NPOrpeccnio pekyppeHTHO?

4. 470 Hago ykasartb, 4Tobbl 3afaTh apUpMeTUYeCKyO Nporpeccunio’?

5. Kakown Bug nmeet hopmMmyna n-ro yneHa apupmeTtmnyeckon nporpeccun?

6. KakoBbl HeobxoanmMoe 1 gocTaToYHOe YCNOBKUA TOro, YTO AaHHas rnoce-
AOBaTeNnbHOCTb, cofepxallas bonee AByx YneHoOB, ABNAeTCA apuhmeTu-
Yeckou nporpeccnen?

- m
YnpaXHeHV g suem

25.1.
25.2.

25.3.

25.4.

25.5.
25.6.
25.7.
25.8.

25.9.

Haiigure pasHocTs apupmeruyeckoil mporpeccuu (x,), ecnu x, = 2,
Ig — _470
Haiiaure nepselil wieH apudmeruyeckoil nporpeccuu (v, ), ecnu y,, = 22,
a pasHocTh nporpeccuu d = 0,5.
Hannure dpopmyay n-ro wieHa apudMeTHYIeCKON NIPOrpeccuu:
1) -5, -7, -9, -11, ...; 3) a?, 2a?, 3a?, 442, ...;

1 1 1
2]2’ 25, 25} 255-.-;
ABnserca iy 4ieHOM apudMeTHYeCKOH nporpeccuu (c,):
1) uncno 20,4, ecau ¢, = 11,4, a pasHocTs nporpeccun d = 0,6;
2) uucno 38, ecnu ¢, = 8, a pasHocTs nporpeceuu d = 1,47
B ciyuae yTBepAHUTENBLHOTO OTEETA VKAMKUTE HOMEP 3TOT0 4JIeHA.
HaiiguTe HOoMep uleHa apudMeTHueckoi nporpeccun 8,1; 8,5; 8,9; 9,3;
..., pasHoro 13,7.
Hajigure BTOpOH 4YneH apudMeTHUYeCKOHl NIPOrpeccHuu, ecJaH IIepPBBLIH
M TPeTHH 4ieHbl PABHLI COOTBETCTBEHHO —6 1 12.
Bocbsmoit 1 fecaThIR YiieHbl apudMeTHYeCKOR IIporpeccu paBHLBI COOT-
BETCTBEHHO 3,0 U 2,7. YeMy paBeH HeBATHIN UJieH Iporpeccumn?
Haiipure nepselil uieH apudmerndeckoi nporpeccun (b ), ecIIH bﬁ =11,
bl]. = _7-
Yemy paBHa pasHOCTh apu(pMeTHYECKON mporpeccun (x,), ecau x, = 58,
X, = 167

4Yya+3,a+l,a-1,a-3, ....
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25.10. dBisercsa Ju mociaenOoBaTeIbHOCTE (@,) apUPMETHYEeCKOU MPOTPEeCcCH-
eil, ecJin oHA 3ajaHa QOPMYJIOR M1-T'0 YJIeHa:
1) a, =—6n + 3; 2)a, =-2,8n; 3)a,=2n*-n?
B cnyuyae yTBepANTENILHOTO OTBETA YKAKUTE (2, U PA3HOCTh IPOTPECCUH.

25.11. fBigercs JiX MOCIeAOBaTeIbHOCTE (@,) apUuPMeTHYeCKON NpPOoTpeccH-
eil, ecJiM oHA 3a/1aHa POPMYJIOM #-T0 YJieHa:
1)a, =6+ Tn; 2)ﬂ”=%; 3}an=%+2?
B cnyvae yTBepANTENIBLHOTO OTBETA YKAKUTE @, U PASHOCTh MIPOTPECCUH.

¢ @

25.12. Kax m3MeHHTCA pPasHOCTh KOHEYHOH apu(MeTHYecKoil IpOoTrpeccuH,
eCJIM IIePecTaBUTh €€ YiIeHbl B 00paTHOM IOpsAgKe?

25.13. CKONIBKO IOJIOMKHTENbLHBIX YIEHOB COHEPKUT apudMeTHUYecKas MIpPo-
rpeccus 5,2; 4,9; 4,6; ...?

25.14. Kakoii HOMep V IepPBOro IOJOMHUTEJLHOT'O WjeHa apudmMeTHYecKOoi
nporpeccuu —10,2; -9,5; -8,8; ...?7

25.15. Haunure nepBouiil OTpULIATENILHBIN YIeH apu@MeTUYeCKOU Iporpeccuu
T.2: 6,056 .. .

25.16. Mexay unciaamMu —6 m 3 BeTaBbTe IATH TAKHX YHCEJ, YTOOBI OHHA BMe-
cTe ¢ laHHBIMY YucjaaMi obpa3oBain apupMeTUUYeCcKyI0 IIPOrpPeccuto.

25.17. Kakue yeTnIpe 4uMcjia HAJO0 BCTABUTHL MeXAY uucaaMu 4 M —5, 4TOOERI
OHM BMeECTe C JaHHBIMM 4YMUcJaMH 00pasoBaivn apudMeTHYecKYI Ipo-

rpeccuro?
25.18. Haiinure @, ¥ pa3HOCTh apu(PMeTHUECKOil mporpeccuu (a,), eciu:
1) a,+a,=30u a, +a,, = 60; 2)a, +a,,=36 ua;-a,=340.

25.19. Haiinure @, 1 pa3HOCTb apu(PMeTUYeCKOi mporpeccuu (a, ), eciu:
Va. +a,=41una,, +a,, =62; 2)a.+a,,=-104 n a, - a,=-240.
25.20. B karux cayyasax AJid YWIeHOB apudmMeTHYeCKOoH IIporpeccuy BLINOIHSA-
eTcs paBeHCTBO  d, = ag?
25.21. Jlokaxkure, uTo 3HaYeHus BrIpaxkenuit (a + b)?, a® + b2, (a — b)? apna-
I0TCA TOCJIeI0BATeIbHBIMU YiieHaMH apudMeTUdecKoil nNporpeccuu.
5.22. HaHna KoHeuHasdA apu(pMeTHYeCKasa MPOTPECCUsi a,, d,, ..., d, . Jloramu-

Te, 4TO0 @, + a, =a,+a,k<n.

23

e |
25.23. [lokaxkure, 4TO AJIA apUPMETUYECKON IIpOorpeccuu (d,) CIpaBejIuBO
paBeHcTBO a4, +4, =a, . +a, ., 1> nm.

b
25.24. BepHo Ju yTBepxAeHUE: eCJIU NJIMHLI CTOPOH BbI-

MYKJIOT0 YeThIPEXYIONBHUKA, B3ATEIE B IIOCJIE10BA- a
TeJBHOCTH d, b, d u ¢ (puc. 26.2), obpasyror apud-
MEeTHYEeCKYIO IIPOIPeCcCHUIO, TO B ATOT YeThIPEXYI0JIb- d
HHK MOKHO BIIMCATh OKPYKHOCTL? FP“C- 26.2
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25.25. MoryT 11 obpasoBbIBaThH ApU(PMEeTUYECKYIO IIPOTPECCHI0 NJIUHbI CTOPOH
H [IePUMEeTP TPeyroJbHUKA?

25.26. BesluyuHEBI YIJIOB TpeyroJbHUKa 00pasyioT apudMeTHYeCcKyI0 nporpec-
curw. Kakoea rpajgycHasi mepa cpejHero o BeJIUYHHE YIJIA TPEeyroJib-
HUKa?

25.27. VI3 apudmMmerdyecKOM NpOrpeccMy MCKAIYHIAN YIeHbl ¢ HEYETHBIMH
Homepamu. OOpasyoT JIM OCTABIIMECHA YIeHbl apU(pMeTHUYeCKYI IIpo-
rpeccuio?

25.28. [lanwl nBe ODecKoHeuYHbBIe apudMeTHUeCcKHe Iporpeccuu. Eeau U3 Kamx-
IOT0 YJjeHa OJHOM IIPOrPecCUM BbIYEeCThb COOTBETCTBYIONIUU HYJIeH ApY-
roit, To Oymer JU OOJIydeHHas IOCJAed0BATE/IBHOCTE apu@MeTHYecKOn
nporpeccuei?

25.29. Eciin u3 apudmMernuecKkoil Nporpeccuy, pasHocTh KOTOPOM He paBHA
HYJK, UCKJIYATL €€ 4ieHbl, HOMepa KOTOPhIX KpaTHHI 3, TO OyIeT Jiu
IMOJYyYeHHAas MocJe0BaTeJIbHOCTh apu(MeTHYeCKOM IIporpeccueii?

25.30. Kaxnpiii ywien apugMeTudecKod nporpeccuu ymMHo:xuau Ha 4. Byger
JIA TIOJIYYeHHAA IIOCJIeIOBATEe/IbHOCTL apudMeTHUYecKoi nporpeccuei?

25.31. [loraxxkure, 4T0 4MCJAa, PABHBIE COOTBETCTBEEHHO CYMMAM VIVIOB Tpe-
YIOJbHUKA, YeThIPEXYroJibHUKa, NATUYTOJbHHKAa U T. O., 00pasyioT
apu(@MeTUYeCKYH NPOTPeccHio.

25.32. IIpu KakoM 3HAYEHHU X 3HAUYEHHUS BhIpaxkeHui x°> —4, 5x+ 3 u 3x + 2
SABJAIOTCS IOCJEeA0BATEJbHBIMH YJIeHAMH apudMeTHUYECKOU Iporpec-
cun? HaliguTe 4IeHEI 9TOH NPOrpeccuu.

25.33. [Ipu KaKoM 3HAYEHUM Y 3HAUYEHUSA BhIpaxkenuit 2+ 1, y?+ y u 8y — 10
SABJAIOTCSA IOCJe0BaATeJbHBIMU YJleHAMM apudMeTH4YecKoM nporpec-
cuu? Hafigure 4ieHbI 3TOH IPOrpeccum.

25.34. [Ipu KakoM 3HAYEHHUH Y 3HAYEHUS BRIpaxKeHuit y° — 2y, 3y + 5, 4y + 13
u 2y? — y + 25 ABNAOTCA MMOCHENOBATEILHBIMH YIeHAMM apudmMeTnye-
ckoii nporpeccun? HalifuTe 4ieHbl 3TOH NpOrpeccuu.

25.35. [Ipy KaKkoM 3HAYEHUM Y 3HAYEHHUS BhIpakeHuil 3x + 4, 2x + 3, ¥ u
2x2 + x ABJISIOTCS MOCIe0BATeILHEIMY YIeHAMHY apu(pMeTHYecKoil nmpo-
rpeccun? Haligure 4jaeHBI 9TOH IPOrpeccuH.

® ¢ ¢

25.36. [lana apudmeruyeckas nporpeccus (4,), B KOTOpoOHd a, =m, a, = k(m #
# k). Haiigure a, , .

25.37. Jloka:Kkure, 4YTO €CJH MMOJNOKUTENbHBIE YACHA d, b U ¢ — TPHU Mocyieno-
BaTeJbHBIX UJeHa apupMeTHUYecKol IIporpeccuu, To

1 1 2

JG=db Bt NEENE
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w1 1 1
25.38. Jloka:xure, 4TO ec/iM 3HAYEHUSA BhIPDAKEHUN : u AB-

b+é ™ g+ a+b
JAWTCH IIocChleloBaTeJBLHBEIME 4YJeHaMM ﬂpH[bMETH‘IE‘EHDf{ nporpeccHumH,

TO 3HAYeHUsA BhIpameHUH a2, b? U ¢? TakKe ABIAIOTCA MOCJEL0BATE b-
HBIMHM YleHaMH apudMeTUYeCKOU IIPOrpeccuu.

25.39. [loxakure, 4To €CIH 4YHcaa d, b, ¢ — TPHU MOCHeNOBATEIbHBIX YIeHAa
apudMeTHUecKOdl IIporpeccuu, To 3HAYeHUA BeIpameHuit a? + ab + b2,
a’ + ac + 2, b® + bc + ¢® TakKe SABIAIOTCH MOCJIENOBATEIbHLIMH YJIEHA-
MM apu(pMeTHUYeCKOU IIPOrpeccHuu.

25.40. Haiinure Bce apudmMeTuuecKue nporpeccuu ¢ passocthio 10, cocto-
SAUe U3 NPOCTHIX YUCe U UMEKl[He He MeHee TPeX 4JIeHOB.

25.41. Haiinure Bce apu(MeTHUECKHE IPOrPECCHH C PASHOCTHIO 2, COCTOAIIHE

i U3 MPOCTHIX YHUCEJ U UMelollue He MeHee TPEX YIeHOB.

: -

25.42. VizsecTHO, 4UTO DecKOHeuHAsA apudMeTHYeCKAas HOporpeccus, djieHaMu
KOTOPO# ABJAIOTCA HATYPaJbHBIE YUCAa, COAEPHUT KBAJAPAT HATYPAJIb-
"Horo uwenaa. lHoxkasxkurTe, 4To aTa Iporpeccus coIep:KUT OecKOHe4YHO
MHOT'O 4JIeHOB, ABJAIUXCSA KBaJlpaTaM¥u HaATYpPaJdbHbIX YMCel.

25.43. Yucna a, b, a®? asnsorca 4yineHaMu OecKoHeWHOH apudMeTHHecKOi
IIPOrpeccuu, COCTOAIIEeH U3 HATYPAJLHBIX Yuces. M3BecTHo, uTo a < b.
TMokaxure, uro unciao h? apisercs YWIeHOM 3TO NpPOrpeccHu.

25.44. [lokaxxkure, 4To B DeCKOHEYHOU apudMeTUUECKOU IIporpeccuu, COCTO-
Aed U3 HATYPaJbHBIX YHCEJ, HAUAYTCA ABa 4ieHa, MMeloliue oauHa-
KOBVIO cyMMY 1udp.

25.45. [lokaxkure, uro apudmernyeckas nporpeccus (a,6), roe a, = 3n + 2,
cOlepP:KUT OeCKOHEeYHO MHOT'O IIPOCTBIX ducesil.

25.46. CyulecTByeT I HecTallHoHapHad ODecKoHeuHasaA apuMeTHUYecKasa IPo-
rpeccusi, COCTOAIAA M3 NPOCTHIX YUCen?

i =
YI'IPH}I[HEHHH ANA NOBTOPEHMA pun

25.47. IlIpyu Kakux 3Ha4YeHUSAX I[apaMerpa «a CcHcCTeMa YpaBHeHUH

ax + 2y = 3, .

He UMeeT peleHuit?
8x+ay=a+2
2

9+ x4

25.48. Haiinure HaunboJblllee 3HAYEHUE BLEIPAXKeHUS

1 Dra gajaya SBIAETCA YACTHEIM ciaydaeM TeopeMsr Jupuxie of apudMeTHYecKOd mpo-
TPecCHl: apupMemuieckas npozpeccus, iy KOMopoi NEPEbIil YIeH U PA3IHOCMb
AGNAIOMCA G3AUMHO NPOCHMBIMU HAMYP ATbHBIMU HUCAAMU, COOepxcum bec-
KOHEUHO MHOZ20 NPOCHILIX YUCEL.
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CymMma 7 nepBbiX 4YIeHOB apupmMeTU4eCcKON
nporpeccum

PaccMoTpuM KOHEUHYIO apU(pMeTHUYeCKYI0 IPOTPecCHio

Qyr Qg5 Qgy 09 @)y _ 35 Gy _ 1y By
CymMmy uieHOB aTOH Iporpeccuu ob6osHauum S, .
Hmeem:
LR MR e P SRS e g (1)

Brisenem dopMysy sl HAXOMKISHUSA 5TOH CYMMEIL.
Buauvasne pacemoTpuM 3agavy, pellleHUe KOTOPOM NOJACKaMeT, KaK BblBe-
CTH UCKOMYVIO QOPMYJIY.
Pacemorpum apudmMeTHyecKy0 OIpPOrpeccuio
1, 2, 3, ..., 98, 99, 100
1 HAUJEM CYMMY €€ 4JIeHOB.
SamuireM HCKOMYH CYMMY AIBYMSA crocobaMu:

Sip0= 1 + 2 + 3 + ... +98 +99 +100;

Siee= 100 +99 +98 + .. +3 + 2 + 1.

Crnoxus atu PaBeHCTBAa, IMOJYYHM:

25,0, =101 +101 +101 + .. +101 +101 + 101}
100 cnaraeMeix

Orcrona 25,,, =101 - 100; S,,, = 5050.

100
PaccraseIBaloT, 4TO BhIjawomuiica nemenguit marematuk K. I'ayec npu-

AVMaJ TaKoe pellleHHe B XOHOM BO3pacTe.

Kapn ®puapux faycc (1777-1855)

Hemeukuin matemaTtuk, actpoHoMm U cdum3uk. Ero pabortsl
OKa3anu orpoMHoe BAUAHME Ha pa3BUTUE NOYTK BCeX Oc-
HOBHbIX pa3fenoB matemaTuku: anrebpsbl, auddepeHun-
anbHOW W HEeeBKNMAOBOW reoMeTpuKn, mMartemMaTu4eckoro
aHanusa, Teopuu BepoATHOCTEeN, Teopuu (PYHKUWIA KOM-
MNeKCcHOro rnepemMeHHoro.

BocnonnsyeMcsa ONHMCAHHBIM IIPHEMOM JJI HAX0MKIEHUA cyMMBI (1).

danumeM cymmy S, neymsa crnocobamu. CHavana 3aluneM cymMMmy, nep-
BOE CJIaraeMoe KOTOPO# PaBHO ¢, a Kajioe Cle/yoliee cjlaraeMoe moay4eHo
U3 [IpeAbIAyIero npubasjieHueM PpasHocTH d. 3aTeM 3allUIIeM CYMMY, IIepBOe
cjaraemMoe KOTOPOil paBHO @, a KaxJoe clejyollee cjaraemMoe mojyuyeHo u3
NpebIIVIIero BEIYHTAHHEM pasHocTu d. UmeeMm:
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S,=a,+(@, +d)+(a,+2d)+ ... + (a, + (n - 2)d) + (a, + (n - 1)d),
S.=a +(@ ~d)+(a,~2d)+ .. +{a,—(n=-2)d)+(a, ~(n—1)d).
CnoxuB st paBeHCTB4a, MOJYVYHM.

25. =(a +a)+(a +a)+..+(g +a)+rleg+a,)
BLIp&EEHHE, 3allUcCaHHOe B HpaBDﬁ HJacTH IMocjJenHero paseHCTBa, AB-

JIAeTCH C}FMMDI?[ M cldaraeMslx, KaxKJoe U3 KOTOPEIX PaBHO 511 + ﬂn.

Torma 25, = (a, + a )n. Orciona

a, +a
— 1 i
S"_T‘”

ITonyuyenHoe paBeHCTBO HA3BIBAIOT (hOPMYJION CYMMBI M MEPBHIX YUICHOB
apudmMerHyecKo Iporpeccuu.
ATy GopMysly TaKKe MOMKHO MHOJYYUThH, BOCHOJbL30BABIIUCHL 3aja-
yeilt 25.22 (caenaiiTe 5TO CAMOCTOATEILHO).
ITogcraBus B aTy (hopMyny BMecTO a4, BhIpa:xkeHnue @, + d(n — 1), moxy-
a, +a, +dn-1)

YM: 5” = 5 7

Orcrona

s :2ﬂ1+€:"_1}1n

Iocnenneit popmynoit yioO0HO MONB30BATHLCH TOrIA, KOTA 3alaHbl I1ep-
BhIil WeH U Pa3HOCTh NPOTPECcCHH.

Mpumep 1. HalfiguTe cyMMY BCeX TPEX3HAYHBIX YHCeJ, KPATHBIX 6.
PeweHune. JlarHple upciaa o0pasyioT apu@MeTHYECKYID IIPOTrPEeCccHIo,
nepBbIil YieH Koropoil a, = 102, a pasnocts d = 6. Torna a, = 102 + 6(n — 1) =

= 617 + 96. Haiiném xosmdecTBo 4ieHoB aToil nporpeccun. Tak kak a, < 1000,
TO UCKOMOE KOJIMYEeCTBO — 3T0 HAubOJbIIee HATYPANBHOE pPellleHue HepaBeH-
crBa 677 + 96 < 1000. Mmeem:

61 < 904;

n<1502.
3
CnenoBaTenbHo, 7 = 150. Teneps HAWAEM HCKOMYIO CYMMY:

2.102 + 6 - (150 — 1) Y
S0 = ; .150 = 82 350.

OTteet: 82 350. m
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Hpumep 2. Cymma ceMHIecATH IATH IIePBLIX YJI€HOB apudmMeruye-
cKoil mporpeccuu pasHa 450. Haiigure TpuamaTs BOCEMOI 4YJeH IIporpec-
CUH.

Pewenue. ITycTs n1epBhlil WieH NPOrPecCHy U €€ PasHOCTh PABHEBI @, U d
2a, +74d

2

= 450. IIoCKONBKY @4 = @y + 37d, TO HCKOMBII1 4iIeH paBeH g = 450 : 75 = 6.
OtBeT: 6. W

coorBeTcTBeHHO. Torga Mo:kHO 3anucarb S.. = 75 =T5(a, +37d) =

? 1. Kak HantM cymmy 7 NepBbiX YNeHOB apUPMeTUYecKon MpPOorpeccuu,
eC/in U3BeCTHbI e€ NepBbik U NOCNefHUN YneHbl?
2.Kak HanuTu cymmy 72 NepBbiX 4NeHOB apudmMeTMHecKOW Nporpeccum,
€C/IN U3BECTHbI €€ NepBbiN Y1eH U Pa3HOCTL?

o =
?ﬂpaH{HEHHH BB EEE

26.1. Mecra B 1IHpKe PACIIOJIOKEHBI TAK, YTO B IIEPBOM PAIY KasKI0r0 CeKTopa
6 MecT, a B Ka)KJI0OM CJeAVIoleM Ha 3 mecTa Ooiblle, 4YeM B IPEILIAY-
mem. CKONBKO MECT B CeKTope, eciu B HEM 16 panos?

26.2. JImuTpuii B3sAn B OmOJIHOTEKe KHUIY. 3a IepBbLIH JIeHb OH IIPOYMTAJ
40 cTpaHHII, a 3a KayK/IbIi cleAyIOMuA geds yuTaa Ha 10 crparun 60/b-
e, 4¥eM 3a npeabiayinuii. CKoOJIbKO CTpaHUI] B KHUre, eciu JIMuTpmit
IPOYUTAJ €€ 3a 7 JHei?

26.3. Apujpmeruueckas nporpeccus (a,) sagana dopMmyaoil 7-ro djieHa
a, = —4n + 1. Haiigure cymMMy TPUALATU ABYX MEPBBLIX YWIEHOB IPO-
rpeccuu.

26.4. Apnpmeruueckas mporpeccuda (c¢,) sagaHa (GopmyJsoir 7-ro UleHa
c, = dn — 2. Haligure cymmy ABajuaTH IIE€CTH IePBBIX YJI€HOB IIPO-
rpeccuu.

26.5. CKOJIBKO YAAPOB CHEJAKT Yachkl B TeUEHHE CYTOK, €CJH OHH OTOHBAIOT
TOJBKO KOJIMUECTBO I1eJIbIX YacoB oT 1 go 127

26.6. Haitmure cyMMy ABAAIIATH IIE€PBLIX YJIEHOB apudMeTHYECKOU IIporpec-
cuu (a ), ecmu ag, + a, — a,, =-1Twn a, + a,, = 101.

26.7. Hajinure cymMy TpHALATH TPEX HNePBbIX YJIEHOB apu(pMeTUYeCKON IIpo-
rpeccuu (a,), ecim a, +a. +a,, =33 na,, — a, — a,,=-1.

26.8. Hemy paBHa cyMMa #1 MePBBLIX:

1) HATYpAJIBHBIX YHCEJ;
2) HeUETHBIX HATYPAJIBHLIX YHCeJI?
26.9. Yemy paBHa cyMMa 71 MePBBLIX YETHBLIX HATYPAJIbHBIX YHCe?
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26.10. CyMMy 7 HepBBIX YJI€HOB HEKOTOPOH apudMeTHuecKoil IIporpeccuu
MOXXHO BBIYUCIUTEL O opmyne S, = 3n? + 5Hn. Haiigure Tpu mepBhIX
YJjieHa 9TOU NpOorpeccuu.

26.11. CyMMy # NepBBIX UYJEHOB HEKOTOPOH apudMeTHUYeCcKOHl IPOTrpeccHuH
MOKHO BBIMMCIHUTH 110 opmyne S = 9n — 2n?. Haiigure cenbMoOil 4IeH
3TOM IIPOrpeccUuu.

26.12. (Cmapunnas ezunemckas 3adaua.) Cro mep xyuefa HAJ0 pasmeuTh
MEXJIY MATHI JIALMUA TAK, YTOOBI BTOPOHM MHOJYYMUI HA CTOJNLKO JKe
DoMbIlIe NEePBOro, Ha CKOJBKO TPeTHH MOJaYy4YnII O0JbIIe BTOPOTO, YeTBEP-
ThIi 0O0JIbIIIE TPEThero M MAThIH 00JablIe YeTBEpTOro. Kpome Toro, aBoe
IIEePBLIX [OJIKHBI IOJVIMTL B 7 pas MeHbIIe, YeM Tpoe MNOCJIeJHHUX.
CKoJIBKO HAI0 JATh KamKIoMy?

26.13. Kakoe HaTypaibHOE YHCJIO PABHO CYMME BCeX IPEeALIeCTBYIOIIUX eMy
HATYPAJIbLHBIX UHCEJI?

26.14. Haiiiure cyMMy BCeX OTPULATEJBHBIX YJIEHOB apU(pMeTHYeCKO IIpo-
rpeccun —6,2; —5,9; -5,6; ... .

26.15. Haiinure cyMMy BCeX MOJIOMUTENBHEBIX YWIEHOB apudMeTUYeCKOM IIpo-
rpeccun 8,4; 7,8; 7,2; ... .

26.16. Haiinure cyMMy BCceX HaTypaJbHBIX YHCEJ, KPATHBIX D H He 00Jb-

mux 240.

26.17. Haiijure cyMMy BCeX HATYPAJNbBHBLIX UYHCEJ, KPATHBIX 4 U MeHb-
mux 130.

26.18. Haiigure cyMMy BCeX HATYPAJBHBIX UYHCEJ, KPATHBIX 12 B MeHb-
mux 200.

26.19. Haiinure cyMMY BceX TPEX3HAUYHBIX YHCEJ, KPATHBIX 8.

26.20. Haiinure cymMMy BCeX TPEX3HAUHBIX YMCeJ, KPATHBIX 7.

26.21. Haiipjure paszHocTsh apudmMeruyecKol mporpeccuu, nepBblid 4jieH Ko-
TOpOil paBen 8,5, a cyMMa LIECTHAAIATH IIePBLIX YJIEHOB COCTABJIA-
er 172.

26.22. Haiinure nepBslil 4wieH apudMeTUYECKOH Iporpeccuu, pasHocTh KOTO-
poit paBHa —4, a cyMMa JeBATH IIePBLIX YJIEHOB COCTaBIAeT —o4.

26.23. IlepBoIili uleH apu(MeTHUYECKOHl NporpeccHd paBeH —9, a pasHOCTDb
paBHa 6. CKOJIBKO HANO B3ATH MNEPBLIX YJIEHOB INPOrPeccHH, 4TOoObI MX
cymma ObLIa paBHOM 9607

26.24. Kakoe HaNMeHBbIIee KOJUUYECTBO IIOCJIEI0BATE/IbHBLIX HEUETHBLIX HATY-
PANbHBIX YHCeJ, HAYMHAA ¢ YHCaa 1, HANO CIOMKHTh, YTOOBI IIOJYVIUTE
CYMMY, 00JBIIVIO YyeM 3157

26.25. Moiker i1 cyMMa KakKuX-J1ubo OATH mociefoBaTe/ibHbIX YJIeHOB apud-
MeTHYecKoH mporpeccuu 3, 7, 11, ... obiTh paBHo#l 1357 B cayuae yr-
BEPIHUTENBHOIO OTBeTa HaWIUTe 3TH YJIeHbl.
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26.26. Moxxer MU cyMMa KakKMX-TuHO YeTHIPEX IOCJAel0oBATEJLHBIX UYJIEHOB
apudMeTHYecKol nporpeccun 2, 8, 14, ... 0biTh paBHO# 1767 B cayuae
VTBEPAUTEIbHOI'O OTBETa HaWIUTe 3TU YJIeHBbI.

26.27. IIpu cBobogHOM nageHun (0e3 yuéTa CONPOTHUBIEHHA BO3yXa) TEJO 3a
IIePBYI0 CeKyVHAV npoxoaut 4,9 M, a 3a KaAVI0 CHeAVIOIIVIO — HAa
9,8 M OGoxapiie, yeM 3a npeaslaymyio. Hafigure BpeMs mageHus TeJsa
¢ BeicOoTEI 490 M.

26.28. CyMMAa HEUETHBIX HOMEPOB CTPAHUI KHHUI'Y SABIAETCHA HEUYETHLIM YHC-
sgom, boabiruM 400 1 Mmenbimum 500. CKonbKko cTpaHuUI B KHUre?
26.29. Haiinure cyMmMy 4ieHOB apudMeTUYeCKON NporpecCcHuu ¢ BOCBMOTIO IO

ABAAIATE HIeCTOM BKJIOYHUTENLHO, €CJIM NepBhIN 4JjieH IIporpeccuy pa-
BeH 24, a pa3HOCThL IIPOTPeccHH paBHAa —8.
26.30. Haiinure cyMMy 4JeHOB apudMeTH4ecKoi nporpeccuu (x,) ¢ JecATOro

0 ABaJAlaTh NATHIH BKIUYUTENILHO, ecnu X, = -3 u X, = 12.

26.31. Ilepsrlit wien apugmernueckoii nporpeccuun pasesd 100, a cymma 1e-
CTH IEPBHIX YIEHOB B O pas 0oJibllle CYMMBbI CJIeVIOIIUX IIIeCTH YJIEHOB.
Yemy paBHA pasHOCTb NPOrPecCHM ?

26.32. PasHocTs apudMeTHuecKoii mporpeccuu pasHa 28, a cymMMa IATH Iep-
BBLIX YJIEHOB B 4 pasa MeHbllle CYMMBI CJIeAYIOIUX IecTH 4ieHoB. Hemy
paBeH NepPBEBIA YJeH Iporpeccuu?

26.33. JIBenaaaTelil uieH apudmeruyeckoii nporpeccuu pasen 30. Hailigure
CYMMY ABALUATH TPEX [HepPBLIX YIEHOB IIPOrpeccui,

26.34. Haiinure cyMMy ABAAIATH IIePBBIX YJIE€HOB apupMeTHUYECKONH IIporpec-
cuu (a,), ecnu a, + a,, + a,, + a,. = 50.

26.35. Pemure ypaBHeHHe:

1) 7+ 13+ 19+ ... + (6n + 1) = 480, rne n — HaTyYpaJIbHOE YHCJIO;
2)5+8+ 11+ ... +x =124, roie x — HaTypalibHOE YHCJIO.

26.36. Pemture ypaBHeHue:
1)11+19+ 27+ ...+ (81 + 3) =470, rome n — HaTypaabHOE UHCJIO;
2)1+5+9+ ...+ x=630, rme x — HaTypaJbHOE YHCJIO.

26.37. Haiigure mepBBId 4JeH U PA3HOCTh apudpMeTHUYecKOM NIporpeccuu,
Y KOTOpOH cpeaHee apudMeTHyecKoe 77 IepBLIX 4JIeHOB Hpu Jirobom »
PABHO UX KOJIMYECTBY.

¢ ¢ ¢

26.38. (3adaua luncuxia Anexcamndpuiicxoezol.) lokamxure, yro B apudme-
TUYEeCKOU IIPOrpeccUM ¢ YETHBLIM KOJUYeCTBOM YJIeHOB, COCTOAINell M3
eJIbIX YHceJ, CyMMa BTOPOM HOJOBUHBI DOJbllle CYMMBI II€pBOM M0OJIO-
BUHBI HA YHMCJO, KPaTHOE KBaJlpaTy MOJOBHUHBI KOJUYECTBa YJIeHOB.

! Tuncuxn Anexcamppmiickmit (II B. mo H. 5.) — JpeBHerpeudeckHii YUYEHLIH, ABTOP
XIV kauru «Hauans Epxamga.
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26.39. Haunure cymMmy Beex ABY3HAYHBIX YHCEJ, KOTOPbIE He JIeIATCA HAlleJ0
HU HA 8, HU HAa D.
26.40. B apumerunyeckoit nporpeccun S, =5 , m # n. Haliqure .S

m+nt
26.41. B apudmeruueckoit nporpeccuu S, =m, S =mn, m # n. Haiigure S

26.42. B KroHeuHOll apudMeTUUYECKON IIPOrpeccu HeYeTHOe KOJUYeCcTBO f;.;g
HOB. CyMMa 4JIeHOB, CTOSALIMX HA MeCcTaX ¢ YETHLRIMH HOMepaMH, paBHA
cyMMe 4JIeHOB, CTOSIIUX HA MecTax ¢ HedeéTHbIMU HoMepamu. Haitgure
CYMMY BCeX YJIEHOB 9TOH HPOTrpeccUH.

s

26.43. B OackeTDOIBHOM TYPHHPe, IPOXOAHUBIIEM B OJUH KPVI, VYACTBOBAJH
n xkomanja. Ilocine okoHYaHUSA TYPHHPA OKa3asoCh, YTO OYKH, HabpaH-
Hble KOMaHIamMu, 00pasyoT HecTAllMOHAPDHVIO apu(MeTHYecKYH MIpo-
rpeccuio. CKOJNLKO OUKOB Habpaja KOMaHJa, 3aHABIIAA HOCHeIHee Me-
CTO, eCJIX 34 IodeJy B Ka)XI0il BCTpedye KOMAaHA Hmojaydayia 2 ouka, 3a
nopaskeHue OYKH He HAYMCIAAJIHUCh, 4 UI'D, ChII'DAHHBLIX BHUYLIO, B Oa-

ckeTboJie Het?

=g
YnpaXxHeHUs ANnf NOBTOPeHUA

26.44. V3BecTHO, 4TO IeJIOe YHCI0 7 He KpaTHO 3. JlokamuTre, 4TOo 3HAYEHHE
BhIpasKeHus n° + 8 KparHo 3.

26.45. Halinure pemenus HepaBeHerBa (a2 —1) x < a—1 B 3aBUCHMOCTH OT
3HAYeHU S ImapameTpa d.

§ m [eomeTpuyeckan nporpeccun

PaccmoTpum noclieioBaTeIbHOCTH:
1, 3,9, 27, 81, 243, ...,

1 1 1. 1
2! ]-1 E: Z: E: E: e 4

2; —0,5; 0,05; —0,005; 0,0005; ... .

Ouu o06JagaoT TaKoil XapaKTepHONH 0COGEHHOCTBIO: KANCObil credl-
WU Ylel NOoCcaedo8ameitbHoCmil NOJAYUe 8 Pe3ydbmame YMHONCEHUS
npedvidyuiezo wiena Ha odHo u mo e yucio. Jna neppoit mocaenoBaTe b

4 1 &
HOCTH 2TO YHCJO0 pPaBHO 3, AJA BTOPOHW 3TO YHCJIO DABHO E y 4JIA TpeThber 3TO

ypcJo passo —0,1.
Taxkue mociaegoBaATENbHOCTH HA3LIBAIOT reOMeTPHYECKHMH IIPOrpec-
CHMAMH.
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oo @ On pegeneHnwe
leomeTpuyeckonn nporpeccMen HasbIBalOT NOCNefOBaTeNnbHOCTb, NEepBbIN
YfneH KOTOpPOW OTNMYEH OT HYNA M KaMAblA YNeH, HayMHasa co BTOpOro,
paBeH npegbiayliemMy YneHy, YMHOXeHHOMY Ha OfHO M TO )K€ He paBHoe
HYNIO YUCNOo.

Yuesno, paBHOE OTHONIEHHUK) MOCIEAVIONIEr0 M IMIPeAbLAYIIEero 4YieHOB I10-
cJIeIOBATEJILHOCTH, HA3LIBAIOT 3HAMEHATE/IeM reoMeTPHMYeCKOH NMporpeccuu
n obo3HauaT OykBOH ¢ (IepBoil OYKBOU (hbpaHIIy3CKOro cjoBa guotient —
«4acTHOE» ).

Hrak, ecou {bﬂ) — reoMeTpUYecKas IIporpeccus co 3HaMeHaTeNleM ¢, TO
by b, by

q i

B :’JI B E B 5}3 B
'II}H+

b

"

L = g. Orcroga

T. €. 1JA JIIDﬁIDI"G HaTyvpalbHOI'O X BBITIOMHAETCHA paBeHCTBO
[nojnaydyaeM peKvVpPpeHTHVIO d)ﬂpM}T.lIy
bn +1 = bnq'
CJIE,I[GBEITE.TILHD, reoMeTpH4YeCKVIO IIporpecCcHl MOAHO 3ajlaTb PeKyp-
PEHTHO.

b=bb, . =bg

1

TakuMm 00paszom, ¥mobbL 3a0ams 2eOMEeMPUUECKYI0 NPOZPECCUIO, HAOO
YyKasamov e€ nepaviil Wien U IHamMeHamen.

IIpuBeneémM HeCKOJbLKO IPUMEpPOB.

Eciu b, =1 u g =3, To mosyuuM reoMeTpUdYecKyio IPOIpeccHio, IpuBe-
NEeHHY B HayaJle naparpada:

1, 3, 9, 27, 81, 243, ....

Ecmu b, = 2 m g = 2, To NOIYyYNM TeOMeTPHUYECKYI0 IPOTPECCHI0 —

IOCJeJ0BATeIbHOCTh HATYPAJIbHBIX CTelleHel uucia 2:
2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, ... .

3aMeTHM, 4YTO IeoMeTpUUYecKas IIPOrpeccHusi cO 3HAMEHATeJeM, paB-
HBIM 1, ABIseTCA CTAIlMOHAPHOM mocjeloBaTebHOCTRIO. Tak, mocieoBaTe b-
HOCTHL 9, o, 9, D, .. ABIAETCA IeOMeTPHYECKOH Hporpeccuei, y KOTOpoH
b, =5, g =1. Bmecre ¢ TeM 3Ty IOCI€A0BATEIBHOCTh MOKHO PAcCMaTPHBATh
Kak apudMeTHyecKyio Iporpeccuio, y Koropoi a, = 5, d = 0.

Boobuie, nwobas cranpoHapHas MoCJeI0BaTeJbHOCTh, BCE YJIEHBI KOTO-
PO OTJIMYHEI OT HYJ, ABJJAETCHA OJHOBPEMEHHO U apudMeTUYecKON U reoMe-
TpuuYecKkod nporpeccuei. CranmnonapHaa mocaegosarensHocts 0, 0, 0, 0, ..
SABJIAETCHA TOJBKO apudMeTHYeCKON Nporpeccuei.
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llokaxem, Kak MOMKHO 3a/aTh TeOMETPUYECKYIO IIPOTPecCHI0 ¢ IIOMO-
L0 (QOPMYVJIBI 72-T0 YJIeHA.

W3 onpenenenusa reoMeTpuYecKoi Nporpeccruu Caeyer:

b,=b, ~q;

by=b,y - q=(byq)q=0bq%

by =b;-q=(b,9%"q=0b,g%

bﬁ = b;i g = (b1q3) g = b]‘fl'

IlpuBeneénHble ODpUMepbl HOMOTAOT clAejaTh TAKOM HMHAVKTHBHBIN
BBIBOJI:

b =bg" !

ITYy MUIOTEe3y MOMKHO JOKA3aTh METOJ0M MATeMATHYECKOH WHIYKIUNA
(coemaiiTe 83TO CAMOCTOATEJBLHO).

3alucaHHOEe PABEHCTBO HA3BLIBAIOT (POPMYJIOH 72-T0 WieHa reoMeTrpHYe-
CKOH IPOTrpPecCHH.

YCcTaHOBUM BajKHOE CBOMCTBO 4JIeHOB reOMeTPUYeCcKO! IIPOrpeccun {FJ”).

3 onpenenenusa reomeTpudecKod Nporpeccuu cjenyer, 4ro npu 17 > 1

=b,q.0 by _Inet g
=0 . UTCIoa 2 =" 5 . 10r-

n-1 n

BBIIIOJIHAIOTCA paBeHcTBa b =b . qgub, |

na opu n > 1 noayuaem:

b2-b b

n—-1"n+1

Keaodpam n1060z20 unena zeomempuueckoi npozpeccuu, Kpome
nepeozo (u nocneomnezo, ecau NPozpeccusn KoHedna), pagen npousee-
deHuro 08Yx CoCeOHUX C HUM HIeHO8.

Bepuo u obpaTHoe yTBep:ieHUe: ecjiu nociiedosamenvrocms (b))

OMJIHYMHBIX OmM HY.JIA HUCE]] obnradaem maxum CGGI‘EEH‘IGHM, Hmo

b2=b b . npunobomn > 2, mo sma nociedoeamenbHOCMb A6~

emcs zeomMempuHecKoll npozpeccueit.
IleficTBuTeNnbHO, U3 paBencTa b =bh b

b b

n+1
# 0, MOHO 3anUCaTh —— = , T. €. OTHOIIEHUE TOCIeIVIO-
b b

n-1 n
miero «4iaeHa ,EL&HHDfI ImocinenoBaTeJIbLHOCTH K INpelblAVIIIEeMY ABJAeTCHA IIOCTO-

AHHBIM. OTO O3HAYAET, YTO IOCIeJ0BATeILHOCTE (h, ) — reoMeTpHyYecKas Ipo-
rpeccus.

Iokazas JjBa BBAMMHO 0OPATHBIX YTBEeP;KIEHHA, TeM CAMBIM MBI JJOKa3a-
U TAKVIO TEOpeMy.

, ¢ yuérom Toro,uro b, #0,

b #0,b

n+1
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sy Teopema 27.1

NocneposatensHocte (b ), copepmawan Gonee ABYX YUNEHOB, BCe YNEHbI

KOTOPOW OTANYHbI OT HYNS, ABNAETCA reOMeTPU4ecKOon Nporpeccuen Tor-

Aa M TONbKO TOorpa, Korga ana nwoboro 1 = 2 BbINOMHAETCA PaBeHCTBO

brza = bn—lbn+1'

Ecan Bce uieHBbl reoMeTpU4YecKod Nporpeccuu (b”) HOJIOUTeJIbHBI,
TO MOMHO 3ANNCATh:

bn = bn —1bu.— "

CnenoBaTesIbHO, KaMblil YIeH TAKOW mocjieoBaTelbHOCTH, KpoMe I1ep-
BOr0 (4 MOCJIeJIHEro, €CJIU I0CcJIe[0BATe/IbHOCTE KOHEYHAa), SIBJIAeTCs CPeHUM
reOMeTPHUYeCKHM JBYX COCeJHHUX ¢ HUM UJIEHOB.

PaccmoTpuM aBe mocienoBaTelbHOCTH.

Apudmeruueckas nporpeccus (a,), y Koropoit a, = 1, d = 2:

1, 8.9, 7,9, 11, 18,195,170, 19; ... «

T'eomerpuueckas nporpeccusd (b)), y xkoropoit b, =1, g = 2:

1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, ... .

Y 3THUX mporpeccuil paBHbI NepBbie YieHbl. Obe aTH mocjiegoBaTebHO-
CTH KOHCTPYHUPYIOTCA € IMIOMOIIBIO OZHOTO U TOro XKe yucia 2 (d = g = 2). Bme-
CTe C TéM, CPABHUBAafA COOTBETCTBYIOIHE UJIE€HBLI 3TUX II0OCJIEOBATEILHOCTEI,
MBI BUJHM, 4TO IeOMeTpHUYecKas IPOrpeccus «pacTeéT» ropasgo OwicTpee, deM
apudmerudeckas. Hanpumep, B epsoil oc/nel0BaTeNbHOCTH d,, =1 + 2 - 19 =
= 39, Bo Bropoii b,, =1 - 2! = 524 288.

Br! 3HaeTe, uTo HaKTePUH PA3MHOMKAIOTCH JleJleHHeM: oiHa DaKkTepusa je-
auTcA Ha aBe. [loaToMy CcTAHOBUTCA IMOHSATHBLIM, ITOYeMYy Tak ObBICTPO Bo3pac-
TAET YHUCJI@HHOCTh KOJIOHUU DaKTepuil, ecii UX MOMECTHThL B DJaronpuAaTHYIO
cpeny.

Bo3MO0O:KHO, ¢ 9THM HPUMEpPOM CBA3aHO TO, YTO HEPeJAKO B IIOBCeJHEBHOI
KU3HH, KOTIa XOTAT MNOJYEePKHYTH OBICTPBIM POCT KaKOW-TU0O0 BEJIUYWHBI,
roBOPAT «PACTET B reOMeTPUYECKOM IpPOrpeccuu».

Mpumep 1. Haligure 4eTBEPTHIN WeH M 3HAMEHATE/bh IeOMeTpPHYeCKOo
nporpeccuu (b ), ecnu b, = 36, b, = 49.

PeweHue. ITo cBOCTBY reoMeTpUUYECKOH IPOrpeccHu bf = 51355, 0TCIONA
b, =\bb, =36-49 =6 -7 =42 wm b, = — /b,b, = —42.

Bema b, =49 = oo B = il

cau b, = 42, o suamenaress nporpeceuu g = b, 1 by = o2 = =5 ecin
b, =-42, 10 ¢ —t
4 3 { = 6"
i 7 )
OteeT: b, =42, q = g wm b,=-42, q = —5 "
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lipyumep 2. Hanawure nepBeIid 4eH M 3HAMeHATeNb TeOMeTPUYeCHKOH
nporpeccuu (b ), ecmu by + b, =504 u b, — b, + b, = 378.

PeweHune. Ilycte ¢ — 3HameHarens jgaHHOU nporpeccuu. C yuyérom
YCJIOBUA IOJyYaeM CUCTEeMY [IBYX YpaBHEHUH C ABYMdA IepeMeHHBLIMU IJI U g:

bg® + b,g® = 504,
bq® —bq' + bg® = 378.
ITogeTuM IOYJIEHHO JIEBEIE U MPABbIe YACTH YPABHEHUIl CUCTEMBI:

bg*(1+4q*) 504

bg®1-q+q?) 378°

Ilanee nMeeM:

!}1q2(1 +q)1l-g+q¢%) 4

=i
¥

ba*l-q+q*) 3

HO,E[CTEIBHB 3HadeHHue ¢ B IlepBoe ypaBHeHHe CHCTeMBI, IMOJdy4dYaeM:
b, + 243b, = 504; 252b, = 504; b, = 2.

Oteer: b, =2,g=3. =

Mpumep 3. B reomerpuueckoii nporpeccuu (b, ) ussecrro, uro b, = 2.
Haiigure npousseieHne NeBATHAAIATH IePBLIX YWIEHOB 3TOI IPOTIPECcCHH.

Pewenwne. Umeem: bbb, ... b y=b, - bg -bg*: .. bqg™®=
(1+18).18
B0 g T =00 g1 = (bg® ) = (b, ) = 2.

OtBer: 2. m

_ K19 1+2+ ... +18
_hl q

Mpumep 4. HalignTe Bce TPOMKH 4Yuces, KOTOpble 00pa3yoT reoMeTpu-
YeCKYI0 IIporpeccuio U o0JamaloT TAKMMH CBOHCTBAMH: CYMMAa 3THX YHCEJ

paBHa 63, a ec/iM K 9TUM 4YMCIaM NPUOABHTH COOTBETCTBeHHO 7, 18 u 2, To
Oyaer mojyuyeHa apu@MeTHUYeCcKas IPOrpeccus.

PeweHne. MckoMble umenaa 3amuimeM Tak: a, aq, ag?. Torma uwucia
a+7, aq+18, ag®+2 obpasyior apudmernueckyio mporpeccuro. Orcioma
2(aq +18) =a+ 7+ aqg? + 2. C yuérom ycJIOBHUS MOJIYyUYaeM CUCTEMY:

{a +aq +aq? = 63,

a+T+aqg? + 2 =2(aq +18).

a+aq +aq? = 63,
Orcrona
a—2aq + ag® = 217.
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Iopenum moyneHHO JieBble W [IpaBble YaCTH YpaBHeHUH cucteMsbl. 1lomy-

1l+g+qg%> 7 1
YUM: ———— 5 = - . Pellas aTo ypaBHeHue, MOXYyYUM ¢ =4 WIH § = —.

1-2g+gq 3 4

Eciu g =4, 10 a =3; ecau q:i,m a=48.

OTBeT: 3, 12, 48 unu 48, 12, 3. =

? 1. Kakyio nocnegoBatenbHOCTL Ha3biBalOT reomMeTpUYecKon nporpeccuen?
2. Kakoe 4ncno HasbiBaloT 3HamMmeHaTenem reoMmeTpUYeckon nporpeccumn?
3. Kakou Bug nmeet popmyna 7-ro uneHa reomeTpuyeckon nporpeccum?
4. KakoBbl Heobxoaumoe 1 [OCTaToOYHOE YCNOBUA TOro, YTO AaHHas nocne-
LOBaTenbHOCTb, cofepiallan bonee aByx 4YneHoB, ABNAETCA reomMeTpu-
4YeckoWn nporpeccuen?

L B
® YNpaXXHeHVA o o umn
27.1. IlocnegoBarensHocts (b ) Takosa, uro by =8, b =-b . fABnaerca au

aTa IMOCJIe/[0BATEJIBHOCTE FeOMeTPUYECKOH IIporpeccue?
27.2. Haligure 3HaMeHaTellb M MATHIA 4YJieH NeoMeTpUYeCKOM Mporpeccuu

& L 3
216" 36" 5"

27.3. HaiinguTe 3HaMeHAaTeJIb U IIeCTOH 4jleH reoOMeTpUYecKoil mporpeccuu 18,
| P

27.4. J[lokaxure, 4TO €CJIHU MOCIEAOBATENILHOCTS (X,) — reoMeTpuveckas mpo-

IPECCUA, TO XX 3 = X X,
27.5. [loxkaxure, 4TO €C/IU II0CIEA0BATEILHOCTE (/) — reoMeTpuvecKas 1mpo-
rpeccus, T0 Y Y, = Yglf;.-

27.6. HaliguTe 3HaMeHaTeJIb reOMeTPUYECKON Iporpeccuu (bn), ecJiu:
1
1):bi= 5 by=64; 2)b,=75, b, =217.
27.7. Havinure mepBblil 4ieH reoMeTPUYeCcKOd 1porpeccuu (c, ), eciau:

1 2
1) ¢, = TR a 3HaMeHATeJb ( = ?; 2) ¢, =100, ¢, = 100 000.
27.8. Yucno 486 aeinserca 4ieHOM reoMeTpUYecKoi mporpeccun 2, 6, 18, ... .

Haf:l,I[HTE HOMED 3TOIo 4jeHa.

27.9. Yucio 96 asnsiercs 4JIeHOM IeOMETPHUYECKOH Mporpeccuu

>

bo | SO

Co| oo
| e

Haigure HOMep aTOro 4jeHa.

27.10. Kaxue nBa 4ymMcJia HaJ0 BCTABUTH MexAy uucaamMu 6 u 750, uroOBI
OHM BMECTe C JAaHHBIMM YHCJIaMH 00pas3oBalIl IeOMeTPHYECKYIO IIPO-
rpeccuio?
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27.11. Kakue ueTsIpe 4YMcIa HAAO BCTaBUThL Mexay yucaamu 0,5 i 16, 9yTo0bl
OHHM BMECTe € JAaHHBIMM 4YHUCJIaMH 00pasoBajl reOMEeTPHYECKYH IIpo-
rpeccuio?

27.12. IlocnenoBaTeibLHOCTh (bﬂ) 3afaHa QopMYJI0OH #1-T0 YiieHa b” =0-4""
fABnsiercsas M 3Ta IOCJENOBATENLHOCTh I'eOMETPUYecKoil mporpeccuei?
B cay4yae yrBepauTenbHOI'O 0TBeTa YKajKUTe e€ IepBbIA 4JieH U 3HaMme-
HaTeJlb.

27.13. [loxkaxkure, 4TO IOCJEAOBATEJIbLHOCTH (X,), 3aflaHHAasA (GOPMYJIOH #-T0
yjeHa x, = 7"" 1, ABJsieTcs reoMeTpPUYECKOM Iporpeccueil, u yKaKuTe eé
IepBLINA UJieH U 3HAMeHAaTe lb.

27.14. llocnenoBarTesibHOCTD (h”) ABJISETCS IeOMeTPHYeCcKO MDporpeccHuet.

Hainure:
1) b, ecu b, =9, b, = 25; 2) by, ecmm b =2, b, = 10.

27.15. IlocaegoBaTeIbHOCTD (z'J ) ABJIAETCA TeOMeTPHYeCKOH IpOoTrpeccHue.
Hatinure b, ecnmu b, = 3 b,, =-12,

¢ ¢

27.16. Bropoil 4ieH reoMeTpuueckoil nporpeccun pases 6. Haiignre mpous-
Be/leH1e TPEX MNepPBbIX YJIeHOB 3TOH NpPOrpeccuu.

27.17. Tperuil ujieH reoMeTpuU4vYecKoM Iporpec-
cuu paseH 3. Haiigure npousBegeHue M-
TU MePBbIX YJIEHOB 3TOU IIPOrpeccuu.

27.18. [lana KoHeuHasd reoMeTpudYeckKas IIpoO-
rpeccuss b, b,, .., b . Jlokaxure, 4ro

b,'b, ,,.,=bb,k<sn.
27.19. [loxa:xxkurte, 4TO HOJA IeOMeTPHYECKOH
nporpeccuu {b”) cIIpaBelJIMBO PABEHCTBO:

b -b,=b b, k> m.

H n+m —m?

27.20. B npaBUIBHBIA TPEYroJIbHUK CO CTOPO- anc. 27.1

HOM «a 1nocJjejoBaTeJIbHO BIHCaHbI Tpe-

YIrOJbHUKH TaK, YTO BePUIMHBI KamKJOr'o CJeAVyIOLero TpeyroJbHUKA

ABIAKTCA CePeJUHAMH CTOPOH npeasiayilero (puc. 27.1). Hoxaxure,

YTO MEePUMETPLI 3TUX TPEYroJbHUKOB 00pasyioT reOMeTPUYECKYIO IIPO-
rpeccuo, U 3an0uinuTe GopMyJy #72-ro 4jieHa 3TOU nporpeccuu.

27.21. IlocnenoBaTenLHOCTh (b”] — reoMeTpUYecKas mporpeccuss co 3Hame-
HaTeleM ¢. fiBngercsa JIH reoMeTpUYECKOH Iporpeccuei rmocjiesoBarTellb-
HOCTB:

13800 v Bioois 3) h F B By F BopsveniBi ey FBLE
1 1
2) 2b,, 2b,, ..., 2b_; 4) {, ,{; ey
n

B clly4dae YVTBepIHMTelbHOI'D OTBETa VEAMKKMTE sSHAMEHATEJ b IPDOTpECCHH.
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27.22. llocnenoBaTeILHOCTE {b“] — reoMeTpUyYecKas IIpoOrpeccus co 3HaMe-
HaTeleM ¢. JBnsgerca U reoMeTpUYECKOH IIporpeccuel rnocjesoBaTellb-
HOCTb:

1) by, by, ..., by,; 2) b,b,, b,b,, byb., ..., b, ,b?
B cayuae yrBepiuTe/IbHOIO OTBETA YKAMKUTE 3HAMEHATE b ITPOTr'PEeCcCUH.

27.23. HaiijuTe nepBLIM 4YJieH M 3HAMeHAaTeJIb eOMeTpHYeCKOW nporpec-
cuu (b ), ecnn:

1) b, =38b; u by — b, = 48; 2)b,—-b,=168 u b, + b, =-28.

27.24. HaiiguTe mepBBlil 4jieH M 3HAMeHATe/Jbh NeOMeTPHYEeCcKOil mporpec-
cuu (b,), ecnu:
1)b,—b,=30u b, - b, = 24; 2)b,~b.=T18uby+b,+b,=-11T.

27.25. IIpu KaKoM 3HAUEHHUH X 3HAUEHUA BhIpaskeHuit 2y + 1, x + Su x + 11
ABJIHIOTCA IMOCJAENOBATEeILHBIMU 4YJleHAMH IeOMeTpPUYecKoil Iporpec-
cumn? Haligure 4IeHBI 3TOH IIPOTrPECCHH.

27.26. IIpu KakoM 3HAYEHUH X 3HAYEHHUSA BbIpaskeHHit ¥ + 6, x + 2 u 3x — 4
SAIBJIAIOTCHA TOCJIeJOBaATEeNbHBIMHU YWileHaMH IeOMeTpPUYecKOH Iporpec-
cun? Haiigure 4yneHbl 3TOM IIPOrPECCHH.

27.27. Haiiiure reoMeTpUUYeCKyI0 IIPOrPecCcHuio, COAep:Kallyo 1IecTh YJIeHOB,
ecJM CyMMa TPEX IepBLIX eé uJIeHOB paBHa 168, a cymma Tpéx mocien-
HHUX paBHa 21.

27.28. CyMMa TPEX NOJOKHUTEIbLHBIX YHCe]I, 00pasyvioniux apu@mMeTHdecKyo
nporpeccuro, pasaa 21. Eciu K oTuM ynciaMm npudaBUTh COOTBETCTBEH-
HO 2, 3 1 9, To moJilydeHHEIe YHcaa 00pasyoT reOMeTPHUYECKYIO IIPorpec-
cuwo. HalinnTe HCcXoMHBIE YHCIIA.

27.29. Cymma TpEx yuces, 00pasyoimux apudMeTUuecKyio Iporpeccuo, pas-
Ha 30. Ecau u3 nepBoro uuciia BeI4ecThb 5, U3 BTOPOro BeIUYECTh 4, a Tpe-
The OCTABUTHL 0e3 M3MeHeHHUIi, TO MOJIyYeHHLIe YHciia 00pa3ynT reomMe-
TPUYEeCKY10 nporpeccu. Haagure UCXoHbIe YHCIA.

27.30. Cymma TpExX umMce), 00pasyoIUuX IreoMeTPUYECKYI0O IPOTPeccHI0, paB-
Ha 65. Eciiu 13 nepBoro u3 sTHX 4YHCceJ BbhlYecTh 1, BTopoe ocTaBUTh Oe3
H3MEeHeHHI, a U3 TPEeThLero BeluecTh 19, To noaydyeHHEIe YHcaa 00pasy-
10T apudMeTUyecKyo rporpeccuio. Hagure uexoqubie 4ucia.

27.31. Cymma Tpéx uyuces, 00pasyioIux IreoMeTpUYECKYI0 IIPOrpeccuio, pas-
Ha 26. Ecau K 9THM uMciaM nNpudaBUTh COOTBeTCTBeHHO 1, 6 u 3, To nmo-
JIyYeHHbIe 4Yuciia o0pasyoT apudmerudeckyio nporpeccur. Haligure
UCXOJIHBIEe YUCJIa.

® & ¢ |

27.32. Hannure Tpu yucaa, odOpasywiue reoMeTpU4YeCKyI0 IIporpeccuio, ecau
M3BECTHO, YTO CyMMa MX paBHa 26, a cymMMa KBaJ[pATOB 9THX YHCEJ PaB-
Ha 364.
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27.33. Haiinure yeThipe YHCiIa, U3 KOTOPLIX ITepBLIe TPpU 00pas3yiT reoMeTpH-
YeCKYI0 IIpOrpeccuio, a IocjefHde TPpH — apuMeTHYecKyiO, IIPUYEeM
cyMMa KpaMHHUX yHuces paBHa 14, a cymMma cpegHuUX paBHa 12.

27.34. Haiinure yeTsipe 4ymucia, odpasyioluue apupMeTHYeCKY0 IPOrpeccHio
H 00JIafarolie TAKUM CBOMCTBOM: €CJIM M3 BTOPOr0 YMCJIa BLIYECTh 2,
a K uerBépromy InpudaButh 14, To Oyier mojiyieHA IeOMeTPHYECKAs
I poTrpeccus.

=
YnpamHeHus Ana NOBTOPEHUA gy g

. |lax+y =2,
27.35. IIpu KaKMx 3HaYeHHAX IIapaMeTpa ¢ CUCTeMa VPaBHeHHUH
9x +ay =6

HMeeT DeCKOHEUHO MHOT'O pelneHunii?
27.36. V300pasuTre HA KOOPAUHATHON IIJIOCKOCTU MHOMKECTBO TOYEK, KOOpAU-
HATBI KOTOPHIX (X3 ¥/) YEOBIETBOPAIT PABEHCTBY:

J@-3) (y+2)=v3—-x--y-2.

g m CymMmma 7 nepBbiX 4/1I€eHOB reOMeTpU4ecKon
nporpeccum

PaccMOTPUM KOHEUHYIO reoMeTpudeckyio mporpeccuio b, b,, b,, ..,

b

n—-1*""n"
CyMMYy 4JI€eHOB aTOi IIporpeccun 0003HAYUM .5'”.
Nmeem:

b

S.o=b by, b ¥, ¥h, B, (1)
BriBenem dopmysry A8 HAXOMKICHUSA 3TOM CYMMEIL.
Cuauajia paccMOTPUM 3aJ1a4y, pellleHHe KOTOPOH MOJCKaKeT, KaK BhIBe-
cta hopmyay (1).
PaceMoTpuM reoMerpudeckyio nporpeccuio 1, 2, 22, ..., 262 263 i paii-
NEéM CYMMY €€ 4JIeHOB S;,:

Sp,=1+2+2%4 . + 2624 268,

YMHOXKHM 00€e 4acTH 3allHCAHHOTO PABEHCTBA HA 3HAMEHATeJb IIporpec-
CUU — YHCI0 2:
25, =2+2%24+284+ | 42084 264,

Haiiném pasHocts 25, — S,

B 28, = 2 + 22 #2229 4p%
Sey = 1 +2 @0 P &, HE
= G4
284 =8g= =1 +0 +0 b owe B0 b2
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Orciona S;, = 2°% — 1.

¥ Bac mMo:KeT BOBHUKHYTHL BONpOC: IIOYeMY B KauecTBe IIpUMepa Mbl BhI-
6pasiu UMeHHO Iporpeccuro 1, 2, 22, ..., 262 2639

C aToii moc/iefoBaTeILHOCTLIO CBA3aHa cTapUHHAA Jerenga. UHIUNCKUA
MyJApel, IIpUAYMaBITUA [MIaXMaThl, TONPOCHJI V pPaJKi 3a CBOE€ u3obperTeHUe
CKPOMHOE Ha IepPBblil B3IVIAJ BO3HATPAXKIEeHUE: 3a IePBYI0 KJIETKY IITaXMaTHOMH
nocKHd 1 MImeHUYHOe 3EPHBIIIKO, 38 BTOPYK — 2, 3a TpeTbio — 4 U T. 1., T. €.
34 KaKAVIO CIAeIVIOIIVIO KJIeTKY BABoe 0oJbIle, 4eM 3a IPeAbIAYIIVIO.

IlonsaTHO, uTO 00IIEE KOJIMYECTBO 3€pPeH, KOTOpoe IoIpocus uiobpera-
Tesb, paBHO Sy, = 204 — 1.

borarsiit pamgxa ObLI IMOTPSCEH, KOrjga Y3HAJ, YTO OH HE B COCTOAHUU
VIOBJIETBOPUTh «CKPOMHOE» KelaHue mylperna. [leino B ToM, 4TO 3HaYEHUE
BoipaskeHus 25 — 1 pasuo 18 446 744 073 709 551 615.

Yr1006BI 0CO3HATH, HACKOJIBKO BEJHUKO 3TO YHCJIO, IPEJACTABUM, YTO 3€PHO
xpaHaT B amOape miaomanesio 12 ra. Torga ero BeicoTa ObLIa ObI OOJIbIE pac-
cTOSAHHA oT 3emJn o CoxHIA.

BocnonnzyeMcsa ONMMCAHHBIM IIPHUEMOM JIJI HAX0KIEeHUSA CYMMBI (1).

3anuireM paBeHcTBO (1) Tak:

S =b+bg+bg*+bg*+ .. +bg"*+bqg" .

YMHOKUM 00€e 4acTH HTOro paBeHCTBA HA :

Sag=bg+bqg*+bqg*+bqg*+..+bqg" '+ bgqg".
Haiiném pasnocts S, g — S, :

- 5.4 = bg +byqg® +bqg® +.. +bqg""' +byg"
S, = b, +bqg +bq® +bqg® +.. +bg"!
Sq-S = —-b, +0 +0 +0 + .. +0 +b,q"

Cneposarensno, S g —S, =b,g"—b,. Orciona S (g — 1) = b, (g" - 1).
IIpu g # 1 nonyyaem:

S :bl(t]"—l)
n q—l

JTO paBeHCTBO HA3BIBAIOT (POPMYJIOH CYMMBbI 72 MEPBbIX YIEHOB reomMe-
TPUYECKOH MPOrpeccHy co 3HaMeHaTeJieM, He paBHBIM 1.

3aMeTHuM, YTO NOJYYEHHYIO (POPMYJY MOMKHO I0OKA3aTh MHAYE, BOCIIOJb-
30BaBIIKUCE (DOPMYJIOI pa3ioKeHUs Ha MHOXKUTeNH aABydneHa q" — 1, n € N.
CpenaiiTe 3T0 CAMOCTOSATEJIBLHO.

Ecau g = 1, To Bce 4ieHBl IPOrpecCUM paBHLI NepBoMy wieHy. Torama

265



Hipymep. CyMmy # IepBBIX YIEHOB 'eOMEeTPUYECKOH MPOTrpeccuy MOKHO
BRIYUCIAUTH 110 opmyne S = 10(2" — 1). Hafigure nepselil uieH U 3HAMEHA-
TeJlb 3TOH IPOTPECcCHH.

PeweHune. Ilycts z':.'l — IIepBBIN YWIeH JaHHOM IIporpeccuu, ¢ — ee 3Ha-
menarens. Torga b, = .5, = 10(2 — 1) = 10; b, + b, = S, = 10(22 — 1) = 30.

b
Orciona b, =30 — b, = 20; g = .’;—2 =2,
1
OteeT: 5, =10,g=2.m

P 1.Kak HaiTu CyMMY 77 MepBbIX YNEHOB reoMeTpUYeCcKoW Nporpeccuu co
3HaMeHaTenem, OT/IMYHbLIM OT eAUHULLbI?

2.Yemy paBHa cymMma # MepBbiX YNeHOB reoMeTpUYeckon Mnporpeccuu,
3HaMeHaTenb KOTOPOW paBeH eguHULe?

- 0
® YnpaXHeHVs g smem

28.1. Haijure cymMMy LIeCTH NePBBIX YJIEHOB TeOMeTPUYeCKOH IIPOorpeccuu
(c,), ecru:
1) ¢, = 216, a sHaMeHAaTeb IPOrPecCUH ¢ = —3;
2) ¢, = 5/5; C, = 1255, a smamenarens nporpeccun g > 0.
28.2. Haligure cyMMy ceMHU IE€PBHIX YJIEHOB reOMETPUYeCKoi nmporpeccun (x, ),
ecnu x, = 24, x, = 768.
28.3. 'eomeTpuyeckasa mnporpeccus (e';'”) 3agaHa (GopMyJaod n-TO 4YJeHa
b =10-3""'. Haligure cyMMy IATH IEePBLIX YJIEHOB IPOrPECCHH.
28.4. 'eomerpuveckasa mnporpeccus (y,) 3agaHa (HopMyJod 7-TO dYJeHA
(_z}ﬂ +1
y” = 20 2
28.5. 3nameHaTeIb reOMeTPUYECKOM IIPOrpeccu paBeH 3 a cyMMa 4YeTbIpex

. HaliguTe cyMMy AecATH IIePBbIX YJIEHOB HPOrPeCcCHH.

NepBhIX 4WieHOB paBHa 65. HailiguTe nepBbli 4eH IIPOrPECCHH,

28.6. Cymma Tpéx IepBBIX WIEHOB IeOMeTpHYecKOil mporpeccuu paBHa 516,
a nepsblil 4ieH paseH 12. HaiiguTe sHaMeHATE b IPOrPECCHH.

28.7. (3adaua uz <Teopemuueckozo u NPaKmMuUeckozo KYypca Yucmou ma-
memamuxus»> E/[. Boitmsaxoeckozol.) Bouny gaHa Harpaja 3a HepBYyIO
pany 1 Komeiika, 3a BTOPYI0 — 2 KOIEHKH, 34 TPeThbi0 — 4 KOIeHku
u 1. 1. ITocne nogcuéra OKa3ajioch, YTO BOMH HOJYYHUJ HATPALY B CYM-
me 655 pybneit 35 koneek. CnpamuBaeTcs KOJIUUECTBO ero paH.

1 Edum Imurpuesuu Bofitaxosexwii (vM. oxono 1812) — poceniickuii MaTeMaTHE-Texa-
ror. Ero «TeoperHdeckHii 1 DpaKTHYeCKHH KypPC YHCTOH MATEMATHEH» BLIJEPKAT MHOTO
uaganuid U B Tewenue 40 mer ORI OHHM H3 CAMEIX PACTPOCTPAHEHHELIX TocODMH s
IMIKOJ TOTO BpeMeHH.
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28.8. CyMmmMa uy1eHOB KOHEYHOH TreoMeTpHYecKol nporpeccum pasHa 605.
Haigure KoIMYecTBO 4I€HOB IIPOTPECCHH, eCJH €€ HePBbLIA YieH bl =5,
a 3HaMeHaTeJb IPOrPeccHH ¢ = 3.

¢ ¢

28.9. CyMMYy 7 mepBBIX YJIEHOB HEKOTOPOI reOMeTPHYECKOM MIPOrpeccuu MOMK-
HO BBIYMCJIHUTH 110 (hopmyne S, = 4(3" — 1). Haiigure TpeTuil 4ieH aToi

Iporpeccuu.

28.10. CymMmmMy # HEpPBBIX YI€HOB HEKOTOPOH reoMeTPUUYECKOH IIporpeccun
1 n

MOKHO BBIMHCJIUTE 110 (hopMyie SH =i (—E) -1 |. HaliguTe yeTBEp-

Thli YJIeH 3TOU IIpOorpeccuu.
28.11. Haligure cyMMy KBAIPATOB LIECTU [IePBLIX YWIEHOB 'eOMeTPHYEeCKOU I1po-

rpeccuu, repBelid 4jieH KOTOpPOil paBeH 2.3, a sHameHares paBseH J3.

28.12. Haiinure cyMmMy KyDOB YeThIpPEX IePBLIX YIEHOB reoMeTpUYEeCKOl Ipo-
rpeccun (b,), ecmun b, =3 u b, = —6.

28.13. 'eomeTpuuecKas mporpeccus comep:xur 2n uieHoB. CyMMa 4YIeHOB,
HMEeIIUX YETHbEIe HOMepa, paBHA A, a cyMMa 4JIeHOB, AMEIIUX HeYeT-
Hble HOMepa, paBHa B. Haligure 3HaMeHaTe /b IPOTPECCHH,

28.14. [lora:xure, 4TO A5 YWIEHOB rreOMeTpPHYECKOU HIpPOrpeccuu “3'”} BBIITOJI-

z
HSAETCS paBeHCTBO b, + b, + b, + ...+ b, = li AT
q

1Ly 1.4 1.y
28.15. Haitnure cymmy (2+§] +(4 +1] + ... +(2” +E] .
XX | |

28.16. Haiture KoJIM4eCcTBO WIEHOB KOHEYHOU reOMeTpUUYeCKOH Nporpeccun,

s 1 i
3HaMeHaTeJb KOTOPOH ¢ = —- , HepBhIi wieH bl = 256, a cymma Bcex

urenos S, = 170.

28.17. HaiinnTe KOJIHMYECTBO YJI€HOB KOHEYHOH reoMeTpHYeCKOH IpPOoTrpeccun,
3HaMeHaTesb KOTOpo# ¢ = 3, nociaenuuit unen ¢, = 162, a cymma Bcex
4neHoB S = 242.

28.18. Ilycre a,, a,, ..., a4, — NOCIeNOBaTeJbHbIE UJ€HLI MeOMeTPUUYECKOI

nporpeccuu, S, — cyMMa eé 1 NepBeIX 4neHoB. Jlokaxure, 4TO

1 1 1
S, =@y | =,
ﬂfl ﬂ2 {I”
 a
|
28.19. Haiinure npoussenenre 100 mepBBIX 4/JIeHOB IeOMeTPHYECKOH MPO-
1 1 1
rpeccun (b)), ecru b, + b, + ... + by = A, —+—+..+7—=B.

PJl ;‘}2 bl 00
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-
YnpaKHeHUs ANA NOBTOPEHUA g g

(y2 -4)(y+x)
R | R

28.20. IlocrpoiiTe rpadduK ypaBHEeHMUS

28.21. Hajinure pemenus HepaBeHCTBa X —d (4x —11) 2 0 B 3aBucuMoOcCTH
OT 3HAYEHUSA IIapaMeTpa d.

29 NMpencraBneHue o npegene nocnefoBaTenbHOCTU.
" Cymma 0ecKOHe4YHOW reoMeTpUuYecKoMn Nporpeccuu,
Yy KOTOPO MoAynb 3HaMeHaTeNns MeHblle egUHNLbI

PacecMoTpum mociieoBaTeNnbHOCTD (@, ), 3aaHHy0 QOPMYJIOH 72-r0 1wiie-

s
Ha d =

n+1
BrinunreM HeCKOJBLKO NePBbLIX UJIEHOB 3TOM NOCAe0BATEIbLHOCTH:
12 8 4 5 6 7 8
27874 8 67 88"
Ecau wieHb! aTOH Mocjel0oBaATeIbHOCTH M300pakaTh TOYKAMHU Ha KOOp-
MUHATHOW NMPAMOM, TO 3TU TOYKH OYAYT pacnojiararbcsa Bce Onuike U Onumixe
K TOUYKe ¢ KoopauHaToit 1 (puc. 29.1).

ﬂl GE (1’3 (14
i - 2 o S } -
0 1 2 8 45678 1

2 3 4 56789

Puc. 29.1

l'oBopAT, 4TO ¢ yBeJMYEHHEM HOMepa # 4ieHBI IMOCJef0BaTeJIbHOCTH
(a,) ctpemATca K yucay 1.

HNupIMH cll0BaMH, ¢ yBeJIMYeHHeM HOMepa n pasHocThb |a, — 1| crauo-
BUTCS BCE MeHbINedl u meHbureit. Hanpuwmep, |a, — 1| < 0,1 opu n = 10,
|la, — 1] <0,0001 npu » = 10 000 u 1. 1. Boobile, HauMHAS ¢ HEKOTOPOI'O HO-
Mepa 1, pasHocTh |a, — 1| craHoBUTCA Menvue 1106020 3aparnee 3adaniozo
ROJIOACUMENBHOZ0 YUCTA.

B aTom ciny4dae roBopAT, 4TO 4YucJ0 1 ABIAETCA NMpemesioM IocjexoBa-

TeIbHOCTH ¢, U 3anuckiBaoT lima, =1 (3geck lim — a0 HavanbHbIE OYK-
Hi—poe

BBl (hpaHIly3cKoro cjaoBa limite — «upepnesa»). TakiKe MOMXKHO 3alIUCATh, YTO
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lim =1. HMuorma ucnoas3ywT M Takoe obo3HadeHUe: — 1 npm

n—e= 1+ 1 n+1
H —» oo,
HOCJIE,E[OB&TEJILHDCTL, HMeINnyI IIpelel, Ha3dbIBAKOT EKOII,HIH,EfICH. Ilo-

CJIEIOBATEJIBHOCTE € 7-M WIEHOM d, = 2% ABJAETCS ellé OJHUM IIPHUMepoM
cXopsIeicsa IOCIefOBATE/ILHOCTH: C YBeJIM4YeHHWeM HoMepa M 4JeHBbI 3TOH
ocJaeJ0BaTeJbHOCTH cTpeMAaTea K yucay 0, . e. lim zl =),

H—poa

He nobasa nmocnenoeaTe/IbHOCTE SABIAseTCs cxondamenca. Hanpumep, no-
cJe0BATEeIbHOCTh HATYPAJbHBIX YHCe]I He dABJfdercA cxoaauiencsa. Takike He
ABIAETCA CXofdAlleiica mociejgosarenbHocTs (a,), rae a, = (-1)". Ilna atux
IIOCJIeJOBATEIBHOCTEM HeJIb3s YVKasaTh YHUCJI0, K KOTOPOMY CTPEMSATCS YJeHbI
IIOCJIeJOBATEJILHOCTH C YBeJIMUeHMeM HOMepa 4JieHa MOCJeI0BaATeJbHOCTH.

Ilo cux mop MbI pACCMATPUBAJIM CYMMBI, COCTOANME U3 KOHEYHOT'O KO-
auyecTBa caaraeMbiX. OIHAKO NpHU pelleHMM HEKOTOPHIX 3aJlay IIPUXOJUTCS
paccMarpHUBaThL CYMMBI ¢ O0eCKOHEYHBIM KOJIMYECTBOM CJaraeMbIx.

Haxe camMo ciioBOCOYeTAHUE «CyMMa OeCKOHEYHOro KOJUYecTBa ciarae-
MbBIX» MOKeT BHIBLIBATH HEJIOYMEHUE: Bellb HeJIb3s CJI0KHATL DeCKOHEeYHO MHO-
ro 4¥ceJl — TAKOH IIpolecc HUKOTIAa He 3aBepIIUTCH.

IlponnnawocrpupyemM Ha IpuUMepe, KAK B MaTeMaTHKe PelalT TaKylo
npobiaemy.

PaccMoTpuM KBaZpaT co CTOPOHO# 1 1 pagaesnM ero Ha JBe PaBHbIe Ua-
cru. OpHy M3 yacTell 3aKpacuM, a He3aKpAaIlleHHYI0 BHOBL pas3fieJIuM Ha JBe
paBHble yacTu. OgHY M3 HUX 3aKpacum, a JIpy-
Ir'yio pasfieiiM Ha JBe paBHbLIe YacTH M T. 1.
(puc. 29.2).

ITocne mepBoro mara mJjolaab 3aKpalleH-

HOU QUI'ypEI OyieT paBHA Sl = % .

1 1
ITocne BToporo mara: 5. = =+ = .
P 2737y
1 1 1
ITocre Tpersero mara: 53 =5 4 4 + =
rFuc. 29.2
; . ¢ 1 1
Ilocie #2-Tro mara: 5” =5 + ) 4 5 St b

[Tonmyunnyn mociaefoBaTeNbHOCTE S, S,, ..., S , ... .

Wcnoneays opMyny CyMMBI 7 IEPBBEIX YJIEHOB IeOMeTPHYEeCcKOil IIpo-
rpeccuu, YCTAHABJIUBAEM, UTO IIOCJE 1-I'0 IIara IJIOMAAL 3aKpalleHHoN pury-
pelL OyzieT paBHA
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n
¢ é([%} ‘1) _ _(1]” Y
no 1 _1 - 9 o on

2
Tak Kak ILJIOIIAanb KBajpara paBHa 1, To u3 aToil (hopMYyIIbI CAEAYET, YTO

" 1
IJaomajik He3aKpallleHHOH YacTH paBHa ? .

IleficTBYsA II0 OIIMCAHHOH cXeMe, Mbl HHKOIZA HE CMOMKEM 3aKpacHTh
KBagpaT meaukom. Ho yem OoJibllle TAKHX IIATOB MBI CAEJIA€M, TeM MEHBIIIE
ILI0IAlEL 3aKPAIleHHOH YacTH OyAeT OTIHYATHBCA OT ILIOLIAJH JaHHOI'O KBa-
npaTta, a ILIOLIAJbL He3aKpallleHHON YACTH BCé MeHbIIe OYIeT OTIHYATLCH OT
HYJIA.

ITOT (haKT NOATBEPKIAeTCA TeM, YTOo s mocjejoBareabHoctu (S ), 3a-

wr L8] 1 w
naHHo# opmymoir S =1- o BBHIITOJIHAETCA PAaBEHCTBO jlgri S =1.

IleiicTBUTEABHO, lim 1 _ 0. Orcroma lim (1 - L) =1, T. e.

H—wea 2” H—pe 2”
) 1 1 1 1
im|=4+=—+=+..4+—|=1.
H—yeo 4 8 20
JTo 03HAYAEeT, 4TO CYyMMa 71 IIePBLIX YJIEHOB I'eOMeTpPUYeCKOU IIporpec-
1 1 1
CHUHU E , Z , g s ... [IPH HEOTPAHUYEHHOM VBeJUYEHHUH 1 CTPEMUTCHA K YHUCIY 1.
IToaTomy 1esecoo0pa3sHO JOTOBOPUTLCA CUMTATHL YHCI0 1 cyMMoil OecKoHed-
HOHM reoMeTpHYeCKOH MpPorpeccuH E , Z , g s ... » SAIIHCBHIBAIOT:
1 1 1 1
—+-+—-+..+—+..=1.
2 4 B8 21

O6001HIM 3TOT IPHUMED.

PaccMOTpHUM NPOH3BOJIBHYI0O OECKOHEUYHYIO IeOMEeTPHYECKYI0 Iporpec-
cuio b, by, by, ..., b, ..., y xoropoii |g]| < 1. o

} —
CyMMa 7 nepBBIX e€ 4jIeHOB BBIYHCIAeTCA 10 Gopmyne S = 1(q—1}
q —
SaIuieM:
_ b, (q" -1) _ b, — bq" _ b, - b,
q-1 1-qg l-g 1-gq

IIpu |g| < 1 BeImonHAeTCsA paBeHCTBO lim g” = (0. 3TOT UHTYUTUBHO I10-

H—»ea

n
+q .

“n

b,

HATHBLIN (pakT npumeMm Oe3 JoKasaTejbCcTBa. Torga lim 17 -q" = 0. Orcrona
H—pee L = (f
b b b
limS =lim| 1 -1 ¢g"|=_—1_|,
n—ee H—poa l—q l—q l—q
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Eil

1-g
rpeccHu (h”], y KoTopoil |g| < 1, u 3anUCBIBAIOT:

Yucao

Ha3bIBAIOT CYMMOH 0OeCKOHEeYHOH reoMeTpPHYecKOM IIpo-

f,il

1-gq '
Ecau cymmy OeCcKOHe4YHOR TreoMeTpUYeCcKOW mporpeccuu o003HAYHUTL
OYKBOI S, TO MOKHO 3alHCATh TAKYIO (hOopMYyJIY:

by+b,+b,+..+b +... =

by
S_l—q

PaccmoTpuM reomerpuueckyio nporpeccuio 1, 2, 22, 23, . 2" .| vy Ko-
Topoit ¢ = 2, T. e. |g| > 1.

B npeavinyniem naparpadge Mbel yOeguInuCh, YTO YiKe CYMMAa eeé IepBbIX
64 uieHoB — orpomHoe yucJio. [loHATHO, 4YTO IPU HEOrPAHHUYEHHOM YBeJH4e-
HUM 71 CYyMMa #7 IIePBBLIX YJIEHOB 9TOU IIPOr'PEeCCUM He CTPEeMUTCA HU K KaKOMY
yucay. B aTom ciydae ropopAT, 4TO paccMaTpuBaeMas OecKoHedHas Iporpec-
CHsA CYMMbI He uMeeT. Boobiie, 0 cymMmMme O€CKOHEYHOH reoMeTpPHYECKON mpo-
I'pecCUM MOZKHO I'OBOPHUTH TOJILKO TOrja, korga |¢g| < 1.

1
PaccmoTpuM OeCKOHEUHVIO IIOCJeN0BATEeNILHOCTEL 1, 50 g0

1,1
BHDE}HEHHE BHIOA 1+ E + E * « HA3BIBAKT rapMOHHYECKEHM PAIJOM. Muororo-

yKie B KOHI[e YKa3bkIBaeT Ha TO, UTO BLIPAKeHHEe He MMeeT IIOCJIeJHEero cjaarae-
MOT'0, 32 KaKJIBIM CJIaraeMbLIM BCErJa CTOHT CIeiyIollee.
1
3aMeTHM, UTO YJIeHbl IIOCIeJ0BATEeNBHOCTH (— ¢ YBeJIMYEeHHEM M CTa-
M
HOBATCA BCE MEHBIIe U MeHbIne. MoXeT BOSHUKHYTE THIOTEe3a, UTO ¢ Heorpa-
HHUYEHHBLIM YBeJHUYeHHEM # CYMMA # [IePBLIX YWIEHOB 3TOIl ImOcjeJoBaTelbHO-
CTH CTPEMUTCS K HeKoTopoMy uuciay. OIHAKO 9TO He TaK. 3HaYeHHe BhIpake-
HUA S MOMKeT CcTATh OoJible JIOO0T0 HANEepPE 3aJaHHOr0 YMUCaa. ITa CYyMMAa
HeorpaHU4YeHHO BoadpacTaeT. OJHAKO POCT IPOMCXOJUT 0OYeHb MeaneHHo. Ha-
npuMep, S ~ 7,48, § = 14,39. TI'oBopsAT, 4TO rapMOHHUYECKHI P

1000 — 1 000 000
CYMMEI HE UMEET.

m
Br1 3HaeTe, uyTo Apobb BUIa — , rae 7 — IeJ0oe YUCJI0, a H — HATYPaJb-
H

HOE YHMCJI0, MOKHO HPEJCTABHTh B BHAE KOHEUHOI JeCATHYHOH ApodM HJIHN
B BHJle DECKOHEUHOH NepHoIUYeCKOH JecATHYHOH Spo0H.

Hanpumep, g — 0,625; % = 0,454545... = 0,(45).

271



Bri vMeeTe KOHEeYHYVIO JeCATHYHYVIO ,E[pﬂﬁ']:: npelcTaB/lIATEL B BHIE 00BIK-

HOBeHHOH npodou. Hanpumep, 0,625 = % CoxpaTus aTy apobs Ha 125, mo-
ayuum, uro 0,625 = g ;

OnHaKo BHI €111 He 3HAETe, KAK IIPeICTABJIATE 0eCKOHEUHYIO IIepHoIuYe-
CKYIO JecATHYHYIO Apobk B BUlle 0ObIKHOBeHHOUN Apobdu. Ilorkaskem Ha npuMe-
pe, KaK 9T0 MOMKHO CHEJATEh ¢ MOMOI[LIO MOHATHA CYMMEI DeCKOHEeYHOM reoMe-
TPUYECKON MPOTrpeccuH.

PaccMoTpuM 0ECKOHEUHVIO IIePHOIUYECKYIO JecATHUYHYIO npods 0,(45).

IlpegcraBuM 3TO YHCJIO B BUJIe CYMMBI:

0,(45) = 0,454545... = 0,45 + 0,0045 + 0,000045 + ... .

Cnaraemsie 0,45; 0,0045; 0,000045; ... spnsifoTCcsa YieHAMU 0OeCKOHeEU-
HOIl reoMeTpudeckoit nporpeccuu (b)), y koropoii b, = 0,45, g = 0,01. Tax kax
lg|] < 1, To MOM¥eM HAHUTU CYMMY 3TOH NPOrpPecCUn:

0,45 0,45 45 5

S:l—{ll}l_[},gg_ﬁ_ﬁ'

IToaTomy 0,(45) = % .

Mpumep 1. ITpencrasbTe DECKOHEYHYIO AecATHUYHYIO Npobs 0,2(54) B BH-
ne oOBIKHOBEHHON Apo0OH.

PeweHue. Umeem:

0,2(54) = 0,2545454... = 0,2 + 0,0545454... = 0,2 + 0,054 + 0,00054 +
+ 0,0000054 + ... .

BeckoHeUYHVIO MepHOAUYECKYIO AecATHUYHYI0 npobes 0,0545454... Mmox-
HO paccMaTpUBaATh KaK cyMMy DECKOHEYHOH reoMeTpPHYecKOil IIpPOrpeccuH,
IIePBEII YJeH KOTOpPOH paBeH z':l1 = 0,054, a suamenarens g = 0,01. Torpa

0,054 0,054 o4 3

0,0545454... = 1-00l_ 099 — 990 _55°

3 4

3
Orcropa 0,2(54)=0,2+0,0(54) =0,2+ — = TR

¥
25 b5

OteeT: 0,2(54) = % ..

Mpumep 2. Jlan ODpaBUNbLHBEIA TPEYroJbHHK €O cTOpoHOii a. M3 BeICOT
9TOr0 TPeyroJIbHUKa IIOCTPOEH BTOPOM NPaBUJILHBIM TPeyroJIbHUK, U3 BLICOT
BTOPOI'0O IIOCTPOEH TPeTHil TpeyroJibHUK U T. A. Hailiure cymMMy nnepuMeTpoOB
U CYMMY ILIOIIAlell BCeX IIOCTPOEHHBIX TPeyIroJIbHUKOB,

PewleHne. BricoTa mpaBUJIBLHOIO TPeyroJibHUKa CO CTOPOHOW @ paBHAa

a3 aﬁ

9 °* BbICOTA HNPaAaBHJABHOTI'O TpevVIoJdbHHKAa CO GTDDOHOI?I T PaBHAa
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— wu 7. A. Torna nepumMeTphbl JaHHBLIX TPEYIOJbHHKOB 00pa3yioT

4
InocaeqoBaTeJIbHOCTE 3{1, # ’ %
V3

I‘pECCHEﬁ CO 3HaMeHaTe/lleM 7 » MEHBIIIM i 1P CJIE,E[DHB_TEJII:-HG, CYMMa S Ilepu-

a3 3 _ 3a
2 2

y =ney ABIAKINVIOCH I‘EDMETPH‘IEGRUE IIpo-

17

6a  6al2+4/3) i
B PR I | P e e L

2 az\/g

Ilnomank MpaBUIBLHOTO TPEVIOJBHUKA CO CTOPOHOM @ paBHA T

Iaonaik MNpaBUJIBHOTIO TPEYIOJIBHHEA CO CTDpDHDfI T paeHa

. Orcrona § =

METPOB paBHAa

4
a’\/3 3 . 3a
= 1 -Z; nmomanb IIpELBHJILHDI‘D TpE}"I‘DJILHHREL co ETUpDHDH I paBHa
a1 * \f?: = gﬂ.jﬁ 3 . C
I . 1 = 1 * E HT. 1. LIeJ0oBaATeJBHO, ITJTONIAMH NaHHEBEIX TpE}’l"{)J’IL*

HHKOB Dﬁpﬂ.BYIDT IHocje10BaTeJILHOCTE, ABJIAIONIVIOCHA PEUMETDH‘{ECEDI‘JI IIpo-

a? \JE

4

w 3
rpeccHeH C InepBbsIM 4JeHOM 1 3HaMeHaTeJleM Z . TDI",H,EI. CYMMa ILJI0IIa-

a?+[3
nei paBHA ia = a2./3.

y
4

Oteet: 6a(2+3); a®J3. m

MNpumep 3. Haiigure 3HaMeHaTeNb ¢ OECKOHEYHOW IeOMETpPUYECKOMN
IIpOrpeccuu (|q| < 1), v KoTopo#l Ka:KJblil uleH B 4 pasa 0oabille CYMMBI BCEX
e€ CJenVIOIIMX YJIeHOB.

PeweHwue. Ilycts @, — NpoU3BOJNBHBIA Ye€H IPOTPeCCUuH, d, , — Cle-
AVIOIMIUN 3a HUM ujieH. PaceMorpuM OeCKOHEYHYIO MeOMEeTPHYECKYI0 mporpec-

CUIO C IEPBLIM WIEHOM « , , U 3HAMeHaTeJeM ( (|q| < 1). Torma eé cymma 0Oy-

1

4y 41 4“?: 41 4“}1{;
neT paBHA . Ilo ycnoBuw a, = , T. €. a, = ——. Tak KaK HU OJUH
1-g l1-g 1-gq
i 4
qJIeH TreOoMeTpHUYeCHOH IIpOorpecCHH He paBeéH HYJIK, TO IIoJAy4daeM 1= 1 9 #

Orcioga ¢ = % i

OTBeT: % . B
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2

1. 410 HasbiBalOT cymMMOU DeckoHeYHOW reoMeTpuYecKou nporpeccuu,
MOAyNb 3HaMeHaTeNns KOTOPOW MeHblle eqUHULbI?

2. Mo kakon popmyne HaxoasaT cymmMy DeckoHe4YHOWN reoMeTPUYeCcKon Npo-
rpeccuun, Moaynb 3HaMmeHaTens KOTOpoW MeHbLle eguHULbI?

= =
® YnpaXXHeHVA , . uem
29.1. Haiinure cymMmmy OecKOHeYHOM reoMeTpHUYEeCKOU IIporpeccHuu:
ol Sz oo i gy Y341 4 3-1
J2 I8 =<1 V3 +1
29.2. Haiigure cymMMy D@CKOHEUHOII MreOMeTPpHUYEeCcKO IIPOrpeccHH:
11\/5,1,\/5,...; pBel 1 L
E 3 J2=<1" 332" 2
29.3. IIpencraBeTe 0ECKOHEUYHYIO0 HEPUOIUUYECKYVIO NeCATHYHYIO A1podL B BHIE
0DOBIKHOBEHHOM Apo0un:
1y 0,113 8 3) 0,416416416...; 5) 1,181818...;
2) 0,(5); 4) 0,2666...; 6) 2,3(36).
29.4. IlpencraBbTe DECKOHEUHYIO IIEPHOJIHYECKVIO NeCATHUYHYIO Apo0bL B BH/E
0DOBIKHOBEHHOU Apo0u:
1) 0,222...; 3) 0,(28); 5) 3,454545...;
2) 0,666...; 4) 0,1777...; 6) 1,4(12).
29.5. Haiigure mnepsblili 4ujieH OeCKOHEYHOH TIeOMETPHYECKOH IIPOTrpeccHH,
cyMma KoTopoii paBHa 63, a 3HaMeHATeIL PABeH % ;
29.6. CymMma OecKoHeUHOH reoMeTpuyecKoil nporpeccuu pasaa —60, a eé mep-
BBIH 4JjieH paBeH —65. HalignTe 3HaAMeHATEIb IPOTPECCHH.
29.7. Haiinure cymMmmMy DeCKOHEUYHOM reoMeTpHUYeCKOM Nporpeccuu (b”), ecJin:
_ 20
1)b, =4, b= 2% 2)b, +b,=20, b, + b, = 5
29.8. HaitniuTe cymMmmMy DeCKOHEUYHOU reoMeTpUYeCKOU Nporpeccuu [bﬁ), ecJin:
1) b, =54, b, = 2; 2) b, - b, =48, b, - b, = 240.
29.9. (3adaua Depmal.) llokamkure, uTo ecaun S ABIAETCA CYMMOIl GeckoHed-
b
HOM reoMeTpHUYecKOM IIporpeccuu {bﬂ), TO 5 Sb = &—1 .
! 2
¢ ¢

29.10. CymMmma 0ecKOHEYHOH reoMeTPHUYECKOH HporpeccHy paBHa 2, a cyMMa

LE Ll 7 L) s
YeThIpEX €€ MePBLIX YJIEeHOE paBHA 1 g . HE[H,[[HTE‘ MmepBbId 4YjeH U 3HaMe-
HaTeJb 3TOM noporpeccHH.
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29.11. Cymma OecKOHEYHOH reoMeTpHUYecKoH mporpeccuu paBHa 256, a cym-
Ma TPEX eé mepBhIX YyneHoB paBHa 252. HalinuTe mepBLIH YjIeH U 3HaAMe-
HaTeJb 9TON NIPOrpPeccHu.

29.12. Haiinure cymmy O0eCKOHEYHOM reoMeTpHUYeCcKOM IIporpeccuu (bﬂ), ecJiu
bb,=36ub,+b.=8.

274 3 3
29.13. Haiijure cymMMy 0@CKOHEYHOU reoMeTpUYeCKo mporpeccui (c, ), ecau

CEEE—ZDH{, +c, —12\/_

29.14. Pemture ypaBHeHHE:
D1+x+x2+..=4,ecnu |x| <1;
1

2) 1—1_+—2—...:1,5, ecau |x| > 1.
- R

29.15. Pemure ypaBHenue 1 — x2 + x? — ... = % , ecau |x| < 1.

29.16. HaiinuTe 3HaMeHaTelb ODeCKOHEUHOH reoMeTPHYECKOH IPOrpeccHH,
IePBLIH YieH KOTopoi B 1,5 pasa OoJiblile CYMMbI OCTAJIBHBIX €€ YJIEHOB.

29.17. Haingure 3HamMeHaTe b DeCKOHEYHOH re-
OMEeTpHUYEeCKON MpOorpeccHH, cyMMa IBYX
IIEePBLIX YIEHOB KOTOPOoil B 8 pa3 Doibiie
CYMMBEI OCTAJILHBIX €€ 4JIeHOB.

29.18. B kBagpar co CTOPOHOM @ BOUCAH KBAaJl- /\\
paT, BepIIHHAMHA KOTOPOTO SABJISAITCHA Ce-
peniuHbLI CTOPOH IMEepBOI'0 KBajaparTa, BO
BTOPOH KBAJpPAT BOUCAH TPETHIM, BepPIIH-
HAMH KOTOPOT'O SBJISIIOTCS CepeJUuHbI CTO-
poOH BTOpOro, u T. A. (puc. 29.3). Haiinu-
Te CYMMY ILTONIAAeN BceX IMOCTPOeHHBIX
KBa/[PaToB. ™ Puc. 29.3

29.19. l'eomerpuyeckas purypa cocrapieHa ua
DeCcKOHEYHOH MNOoCJ/IefOBATeJbHOCTH PABHOCTOPOHHHX TPEYTrOJbHHUKOB,
PAaCcHoJIOKEHHBIX TaK, KaK IIOKasaHo Ha pucyHke 29.4. [lnomanb Kamao-

Puc. 29.4
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10 CJAedVInUe!o Theyl'OJdbHIKkd B [Bd pPdod MCHbBIIE 1LJOIAa/AM HPedbL/]Y-
mero. CropoHa nepsoro TpeyrojbHHKa pasHa 4 cm. ITomecTurcsa nu Ta-
Kag reoMerTpuyeckad (Urypa Ha JUCTe Baliei Terpaaun?

29.20. B okpy:KHOCTh paguyca R BOHcaH IPaBHJIBHBIA TPEYIroJbHHK, B Tpe-
VroJIbHUK BOUCAHA OKPYHHOCTL, B 9TY OKPYIKHOCTHL BIIMCAH INPaBUJIb-
HBII TpeyroasHUK 1 T. 1. Haligure cymmy: 1) nepumMeTpoB Beex MOCTPO-
€HHBIX TPEeYroJbHHUKOB; 2) MIIolaJeil MOCTPOEHHBIX TPEYyroJlbHHUKOB;
3) IJINH OKPY:KHOCTel; 4) nmiomnageil Kpyros, OrpaHU4YeHHbIX JaHHBIMHA
OKPYHOCTAMHU.

29.21. B kBagpar co cTOPOHOH @ BIIMCAHA OKPY3KHOCTb, B OKPY/KHOCTb BIIMCAH
KBajpaT, B 9TOT KBAJAPaT BIIMCAHA OKPYKHOCTb, B KOTOPYIO CHOBA BIIUCcaH
KBagpar, u T. A. Haiigure cymmy: 1) mepuMeTpoB BCeX IMOCTPOEHHBIX
KBA[paToB; 2) miolajei MOCTPOSHHLIX KBAAPATOB; 3) AJUH OKPYHHO-
cTei; 4) momangeil KpPyroe, OrpaHUYeHHLIX JaHHBIMUA OKPYAKHOCTAMH.

X 22

29.22. TlocrpoiiTe rpaduk GyHKIUN I = 12 + 5+ 55 T THE X # 0.
: 1+x (1+ x%)

. fF

29.23. [TocrpoiiTe rpad@uk QYHKOUH [ = X + S —F oy TR
1++x (1 ++/x)2
x > 0.
1
YnpaxHeHVA ANA NOBTOPEHUA o
29.24. [Ipu KakuX 3HAYEHHUSX IIapaMerpa d cucTeMa YpaBHeHHH
x4+ (y—-2)0° =1,
y=|xl+a
HMeeT TPU pelleHusa?
29.25. Pemure ypasrerue 6x2 + v3x2 + 2x +4 =13 — 4x.
§ m CymmumpoBaHue
BMmecre ¢ Kamaoid nociaeloBaTelbHOCTBIO ., d,, d , a . MOXKHO

1?
paccMaTpUBATh U TAKYIO IOCIe0BaTeIbHOCTE (S ):

LS“]. — al-’ ‘5‘2 — al —E_ Hz, I.S‘E — H] + az + a3, LEEN
8§ =Qyt@y bt dyy

ar ~'3°* n?

Haxoxxnenue popMyJIbl #2-T0 YileHA IOCAeA0BATEILHOCTH (S, ) HA3BIBAIOT
CYMMHPOBAHHEM 1 IIEPBBIX WIEHOB IOCJIeN0BATEJIbHOCTH ().

Ilockonbky BBl 3HaeTe (POPMYJbL AJA BBIYUCIEHUA CYMMBI 7 IIEPBBIX
YJIeHOB apu(pMeTUYeCKOH U reoMeTpHUYeCcKO [Iporpeccuii, ToO TeM caMbIM yMe-
eTe CYMMUPOBAThH NepPBLIe 77 YWIEHOB 3TUX [TOCJe0BaATeJILHOCTe!l.
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C nomombio rpeveckoit OYKBEI 2, (curma) cymmy a, + a, + ... + a, 3anu-
n

CBIBAIOT TAaK: Y .
k=1
n n
Hanpumep, 12 +22 + 32 + ...+ n? = z RPr 13 284884 . 4mP= Z k3.
k=1 k=1
M3 kypca anrebpsl 8 Kiacca Bbl 3HaeTe, 4TO

Z”:kg _n{n+1} (2n +1) st _( n+1}]2-
k=1

JTO 03HAYAET, YTO Bbl YMEETe CYMMHPOBATH IIePBLIE #1 YJI€HOB COOTBET-
CTBEHHO ITOCJIeIOBATEJIbHOCTH KBaJ[PATOB M MOCJEN0BATEIBHOCTH KyDOB HaTY-
PAJIBHBIX YHCE..

OnuuM u3 ah(heKTUBHELIX CIIOCO00B CYMMUPOBAHUSA SABIAETCA UCIIOIL30-
BaHUE paHee JOKa3aHHBLIX GopMYJI.

Mpumep 1. Haiigute cymm E+9+§+ +M
& ¥ y 2 4 8 on i
kg
Pewenve. Umeenm: 2 F*1_p 1
ok ok

TDI‘,[I:B_ JaHHYVIO CYMMY MOXMHO 3allMCATh Tak:

(1+2l1]+(2+2i2)+(3+2i3)+...+(?’I+$).OTE}(},E[El

(1+%]+(2+%)+(3+%)+. +(n+i)—(1+2+3+ .+ n)+
2 2 2 2"

1 1 1 1 nn+1) 1
+ §+—2+2—3+ ..+ZT = D) —g
ok % |
CnenosaTelbHO, 22 'EJFI:H{H ) 1_i_.
s 2 2"

Mpumep 2. Haiinure cymmy 1 + 12 + 45 + ... + n?(2n — 1).
PeweHue. Banuumem k%(2k — 1) = 2k* — k2. Orciona
1+12+45+ ... +n3(2n—-1)=
=(2-13-13)+(2-22-29)+(2-33-8)+ .. +(2-nB-n?)=
=218 +22 + .. +n)—(12+22 + .+ n?) =2 2 -y k2 =
=1 k=1
_g. [Mn+1) - am+1)@r+1) r*m+1F am+D@n+1)
B 2 6 B 2 6 a
nin+1)(3n° +n-1)
= = ,
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tiprmep 3. Hangure cymmy (+ 77 070 +0T ... 7.

R ——
"

PeweHune. Tak kak 77 ...7=T7-11...1, To ansa pelieHus 3aJa4yM JOCTa-
[ — [ —
" i

Touno Haitu cymmy S =1+11+111+..+11..1 u nomyyeHHBIi pesyabrar
\._v_-'
VMHOKATE Ha 7. "

Pineon: S —1”_1+102_1+103_1+ L2071 _
: 8, =" 5 5 g =
1 ; 1 1 10(10" -1) =n
==-10+10%2 + .. +10") - -1 +1+..+1) == ——=
5 +A =51 ; =9 101 9
N
100" -1) n
B 81 '
70(10" - 1) Tn
WcroMmas cyMMa paBHAa —— . H

81 9

Ecnu pna nawHO# mocienoBaTeIbHOCTH (a,) yAAeTcA HAUTU TaKyw I10-

H
ciaenosarenbHocts (b)), uroa, = b, - b , Torna cymmy Z @, HaWTH JIeTKO.
k=1
IleiicTBUTENBHO, @, + Ay + ... + @, = (b, — b)) + (b — b,) + (b, — by) + ... +
+{b,, i—b,)=0 ;=0

n+1 n+1

Mpumep 4. Hatimnre cymmy 1 -11+2-21+3 31+ ... + 1 - nl.
PeweHwne. Umeem: 1 - n! = (n + 1)! — n!. Teneps MokHO 3anucaTh

iﬁe.k! @2 -1+ @B =20+ @ =3 + ... + ((n + 1) - nl) =
k=1

=n+1)-1.m

Mpumep 5. [Tokamure, 4TO €CIU MOCIEJOBATENIBHOCTD (a4,) — apudme-
TUYeCKas NpPorpeccus ¢ HeHYJIeBBIMH 4JeHAMH, TO

1 1 1 n
+ F e T =
lﬁl ﬂi’: uEHS aﬂ'ﬂﬂ +1 ulﬂ” +1

PeweHune. Eciiu nna panHoi nporpeccun d = 0, To yTBep:xAeHNe 3aa-

yy oueBuHO. IIpu d # 0 umeem: . S— {L o ] %, rpe d — pasHoCTh

IIporpeccHH. TDI",ILE
1 1 1 1 1 1 1 1 1 3 4 1 1
+ . = | et -E-f- i *j+...+ i *TZ
ala:& HZHB anun +1 ﬂl HE HE aS G ﬂu a:ir +1 ¢
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1.k 1 1 1 1 1 1 1/ 1 1
dla 4, 4, a4 a4, Gy a\4 G4,
B = ﬂ‘*'d”_a-l n
~d =4 - <
alian-—l a]'an+1 alan—l

= 2
2 13 25+ +2n +2n+1-

Mpumep 6. Hatinure cymMmm + +
B P A y y1-2 2-3 3-4 nin+ 1)

PeweHune. Umeem:
2n2 +2n+1 _ 2n(n+1)+1
nin+1) - nin + 1) B nin+1) n n+l’
Torpa MmoxkHO 3anUcaTh

n 9 :
S 2 +2‘E”1:(2+1—1)+(2+1—1]+(2+1—1]+._.+[2+l— L ):
R(k + 1) 1 2 2 3 3 4 n n+l

k=1

o I 1 :n(2n+3)-.
n+1 n+1
- m

¢ @ YnpaXXHeHVs 4 s uan

30.1. Haigure cymmy:
1)2+10+30+ .. +n(r®+1);
2)1:-2:-34+42-3-4+ ...+n(n+1)(n+2).
30.2. Hadimure cymmy 1 -2+ 23+ ... + n(n+ 1).

o 5F k-1
30.3. Haiingute cymMmmy Z g ¢
1

i' +1 L2 k
30.4. Haiinure cymmy Z ;‘ + 3 s 1

30.5. Hainure cymmy:
1) 9+99+999+...+99 ... 9; 2) 5+55+555+...+565..5.

o e’ o
H I

kA

30.6. [lokaxxkuTe, UTO €CJH IOCIENOBATENIbHOCTh (a,) — apudmeruyeckas
IPOrpeccus ¢ MOJIOKUTEIbHBIME YJeHAMH, TO

1 1 1 n
+ I — :
J& ++8  (Ja +.]a, Ja, + "Iﬂn+1 .f'al 4 'Illah‘+1

30.7. Haiingure cymMmmy:

1}1+1+1+...+ : :
1-5 5-9 9-13 (4n — 7)(4n — 3)
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2
3 7 13 L +n+1

2) + + + ... :
1-2 2.3 3-4 nin+1)
3)l+£+i+...+ ",
2! 3! 4] (n+1)!
4) §+i+i+_"+ﬂ_
4 36 144 n®(n + 1)

30.8. Haiigure cymMmmy:
1) 1 " 1 1 % 1 )
" (bn-3)(bn+2)’

2-7 '?-12+12~17+"

2) 3 +13_|_3'?’+ +n3+n2+1
1-2 2.3 3.4 nin + 1)

=

i
1
30.9. Haiinure cymMmm .
A y y,f;(kn)ﬂ—l

1 1
+ 5 AT o 1
1-2-8 2:8-4 n(n+1)(n+ 2)

30.11. Haiigure cymmy S, =1+ 2a+3a*+4a*+ ..+ n-a" ', rnea # 1.

30.10. Haitnure cymmy

=
YnpaXXHeHus AN NOBTOPEHUA g g

-2 -
X -(2a+ 2)x +6a -3
30.12. IIpu Kakux 3HaYeHUAX TapaMeTpa ¢ ypaBHeHHe { ) = =
24+x—-x

= (0 uMeeT efUHCTBEHHOE penieHue?
30.13. Pemure ypaBHenne 2(x2 + v +1)2 —T(x —1)2 =13(x* -1).



Utorn
rnasbl

ApudmeTnyeckan nporpeccun
ApudmeTnyeckon nporpeccren HasblBalOT MoOCnefoBaTeNnbHOCTh,
KaXAabliA YNeH KOTOPOM, HauyMHasl CO BTOPOro, paBeH npepgbiaylemMy
YneHy, CNOXeHHOMY C OOHUM U TEM Xe YNCIOM. ITO YUCNO Ha3blBalOT
Pa3sHOCTbIO apudMeTUYecKon Nporpeccun.

dopmyna n-ro YneHa apupmeTrnyecKon nporpeccun
a,=a;+dn-1)

CBOMCTBO YNEeHOB apudMeTU4YeCKON Nporpeccum

/] +£IH+1

- n-1
ﬂn = 5

@ opmynbl CYMMbI 77 NePBbIX 4YeHOB apudMeTnHecKon Nporpeccmm
2a, +d(n-1)
" 2 # T 9 n

Y =—a1+ﬂ”*n; S

leomeTpuyecKan Nporpeccus
[eomeTpuyeckon nporpeccMen HasblBatoT NociefoBaTeNnbHOCTb, Nep-
Bblil YNeH KOTOPLIN OTIM4EH OT HyNs WM KaXAbll Y4NeH, HaduHas co
BTOpPOro, paBeH npegsigyuemy YneHy, yMHOXEHHOMY Ha OfHO U TO
€ He paBHOE HYNI YMCNOo. 3TO YMUIO Ha3bIBAKOT 3HaMeHaTenem reo-
MeTPUYeCKOn NMporpeccuu.

CIanmyna M=ro 4neHa FEDMETPHHECKOE nporpeccim
= n—1
brz - blq

CBOWCTBO 4NEeHOB reOMeTpuHecKon Nporpeccumn

B =b b

n-1"n+1"
ﬂJopmyna CYyMMbBbIl 1 NEPBbLIX YNeHOB FEGMETPH‘-IECI(Gﬁ nporpeccmn

o 51(5}'” ‘“1)
A = T

dopmyna cymmbl BecKoHe4YHOM reoMeTpUYecKoi Nporpeccuu,
y Kotopou |g| < 1
by

Szl—q




rnasa ﬁ'
— "M s

SNeMEeHThI CTAaTUCTUKM o
M TEOPMMN BEPOSITHOCTEM

[0 B aTon rnase Bbl y3HaeTe, YTO Takoe CTaTUCTUHeCcKoe uccnegoBaHue. Kak
cobupaloT 1 aHanM3npyloT gaHHble. O3HAKOMUTECh C ONepaumamMmM Hag Cco-
ObITUAMU, 3aBUCUMBLIMW U HE3ABMCMMbIMW CODLITUAMKM, rEOMETPUYECKOM
BEPOATHOCTbIO.

[ ¥Y3HaeTe, 4TO Takoe cxema bepHynnu, AUCKpeTHas cnydyamHas BenuynHa U
eé pacnpegeneHue. O3HaKOMUTECh C HEKOTOPLIMW XapaKTEPUCTUKAMM CNy-
YaMHOW BENUYUHbL.

5 m HayanbHble cBefeHWUA O CTaTUCTUKe

KakumMm THpaskoM cjieyeT BRINYCTUTh VUeDHUK Mo anredpe naa 9 knacca?

CToHT 11U onpeleIEHHOMY MOJUTHKY BBIJIBHIaTh CBOI KaHAUAATYPY Ha
ouYepemHEBIX BEIDOpax mapa?

CKOJIBKO KHJIOI'PaMMOB PBIOBI 1 MOPEIPOAVETOB IIOTPeOJIdeT B CpeJgHeM
34 TOJ ONUH XKHTeJIb Poccnn?

BrIrogHo M I KOHIIEPTA HTAHHOT'O APTHUCTA aPeHI0BATEL CTAANOH?

Ha a3t 1 MHOrMe Jpyrue BOIPOCHI IIOMOTaeT OTBEYATEH CTATHCTHKA.

sugp OnpegenexHne
Cratuctuka (ot nar. sfatus — «CcoCToAHME»n) — 3To HayKa o cbope, obpa-
DoTKe W aHanMse KONU4YECTBEHHbIX AaHHbIX, KOTOpPblIe XapaKTepu3yloT
MaccOBble ABNeHUs.

CraTucruueckoe HCCHaeloBaHMe COCTOUT M3 HECKOJIIBKHX 3TAaIllOB.

Coop npaHHBIX

Y

ObpaboTka HaHHBIX U UX OpeAcTaBIeHHe B yaoOHOI (hopMme

¥

AHANNZ TaHHBIX

Y

BRIBOZBI ¥ peKOMEHIAIINH
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OcranoBumcs OTHeJIbHO Ha KadJoM aTalle.

Coop maHHBIX

Br1 3HaeTe, 4TO BpegHbIe MPUBBLIYKH, HEIIPDABUJIbLHOE NMUTAHHUE, MAJO-
MMOABUKHBIN 00pa3 KU3HU MPUBOAAT K CePeYHO-COCYIUCTEIM 3aboneBaHu-
aM. K TakoMy BBIBOJAY BpauM IIPUIILIN, UCCIENOBAB, KOHEUHO, HEe BCeX JIO-
neH MJIaHeThl.

ITousATHO, YTO HCCJIENOBAHUE HOCHIIO BbIOOPOUHDBIU, HO MACCOBBIU
Xxapakrep.

B cratucTHKE COBOKYIIHOCTE O0LEKTOB, HA OCHOBAHUU KOTOPLIX IPOBO-
AT UCCJef0BaAHNE, HA3LIBAIT BhIDOPKOMH.

B pnpamHOM npumepe BbIOOpKA coOCTOAJA M3 HECKOJbBKUX MHUJLJIMOHOB
YeJI0BeK.

Cnenyer oTMETHUTh, YTO CTATHCTHYECKHII BHIBOJ, OCHOBAHHBIN JHUIIbL HAa
YHCJEeHHOCTH BLIOOPKH, He Bcerjga pgocrosepeH. Hanpumep, ecian MbI, HCCIe-
IyA MONYJIAPHOCTh APTHUCTA, OTPAHUYMMCS OIIPOCOM JIOJeil, IpUIleqIInX Ha
ero KOHIepT, TO MOJIVUeHHbIe BLIBOJIBI He OyAYT 00 beKTUBHBIMHU, BeJb 9TH JIIO-
I IMPUILIH HA KOHIEPT HME@HHO IIOTOMY, YTO 3TOT apTHcT UM HpaButca. Cra-
TUCTHKH TOBOPAT, YTO BRIOOPKA NOJIKHA OBITH penpe3eHTATHBHOM (oT gpaHil.
représentatif — «Io0Ka3aTeIbHBI» ).

OpuuM M3 YCJI0BHH (DOpMHUpOBAHUA pellpe3eHTATHBHOM BBIDODKH AB-
JIseTcsa CAYYANHBIN BEIOOD eé aineMeHTOB. [Ipu aToMm fgoskHa OLITH 0Deciieye-
Ha OJMHAKOBAfg BEpPOATHOCTh HomagaHuA B BeIOOpKY naoboro obbekTa M3
MHOJKeCTBa HccjeayeMbiX. Tak, Bpauyu, u3ydas (pakToOpbl pUCKa BO3HUKHO-
BeHUSA CepAeuHO-COCYAUCThIX 3aboneBaHUM, HCCIEIOBANH JIIOAeH pPa3HOIOo
BO3pacTa, npodeccuii, HAUOHAJLHOCTEH U T. 1., HOAOUpPAss BJIEeMEHTEl BbI-
DopKu caydaiiHbIM oOpasoM.

CneoBaTeNnbHO, COOP OAHHBIX O00ANCEH OCHOBLIBAMBCA HA MACCOBO-
cmu u penpezenmamuenocmu ébi6opxu. FiHorga BEIOOPKA MOJKET COBIIAIATh
C MHOYKeCTBOM BceX 00hLeKTOB, HCCJeloBaHUe KOTOPLIX nposoauTcsa. Torma eé
HA3BIBAIOT reHepaJibHOH COBOKYINHOCTBIO. IIprMepoM Takoro HcciieloBaHHSA
ABJIAeTcs npoBelenue EnuHoro rocygapecTBeHHO0 aK3aMeHa 10 MaTeMaTHKe
IS BeINYCKHUKOB 11 Kiacca.

Croco0bl npeicTaBJIeHNnd JaHHBIX

CobOpannyio uHOpMANHNIO0 (COBOKYIHOCTL AAHHLIX) YOOOHO IpeacTas-
JIATHL B BUjle Tabaul, rpaduKoB, 1uarpamMm.

PacemoTpuM HeCKOJBKO NPUMEPOB.

Mpumep 1. B rabiune npencTaBieHbl Pe3yJbTAThl BBICTYILIEHHH poc-

CHHCKHX IIKOJBHHKOB Ha MEXJIVHAPOJIHBIX MaTeMaTHYeCKUX OJHMIIMALax
B Teuenue 2001-2018 rr.
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KonngecTeo Mmenanei
P | e
S0JI0TELEe Cepebpsasie BpoHzoBkIe

2001 CIITA 5 1 0
2002 Benurobpuranusa 6 0 0
2003 Anonusa 3 2 1
2004 I'penusa 4 1 1
2005 Mexkcuka 4 2 0
2006 CroBenusa 3 3 0
2007 BrerHam 5 1 0
2008 Hcenanun 6 0 0
2009 Ilepmanusa 5 1 0
2010 Kazaxcran 4 2 0
2011 Hupnepnasas 2 4 0
2012 ApresnTuHa 4 2 0
2013 Konymbua 4 2 0
2014 IOAP 3 3 0
2015 Tauwmang 0 6 0
2016 l'orkoHT 4 1 1
2017 Bpasunnusa 1 3 2
2018 Pymbiansa 51 1 0

anME'-IaHH'E'. EGM&H,[{EI YVUHACTHHEKOB Ha MeXIYVHaApPOOHBIX MaTeMaTHuue-

CKHX OJIMMITHagax COCTOUT He Dosee yeM U3 6 UeJIOBeK.

Bo muorux cayyasax JaHHble YIOOHO OPENCTABJIATHL B BUe CTONOUYATOM
nUarpaMMbI, KOTOPYIO €Ié Ha3bIBAalOT THCTOrpaMMmoii (oT rped. Aistos —
«cToNO» U gramma — «Hanucanue»). Takaa uaGoOpManUA JIErKO BOCIPUHU-
MaeTcsi 1 X0pOoIIo 3allOMHHAaeTCA.

WNubopMaluo TakKe MOMKHO IIPEJICTABAATh B BUAe IpaHKOB.
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lipumep 2. Ha pucynake 31.1 uszobpaxen rpauk exerogHoro mpoieHT-

HOT'O pocTa KoJindecTBa noab3oBateneil MHrepHera B Poccuu B Teuernne 2010—
2018 rr.

IIpouenT HacesneHnunsd,
noabayioileroca Harepuerom

T'ons:

2010+
2011+
2012+
2013+
2014+
2015+
2016+
2017+
2018-

Puc. 31.1

CrondyaTreie fuarpaMMbl U rpaUKA 0OBIYHO MCIIOJIBL3VIOT TOTAAa, KOormga
XOTAT IPOAeMOHCTPUPOBATh, KAK C TEUYEHHEM BpPeMeHHM M3MeHSeTcA HeKOTO-
pas BeIHYHHA.

Mpumep 3. Ha pucyake 31.2 npuBeieHO paciipejie/ieHHe 30J0ThIX Me/1a-
Jeil, 3aBOEBAHHBIX POCCUMCKUMH INMKOJbHHUKAMU HA MEKJIYHAPONHBIX OJIKM-

MaremaTura 5 Hudopmarura 2
Buonorus 3 Ecrecreennrie 1
HAVKH
XUMHA 2
Acrpornomua 4

| Dusura 4 H acTpodH3HKA

leorpadusa 1

Puc. 31.2
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Inmyuajgax 1o MareMaTuke, OMoJIoruu, XuMUH, (U3UKe, reorpadpuu, uHpoOpMaTH-
Ke, ecTeCTBeHHBIM HayKaM, acTpoHoMuH H acrpodusure B 2018 r. Ilna atoro
HCIIOJb30BAHA KPYroBaa AHarpaMma: KPyr OpeJCcTABIAET oblee KOJIHYeCTBO
MeIanei, a KamaoMy IIpeiMeTy COOTBeTCTBYeT HeKOTOPHIH CeKTOp Kpyra.

Mpumep 4. Ha pucyuke 31.3 npeacraBiaeHa HHGOPMAIIUA 0 KOJIHUECTBE
npogeccuoHalbHBIX TeaTpoB B Poccun (mepuopg ¢ 2012 o 2017 r.).

670 661 665
658 —_—
i 660 651
- S—
5 9071 643
S 640 ——
fwa)
§ 630 = — ——
o
E 620 = — — 617
D
= 610 — —
ﬁ‘ﬂ{] 1 I I 1 I
ﬂ oH: E E 2 E_"- lNonwr
o =) o o o o
=3 =~ = =] [ | [}
Puc. 31.3

Eciu XoTaT BEISBUTL HEKVIO CBA3hL MY H3VUAeMBIMH BeIMUMHAMU,
TO NIPUMEHAIOT JHATPAMMELI PACCeHBAHHKA.

Hanpumep, BBIICHHM, €CTh JH YCTOHYMBAS CBA3h MeXKAY OHOIKeTOM
KHHOKAPTUH H MHUPOBBIMH KACCOBBIMH cOOpaMH JIaypeaToB KHUHOIPEMUH
«Ockap» .

Ha pucyske 31.4 uso0paxeHbl TOUKH, a0CIIHCCHI KOTOPBIX — OIOIMKEeThI
KHHOQUIbMOB, HOJAYYHBIIHX npeMuio B 2015—2018 rr., opauHaATBI — Kacco-
Bhle cOopsl. IlonyuyenHas guarpaMMa pacCeMBAHUA MOKA3LIBAGT, UTO U3 JBYX

1 «Ockap» (npeMus AMepHKAHCKOIl aKaJeMHH KHHeMATOrpatHYecKHX HCKYCCTB M Ha-
VK) — OpecTH:KHAA eKerofHas mpeMusa B obmactu kmHeMartorpadmm. Obmagarensmu
«Ockapa» He pa3 CTAHOBHJIHCE H poccHAHe. Tak, IydimuMi GHILMAME HA HHOCTPAHHOM
A3BIKe OBITHM mpu3HaHE «Boiima m mups (pex. C. Borgapuyk, 1968), «lepcy Vaama»
(pesx. A. Kypocasa, 1975, coemectHOe npoussogcTso CCCP u Amomnn), «Mocksa cie-
3aM He BepHT» (pexx. B, Menwmos, 1981), «¥Yromaéansle conunems (pesx. H. Muxankos,
1994), nvymHM AOKYMEeHTANBHEIM (PHIBMOM — <«PasrpoM HemMelKHX Bolick mog Mo-
ckBoit» (pesx. JI. Bapnamos, M. Konanum, 1942), ayumimM KOpOTEOMETDAMKHEIM AHHMA-
DHOHHEIM (GHIABMOM — «Crapuk 1 Moper» (pesx. A. Ilerpos, 1999).
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CoHopsl,
MJTH JOJLI.
CIIA
1250 —

I I I | I I I
75 100 125 150 175 200 225 250

Bromxer,
MJTH JOJLI.

CIIIA

Puc. 31.4

(bUIBEMOB TOT, KOTOPBIM HMeeT MeHbIIWM O0I0/KeT, MOMKeT JABATL O0JbLIINK
KaccoBblil cOop. OOHAKO B IIeJIOM HIpOCJIe:KUBAeTCA TeHAeHINA: OonbInuii 0101-
A#eT JaeT DONbLIIMM KacCoBRIHM chop.

PacemoTpum eme onue npuMep. B Tabauie npuBegeHbl aiMUIHUACTPATHB-
Hble IIeHTPEI cyOobekToB IlenTpansHoro denepansbuoro okpyra Poccumn u ykasa-
HbI UX Teorpaudeckas IIMUpPOTa U CPpeJHEro0Bad TeMIIepaTypa BO3/ayXa.

Ybpox Fé}&gw Temne%a'fypa,
Benropop, 00,6 Tyl
Bpauck 03,3 6,2
Bragumup 56,1 4,7
Boposne:x 01,7 6,9
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Oxonuanie madbaubl

Topon I‘gﬁlﬂu}jﬂ Temne%afrypa,
HNeanoro 27,0 3,6
Kanyra 04,H 4,4
KoecTrpoma 27,8 4,2 ‘
Kypck 51,7 6,7
Jlnmnenk D2,6 8,1
Mockgea 59,8 5,8 ‘
Opén 53,0 6,2
Pazaun 54.6 5,4
CMoneHck 04,8 5,4 ‘
Tambor 22,7 6,1
Teepns 06,9 8,1
Tyna 4,2 5,7 ‘
fApocnaeas 27,6 3,6 ‘

ITocTpouB COOTBETCTBYIOIIVIO JUArpaMMy paccenBaHusa (puc. 31.5), Bu-
UM, YTO OHA NIOKasbiBaeT Oojiee YCTOMYHBYIO CBA3bL (110 CpaBHEHHIO C aMa-
rpaMmoii Ha pucyHKe 31.4) MexKay paccMaTPUBAEMbIMH PAJAMU JaHHBIX: YeM
nanbllie HA CeBep, TeM MeHbIlle CPeJHero/I0Basi TeMIiepaTypa.

? 1. Kakyto Hayky Ha3bIBaAKOT CTAaTUCTUKOMU?
2. /13 Kakux 3TanoB COCTOUT CTaTUCTUYeCcKoe uccnegoBaHme?
3. 4YT0 B CTaTUCTUKE Ha3blBalOT BblbopKOn?
4. Ha 4yém JonxeH ocHOBbIBaTbLCA cOOpP AaHHbLIX?
5. Kakne cywectBytoT cnocobbl npeacraBneHns gaHHbIX?
6. B kKaknx cny4aax NnpyuMeHsoT guarpaMmmsel paccensaHma?
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L

Temneparypa, C

3_

I'pagyesr, ¢. m1.

Puc. 31.5

\ 4

- L
YnpaXHeHVA o o umn

31.1.

31.2.

Hcnons3ys quarpaMmy, Ha KOTOPOM oToOpaskeHo, CKOJbKO IIOCeIeHU it
my3eeB B rojg B Poccuu nmpuxomurca Ha 1000 yenroBek HaceleHHs
(puc. 31.6), onpenenure:

1) B Kkakoil M3 paccMaTpPUBAEMBIX I'OJIOB IOCEIaeMOCTh My3eeB ObLia
HauOoOJIBIIeH;, HAUMEHBIIEH;

2) Ha CKOJNBLKO 4YelOoBeK BEIpOCJA IocelnaeMocTh MyseeB B 2016 r. mo
cpaBuenuio ¢ 2013 r.;

3) Ha CKOJILKO IIPOIEHTOB BO3poca mocemaeMocTs mysees B 2017 r. no
cpaBHeHuio ¢ 2012 r. (oTBeT OKPYIVIUTE [0 JECATHIX).

Yuaniuecsa 9 KJiIaccoB 3aHUMAIOTCA B Pa3HBIX Kpy:kkax. Mcmonb3ys gua-
rpaMmy (puc. 31.7), gaiiTe oTBeThl HA BOIIPOCHL.

1) Kakoil Kpy:XKOK moceliaeT HauboJbiee KOJUIECTBO JeBATUKIACCHUKOB?
2) Kakue Kpy:KKH IOCeNaeT OJHHAKOBOE KOJIMYECTBO AEBATHUKJIACC-
HHKOB?
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d3) Rakyw 4JacTs 0T KOJIMYECTBA YYEHHKOB, 3aHUMAIOIIUXCA B KPYKEKe
KOMIILIOTEPHOTO AH3aliHA, COCTABJIAET KOJIHYECTBO VUEHHKOB, 3aHHMA-
IOIUXCA B KPY:KKe PUCOBAHUAT

860 4
840
8204
800 1
780 -

760 -
740 -

720

700
680

660
640 -

KomuuecTBO mocemeHUE My 3eeB
Ha 1000 gesnosek B rojg

629

620 -
600

814

702

667

843

800

Puc. 21.6

2012

2013
2014
2015

T'oans:

2016
2017

20
40
30
20

10 §

KonmndyecTBO yIEHUKOB B KPYIKKe

Puc. 31.7
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4) CKONBKO IIPOLIEHTOB COCTABJISAET KOJUYECTBO YUYEHUKOB, 3aHUMAIO-
HIUXCA B KPYXKe JeNKH, 0T KOJUYecTBa YYEHHKOB, 3aHUMAIOU[UXCSH
B KPV#KKe paJHOTeXHUKH ?
31.3. Mcnoabsya Tabauily cpelHerolOBbIX TEeMIIePATYVD BO3JAyXa B OTHeJIbHBIX
ropoaax Poccuu, nocrpoiiTe COOTBETCTBYIOUIYIO CTOJA0UATYIO fUArpaMMYy.

T'opox Temneparypa, C T'opon Temmepatypa, C
Tyna 2,7 Kpacrogap 12,1
Opeunbdypr 9,9 Huxuwnit Hoeropog 4,8
Erxarepundypr 3,0 Ilepms 2,7
Yenabuuck 1,5 MypmMaHCK 0,6
Kazaub 4,6 XabapoBck 2,4

31.4. Ucnoneaysa Tabauily AaHHBIX MOTPEOJIEHUS MOJOKA M MOJOYHBIX IIPO-
nvKTOB (B Kr) B Poccuiickoii @enepanuu Ha ayimy Haceaenuda ¢ 2009 no
2017 r., mocTpoiiTe COOTBETCTBYIOINIA rpagHK.

2009 2010

2011 2012

2013 2014

2015

2016 2017 ‘

246 247

246 249

248 248 239

237 233 ‘

31.5. Hcnoneaya Tabnuiy passutus Mockosckoro merpononuTeHa B 1935—
2015 rr., mocrpoiiTe rpadUE YBeJINUYEHUSA KOJIUYECTBA €r0 CTAHIIHIA.

T'opm

1935
1945
1955
1965
1975

KoanuecTBO
CTAHITHH

13
29
41
79
104

Tonm

1985
1995
2005

2015

KonnuecTBo
CTaHIIHI

129
156
170
198

31.6. OnpenenuTte, ABIAETCA JIM PENpPe3eHTATHBHON BLEIDOPKA.
1) YrobpI V3HATEH, KAK YACTO JKUTEJH IOpPoJa B BBIXOJHBIE JHU OBIBAIOT
Ha IIpHpoie, ObLIH ONPOILIeHbI YWIeHbl TPEX caJlOBBIX KOOIepPaATHEOB.
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2) B nensix BhIACHEHUA 3HAHUSA [IeBATHUKIACCHHUKAMH TBOpYeCTBa
A.C. TlymkuHa caydyailHeIM oOpasom ObL1u onpomeHbsl 5000 pesaTu-
KJACCHUKOB B PA3HBIX PErHOHAX CTPAHBI.

3) IIna onpenejeHus IIPOLEHTa MoJib3oBaresein MMaTepHera or 00I1ero
Hacenenusa Poccum cayuailHeiM obpaszom 0wblau onpomrensl 1000 mo-
CKBUYEH.

4) Ina BBIACHEHUS PEeUTHHIa MOJIOAEXHOM TeJlellporpaMMbl Ciy4daii-
HbIM 00pasom Ob1iu onpoureHsl 10 000 ooHomIEH M AeBYIIEK B Bo3pacTe
ot 15 g0 20 neTr B pasHbLIX permoHax CTPaHBI.

31.7. Ucoonsaya ycaosue 3agaun 31.2 u pucysok 31.7, mocTpoiiTe KPpYyroByio

oHarpaMmy pacrupefieleHUusa YVIAllUXCsA [I0 PASHBIM KPYiKKAaM IIPH YCJI0-

BHUH, YTO KasKIbIN NeBATHKJIACCHUEK IIOCEIIaeT TOJbKO OJHUH KPYKOK.
31.8. B Tabnuie npuBeneHb] JaHHBIE O MOPASKOBBLIX HOMEPAX M ATOMHOI Macce
XUMUYECKUX 3J1eMeHTOB | rpynnel nepuoguyecKoi cUCcTeMbI 3JIeMeHTORB.

XUMHAYECKHUH 3JIEMEeHT IMopankoesrit HOMEpD ATromHaa macca
Bonopona 1 1,0
JInTiit 3 6,9
Hatpnii 11 23,0
Kanuit 19 39.1
Mens 29 63,5 ‘
Pybunuii 37 85,5
Cepebpo 47 107,9
Ieauii 25 132,9 ‘
J0/10TO 79 197,0
DpaHIin 87 223,0
PenTrennp 111 281,0 ‘

IlocTpoiiTe nuarpaMmy pacceusanud. EcTb U cBA3L MeKAY ATOMHLIMU
MaccaMHi XMMHWYECKHX 9JIeMEHTOB H HUX MOPAIKOBEIMH HOMepaMH?

31.9. B rabnuue npuBeneHbl faHHBIE O [IOCENIAEMOCTH M KOJUYECTBe 3a0MThIX
roJioB B (PMHAJNBHBIX CTAAMAX YeMIHOHATOB MHUpa 110 (pyrdoiy.
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YeMmnuoHAaT SpuTeneil, MJIH del. T'onos
1930 (¥Ypyraaii) 0,6 70
1934 (Uranusa) 0,4 70
1938 (Ppannua) 0,4 84
1950 (Bpasunusa) 1,0 88
1954 (IIeeiinapus) 0,9 140
1958 (IIIeemus) 0,9 126
1962 (HYunu) 0,9 39
1966 (Aurnusa) 1,6 89
1970 (Mexrcura) 1,6 95
1974 (PPT) 1,8 o7
1978 (ApresnTuna) 1,5 102
1982 (Mcnarua) 0 | 146
1986 (Mexrcuga) 2,4 132
1990 (Uranusa) 2.5 115
1994 (CIIIA) 3,6 141
1998 (Ppanmusa) 2,8 171
2002 (IO:x. Kopesa/Anonusn) 2,7 161
2006 (I'epmarna) 3,4 147
2010 (IOAP) 3,2 145
2014 (bpasnnusa) 3,4 171
2018 (Poccua) 3,0 169

ITocTpoiiTe guarpaMmy pacceMBaHUA. ECTh JIM CBA3L MY KOJIUYECTBOM
3pHUTeNel, IPUXOAANINX HA TPUOYHEBI, U KOJIUYECTBOM 3a0MThIX rojos?
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YHPH}I[HEHHH ANA NOBTOPEHMA pun

31.10. Jokaxkure, 4To 3Ha4YeHue BeIpaxkeHus 27% — 97 kparuo 48.

31.11. H3 AByX NYHKTOB, PACCTOSHHUE MeXKAY KOTOpbIMH paBHO 30 KM, OmHO-
BpeMEeHHO HABCTpedy APYI APYIY BBINLIKM JIBA TYPHUCTA U BCTPETHUINCH
yeped 3 4 45 MmuH. Ecii OBl mepBRIi M3 HUX BBILIE]T Ha 2 U paHbIIe BTO-
poro, To OHM BCTPETHJIHCH ObI uepes 4,5 4 mocJe BbIXojaa nepsoro. Haii-
IUTe CKOPOCTh KajsKJI0r0 TYPUCTA.

3; m CraTucTnyecKkmne XapakTepucTukm

AHanu3 JaHHBIX, BBIBOALI H PEKOMeH alHH

CraTucruyeckde CBeleHHA IOCTYITAIOT M3 pa3HBLIX objacTell 3HAHUU
U JIeATeJIbHOCTA 4YesIOBeKa: SKOHOMHMKH, MeJIUIIMHBbI, COLIMOJIOTHH, JeMorpa-
(huH, CeILCKOro X03AMCTBA, METEOPOJOruH, cropra U T. . OIHAKO CTATHCTH-
yecKue MeTolbl 00padoTKM (aHanM3a) AaHHBIX, HECMOTPS Ha pasHooOpasue
obsiacreil MpuMeHeHUs, UMEIT MHOTo 001ero. O3HAKOMUMCS C HEKOTOPBIMHU

N3 HUX.

B cratuctudeckoi mHpOpPMALMK CpelHMEe 3HAUYEHHUSA IMOJIYUEeHHOM COBO-
KYIIHOCTH JaHHBIX BCTPEYarwTCA MOBOJBHO YacTo. Hanmpumep, npuBeneém Ta-

Onuny morpedneHna mAca B Poccun (B KMIorpaMMax Ha 4eJI0BEKA B IOj).

Ton
HanmenoBanue
AL A 2014 2015 2016 2017
ToBanguHa 16,6 15,0 14,2 14,1
CBHUHUHA 24,0 24,1 29,4 26,6
Msco nTHIEL 31,3 32,4 32,5 24,1

T&I{YED Tﬂﬁ'JIHIJ,'f,? MOT'VT HCIIOJB30BATE OKOHOMHMCTEL 1 JTHETOJIO'H B CBOHMX
HCCHelO0BaHHUAX, BRIBOMaX M PeKOMEeHIAIIMAX, KPVIIHBIE IIDOM3BOIHUTEN W 110~

CTABIIHUKH CeJIBXOIMNPOAVEIIHNN IIPpH MJaHUpOBaHHHM cBOEH JeATeJIbBHOCTH.

OnHako cpejHee 3HAYEHME He BCerjga TOUHO (aJeKBATHO) oToOpakaeT cH-
Tyanuio. Hanpumep, eciu B cTpaHe JOXOIbl PASHEIX CJIOEB HACEJIEHHS OUeHb
pasaudalTcs, TO CPpeqHUI T0X0J HA OJHOI0 4YeJIOBeKa I/ OOJBLIINHCTBA K-

TeJlell MOMKeT He DTGﬁpEﬂHELTL HX MaTepHaJbHOEe COCTOAHHE.
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Honyecrum, B rKaxkou-to crpane 100 xwureneinr — odeHb Dorarnie, a
OCTaJIbHbIE D MJIH — odeHb OegHble. Torga nmokasaTesnb cpegHEro JA0X0/[a MO-
JKeT OKasaThCA He HU3KHUM, a CJIefoBaTe/IbHO, He Oyaer ajeKBaTHO orobpa-
AKATE 00IIVI0O O€IHOCTH HACEJIEHUS.

B nono0HLIX cayyasax IS aHAJIH3a JaHHBIX HCHOJB3YIOT IPYTrHe Xapak-
TePUCTUKA.

C nomomsio npumepa 1 B § 31 cocraBuM TabauIy, 0oTOOpAMKAIOUIYVIO KO-
JIUYecTBO Mejgajeil KasJI0ro BUJa, 3aBOEBAHHBIX POCCHUCKHUMHY MIKOJIBHUKAMHM
Ha MeKIVHAPOAHBIX MaTeMaTHYecKHX onuMnuagax B TeueHne 2001-2018 rr.

30I0ThHIE MeJaIn CepebpsaHble Meranu Bporaoesle menann

68 39 5]

Takyio TabiIuIny HA3LIBAIOT YACTOTHOM, a YICJIa, 3AllMCAHHLIE BO BTOPOIl
CTPOKe, — YaCTOTAMM.

Yacrora 68 1nokassIBaeT, 4TO POCCHICKHE ITKOJLHUKH Yallle BCero 3aBo-
EéBbIBAJIN 30JI0THIe Menann. [lokasarens «30JI0ThbIe MeJa/Id» HA3LIBAIOT MOJOM
IMOJYYeHHBIX NaHHBIX.

ITO CJI0BO BCEM XOPOIIO 3HAKOMO. MBI 4YacTO roBOPHUM «BOMTH B MOJV»,
«BBIMTH U3 MOJBI», «JaHb MoJe». B roBceHeBHOM HU3HH MOJA 03HAYAET CO-
BOKYIIHOCTh B3IJIAJIOB M IIPHBLIYEK, KOTOPLIM OOJBIIMHCTBO OTIAET IIpPeNIo-
YyTeHHe B JJAHHLIM MOMEHT BpEeMEeHH.

HMmenHno Moja ABIAeTCA BaXHeHIIel XapaKTepHUCTHKOW Tormga, Korja
IIOJIYUEHHASA COBOKYIIHOCTL JAHHBIX He SBISETCHA YMCIOBBIM MHOMKECTBOM.
[IpogemoHecTpHUPYEM 5TO HA TAKOM IIpHMepe.

Onua upma, IIaHUPVYIONIAA MOCTABJATE AUHCHE B Poccuio, nmpoBeJa
OIIPOC pelpe3eHTaTUBHOH BEIOOpKH, cocroAmel u3 500 yemnosek. B pesyibra-
Te MOJIVYHUJIN TAKYI0 YACTOTHYIO TabIuIy.

Paamep mxuHCOB XS S M L XL X XL XXXL
Yacrora 61 104 111 108 64 43 9
Ordocuresbsast | 109 | 998 | 202 | 21,6 | 12,8 8,6 1,8
gacrora, %

B TI}ETLEfI CTpOEKe aToM TabJMUbl 3alIUCAHO OTHOLIEHHE COOTBETCTBYHO-
e 4acTOThl K BeJIHYMHE BLIE'D[JEH. ITO OTHoOIIleHHe, 3allMCaHHOEe B IIPOIEeH-

295



Tax, HAa3bIBAIOT OTHOCHTEIBbHOHN yacToTOM. Hanpumep, ajasa pasmepa XS uUMe-
em: 2L . 100 = 12,2 (%).
500

Mopa nanHoil BeIOOpKM — 3T0 pasmep M, u eii coOOTBeTCTBYET OTHOCH-
TeJlbHAad yacrora 22,2 %.

Tem cambiM hHpMa moayduiaa MHPOPMAIHIO, YTO HAMOOJBIIYVIO YACTh
00bEéMOB 1ToCcTaBOK (0K0J0 22 %) HOMKHBI COCTABIATE I:KHUHCHI pasmepa M.

3aMeTHM, YTO ecJHu Obl B TaO/MHIE ABEe YACTOTHI OBLIM pPaBHBI M IPHHHU-
MAaJId HanOOoJIbIINe 3HAYEHUS, TO MOJOH ABIAIHACH ObI JIBA COOTBETCTBYIOIIHAX
pasMmepa.

Il BeIpabOTKU cTpaTeru CBoeH JeATeIbHOCTH (pUupMe BaXKHO 3HATH He
TOJILKO MOJY BLIDOPKM, HO U « CKOHIEHTPUPOBAHHOCTE» APYIUX HJAHHBIX BOKPYT
Monabl. Tak, B HallleM IIpUMEpe YaCTOThI, COOTBETCTBYIONINE pasMepaM S u L, He
CHUJILHO (110 CPAaBHEHUIO ¢ APYIUMH) OTVIMYAIOTCA OT HacToTel pasmepa M.

Ecnau sra undopmanusa He Oyaer y4uTeHa, To (pUpMa MOMKET IIOHECTH
yOBITKM OT HepacHpofaHHBIX MHUHCOB HEXOJO0BBIX pasMepoB WK CO3/1aThb
ne@UIUT XOM0BEIX Pa3Mepos.

Brime Mbl IpUBeNid NpUMep, KOraa cpejlHee 3HaUeHUe HeTOUYHO oTobpa-
AaeT MaTepuaibHOE COCTOSIHHe JIIJiei B cTpaHe. Bojiee nMojiHyI0 XapakTepu-
CTUKY MOXKHO TIOJIVIUTE, €CJIM CpelHee 3HAUeHUe JMOMOJIHUTEL Pe3yJIbTaToM Ta-
KOI'0 MCCJIeJOBaAHUA.

DopMUDPVIOT pPelpe3eHTATHBHYI) BbIDOPKY, COCTOALUIVIO U3 MKUTeENeu
JAHHOW CTPaHbl, U MOJYYalOT COBOKYIIHOCTL JaHHBLIX, COCTABJIEHHYIO U3 J10XO-
noB. llajee B COOTBETCTBHUM CO IIKAJOM, OIpelesiA0llell YpoBeHb [M0X0J0B
(HM3KUIH, cpegHUI, BBICOKMII), pasOMBAaIOT IMOMYVUYEHHBIN pAN AJAHHBIX Ha TPH
rpynnei. CocTaBiAT TabaUIy, B KOTOPYID BHOCAT 3HAYEHHS YACTOT U OTHO-
CUTeJIbHBIX YacTOT.

YpoBeHB 10XO0JI0B Huzrwmit Cpenauit Bricokni
Yacrora m M k
OrHOCHTEeNBHAA YacToTa, % p ¢ r

Moga Tako#l COBOKYIIHOCTH NAHHBLIX MOXKeT XapaKTepu30BATH YPOBEHL
IOXO/IOB B CTPaHe.

WccnenoBaHue COBOKYIIHOCTH JAHHBIX MOKHO CPABHHUTE ¢ paboToil Bpa-
4a, CTABAINIETO AHATHO3. B 3aBHCHUMOCTH OT Kajao0 manmueHTa WX BHIUMBIX
CHMIITOMOB Bpay BbIOMpaeT OIIpeeIEHHYI0 MeTOIUKY IMOHCKA IIPUYUHBI 00-
ne3nu. IIoHATHO, YTO METOABI HCCIIENOBAHUSA ONPEAeNA0T TOUHOCTh JHATHO-
3a. Tak 1 B cTaTHCTHKE: B 3aBHCHUMOCTH OT coOpaHHOI MHGOPMALHMH X CIOCO-
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Da ee MoJy4YeHUsA NMPUMEHAIOT PA3JIMYHBIe MeTOAbl eé 00paboTKU. ITH MEeTO bl
MOTYT HOIOJHATHL APYT Apyra, KAKOM-TO U3 HUX MOXKeT DoJiee TOYHO (ajleKBaT-
HO), YeM Jpyrue, OTPAMAaTh KOHKPETHYIO CHUTyalui. Tak, aHAIU3UPYA BbI-
CTYILIEHUS POCCHHUCKUX HMIKOJBHUKOB HA MeXAVHAPOIHBIX MATEeMATHYECKHX
OJIMMONAAX, MOHO YCTAHOBHTBH, UTO CTATHCTHYECKHE XAPAKTEePUCTHKH —
cpeliHee 3HAUYEHUE U MOJIa — YJIa4yHO coYeTawTcs. A B IpuMepe, olnpeaeisai-
IeM XOJ[0BO# pasMep JKHHCOB, HauboJiee IpUeMJIeM IMOUCK MOJIbI.

Obpatumca K npumepy 1 B § 31. IIpuBenénnaa Tabnuia MO3BOJIAET V3-
HaTh, CKOJILKO B CpelHEeM 30JI0ThIX MeJajeidl B roJi 3aBOEBRIBAJIN IMIKOJBHUKH
Poccun Ha MeXIYHAPOAHBLIX MaTeMaThudHecKux onumMmnuanax. Iliasa sroro Hamo
KOJHMYECTBO BCEX 30JI0TBIX Menajieil, IMOJYYeHHbIX HAa NPOTSKeHHMH paccmMa-
TPUBAEMOr0 Mepuofa, pasieluTh Ha KojaudecTBO jJeT. Hanpumep, 3a nmepuo
2005—2016 rr. umeem:

44+35454+6+54+4+24+44+44+34+0+4 :ﬂx?}ﬁ?
12 12 =

Tak Kak 3a rojy MOXHO 3aBOoeBaTh He DoJsiee 6 menaneii, To cpe/iHee 3HA-
yeHue 3,67 cBUaeTENILCTBYET O TOM, 4TO KOMaHaa Poccuu BeICTYIAET HA 3TOM
IIPEeCTHKHOM (popyMe ¢ OOJBIIMM YCIIEXOM.

HewMm bGoradve apceHas MeToAHUK 00paboTKH HaHHBIX, TeM OoJiee 00 BEKTHUB-
HbIH BBEIBOJ MOKHO IOJYYUTD.

IlosrakoMUMCes ellle ¢ OJfHON BayKHOM CTATUCTUYECKON XapaKTepucTUKOM.

CeMmbs, NIPUHSB pelIeHHe clejlaTh PEeMOHT Ha KyXHe, MHTepecyeTcs,
CKOJIBKO CTOUT MOJOKHTE OJMH KBAJIPATHBIH MeTp KepaMH4YeCKOW ILIHUTKH.
HM3yuns npeicKypaHTsl 11 cTrpouTenbHbIX (UPM, IMOAYVUNIN TAKYI0O HHGOpPMA-
IIAIO0 (IeHBI 3allMCcaHbl B py0JsX B IOPAJIKe BO3pacTaHUA):

620, 630, 650, 650, 660, 700, 890, 900, 1210, 1240, 1750.

3aMeTHM, UTO IIOJIVYEHHBIN psJi JaHHBIX UMeeT DOJbIION pasMax, T. e.
DOJBIIYIO PABHOCTE MEXKAY HAHMOONBIIMM H HAUMEHBLIIUM 3HAYEHHMAMU IAaH-
HO# BeIOOpKM. OH pasen 1130 p.

CeMbsa X0o4eT BbeIOpaTh GUPMY CO CPeIHUMHU IIEHAMU.

CpenHee 3HaYeHHE MOJYYEHHON COBOKYIHOCTH HaHHBIX paBHo 900 p.

OpHako moJy4YyeHHBIe JaHHBIe HoKaspIiBaooT, 4To IeHY 900 p. ckopee
MOKHO OTHECTH K BBICOKHM, YeM K CPeJIHHM.

O6paTuM BHHMAHHME HA YHCJI0, KOTOPOE CTOUT IIOCepPeaAuHe 3alHCAHHOI
VIIOPSAJ0YEHHON COBOKYIITHOCTH AaHHLIX. JT0 yncao 700. Ero HazsiBaooT Meau-
aHoM 5T0il BEIOOPKU. B Takoil cuTyalnuu MMeHHO MeHaHa IIOMOraeT BLEIOpaTh
(hupMmy co cpegHUMH IleHaMu. JleficTBUTENbHO, B IOCJEI0BATEIBHOCTHA U3
11 umcen ecTh nAThL MeHbIINX yeM 700 u mares 66abmnx yem 700.

Tenepr paccMOTPHUM YIOPAIOYEHHYIO COBOKYIIHOCTEL JAHHBIX, COCTOS-

VIO U3 YETHOIO KOJIMYEeCTBA YHcell, HallpuMep U3 BOChMU:
1,4,4,7, 8, 15, 24, 24.
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Sllech «CepeluHON» BLIOOPKHU ABJIAKTCA cpasy ABa yucaa: ( 1 8. Cuu-

TAIOT, YTO MeJHaHa TAKOH BbIOOPKHM paBHA MX CpeJIHEeMY apU(pMeTHYeCKOMY

74+ 8
=17.5.
2 ¥

Hcnonn3oBaHue Takol XapaKTePUMCTHKH, KaK MeIuaHa, ocoO0eHHO ad-
(peKTHBHO TOINA, KOTAa B P AAHHLIX IIONAJNH TAK HA3bIBA€MbIe CJAYUYaHHbIE
BBIOPOCHI — OTHEJbHEIE 3HAUEHHA BRIOOPKH, ABHO OTJIMYAIONIHECS OT IPYTHX.
IloaBaeHue caydyaiHBIX BEIOPOCOB MOMKET OBITh CBA3AHO C IEJLIM PAJOM IIPH-
YHH: OIIMOKON IpHU 3aMepax, AaHOMAJILHBIM ABIEHHEM, AedeKToM HccIeaye-
MoOro oobekTa U T. . Hanpumep, ecnu Hayrajg U3MepsaTh TeMIEpPaTypy Ipen-
MEeTOB B KOMHAaTe, TO DOJbIIasd 4acTh JaHHBIX OyAeT HaXOAUThCA B Ipeaeiax oT
18 mo 22 °C. Oguako paguaTop OTeILIeHUs MOMKeT [IoKasaTh peayiabrat 60 C.

PaccmorpuMm aBa pajga mameeix: 1, 2, 3,4, 5 u 1, 2, 3, 4, 100. Mz Bu-
IHM, YTO MOABJIeHHE caydailHoro Beidpoca 100 cuiabHO IIOBIMAJIO Ha CpelgHee
3HaueHHe BbiOOpKH. IIpu aToM MenuaHa BRIOOPKH, YUCIO 3, He IIOMEHAJIa CBOE
3HAYEHHEe. JTOT MIPUMepP UILIICTPUPYET, 4YTO MeJuaHa Dojee yCTOMYNBA K CIIY-
yailHBIM BBIOpOCaM, 4eM cpejHee 3Ha4YeHHe.

CpenHee 3HaueHHe, MOAY M MeJHMAHY HA3bIBAIOT MEepPAMH IEHTPAJbHOM
TeHJeHIHH MOJYYeHHOH COBOKYIIHOCTH JaHHBIX.

B craTtucrike paspaboTaHbl U IPYrHe clelUalbHble METOOHKH, II0 KOTO-
PBIM JIEJAIT BEIBOJALI MK NPHHHMAIOT pelleHus. Hanpumep, B KAKOM-TO pe-
rlOHe BO3PACTaeT KOJUYecTBO JIaeil, 3a0oaeBiux rpumnmnom. ITopa au o0baAB-
nATh KapaHTuH? IIpyroii npumep. BosHHKIA rHmoTesa, UTO CTAHOK-aBTOMAT
IIPOM3BOIUT JETAJIH, CPeIN KOTOPLIX HEeIlPHEeMJIeMbIil IIPOLeHT OpaKkOBaHHEIX.
Kak moaTBepAUTh WK OIPOBEPrHYTHL 3Ty rumotredy? MeToTHKH, IO3BOJISIO-
[[Iie OTBEUATHL HA MOCTABJEHHLIE BOIPOChEI M MHOI'ME APYIHe AHAJIOTHYHLIE,
HA3BIBAIOT B CTATHCTHKE PEeIIAIOIIHMH IIPABUIAMN.

Kak y:ke oTMeuasioch, OJHOII M3 BaKHBIX XaAPAKTEePHUCTHK BLIOOPKH SAB-
JIAeTCs CKOHLEHTPUPOBAHHOCTE JAHHBIX BOKDPYI CpelHEero 3HauyeHus. B HeKo-
TOPLIX CIYYAsaX paszdpoc HAHHBIX MOMKET XapaKTepH30BAThH UX HAHOOJbIIEe U
HAUMEHbIIIee 3HAUCHUS U CBA3AHHYIO C HUMHU BeJUYUHY — pasMaxX BLIOOPKU.
Hanpumep, ecnu npu cpadve EI'D mo mareMaTHMKe YUYeHHKaAMH HEKOTOPOTO
KJacca HAUOONLIINN M HAUMEHBLIIWN TeCTOBbIe OAJLIBI OKA3AJMHUCh PABHBIMU
95 u 90, To MOKHO cieJIaTh BEIBOJ, UYTO Pe3VJLTATEI BCeX YUAIUXCHA HE CHJIb-
HO OTJIMYAIOTCSA APYT OT APYyra, a 3HAYHUT, H OT CPeJHero ImoKasaTe id.

Euié omnHoil xapakTepHCTHKOII paszdpoca HaHHBIX MOTYT CIOVKHTL UX OT-
KJIOHeHHA OT CpeJHero 3HayeHuA BeIOOpKH. IIpuBeaém paAjg JaHHBIX, COOTBET-
CTBYIOIHUX KOJIMUECTBY 30JI0TBIX MefaJiell, 3aBOéBAHHBIX POCCHHCKUMH IIKOJb-
HUKaMU Ha MeXKIYHAPOJHBIX MaTeMaTudecKux onumnuagax ¢ 2009 mo 2018 r.:

o, 4,2,4,4,3,0,4, 1, 5. (1)

CpenHee 3HaYeHHe 9TOH BLIOOPKH paBHO 3,2. HaiiiéM oTK/IOHeHHA JaH-

HBIX BBIOOPKH OT CpejHero:

298



o —a3,2=1,8; 4 - 3,2 =0,5; 0-3,2=-3,2; 1-3,2=-2,2;
4-3,2=0,8; 4-3,2=0,8; 4-3,2=0,8; 5-3,2=1,8.
2-3,2=-1,2; 3-3,2=-0,2;

ITonyunnack HoOBaA BeIOOpPKA, coCTOAINAS U3 OTKJIOHeHUI. OHA TOXKe MO-
;KeT XapaKTepu30BaTh paddpoc MCXOAHBIX JaHHLIX. Eciin oTKIOHeHUA HeDOoJIb-
e 10 MOAYJII, TO B MCXOJAHOM Habope YHciIa He CHJIbHO OTJIHYAIOTCHA OT
cpenHero sHaveHHAa. OIQHAKO X0oTeJoCh Obl IMOJYYUTH OOJiee KOMIIAKTHYIO Xa-
PaAKTePUCTUKY «KYUHOCTH» JAHHBLIX BOKPYI CPeJHero 3HAUeHH .

Kakercs ecTeCTBeHHBIM B KadyecTBEe TAKOM XapaKTEePHUCTHUKU BbIOpATH
cpenHee apu@MeTHUYECKOe 3HAUCHUN oTKJIOHeHUuH. OmHaKo 14 11000 BeIOOD-
KM 9TO YHUCJIO PABHO HYJIO (IOKAMKHTE 9TOT (PAKT CAMOCTOATEILHO).

Ecnu kamaoe u3 OTKJIOHEHHH BO3BECTH B KBAaJpPAT, TO HOJYYHUM BLIDOP-
KV, COCTOAINIYVIO U3 HeOTPUIaTeNbHBIX yucen. CpenHee 3HAUEHHE 3TOI BeIOOD-
KM HA3BIBAIOT AUcHiepcHei (0T JaT. dispersio — «pacceuBaHHe» ).

Jlerko ycTaHOBUTh, UTO AHUCHEepcUsa BeIOOpPKH b, 4, 2,4, 4, 3,0, 4,1, 5
paBHa 2,56.

IIpuBeném psAl JAaHHBIX, COOTBETCTBYIOIIUX KOJHYECTBY 30JIO0THLIX Meja-
Jeil, 3aBO€BAHHBIX POCCUMCKMMH IMKOJbHUKAMM HA MeXKIVHADPOJIHBIX MaTeMa-
THdeckux onuMmnuagax ¢ 2002 mo 2011 r.:

6, 3,4, 4, 3, 5,6, 5, 4, 2. (2)

Iucnepcusa aToii BeIOOpKH paBHa 1,56. OHa MeHbIle, 4yeM IHUCIIepPCHUA
BeIOOpPKH (1). CiemoBaTenbHo, B nepuos 2002 oo 2011 r. nokasaTeaH 10 30J10-
ThIM MeJaJasAM ObLIH Donee cTabOMABHBIMHE, 4yeM B mepuof ¢ 2009 mo 2018 r.

ITockonbky BeIOOpKH (1) u (2) comep:aT HEMHOIrO JaHHBLIX, TO K IIOJIV-
YeHHOMY BBLIBOAY MOXKHO OBLIO HPHHATH 0e3 BRIYUCIEHHI, OYTEM IIPUKHUIKA.
Onuako mpu pabore ¢ OONBIINMH PAJAMH JAHHBIX OI[EHHUTL pasdpoc 0e3 uuc-
JIOBBIX XapPaKTePHUCTHK OYeHb CJIOMKHO.

Ecinu Bce aieMeHThI PAa JAHHBIX BLIPAMKAIOTCA B ONpeleéHHBbIX elu-
HHUI[AX HM3MEPEeHHsA, TO AHUCIEepPCHs BhIpajkaeTcAd B KBAJPATHBIX eIMHHIIAX.
YT100BI yCTPAHUTEL 3TOT HEJOCTATOK, PACCMATPUBAIOT BEJIMUHUHY, PABHYIO KBa-
NIPATHOMY KOPHIO U3 Aucrnepcuu. E€é HA3LIBAIOT CPeJHHM KBAJPATHYHBIM OT-
KJIOHeHHEeM. JTON XapaKTepPHCTUKON MOMKHO OL[EHMBATEH pasdpoc JaHHBIX BbI-
DOpKH, COCTOSAIIEH M3 BEJIMYUH, UMEKIIUX OJHY U TY Ke PA3MEDHOCTE.

Pacemorpum npumep. B caenyroiein Tabnauie npuBedeHbl JaHHBIE O
CpelHUX MeCcAYHBIX TeMIlepaTypax 3a nociaenuaue 30 jger B ropogax Kpacuopa-
pe u UpKyTCcKe, a TaKiKe VKasaHO CpeJHee KBaJpaTUYHOEe OTKJIOHEHUEe COOT-
BETCTBVIOIIHUX PANOB NaHHBIX. [loNlyueHHBIA pe3yJIbTaT IIOATBEPKIAEeT TO, UTO
pas3dpoc cpelHUX MEeCAYHBLIX TEMIEPATYP B YMepPeHHOH KJIHMATUYECKON 30HE
MeHbIIle, YeM COOTBeTCTBYWIIUNA IMOKA3aTeJb B PE3K0 KOHTHHEHTAJIbHON KJIH-
MAaTHU4YeCKOH 30He.
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Mecsan Kpacronap Hpryrex
1 0,6 -17,8
2 1,1 -14,4
3 5,5 -6,4
4 12,2 2,5
5] 17,2 10,2
6 21,3 15,4
7 24,1 18,3
8 23,7 15,9
9 18,5 9,2
10 12,3 1,8
11 6,1 —7,6
12 2,1 -15,3
Cpensee 3a rog 121 1,0
CpenHee KBaApATHYHOE 8.5 12,5
OTKJIOHEHHEe

3aMeTHM, 4TO cpejJiHee 3HAYEHHWE PAJA NAHHBIX M €ro JuciepcHa obdja-
NAal0T TAKUMH CBOMCTBAMM:

1) ecsim Ka:KABIA 3JIEMEHT PALA JaHHBIX USMEHHUTHh Ha OJHO M TO Ke YHC-
JI0, TO CpeJHee 3HAYeHHEe H3MEeHHTCS Ha 3TO JKe YHCJI0, a JHUCIepCcCHsa OCTaHeT-
cs HeU3MEeHHOIT;

2) eciM KaxIblil 3JIEMEHT pSAja NAHHBIX U3MEHHUTh B 1 pas, CpelHee
3HAUYeHHe U3MEeHHUTCS B M pas, a fuciepcus — B m2 pas.

%;"’ 1. Kak B ctaTucTUKe HasblBalOT cneuuanbHblie MeToAuKK, MO KOTOPbLIM fe-
natoT BbiBOAbI TN MPUHUMAIOT peLueHua?
2.[lpuBegnte nNpumMepbl NMPUMEHEHWA CTaTUCTU4eckou uHpopmaunu
B (hopMe cpeaHunx 3HaYeHUN.
3. [lpusegute npumepsl, Korga cratucTtudeckaa wHdopmauua B ¢opme
CpeAHUX 3Ha4YeHUN HEeTOYHO OoTODpaxaeT cuTyaumio.
4. OnuwnTe YacToTHYyK Tabnuuy.
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5. OnnwnTte, 4TO TaKkoe mopaa.
6. OnuwunTe, KaKk HauTU OTHOCUTENbLHYIO 4acToTy.
7. Kakoe 4nucno HasbiBaloT MeMaHou ynopaao4yeHHon Bbibopku?
8. Y10 Ha3bIBalOT MepaMn LeHTpanbHOW TeHAEHLMN COBOKYMHOCTU AaHHbIX?
9.4Yemy paBHO cpefHee apudmeTnyecKoe 3Ha4YeHWe OTKNOHEHUW Nobou
BblIDOpKUN?
10. CpegHee 3Ha4yeHWe KakoW BbIDOpPKW Ha3biBalOT gucnepcuen BbIbopkn?
11. Kakylo BenuuuHy HasblBaloT CpeiHUM KBagpaTU4YHbIM OTKNOHEHWeM

BbIOOPKUN?
= =
o YnpaXXHeHMs 4 s umn

32.1. B mixose namepunu poct 90 mecTUKIACCHUKOB € TOYHOCTHIO O D CM.
PeaynbraThl M3MepeHHiI oTo0Opasuinm B BHJAE CTOJA0UATON AHATDAMMEI
(puc. 32.1). Vraxxure MOIY NAHHO BLEIDOPKH.

30

20

KoaumgectBo
VUAIHXCH

10— J— — -

120 125 130 135

Puc. 32.1 Poer yuamuxes, cm

32.2. Ha rpaduke (puc. 32.2) oroOpa:keHbl 00BLEMBI HPOJAKHA NHPOKKOB
B IIKOJLHOM Oy(deTe B TeueHHe 0aHOI Hemean. CKOJIBKO B cpeHEeM IIPO-
OaBaJIk ITHPOKKOB 34 OJHH NEeHbL?

125
120+ .

115 . el
e = .
105 /

100 -

| | | | |
ITonepensuurx Bropunr Cpepma Yersepr IIaramma

Konuueereo npogaHHBIX
MHUPOEKOEB, IIIT

Puc. 32.2 Huu Hegenn
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32.3. Ha rucrorpamme (puc. 32.3) orodOpa:keHbl 00BEMEI IPOJaXK YIeOHHKOB
110 MATeMATHKE B TeYEHHEe NATH MeCAIeB B OJHOM M3 MarasuHoB. CKOJIb-
KO YV4eOHHKOB II0 MATeMATHKEe IIPOJaBaJii B CPeJHeM 3a OIHH Mecsl?

120
a1]
=)
z
= 100
t=)
e
B
g 80
W
=
z 60 e
=
B
o 40 — S
[+3]
£
]
3 20 =—— = =
=
2
D 1 1 ] 1 1
3 2 2 2 2
= O = O =)
] & = = ]
< 2 & = S
3 o =
Mecsaib:

Puc. 32.3

32.4. Hainure cpeaHee 3HadYeHHe, MOAY, MelHaHY M pasdMaX COBOKYIIHOCTH
INaHHBIX:
1)3,3,4,4,7,7,7,7,8, 8, 10;
2)12, 13, 14, 16, 18, 18, 19, 19, 19.

32.5. [lerymku 9 xinacca Ha ypoke PU3KYJALTYPEL CAABAY 3a4ET 110 NPBLIXKKAM
B BBICOTY. YUUTeJ b 3alUCall TAKVIO IOCJHeL0BATEJILHOCTL Pe3yJIbLTATOR:
105 em, 65 em, 115 em, 100 cm, 105 em, 110 em, 110 eMm, 115 cm,
110 em, 100 cm, 115 cm. Hafigure cpegHee 3HaYeHHe, MOAY, MeIUAHY
M pasMax NoJIYUeHHBIX HAHHBIX.

® ¢

32.6. KinaccHBIN pYKOBOAUTENbL 9 Kiaacca BeJET VUET IMOCEIeHHA VIalluMUCs
3aHATUH. B KOHIle HeJe/lH ero 3alMcH BBINIALEIH TaK.

JeHEb Herenun Ilonepensnur | BropHuk Cpena Yereepr | Ilareuna
Komuuectso 3 9 5 4 3
OTCYTCTBYIOIMHX
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1) Hanpgure, CKOJBKO yYallUXCcsA OTCYTCTBOBAJIO B CpeJHEM B JeHb B Te-

yeHHe 2TOH HeleIH.

2) HaiipuTe MoAy moJyYeHHBIX HaHHBIX.
32.7. B 9 kiacce, B KOTOpoM yuuTcsa 23 YVUeHHKAa, IIPOBEJIM OIPOC: CKOJBKO Ya-
COB B JIeHb TPATUT JEBATUKJIACCHUK HA BHIMOJHEHHE JOMAIIHUX 3aJaHWN.

OTBeThl yUalluXcd IPeICTABIeHLl B BUIe TUCTOrpaMMEel (puc. 32.4).

8

(i
6

4 |
3

1 ]
0 .

5 —

2 |

KomuuecTBO JEBATHHEIACCHHEKEOE

0 1

2

3

BPEMH, SATPpaYeHHOEe Ha BRINIOJHCHHEE

Puc. 32.4

NOMAIITHUX 3a0aHWI, U

1) SanoaHKUTE YACTOTHVIO TAOIHITY.

Bpems, 3aTpaueHHOe HA BHINIOJIHEHUE
OOMAITHUX 3aaHUH, U

Yacrora

OrsOCHTENBHAA YacToTa, %

2) CKOJIBKO BpeMeHH B JeHb B CpeJHeM VYallHiics aToro Kiaacca BBIIIOJ-
HAeT qoMmaliHee 3aganue? (Halinure cpegHee 3HaYeHMe PALA JAHHBIX.)
3) CKOJILKO BpeMeHH BBINOJHAET JOMAIIHee 3ajaHue D0IbIIHHCTBO yUe-

HHKOB atoro kiaacca? (Haiigure Mmony psjia IaHHBIX.)

32.8. B rabnuie npuBeeHO pacupejielieHHe 10 BO3PACTY OTALIXAIONIUX B MO-

JID,H,é}HHDM CIIOPTHBHOM Jiarepe B OJJHH M3 JIeTHHUX MeCHAIEB.

yacrora, %

Bospacr, ner 16 17 18 19 20 2 22 23 24 25
Romeaectsg 12 | 21 | 20 | 32 | 20 | 20 | 19 | 24 | 15 | 17
OTIBIXAIOIIHX

OTHOCHTEeNLHAA
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1) SanosiHUTE TPETHIO CTPOKY TADIHUIILI.
2) Haiinure Mony U cpejfHee 3HAYEHHE MOJYYEHHBIX TaHHBIX.

32.9. Yuamuxcsa OfHON NATHUIOPCKOM IIKOJBLI ONPOCHJIM, CHKOJIBKO pas3 OHU
smeranu Ha camouiére. [TonyuenHble faHHBIE IPUBEIEHELI B TAOIUIE.

e

Konmueerso noneTos 0 1 2 3 4

KonuuecrBo yuamuxes 280 92 56 38 20 14

OrHOCuTenBHAA YacToTa, %

1) 3anonHUTE TPETHIO CTPOKY TAOJIHIILI.
2) IlpencraBbTe IMOJNYyYeHHbIe JaHHLIE B BHE CTOJI0YATOM JHATPAMMEI.
3) HaiiguTe Mony ¥ cpejHee 3HAYEHHE MOJYYEHHBIX JaHHBIX.
4) IlosacHUTE, MOMKHO JIM CUHUTATH PACCMATPUBAEMYIO BEIOODKY perpe-
3€HTATUBHOU NJIs BEIBOJOB OTHOCUTE/ILHO BCeX IKOJBHUKOB ropojaa Ilsa-
TUTIOPCKA.

32.10. B TeueHue NepBLIX AeCATH JHEN Mas TeMoeparypa Bos3jayxa B 6 u yrpa
oberna raroit: 16 C; 14 C; 12 C; 16 C; 15 C; 15 C; 13 C; 15 C; 17 C;
14 °C. HaiiguTe Mepbl LeHTPAJILHOH TeHAEHIUH IIOJYYeHHOI COBOKYVII-
HOCTH JAHHBIX. 3alOJHHTE YaCTOTHYIO TaOJIHIY.

Temneparypa Bozayxa, C

YacToTa

OrHOCHUTeILHAA YacToTa, %

32.11. B rabaune npusefeHo pacapeiejleHde COTPYAHHKOB IeTCKOI0o cajga co-
OTBETCTBEHHO CTaKy paboThl.

Crazx paboTs!l B rogax 3 6 10 12 15 16 20

KonuuecTBO COTPYIHUKOR 2 4 4 3 2 4 ]

HaiiguTe Moay U cpefHee 3HAUYeHUE BLIDOPKH, IIOCTPOHTE COOTBETCTBY-
OIIYIO TUCTOrpaMMYy.

32.12. V 24 nerxoBbIX aBTOMOOUJIEH clesialy 3aMephl pacxola ropiodero Ha
100 kM nyTH ¥ MONYYUIN paAj jaHusix: 8 a1, 9 1, 7,5 1, 9 1, 10 1, 8,5 1,
9n,8n, 75090 100, 7,061,901, 100, 7,5 n, 8,51, 8 n, 7,5 n,
8,5n, 101, 8,561, 90,81, 7,5 .
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1) CocraBbTe 4aCTOTHYIO TAOMHUILY.
2) HaiimuTe cpefHee 3HAUYEHHE M MOJAY JAHHOH BBIOOPKH.
3) IlocTpoiiTe COOTBETCTBYIOIIYI I'HACTOIPAMMY.
32.13. Bo Bpemsa TecTHpoBaHUA 10 ajredpe 25 yueHHMKOB 9 Kiacca chesaau
caenyiollee KoiuyecTso omwubok: 4, 3, 3,1, 3,4, 4,5, 3,0,1, 4, 4, 4,
9, 3,0,4,0,4,1,4, 2, 2, 3.
1) CocTaBbTe YACTOTHYIO TADIUILY.
2) HaiinuTte cpesHee 3HAUEHNE M MOJAY JaHHOH BBIOOPKH.
3) ITocTpoiiTe COOTBETCTBYIOIIVIO THCTOIPaMMYy.
32.14. BeinumninTe Bce BaIlM OIeHKH 10 ajirebpe, moJydeHHbIe B TeYeHHE I'oja.
Hainure cpenHee 3HaYeHHE, MOJIY U MeIHAHY IIOJIVIEHHOTO PAla TaHHBIX.
32.15. lupexrop ¢pupmsl noaygaer 120 000 p. B Mmecsl, ABa ero 3aMeCTHUTEJI
o 80 000 p., a ocranbubeie 17 paboraukos pupmer — no 20 000 p. B me-
can. Halinure cpeiiHee 3HaueHUe, MOJAY, MeIUaHy 3apaboTHOM MJIaThbl
B 2TOU (pupMme.
32.16. IIpouTuTe orpriBOK U3 cTuxorBopenusa A.C. IlymkuHna.
Yubinaa nopa! Oueil ouapoBanbe!
I[IpusaTHa MHe TBOSA IpoLlalibHAA Kpaca —
JI100110 A IBINIHOe NPUPOALI YBALAHbE,
B barpen u B 30JI0TO OJieThie Jeca,
B ux ceHax BeTpa IIyM M CBexKee JbIXaHbe,
H Mrioil BOJTHHUCTOIO NOKPBITHEI Hebeca,
M penkuil cosnHNa Jy4, U epBble MOPO3EI,
H orpnanénHble celloil 3UMBI YI'PO3EL.
CocTaBbTe YACTOTHVIO TADIUIY HAIUYUS OYKB «a», «€», «HU», «0», «H»,
«0», «p», «y», «d», «d» B JaHHOM cTuxoTBopeHuu. Onpemenure MouIy
NOJYUYeHHBIX JaHHBIX.
32.17. IlocrpoiitTe psan: 1) U3 nATH yKucea; 2) U3 IIECTH YUCeJ, V KOTOPOro:
a) cpeiHee 3HAYEHME PABHO MeaUaHe;
0) cpeHee 3HAYeHUe DOJIbIIE MeJHAHBL.
32.18. [lanwl gBa Habopa yucen: 6, 7, 8, 9mu 1, 5, 10, 14. OrmeTbTe Kaim bl
U3 3TUX HAOOPOB Ha KoopAHMHATHOM npamoi. Hallgure auconepcuu sTHUX
HabOpOB U CPpaBHUTE MOJY4YeHHBIE Pe3YJIbTATHI.

=
YnpaxHeHus ANA NOBTOPEHMA gy

32.19. Haiifure Bce mapbl uucesa (x; y), YAOBIeTBOPAKIIINe YpPABHEHUIO
Jr+4 +y?-1=0.

32.20. YopocTuTe BEIpaMKeHHe Lk —~d  ToWNE—R -JE—I, ecJn
0<a<? 2—a+\2-a 2-a-+2-a a
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Onepauum Hag COOLITUAMM

B 8 knacce Bbl 03HAKOMIJIHUCH C IIOHATHEM COOBITHA (CAYYANHOro coObI-
TUA), BBISCHUJIH, KaKue cOOBITHUA HA3SBIBAIOT NOCTOBEPHBIMH, HEBO3MOMKHBI-
MM, PABHOBepPOSATHBIMU. BBl y3HAaJAH, YTO BEPOATHOCTL COOLITHUSA MOMKHO Olle-
HUBATH [10 €r0 4acToTe, HaYUYUJIUChL HAX0AUTEL BePOATHOCTEL COOBITUSA B OIIbLITAX
C PABHOBO3MOMKHBIMH pe3yJibTaTaMH.

B Teopum BepoATHOCTeH HepelnKo OBIBaeT TAaK, YTO B OJHOM HCIBITAHUH
HeoOXOQMMO YCTAHOBUTS T€ WX MHBIE COOTHOUIEHUA MeMAV HeCKOJIbKUMHM CO-
OBITHAME. DTOT naparpag DOCBALIEH H3VIEHHIO TAKHUX COOTHOLIEHHI,

Pacemorpum onbIT, COCTOAIMHM B roAdpachklBAHHKM UIPaIbHOI0 KyOHEKA.
B aToM MCHBITAHMM PACCMOTPHUM CJIeAYIOniHue cOObBITHA:

A — «Ha KyDHKe BbIIanaa TPOMKa»,

B — «Ha KyOMKe BBIIAJO YETHOE UHCJIO»,

C — «ua KyOHKe BLIIIAJIO HEYETHOE YHUCIIO» .

OueBHIHO, YTO B 3TOM ONLITE cOOBITHA A U B He MOTYyT NpPOHU30HTH
OJHOBPEMEHHO.

sap Onpepenenmne
Ecnv B HEKOTOPOM MCMbITaHMM ABa cOObITUA He MOryT NPOM3OATH OfHO-
BpeMeHHO, TO UX Ha3blBalOT HECOBMECTHbIMM.

Takum 06pasom, B OIIbITE ¢ ITOADPACEIBAHHEM MIDAJIBHOTO KYOMKa cOObI-
™asa A u B asnaworca HecoBMmecTHbIMU. CobbiTuss B u C TakKe ABIAKTCA He-
copmecTHbiMU. [lapy ke cobeituii A u C Henb3d HA3BATH HECOBMECTHBLIMH.
IlelicTBUTENILHO, €CJIH NpH IojJ0packiBAHUM KyOHKA BBINIAJET TPOiiKa, TO Of-
HOBPEMEeHHO IIPpou30iaéT u codbiTue A, u cobsiTue C.

ITpuseném emé ogud npumep. Bayrpu npamoyroasauka ABCD mayran
BeIOMpaloT Touky (puc. 33.1). IlyeTh coObiTHe X COCTOUT B TOM, UTO BhIOpaH-
Hasd TOYKA NPUHAJJENKUT KpPYyry CHHero nsera, a cobsitue Y — B TOM, UTO
BeIOpaHHAA TOYKA [PUHAJIEKUT TPEYTroJbHUKY KPACHOI'O I[BeTa.

B e
A D
Puc. 33.1 .Pnc. 33.2 - Puc. 33.3
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llockonbKy CHHUM KPYT He UMeeT 0DIIUX TOYeK ¢ KPDACHBIM TPeyIroJbHU-
KOM, TO coObITHA X U Y ABAAIOTCA HECOBMECTHBIMHM.

HMcnbiTanwe ¢ BbIOOPOM TOYKH BHYTPH MPAMOYTOJBHUKA YACTO UCIIOJb-
3VIOT A WJJIOCTPALMI TeX WM WHEIX COOTHOIIEHMH MeXIY COOBITHSAMU.
Hanpumep, HecoBMecTHbIe coObITUA A U B UIIIOCTPUPYIOT ABYMSA Hellepece-
kaomumucsa purypamua A u B (puc. 33.2). Takue pUCYHKHM HA3BIBAIOT AMAa-
rpaMMamMu Jiliepa.

B panpHeiilnem, paccMaTpUBas COOTHOIIEHHSA MeXIYy COOBITHAMH,
OymeM CUMTATh, YTO ATH COOBITUA OTHOCATCA K OMHOMY OMBITY.

Obparumca K cienyomemy npumepy. s :xepeObeBKH MOATOTOBHJIN
;KeTOHBI ¢ HoMepaMu oT 1 10 5. PaccMoTpuM clieyionue coObITHA:

U — «y4acTHHK BBITAHYJ JKETOH € OJHUM M3 CJIeIYIOIUX HOMEPOB:
1, 2, 3»;

V — «y4aCcTHHK BBITAHYJI YKeTOH C OJHHM H3 CIeAVIOLIUNX HOMEpPOB: 3, 4»;

W — «y4acTHHMK BBITAHYJ KeTOH C OJHHM U3 CIEAVIOIHX HOMEPOB:
1, 2,3, 4d»,

3ameruM, uTo cobbiTHe W mpomexXogUT TOrga M TOJBKO TOIWA, Korma
IIPOUCXOAUT X0Ts ObI 0HO M3 ABYX cobbiTuil U umn V.

sesp OnpegeneHmne
CobbiTHe, KOTOpOEe NPpoMCXoaMT B TOM M TONMbKO B TOM cflyYae, Korga npo-
ncxoamT Xota bbl ogHo M3 aByxX cobbitnin A unn B, HasbiBaloT 0ObeguHe-
Huem cobbituin A n B. 06beguHenne cobeimuin A u B o6osnavaror A | B.

Takum 00pasoM, B OIILITE C KepedbéBKoil cobsiTHe W aBnsgerca odobequ-
HenueM coburtuit Uu V, r.e. W=ULJ V.

Ha puarpamme Jitnepa (puc. 33.3) IPOMILIKOCTPHPOBAHO 00BEIUHEHMHE
coObrTHil A 1 B.

O6beguHenne codbuITH A 1 B — aT0 npuMep onepalyy HaJ COOBITUIMH.

AnanorudyHo onpenensoT o0beIUHEHUE TPEX WKW OOJBIIEro KoJude-
CcTBa COOBITHUMA.

Mpumep 1. B kopoOke nexaT KpacHble, cMHNe M Oeible mapsl. M3 Ko-
poOKu Hayraj BeITArUBarT oguH map. CodbiTHe A cocTOUT B TOM, UTO BBITA-
HYTBIH I1ap OKaKeTcs KpPAacHBIM; a cobeiTue B — B TOM, YTO OH OKa’KeTcs

n 1 1
cunum. Halinure BepoaTHoeTs cobeitua A | B, ecaiun p(A)==,a p(B)==.
2 3

PeweHue. Cobuitue A |J B cocTouT B TOM, 4TO BEITAHYTLII HAyraj umap

OKaMeTcs UM KPacHLIM, MY CHHUM. EcTecTBEHHO NPeAIoN0KUTE, YTO UCKO-
1.1 &

MasA BepoATHOCTE Oyaer paBHa cymme p(A)+ p(B) = 5 - e
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Obocayem ato npexnosoxkenue. llyers B Kopobke Je:XuT 7 mapos, U3
KOTOPBIX a KpacHbiXx U b cunux. Torma BeposTHOCThL cobbITHA A paBHAa
p(A) = f—’: . AHaJIOrM4YHO, BEPOSTHOCTE coObITUA B paBHa p(B) = %

CoobiTua A u B HecoBMecTHBI. IToaromy ucxopakl, 6JaronpHUsaTCTBYIO-
mue coOsITHI0 A, OTIUYHEI OT UCXOM0B, OJIArONIPUATCTBYIOUIUX CODBITHIO B.
Cneposarensno, cobbituio A |J B 6naronpusrersyer a + b ucxopos. Taxum 06-
paszoM, BEpOATHOCTEL TOI'O, YTO HAYIaJ BBITAHYTHIN LIAD OKaMeTCsa WM Kpac-

HBIM, HJI CHHHM, pPaBHa

p(AUB)=2*0_2, b _4y: pB) -

H H M

| wn

OtBeT. —. m

| W

Pemenue npumepa 1 MLIIOCTPAPYET cieyIOllee BaKHOe CBOMCTBO Bepo-
ATHOCTH: 8EPOIMHOCMb 00be0UHEHUA 08YX HECOBMECMHBIX COObIMUL
A u B 1106020 ucnsimanus mModxcem 0bims 8blvuucieHa no popmyie

p(AUB)=p(A)+ p(B). (1)

Hcnonb3ysa mMeTol MaTeMaTHYeCcKOM WHAVKIIMY, paBeHCTBO (1) MOMKHO
pacrpoCcTpaHUTL Ha TPH UK DOJIblllee KOJUYECTBO MOMNAPHO HECOBMECTHBIX
cOOBITHIA:

pAUAU...UA)=pA)+p(A)+..+p(A).

Ilepeiiném Kk M3y4YeHHUIO APYTUX ollepaluid HAZl COOBITUAMU.

B onbiTe ¢ nmogbpackiBaHMEeM HUI'PDAJBLHOTO KyOMKA pacCMOTPHUM COOBITHA:

X — ¢Ha KyOHKe BBLIIIAJO YETHOE YUCIIO»,

Y — «na KyOHMKe BBIIIATO YHUCJI0, KDATHOE TPEM»,

/Z — «Ha KyOHMKe BLIIIAJIA IIECTEPKA».

3amMeTuM, 4TO coObITHe Z NPOMCXOAHUT TOTAA M TOJNLKO TOrAAa, KOraga
OJJHOBpEMEHHO TMPOUCXOAUT U coObiTUe X, U cobbiTHe Y.

EO :@ Onpegenexnue
CobbiTre, KOTOpPOE NPOUCXOQUT B TOM M TOMbKO B TOM Cny4ae, Korga npo-
ncxoguT n cobbitme A, n cobbitne B, HasbiBalOT nepeceyeHuem cobbITHA
A v B. Nepeceuenue cobbitnin A n B o6oznauaror A (| B.

Takum obpasom, B pACCMOTPEHHOM OIBITE C UIPAILHBIM KYOMKOM COOBI-
The Z ABjseTcs nepeceueHueM cobeprtuit X u Y, r.e. Z=X[) Y.

Ha puarpamme DJiliepa (puc. 33.4) NpoWINIOCTPUPOBAHO IIepecedYeHue
cobeiTHil A U B.

AHAJIOruYHO ONpPEeNeAI0T epeceueHne TPEX WU 00JIbIIero KOJIMYecTBa
COOBITHIA.
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A

Q>

000000000

B

Puc. 33.4 = Puc. 33.5

Mpumep 2. VueHHK HAYTajJl Ha3blBaeT HaTypaJlbHOe uHcao oT 1 mo 9
BrIOUNTeNbHO. CoObITHE A COCTOUT B TOM, UTO HA3BAHHOE YHCJIO OOJIbIle I1s-
T. CoObITHE B COCTOUT B TOM, 4YTO Ha3BaHHOE YHCJIO MeHbIlle BocbMu. Haligu-
Te BepOATHOCTEL cobbiTuA A [ B.

PeweHue. Bece 9 peaynbTaToB B 9TOM OIIBITE PABHOBO3MOMKHBI, TI0ATOMY
715 BEIYUCIEHHA BEePOATHOCTH coObITUA A [ B BoCIIONIb3yeMcA KJIaCCHYeCKHUM
omnpejieJieHUEeM BeDOATHOCTH.

CoberTiie A (1 B cocTouT B TOM, YTO Ha3BaHHOE YHUCJIO BOJbIIE IIATH U
MeHbIIle BOCBMH OJHOBPEMEHHO, T. €. cobbiTue A [ B npoucxogur, eciam Ha-
3BaHo uau yucao 6, unm yueno 7 (puc. 33.5). Cobeituio A () B 6aaronpust-
cTBYIOT 2 U3 9 pABHOBO3MOMKHBIX Pe3yJILTATOB, IIO3TOMY

p(AﬂB}=§.

OTBeT: g |

sy Teopema 32.1
Ecnim A n B — cobbiTMA HEKOTOPOro UCNbLITAHUA, TO

pAUB)=p(A)+p(B)-p(A[) B) (2)

IokaxeM 9Ty TeopeMy MJs 4acTHOIO
cJaydasd — MCHBITAHUA C /1 PABHOBO3MOMKHBI-
MU pPe3yJibTaTaMu. .

PaccmoTpuM Takyw BepOSATHOCTHYIO
Mmojienb. Ilyers B npaMoOyroibHUKe oTMeue-
HO 7 TOYEK, YacTh U3 KOTOPLIX IMOKPAUIEHBI
B KpacHBIM IIBeT, 4 4acThb MMeeT OOJIBIINNI

pasmep, 4eM ocTajlbHbIe (puc. 33.6). . . . :
KoynuuecTBO DOJMBIIMX KPACHBIX TOYEK
- =
0003HAUYUM uUepe3 X, MAJeHLKUX KPACHBIX Puc. 33.6

yepes Y, a DONBINIUX YEPHBIX — Yepes 2.
Hcnbiranve COCTOUT B TOM, YTO U3 OTMEYEHHBLIX 1 TOYEK MPAMOYTOJIb-
HUKa Hayraj BelOUpaT ogHy. B aroM ucnbeiTaHuu cobObiTHE A COCTOUT B TOM,
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4YTO BbIDpaHHadA TOYKA OKayKeTcsa KpacHoM, a cobeiTMe 5 — B TOM, YTO BHI-
OpaHHas TOYKA OKaKeTcs DOJIBIIOI.
ITockonbKy BCe HMCXOAbl B JAHHOM ONBITEé PABHOBO3MOMKHEI, TO
p(d)=—=, p(B)=—=.
A H
CobsiTie A (| B cocrouT B TOM, 4TO BhIOpaHHAS TOUYKA OKAMKETCH Kpac-
HOM ¥ BONBIIOH OJHOBpeMeHHO; a cobbiTue A |J B — B TOM, uTO BRIOpaHHAA

TOUKA OKaMeTCcsa KpacHOM HUau OOJIBIIOMH,.

X ; +
TToatromy p(A B) = < p(AUB) = FTFTE
H n
YuuTbiBas HallleHHbIE 3HAYEHUA BEPOATHOCTEH, IepenuiileM JOKa3biBa-
emyo gopmyny (2) B TakoM BHJE:

J‘+g;+z_.r+y+x+z x

M H H H
IIpusena npobdu B mpaBoi 4acTH K 001IeMy 3HaMeHaTeJ 10, MOJIYYUM Bep-
HOe paBeHCTBO, YTO U JOKa3bIBaeT Teopemy. =

ObparuTe BHHMaHHe Ha To, 4To (hopmyiaa (2) apiaderca obobimeHneM
thopmyisl (1). HeiicTBUTeNbHO, ecau cobbiTHA A U B HeCcOBMeCTHBI, TO OHH
HUKOTZa He IPOMCXOAAT OAHOBPeMeHHOo; moatomy p (A [ B) = 0.

Mpumep 3. Kaxaplili y4eHUK KYPCOB MHOCTPAHHBIX fA3BIKOB H3y4aer
UIW TOJBKO AHTVIMACKWHN SI3bIK, HJIM TOJBKO HEMEIKU A3bIK, Wau oba aTUx
MHOCTPAHHBIX sA3bIKa cpasy. IlyeTs cobbiTHe A cOCTOUT B TOM, UTO HAYIAJ] BbI-
OpaHHBI YUEHUK U3YV4YaeT aHIVIMMCKHAN A3BIK, a coO0biTHe B — B TOM, 4TO Ha-
yraj BbIOpAHHBIN YUeHHK U3yuaeT HeMeIlKHil A3bik. KakoBa BepoATHOCTH TO-
ro, 4To HAyraj BhIODAHHBIH YyUYeHUK HU3ydaeT oDa 9TUX MHOCTPAHHBIX A3LIKA

cpasy, ecau p(A) = % , p(B) = %?

PeweHune. Coberrue A |J B coctour B ToMm, 4To HAyrajJ BeIOPpAHHBIN yde-
HUK M3y4YaeT aHIVIMHCKHUN MM HeMel[KHH s3bIK. [IoCKONBKY KasKAbld YUeHUK
KYypCOB H3y4aeT X0TA Obl OJUH UHOCTPAHHLIN A3BIK, TO cobeiTue A |J B asns-
eTcs nqocroBepHbiM. OTcioga ciaenyer, uto p (A U B) = 1. Ucnons3ys dpopmyay
(2), monyuaem

3 2 3
p(ANB)=p(A)+ p(B)- p(AUB) = Z+E—1 =55

OrMeTum, 4T0 coObITHE A (| B cOCTOUT B TOM, YTO HAYTaJi BEIOpAHHBIM

VUYeHMK HU3y4YaeT M aHIVMIHUNCKHUMN f3LIK, U HeMeIKMH fA3bIK, T. €. uadyuyaer oba

HHOCTPAaHHBIX A3bIKa Cpasdy.

OTBeT. B o |
20
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Ilyers A — cobeiTHe HeKoToporo ucnbeiTaHuda. Pacecmorpum cobsiTue 5,
KOTOPOE COCTOUT B TOM, YTO He npou3oiLio codsrrue A. Hanpumep, B onbiTe ¢
UI'PaJIbHBIM KYOMKOM paccMoTpuM coObiTHe A — «Ha KyOMKe BBIIIAJIO YETHOE
yucao». Torna cobeiTue B — «Ha KyOHKe BBINTAJIO HEYETHOE YHCIIO» .

megy Onpepenenmne
CobbiTMe, KOTOpOE NPOMCXOAMT B TOM M TONMbKO B TOM cny4vae, Korga He
npoucxoguT cobbitne A, HasbiBalOoT gononHeHnem cobbitua A. [lononHe-

Hue cobbiTna A oGo3zHaualoT ﬁ .

Takum o00pasoM, B pacCMOTDPEHHOM OIbITE
C UrpajJbHBIM KyOHKOM coObiTHe B saBaderca J0-

rionHenueM cobuitug A, T. e. B = A. Takxe M0oxK-

HO cKaszaThb, uro A = B.
Ha nuarpamme diinepa (puc. 33.7) mpomi-
JHOCTPUPOBAHO MOIOJHEHHUEe cOObITHA A.

OrMmeruM, uto cobbiTus A u A Bcerma Heco-
BMeCcTHLI. JleficTBUTENILHO, OHHU He MOTI'YT IIPOH-
30MTH OJHOBPEMEHHO, MOCKOJIBKY OJHO M3 HHUX BCerga NPOHCXOAHT TOJbLKO
TOrJa, KOrja He IIPOUCXOJLHUT JAPYTroe. 3

Kpome Toro, obbegunenue cobslTii A 1 A pasBHO JocTOBepHOMY CODOBI-
Tui0. [lelicTBUTENBHO, IIPH JHOOOM HCXO/e HCILITAHHA ONHO M3 cobbiTHii A

r Puc. 33.7

win A obasarenbHO MPou30iaET. IT0CKOIBKY BEepOATHOCTE JOCTOBEPHOIO CO-

obiTua pasHa 1, to p(AU A) =1. VuureiBasa Tor daxr, uro cobbitusa A u A
HEeCOBMECTHBI, a Tak:ke Gopmyay (1), MO¥HO 3aIIMCATE PABEHCTBO

p(A) + p(f_l} =1,

ITo paBeHCTBO HMCIIOJIL3VIOT, HAIIDpHMeED, OJIA BBIYHCIEHHA BEePOATHOCTH
NONOJHEeHU S coDbITHSA.

? 1. Kakue cobbiTA Ha3biBalOT HECOBMECTHbIMI?

2. Kakoe cobbiTwe Ha3sbliBaloT obbegnHeHuem AByx cobbiTM M Kak ero
obo3HavaoT?

3. Kakoe cobbITue Ha3bIBalOT NepecedeHnem AByx cobbITuin u kak ero obo-
3HayawT?

4. Kakoe cobbiTMe Ha3biBalOT gononHeHuem cobbiTMa U Kak ero obosHa-
YyarT?

5. Yemy paBHa BepOATHOCTb 0bbegUHEHNA ABYX HECOBMECTHbIX CODLITUI?

6. Kak MOXHO Bbl4MCIUTE BEPOATHOCTL ObbeaAnHeHUs ABYyX cODbITUN?

7. Kak MOXHO BblYMCNUTb BEPOATHOCTL AOMNONHEHUA COBbITUA?
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33.1.

33.2.

33.3.

33.4.

33.5.
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ABnsatorca nu cobeiTuss A U B HecOBMECTHMBIMH, €CJH ONBLIT COCTOUT
B TOM, YTO:

1) moHeTy moadpackIBalOT OXHH pa3, A — «BeIman repb», B — «BbIna-
JIO YHUCJIO» )}

2) urpanabHbBIi KYOHK IIOA0pAaCRIBAIOT ABA pasa, / — «BbIIIaJla eITUHHUIIA
IIpu mmepsoM Opocke», B — «BbiIaja IECTEPKA IPH BTOpoM Opocke»;
3) B MHUIIIeHb CTPEJISAIOT JBa pasa, A — «B MHIIEHb IONAJNHA JBAMIbI»,
B — «B MUIIIeHb [IONAJK POBHO OLHH pasd»?

Bubnuorexapsh IMKOALHON OubIMoTeKH Oepér Hayrajl OJAMH N3 y4eOHH-
koB. Cpenu cienyonux coOBITHI HAHAUTE Iapbl HECOBMECTHBIX

A — «B3aT y4eOHUK IO MaTeMaTHKe»,

B — «B3aT yuebHUK naa 9 kiaaccar,

C — «B3AT yuebHUK no pusuke naa 10 xnaccar,

D — «B3sar yuedHukK, usganabeii go 2010 r.»,

E — «B3AT yueOHUK 10 'YMAHUTAPHOMY IIPEIMETY » .

IMTokonaaka «Cynep-Ciopnpus» COAEPMKHT BHYTPUA UIPYIIKY HIN JJIs
MaJBYHUKA (MAIIMHKY WU QUIYPKY nUpaTa), WIH IJd TeBOYKH (KYKJIY
unu opacier). CodeiTHe A cocTouT B TOM, UTO BLIOpaHHBIN Hayrag «Cy-
nep-Cioprnpuss» COZEp:KUT UIPYLIKY OJIA MaJb4MKa; a coObiTHe B —
B TOoM, uT0 «Cynep-Cropnpus» cogep:xurt dpacaer. HafguTe cpeau codbI-

tuit X, Y, Z, T co6errue: 1) A; 2) AU B: 3) AN B, rze:

X — «,,Cynep-Cropnpus‘“» COAEPEHAT KVKIY»,

Y — «,,Cynep-Croopnpus“» colep:XKHT UIPYIIKY AJsA JeBOYKH»,

Z — «,,Cynep-Coprupus“» colep:XUT MAIIHHKY WIK (GUTIYPKY IHApaTa,
T — «,Cynep-Cropripus®“» He COAEPHUT KYKIY».

HMuarpamma (puc. 33.8) WiLIOCTPHUPYET
coOeITHE A, cocTOMANIEe B TOM, 4YTO HAY-
rajJi BeIOpaHHbIil yueHUK 9 « A» wiacca S .
HMeeT CBeTJible BoJockl. Kaxasa kpac- .
HAas TOYKA HA JUarpaMMe IIpeICcTaBJIs- . .
eT yueHura. Haiigure BeposdATHOCTE TO-
ro, 4T0 HAyrajJ, BbLIOpAHHBIN YVYEeHHK
9 «A»: 1) HUMeeT CBeTIABIE BOJIOCHI; . . .
2) UMeeT TEMHBbI€ BOJIOCHI.

Cpenn uieHOB croopTkiayba BbIOMpa-
0T Hayrag ogHoro uenosexka. CoObI-
Te A coecToUT B TOM, UTO BLIOPAHHEIN YellOBEK 3aHUMAETCs B TpPeHAa-
JKEépHOM 3aje, a coOslTMe B — B TOoM, YTO OH ILJIaBaeT B DacceiiHe.
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B yem coctTour GDﬁLITHE?, NpoNAJKCTPHUPOBAHHOE Ha JHarpaMmMe

(puc. 33.9)?
o >h
as
/
7 /A 7

N\

3) 5)

Puc. 33.9

33.6.

Ha mmarpamme (puc. 33.10) mpomiio-
crpupoBaHbl cobbiTusa A u B. Ilepepucyii-

Te IUArpaMMy B TeTpajb U 3alITPUXYIATE .

Ty 00JIaCTE, KOTOPAA MILIIOCTPUPYET cJie-
ayioliee:

1) npousoiino codeiTHe A, HO He IIPOU30-
11710 coObITHE B

2) nponsounuio cobsiTHe B, HO He IPOH30-
Lo cobbiTHe A:

3) He MPOHM30MLIO HH cobObITHE A, HU cobbiTHe 5.

rPuc. 33.10

. OnsIT cocToUT B TOM, 4TO M3 MHOoecTBa UV = {1, 2, 3, 4, b} Hayrajg BbI-

dupaioT ofuH 3jeMeHT. B 3TOM ombiTeé paccMATPHUBAIOT CJEAVIOLIUE CO-
ObITHSA:

A — BrIOpaHHEBIN 3JIeMEeHT HPUHAJIEKAT MHOMXKeCTBY {1, 3},

B — BLIOpaHHBIN 5JIEMEHT NPUHAJIEKAT MHOMXKecTBY {1, 2, 5},

(C — BBLIOpaHHBIN 3JIEMEHT NPUHAJJIEHKNUT MHOMECTBY {4, 5}.

Kaxkoii aieMeHT MOT OBITE BeIOpAaH, €CJIH IIPOHU30LLIO COOBITHE:

1) AN B; 3) B; 5 AU BU C?
2) BU G; 4) ANCG;
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33.8.

33.9.

33.10. CobriTHe A cocTOUT B TOM, YTO HAYIraj

OneiT cocTOUT B TOM, YTO HAYraJ BLIOMPAIOT AEHCTBUTEIBLHOE YHCJO.
B arom onbiTe paccMaTpHUBaOT CIAeAVION[HNE COOBITHA:

A — BrIOpaHHOE YHCI0 NPHUHANIEKUT IpoMexkyTRY [0; 4],

B — BrIOpaHHOE YHMCJI0 NPHHALIEKUT IpoMexyTRY (0; +o0),

C — BeIOpaAHHOE YHCJIO NPUHAIIEKNUT NpoMeryTRY [2; 7).

SanuIIUTe ¢ TOMOI[LI0 YHUCJIOBLIX MIPOMEKYTKOB MHOMKECTBO, KOTOPOMY
IMPUHAJIEIKUT BEIOpaAHHOE YMCJIO, eCJU IMPOU30IILI0 coODbITHE:

1) AU B; 3) B; 5 ANBNC.
2) AN C; 4) ANC;
Ilepen dyrdonbHbIM MaTdeM «JIOKOMOTHB» — «3€HUT» OOJEIbIIHKU

obCyHIAa0T TaAKMe COOBITHA:

A — «,,3eHUT"» He IIPOUTPAET»;

B — «mMaTuy 3aKOHYUTCS BHHYLIO cO cUéTOM 1:1»;

C — «,,JlJokoMoTHB*» 1obenuT co cuétrom 2:0»;

D — «B maTde 3a0b10T He DoJiee TPEX I'OJIOB».

Kaxkoil cuéTt Mmo:KeT OBITH Ha Tab/I0 IOC/Ie OKOHYAHHSA MaT4ya, ecJIH IIPOoH-
30HIeT coDBITHE:

1) AN B; 3) AN D; 5) CUD?
2) BU C; 4) AUG;

BBIOpAHHBIN ITOCeTHUTENbL DacceiiHA yMeer
miaBaTe Opaccom, cobeiTue B — B TOM,
4TO OH yMeeT IJjaBaThk Ha cnuHe. Ha nua-
rpamMme (puc. 33.11) ykasaHo KoJuHue-
CTBO JIIOAEH B OJHOU WM IPYIroM I'pyIine.
Haunaure BeposATHOCTL COOBITHA:

30
1) A; 3) AU B;
2) B; 4) ANB.
33.11. Ucnounaysa yciaoBHe IpeabIAyIIel 3a1a- PF“C- 33.1
Y4, HAUJUTEe BePOATHOCTh COOBITHA:
1) B; 2) A; 3) AN B; 4) AUB.
33.12. Crpenok pesiaerT OABa BLICTPEJAa — CHa4Yajda B OONBINYK MHIIEHB,

a IMOTOM B MAaJIeHbKYIO. BepoATHOCTH TOT0, YTO OH MHOMANET TOJLKO
B DOJILIIYIO MUIllIeHBb, paBHa 28 %. BeposTHOCTb TOTr0, YTO OH MONAAET
TOJILKO B MAJEHbKYI0 MHIIEHbL, paBHa 18 %. Haligure BeposSTHOCTH
TOr0, YTO M3 JBYX BBICTPEJIOB CTPEJOK IONAaJET B MHUIIEHbL TOJBLKO
OJIUH pas.

33.13. Yuenuku 8 u 9 KiaccoB pellnJIH ChIrPaATh MeXAYy co00i OAMH MaTd B
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KOMAaH/Ia 8 KJAacCOB BBIUIPAeT ¥ KOMaHALI Y KJIaccoB TOJBKO B (yTdOI,
pasua 36 %, Tonbko B Dackerbon — 16 %. KakoBa BepoATHOCTH TOTrO,
yTo cOOpHas KoOMaHa 8 KJIaccoB BEIUIPaeT POBHO OfMH U3 IBYX ChII'DaH-
HBIX MaT4ueii?

33.14. OT oCTAHOBKH B LIEHTP ropoja MOKHO Ho0parscsa aBTobycoM, TPoOJLIei-
oycom u TpamBaeMm. YenoBek, emVIIUi B LIEHTP, CAAUTCA HA TOT BH]
TPAHCIOPTA, KOTOPLIN MPUAET HA OCTAHOBKY nepBbiM. M3BecTHO, 4TO aB-
TOOYC IPHUXOAUT IIepPBBEIM ¢ BepoaTHOCcThIO 0,6, Tpoamneitbye — 0,25,
TpamBaii — 0,15. Kakosa BepoATHOCTbL TOT'0, YTO YEJIOBEK OTIPABHTCH
B IIEHTD He Ha TpamBae?

33.15. B crTosoBoil mnpejaiaraercsa TpH NepBhIX OmMoma — consgHKa, dopmny u
yxa. Cpeny moKyIamwInUX mepsoe OJJIOA0 COJNAHKY BbIOMpAaeT KaiKIbli
BTOPO#, DOpI — Ka)KIAbIi TpeTUH, a YXY — KaM/Jblil [IeCTOH 4YeJIOBeK.
KakoBa BepOATHOCTh TOT'0, YTO OU€PEAHOI MOCeTUTEe b, KYIIUBIIKI 1mep-
BOe 0J110/10, He BeIOepeT Oopir?

R X

33.16. Cpeau aOUTYPUEHTOB MeXaHHKO-MATeMATHYECKOTO (haKyJabTeTa YHH-
BepCHUTeTa eCTh NPU3EPhl 00JIaCTHRIX OJIMMIHMAN U OTIMNYHUKU. Beposar-
HOCTh BCTPETHUThL cpeau adUTYpHUeHTOB HNpH3Eépa 00JIacCTHOM OJHMMIIHA-
nel paBHa 18 %, ormuuauka — 37 %, a npusépa obracTHON OMUMIIKA-~

abl uau oTandHUKAa — 43 %. KakoBa BeposTHOCTh BCTPETHTHL CPEIH
a0HUTYPUEHTOB IIpU3Eépa o0JacTHOH ONMMINMAALI U OTIHYHHUKA B OJHOM
naune?

33.17. BeinycKHUK yYHHBepcUTeTa Xo4deT padoraTsk B DaHKe WM B CTPaxoBOH
KoMItaHuM. [ToOBIBAB B 9TUX yUpeKIeHUAX Ha cobeceloBAHUAX, OH Olle-
HHUBAET BePOATHOCTEL ObITHL NPUHATHIM Ha padory B 6auk B 0,6, a B cTpa-
xoByI kKommanuw — B 0,7. Kpome Toro, oH cuuTaer, 4To eMy IMOCTYIIUT
npeaIo:xeHue U3 00oux MecT ¢ BepoATHOCTEIO 0,5. Kak oH mosxeH one-
HHTH BEPOATHOCTh OBITH NIPUHATHIM Ha pabory?

33.18. MexayHapoaHble (pMHAHCOBLIE AHAJHUTHKM IIPOBEJIM HCCIedoBaHHE U
BBIACHUJIN, YTO BEPOSATHOCTL POCTA Kypca eBpo K 10JIapy B CJeyIoleM
mecsmne cocraeiaser (0,52, BepoATHOCTHL pocTa Kypca IIBEHIapCKOro
¢dpanka ¥ monnapy — 0,34, a BepoATHOCTh: TOT0, YTO BBIPACTYT KYPChI
of0eux eBpoOmeHCcKUX BAJXOT K moanapy, — 0,18. HaiiguTe BepoATHOCTH
TOT0, YTO BBIPACTET KYpC 10 KpallHel Mepe OJIHOM eBPOIeMCKOM BaJlo-
ThL.

33.19. 'uapoMeTIeHTP NIPOTHOZUPYET TEeMIEePaATYPY U BIAMHOCTL BO3yXa HA
Onm:xaiimue JHH. BepodATHOCTH TOr0, 4TO BJIAKHOCTE HOBBICUTCA IO
100 % wuam rtemneparypa nonusurca Ha 5 'C, pasHa 90 %, a BepoaT-
HOCThb TOTO, 9YTO ¥ BJIaKHOCTE noBeicuTcsa g0 100 %, u Temneparypa mo-
Hu3uTcA Ha 5 C, — 45 %. KaxoBa BeposATHOCTH TOTO, YTO B OMMKaiIHe
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IHU TeMIlepaTypa Bosayxa noHusurcs Ha o C, ecaIu BeposATHOCTB TOrO,
YTO BIAXHOCTH NMoBeIcuTCA A0 100 %, paBHa 60 %?

33.20. B HeucnpaBHOU JIOCTPe IIOMEHSAJIHM HA HOBBIE BBIKJIOYATEb U JIaMIIOY-
Ky. BeposrHOCTh TOro, 4TO JaMIIOUKa IIpopaboTaeT He MeHee rofa, Co-
crasaser 0,95, a Beiknwuarenas — 0,97. Kpome Toro, uasecTHo, 4To C
BepoaTHOCThI0 0,01 B TeyeHUe roga MOTYT BBIUTH H3 CTPOS U JlaMIia, H
BBIKJII0YaTENb OfHOBpeMeHHO. KakoBa BepoATHOCTL TOI'0O, YTO B TeUYEHHE
rojia IpuAETCA 3aMEeHHUTh:

1) TONBKO JAMIIOUKY;

2) TONBKO BBIKJIIOYATEb;

3) IaMIIOUKY MU BLIKJIIOUATEIh;

4) POBHO OJIUH K3 JIBYX HOBBIX 3JIEMEHTOB JIIOCTPHI?

33.21. Ilera u AHapeill NpUIIINA HA 03€P0 JOBUTHL phidy. BepoaTrHoCTs TOrO,
yTO nepBas noiMaHHAasa pbl0a orakercd kaprnom, y Ilern pasaa 50 %,
ay Aagpea — 60 %. BeposarHocTh TOro, 4ro nepsas noldMaHHAasA PbI-
Da okaxKeTcA KaprIoM XOTA Obl V OJHOTO M3 MaJbYHKOB, paBHa 65 %.
KakoBa BeposTHOCTh TOI0, YTO IepBas MoiMaHHas pbiba OKamercs
KApIIOM:

1) u y Ileru, u y Aunpes;

2) roneko y IleTu;

3) TonbKO v AHOpes;

4) TOIBKO ¥V OJJHOTO U3 MAJbYUKOB?

1
YnpaXHeHUs AN NOBTOPEHUA g

33.22. YupocTuTe BeIpasKeHUe \/21 +2Jx% -y, ecmm x = iy > 0.
33.23. [lora:xuTre TOMXIECTBO

[ a—2b 1 o a+2b ] a? — 2ab 2b

@ +2ab  a® -4ab?® 2b-a)? )" a® + dab + 4b% a®’

g m 3aBMCUMbIE U HE3aBUCMMbIie cObbITUA

PaccMOTpHM ONBIT, COCTOANIMII B TOM, YTO MI'PAJbHBIN KyOHK moadpa-
ceiBaloT aBaxkibl. Ha pucyake 34.1 nmoxkasaHbl Bce 36 paBHOBO3MOMKHBIX pe-
3yJILTATOB 3TOT0 UcnbITaHusA. [IyeTs coObITHE A COCTOUT B TOM, UTO CyMMa UK~
ceJl, BLIIIABIIMX HA KyOUKe NPH IIepBOM M BTOpoM Opockax, pasHa 12. CoObI-

Tie A IIpoOHMCXOIHT TOJBKO B OJHOM CJly4dae — EKorjga oba Ppa3a BBINNAAVT

mectépku. ITosromy p(A) = =

36
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KOJIMUecTEO OUKOB HA KPACHOM KyGHKe

1 2 3 4 5 6
BEEEIEEEEIEERIEEIER
BOEPIEEIEEFIEEIEEIER
E&“z;::_-_h::‘,_f_,;.-' )EE) | GG | EEEE
E s | @A | GO | EE) | EE | 6 | EE)
R E S E

rFuc. 34.1

ITocraBum Takoil Bonpoc. M3MeHHUTCS IH BePOATHOCTh coObITHA A, ecnan
M3BECTHO, YTO NPH MepBOM HoAOpPACBIBAHMM BbIIIAJIA IIECTEéPKa (COCTOAIOCH
cobwiTie B)? Haur oneIT oAcKassiBaeT, YTO BEePOATHOCTE coOLITHA A moimxHa
U3MeHUThCs. [leficTBUTENRHO, €CJIH IIPU IePBOM MOAOpACEIBAHNUK BLINAJA IIIe-
CTEépKAa, TO JJIA HACTYILIeHUS cOOLITHA A IpH BTopoM MoAOpachIBAHUU TOXKE
IOJIKHA BBIMIACTL IIecTépka. BepoAaTHOCTE BhINAJAeHUS IIECTEPKU IIPH BTOPOM

1
noadOpackIBAHUM pPaBHA 5" IToaromy BepoATHOCTHL COOBITHUA A IpU yciIoBUH
. 1
BELINIAIEHUA LIECTEPKHU IPH nepBoM OpocKe paBHa i

Boobuie, ecin peusb UIAET O BEPOATHOCTH COOBITHA A nmpu ycJIoBHH, UTO
IIPOU3ONLIO coObITHE B, TO TaKy0 BEPOATHOCTL 0003HAYAIOT P, (A) 1 HaskIBa-
I0T YCJIOBHOH BepPOSATHOCTHIO.

Takum obpasom, B pacCMOTPEHHOM OIIbITE }’JB(A) == l.

6

Mpumep 1. M3 kopoOKH1, B KOTOPO# JiesKAT ABA KPACHBIX U YeThIpe CH-
HUX Iapa, Hayraj OepyT cHavyajla OAMH IIap, a norom emlé oauH. CobObI-
THe A cOCTOUT B TOM, YTO IePBLI B3ATHIN MIaP OKAMXKeTCs KpACHBIM, a cO0OBI-
Tue B — B TOM, 4TO BTOPOH B3ATHIH IIap OKaxeTcd KpacHbIM. Beruucaure
p,(B).

PeweHue. Ecau npousounio cobeiTHe A, TO mepBblil B3ATHIH map —
KPACHBIN. JTO 3HAYHT, YTO Mepe]] BRITATMBAHHUEeM BTOPOro Iiapa B KopoOke Ha-
XooATcA OJAMH KpPacHBIM map U derbipe cuHux. [loaTomy BepoATHOCTE TOrO,
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4TO B 3TOM CHTYValmu BTDprI B3STHIN oiap Tak ke oHax¥KeTcHda KpaCHBIM, paBHAa

1 1
= T e pA{B]:g.l

Pemenus 3a51au HA BBIYUCIEHHUE YCJIOBHBIX BEpPOAT-
HOCTeH YyIoOHO WINICTPUPOBATL ¢ HOMOIILIO IPEBOBUATHOIM
cxeMbl — paenaporpammsel (ot jgar. dendro — pepesBo u <
aHr. -gram — cyd@@UKC co 3HAUYEHHEM «3alluch, U3obpa-
;keHue» ). Hanpumep, onslT M3 npumMepa 1 MOKHO HIPOMJI-
JHOCTPHPOBATH JIEHAPOrpaMMO#, HA KOTOPOH IIpejcTaBie-
Hbl BCE BO3MOYKHbIE Pe3yJbTAThHI B JAHHOM HCIIBITAHUU

<&

(puc. 34.2). er:- 34.2

B

p(A) p(B)
B
B

P(A) p(B)
B

Puc. 34.3

Ecnu B HeKOTOPOM HCHBITAHUU pedb HUIET
0 IBYX cobbITHA A U B, To ANA UTIOCTPAIIUHA MO~
HO MCIIOJIB30BaTh, HAIPpUMep, JeHAPOoTrpaMMbl, U30-
Opa:K€éHHbIe Ha PUCYVHEe 34.3.

Bosne crpesok geHaporpaMmbl yaoOHO cTa-
BUTHL 3HAUEHUA BePOSTHOCTEH COOTBETCTBYIOIIUX
coObiTuii. Hanpumep, paccTaBuUB 3HAUYEHUS Bepo-
ATHOCTeH Ha JeHAporpaMMe npumepa 1, moaydyum
cxemy, usoOpaménHyw Ha pucyHke 34.4. Ilpa-
BUJILHOCTEL BBRIYMCJIEHUSA 3TUX BepPOsATHOCTEH Hpen-
jJaraeM BaM IIPOBEPUTH CAMOCTOATEJIbLHO.

3aMeTHM, 4YTO CTPEJIKH, BBIXOAAIINE W3 Of-
HOII TOuKH, 0003HAYAIOT CODBITHA, KA I0E U3 KOTO-

318

l " e
5)
l L
3 4
5 oo
g ' ]
2 D
3 .
3
5 N ]
.Pnc. 34.4




pPBIX ABJAETCA AonoaHeHWeM apyroro. llosromy cymma BeposTHOCTEeH COOBI-
THH, CTOAIIUX BO3Jie TAKKUX CTPEeJOK, paBHa 1.

nusgp Teopema 34.1
NMycte A u B — coBbiTna HekoToporo ucnsitaHus. Torga

pANB)=pA)p,(B).

Horamxem aTy TeopeMy [AJsl YACTHOTO cJy4das, KOTOPBLIA OIMHUCLIBAETCH
cAeAVIONield BepoATHOCTHON MOJe/bIo.

IlycTh B npAMOyTOJIBHUKE OTMEYeHO 7 TOYEeK, YacTh U3 KOTOPBIX ITOKpAa-
IIeHbl B KPAcHBIH IIBET, a YacTh MMEIOT OOJBIIWN pasMep, YeM OCTAJbHbIE
(puc. 34.5).

KonuuecTBo DOJMBIIMX KPACHBIX TOYeK 0003HAYMM 4Yepes X, MAJeHbBKHX
KpacHbIX — uepe3 iy, x # 0, y # 0.

HWcneiTaHWe COCTOMT B TOM, YTO M3 OTMEUEHHBIX M TOYEK IIPAMOYIOJIb-
HUKA Hayraj BelOHparoT oany. B aTroMm ucneiTanuu codsiTHe A cocTouT B TOM,
yTO BLIOpaAHHASA TOUKA OKAaMKeTcs KpacHOii, a coObiTue B — B TOM, UTO BBI-
OpanHas TOYKA OKaKeTcs DOJIBIIOI.

ITockonbKY BCe MCXOJbl B JAHHOM ONBITEé PaABHOBO3MOMKHBI, TO

X+y

p(A) = o

CobwiTue A (| B cocrour B ToM, 4TO BhIOpaHHAA TOYKA OKaXKeTCA Kpac-
ws & X
HOil 1 GonblIoit ogHOBpeMeHHo. [Toaromy p(A( B)==—.
n
Beruucnum BepoATHOCTS p , (B). Ecnu npousonwno cobeitue A, T. e. BbI-
OpaHa KpacHasd TO4YKa, TO 9TO O3HAYaeT, YTO U3 77 PABHOBO3MOMKHBIX HCXO0J0B
ONBITA MMeeT CMBICJI PACCMATPUBATL TOJBLKO X + Iy KpacHBIX ToueK (puc. 34.6).

Puc. 34.5 .PHE. 34.6

3 stux x + ! paBHOBOSMOAHBIX HCXO0JOB cobriTHIO B ﬁﬂ&I‘GHpH.HTCTB}’"
X

I0T TONBKO X pesdyabraTos. Ilosromy p , (B) = .
X+ y
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Takum obpasom, ycTaHOBJIEHO, YTO

p(Ap, By =""L. = =%=p[AﬂB}.n

n X+ Yy

Mpumep 2. M3BecTHO, YTO 03UMASA POKE VCIIENIHO IIEPEHOCUT 3UMY C Be-

POATHOCTHIO % . Ecin o3umas po:Kb YCIEIIHO IIepPeHeceéT 3UMY, TO BEpOAT-
HOCTH TOTO, UTO M O3UMAad IIIeHUIIA YCIEIIHO IIepe3nMyer, paBHA % Ecan
JKe 03HMVIO POMKBL BECHOH NPHUAETCA IepeceBaTh, TO BEePOATHOCTL TOrO, 4YTO
IPUIETCS IepeceBATh U 03UMYIO HINEHUIY, paBHA % Haitgure:

1) BepoATHOCTE TOTO, UTO M POKb, U NIIeHUIIA VCIIEIIHO IIePe3HMYIOT;

2) BepOATHOCTEL TOr0, UTO MINEHUIA YCIIEIIHO IIePe3uMyeT, a PoKb IIPH-
NETCs IepeceBaTh;

3) BepOoATHOCTEL TOr0, YTO NIIEHUIA VCIEIIHO Nepe3uMyer.

PeweHue. 1) Oboznauum yepes A n B cobriTHsA, cocTOAIINEe B TOM, YTO
VCIIEIIHO MepeHecyT 3UMY pPOob U HIIeHHIA cooTBeTcTBeHHOo. Torna maHHbIe
3alayy MOJKHO IPOHJLIICTPUPOBATH JeHAPOrpaMMOi, U300pakéHHOH HA PU-
cyHKe 34.7.

E f';, E .I;} E IJ
15 15 15
| A |
9 9 5
10 10 2 10 2
B 15 B 15 B
H H\‘\H l o " JH ‘\H“ -"‘\_\ l _;y JrJ::
1> B e 5 -
a ﬁ = #/{, ﬁ e s -
] g -3
o] 4 4
2 B 2 B 9 B
&=
r Puc. 34.7 r Puc. 34.8 Puc. 34.9

Poxb M nineHUIa yCIleIIHO MePe3uMVIOT, €CJIM IIPOU30MIYT U cODBITHE
A, 1 codsiTHe B (3eJéHble CTPEJNKH HA AeHAporpaMMme). YUHUTLIBAA (HOpPpMYIIY
TeopeMbl 34.1, moay4daem, 4To
9 13 39

pANB)=pA)p,(B)= o 78 %.
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_2) VYuurbiBagd (OpPMYyJaAY BEepPOATHOCTH JONOJHEHHA CODBITHA
p(A)=1-p(A), paccraBUM BepOSITHOCTH HAJ BCEMH CTPEJKAMH IeHJPO-
rpaMmmel (puc. 34.8).

ITmenuna ycoemrHo mnepe3smMyeT, a POb NPHAETCA NepeceBaTh, eCJH

NPOU30HAYT U coObITHE BB, 1 cobbITHE A (#KenThle CTPeJIKH Ha JeHAporpam-
Me). YuureiBas opmyny TeopeMbl 34.1, monydaem, 4To
A = H(A =k Lo L - g
p(ANB) = p(A)p,(B) = 0T E g 2 % .
3) ITmennna yeneiurHo nepesumyet (codbpiTHe B) IpH 0JHOM M3 ABYX Ba-

PHAHTOB — POXKb yCHEIIHO nmepesumyeT (cobbiTie A) HIH POXKB NPUAETCS Ie-

peceBaTh (cobuiTHe A ). OTU ABA BAPUAHTA NPOUJIIOCTPUPOBAHBI HA JEeHAPO-
rpamMe (puc. 34.9) 3enéHoi M KEITOH BEeTKAMH,
ITo0 o3HAYAET, uTo cobbITHe B ABIsAeTca o0befuHeHHEeM ABYX COOBITHIA:

A (] B (3enénas seTKa) u ANB (;xénraa setra). [lockonbKyY coObITHA A B A

ABIAIOTCH HeCOBMEeCTHRIMU, To cobbpiTusg A (| Bu A() B raxkxe apnsiores He-
coBMecTHLIMHU. [ToaTomy

p(B) = p(AﬂB)+p(;1ﬂB} =78 %+2%=80%.m

mgp OnpegeneHme
Myctb A u B — coBbiTia HekoToporo ucnbitaHus. Ecnv BepossTHOCTL cobbi-
™M A He nameHseTca oT Toro, npousowno nu cobbitne B, a BepoaTHocTb
cobbiTa B He nameHsercs ot Toro, npousowno nu cobbitue A, To cobbi-
™A A n B HazeiBaloT HezaBMCMMBIMM.

Hanpumep, nycrs HUIrpajdbHBIM KYOMK HOAOpPAacCBIBAIOT ABAMIALI U IIPU
nepBoM Opocke BbinaJsa niecrépka (codwiTue A). CoodleHne o ToM, YTO IIPOH-
301110 COOBITHE A, He HBMeHseT LIAaHCH] BEINIaJleHHA IPH BTOPOM IoA0pachiBa-
HUM KYOHKAa, HAIpUMep, TpoHKH (cobsiTue B). Touno Tak ke HHGpOpMaAIHAA O
TOM, YTO [IPU BTOPOM IToj0packiBaHUM KyDUKa BhIllajla TPOUKAa, HE U3MeHAeT
BEpPOATHOCTH TOT'0, YTO IIPHU IIepBOM NoAOpachklBaHUM KyOMKa BhIaja LIecTep-
ka. CnemoBarenbHo, cobbiTua A u B SBIAKTCA HE3aBUCHUMBIMH.

ToBopsa apyrumu ciosamu, cobowvimus A u B nezasucumst 6 mom u
MoJAbKO 6 mom cayuae, xkozoa p (B) = p (B) u py(A) =p (A).

Ecau oguo us pasencts p (B) = p(B) nnu p(A) = p (A) He BeInOTHALT-
cdA, To cobbpiTA A U B Ha3bIBalOT 3aBUCHMBIMH. Hamnpumep, nmycTh Urpasib-
HBEIN KYOMK nmoabpackiBaT oJuH pas3. Eciau cobeiTue A cocTouT B TOM, UTO Ha
UIpajJbHOM KyOHMKe BBINAJIO YETHOE YHCJI0, a cob0vlTHe B — B TOM, 4TO Ha

urpaasHoM KyOHKe Bhlnana JABOUKa, To p(B) = é, ap,(B)= % IToaromy

p (B) # p(B), r. e. Takue coberTus A u B ABNAIOTCA 3aBUCUMBIMHU.
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mngy Teopema 34.2
Ecnu cobbitna A n B HekoToOporo ucnbiTaHUs ABASIOTCA HE3aBUCMMbIMM, TO

p(A (1 B)=p(A)p (B).

[loka3zaTtenscrBo
Ecau cobertus A u B nezasucumsl, 1o p ,(B) = p (B). Mcnone3ys paseH-
CTBO TeopeMsl 34.1, moarydyaem

pANB)=pA) p,(B)=pA)p(B).=

IlonsaTHe He3aBUCHUMOCTH CODOBITHM MOMKHO 0000IIUTE AJA TPEX U DOJIb-
mero KojaudecTBa coObITHH. B Takom ciydae Tak:Ke HMeeT MECTO YTBepHe-
HUe: eCJiU COObIMUs HeKOMOoPOozZo UCNbIMAHUA SAGHAAIOMCA HEe3A6UCU -
MbIMU, MO 8EPOAMHOCHb NEPECEUCHUS IMUX COOBIMUIL pa8HA NPOU3 -
gedeHuU10 ux sepoamHocmetil.

Mpumep 3. Crpenok momnajiaer B MHIIEeHb ¢ BepodaTHocThio 0,9. Haiigu-
T€é BEPOSATHOCTL TOT'0, YTO U3 TPEX MOCJIeJ0BATEIbLHEIX He3ABUCHUMEIX BhICTDE-
JIOB CTPEJIOK IOIAaAET B MHUIIIEHEb TOJIBKO ¢ TPEThero pasa.

PeweHune. Ilycte cobbiTHe A cOCTOMT B TOM, YTO CTPEJIOK He IIONAJET
B MHIIEHL IIPH IIEPBOM BBICTpeEJEe, cOObITHEe B — B TOM, YTO OH He IIOIAJET B MHU-
IIIeHb IIPM BTOPOM BBICTpeJie, a cobbiTHe ' — B TOM, YTO OH IIOHAJET B MUAIIEHL
npu TperbeM BeicTpene. Ormerum, uro p(A)=0,1; p(B)=0,1; p(C)=0,9.

Crpellok nomnajgéT B MUIIEHL TOJLKO C TPETHEI'0 pas3a, ecJu NPOU30HIYT
u cobbiTHe A, u cobeiTHe B, 1 cobbiTue C, T. . npousoigér cobuirue A (| B[] C.
Beraucaum p (A (1 B O).

ITockoaBbKY BBICTPEJIbl IIPOU3BOAATCA HE3aBHCHMO OJHUH OT APYIroro, TO
cobsiTusa A, B u C 6yayr HezasucuMmbeIMu. IloaTomy

p(ANBNOC)=pA)pB)p(C)=0,1-0,1"-0,9=0,009. m

Mpumep 4. JIsa 3aBoga Npou3BOAAT 30HTEL. [lepBbIi 3aBO MPOU3BOIMT
30 %, a Bropoit 70 % Bcero o0bémMa 30HTOB. BeposaTHOCTh KYIIUTE OpAKOBAH-
HbIi 30HT paBHa 1 %, eciiM OH M3TOTOBJIEH HA MEPBOM 3aBOJie, U paBHa 3 %,
ecJiM Ha BTopoMm. HalijiuTe BEepOATHOCTHL TOTO, UTO HaAyraj BbIOpAHHBIN 30HT
oKakercsa OpaKOBaHHEBIM.

PeweHwue. IlycTs cobertusa A, u A, cOCTOAT B TOM, YTO BRIOPAHHBIN 30HT
M3rOTOBJIEH COOTBETCTBEHHO Ha IIePBOM M BTOPOM 3aBojax, a cobbitue B —
B TOM, YTO BbIOpDaHHBIHA 30HT OKasayca OpakosanHbIM. Torpa cobbrtusa A, N B
u A, (1 B cocroar B ToM, 4ro OpaKOBAHHLIN 30HT SABIAETCA U3JeIHeM COOTBeT-
CTBEHHO II€ePBOr0 M BTOporo 3asojaoB. CiemoBaresibHO, coObiTHe B MOMHO

1 Unorga aTo cBOMCTBO HCIONB3VIOT B KAuecTBe olpeeeHHs He3aBHCHMBIX (HesaBHCH-
MEIX B COBOKYIIHOCTH) cOORITHIA.
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IIpeicTaBUTEL KaK o0benunenue cobeiruit A, (1 Bu A, (1B, r.e. B=(A,[1B) U
U (A, N B). Coberua A, (1 B u A, (| B asnsiorca vecomecTHeiMu. Torna,
npuMenaa Teopemy 34.1, moxuo 3anucars p (B) =p (A, N B) + p(A, N B) =
= p(Al)pJ_,{l[B) - il':J(A?);;{,112 (B) =0,3-0,01 +0,7-0,03=0,024. m

B xonme pemenus mnpumepa 4 MBI MOJYYWUJIU paBeHCTBO p(B) =

= p{Al}pAl{B) - p{Az}pﬂz (B), rme cobertua A, u A, ABNAIOTCA HECOBMECTHBI-

MU, a UX 00beJHHeHHEe — JOCTOBePHOe cOObITHEe. ITO PABEHCTBO ¢ YKA3AHHBI-
MU YCIOBUSMHU ABJIAETCA YACTHBIM ciIydaeM GoJiee oburero gakra: eciau cobbl-
ma A, Ay, ..., A ABIAIOTCA IIONIADHO HECOBMECTHLIMH, a UX 00beJUHeHnEe —
I0CTOBEPHOE COOLITHE, TO BEPOATHOCTh COOLITHA B, KOTOpOe MOKeT IIPOU30ITH
TOJIBKO IPY BBIIOJIHEHUH OJHOTO U3 cOOBITHIA A, A,, ..., A , BEIYHCIAETCA IO
dhopmyne p(B) = p(4, )‘H*'H (B) + p(A, )pAE(B) + et p(A”)p_,i” (B). 9ro pasen-

CTBO Ha3LIBAIOT (POPMYJIOi MOJHOM BePOATHOCTH.

4

? 1. Y70 Ha3bIBAKOT YCIOBHOW BEPOATHOCTLIO?

2. Kakyio guarpammy yaoOHO wucnonb3oBaTh ANA UNNOCTPauMK 3ajay Ha
BblYMCNEHWE YCNTIOBHbLIX BEPOATHOCTEN?

3. Kakne gBa cobblTUa Ha3biBalOT HE3aBUCMMbIMW?

4. Kakune pgBa cobDbITMA Ha3bIBalOT 3aBUCMMbIMIA?

5. Kak HanTK BEPOATHOCTb NepeceYeHns He3aBUCUMbIX CODbITUIA?

6. Mo kakou opmMyne MOXHO HaWTW BEPOATHOCTb NepecevyeHua ABYX 3a-
BUCUMBbIX COBBLITHIA?

= o
YnpaXHeHVs g smem

34.1. Cpenn yYueHHKOB Balllero KJacca Hayraj BbelOpanu ogHoro. Haiigure Be-

POATHOCTE TOI'O, YTO BLIﬁ'pﬂHHLIfI VUEHHMEK HMeeT OLIeHKY «H» 1o anare-
ﬁpE, eCJIM M3BECTHO, YTO ELIEII]ELHH Malb4YHKa.

34.2. B rabnuue npejcrasieHa MHGpOpMAIMHA O MKHUBOTHBIX nUTOMHHUEKAa. M3

BCEeX KMBOTHEBEIX IHTOMHHKA HAyrajJ BeIOpaau ogHoro. Hadigure BeposT-
HOCTh TOT'0, UTO BLIOpPAHHOE »KUBOTHOE CTAPIIE Iojia, eCJIH U3BECTHO, UTO
BeIOpanu cobaky.

BoapacT Cobaru Komkn ‘
Mo rona 74 3 ‘
Or roga no ABYX JeT 4 11 ‘
Crapme aByx JieT 15 22 ‘




34.3.

34.4.

34.5.

34.6.

34.7.

34.8.

34.9.

B RUpOGHE JexaT HeCKOJBKO IIIapoB OOHOI'O LEeTa. aubo Bece KpacHble,
aubo Bce cHHUE. BEPOHTHDETL TOTO, YTO B HDpDﬁHE JexaT KpaCHBIe IIa-

pbl, paBHa % W3 kopobku Hayraj mocjenoBaTebHO OepyT ABa HIapa.

1) KakoBa BepOATHOCTH TOT'0, YTO BTOPOM BBITAHYTBIM IIap OKAMKETCH
KpacHbIM?

2) KakoBa BepOATHOCTE TOI'0, UTO BTOPOIl BBITAHYTHIA IIAD OKAaMKeTCHd
KPACHBIM, €CJIH IIePBLII BLITSAHYTRIN LIAD TAKMKEe OKAa3aJcsad KPACHBIM?
3) KakoBa BepoATHOCTEL TOI'0, YTO BTOPOH BBITAHYTHIN IIAp OKAaXKeTCH
KpPaCHBIM, €CJIH IIePBLIN BLITAHYTHIN IIAD OKA3aJcsad CUHHUM?

Mosxery nmogbpacsiBaioT 5 pas. HaiiguTe BepoATHOCTh TOr0, YTO B KaK-
OOM H3 HOCJeIHHUX TPEX IMoA0pachklBAHKUI BhINAAET repd, ecJl B KaXKI0M
U3 MepBhIX ABYX noabpacklBaAHUMN BLITIAJIO0 YHUCJIO.

B KopoOke JeKaT py4YKH CHHEro H KpacHoro mnsera. M3 KopoOku Hayraj
IIOCJIEIOBATEJIEHO BEITAIMBAIOT JiBe pyuku. CocraBbre NeHIAPOrpaMMYy
2TOr0 UCIIBLITAHUS.

YeJ0BeK OXKUIAET HA OCTAHOBKE aBTOOYC MM TPOJLIeHOyc M 3aXONUT B
TOT BHJ TpaHCIIOPTa, KOTOPBIN npuaeTr nepsbiM. Haxonsack B TpaHcmop-
Te, YeJIOBeK CAIUTCA Ha CHAeHbEe BO3Jie OKHA, eCJIH eCTh TaKoe cBODO-
Hoe MecTo. CocTaBbTe AeHAPOrPaMMYy 3TOr0 UCIHBITAHUA.

HssectHo, uTo p(A)=0,2, p(B)=0,6 u p(A U B) =0,7. Haiigure:

1) p(A N B 2) p \(B); 3) py(A)-
HssecrHo, uT0 p,(B) = 0,4, py(A)=0,7u p(A M B)=0,2. Haiigure:
1) p(A); 2) p(B); 3) p(A U B).

Ha cobpanum npucyTeTByIOT 16 dyeoBeK, M3 KOTOPBIX 11 KeHINMH H
o My:xuuH. [[n8 mogcuera pe3yabTaTOB I'OJOCOBAHUA IIpejjaraeTcs Bbl-
OpaTh CUETHYIO KOMHCCHIO U3 TPEX YeJIOBeK. YJIeHOB CUETHOI KOMUCCHU
BBIOMPAIOT NOCJIENOBATENLHO NYTEM Kpebusa. M3BecTHO, YTO NMEepBLIMU
ABYMS 4YJleHaMH KOMHCCUM OKa3aJiuch My:K4uHbl. Haiigure Bepodr-
HOCTBL TOTr'0, YTO TPeTbUM M3 BLIOPAHHBIX YJEHOB CUETHON KOMUCCHU
okazkercs KeHiquHa. CocraBbTe JAeHAPOrpaMMYy 3TOT'O OIBITA.

34.10. 13 xopoOku, B Koropoii me:xkar 15 cuaux u 10 KpacHBIX 1IapoB, HAYTa/

DepyT cHavaja ONUH, a HOTOM ellé oguH mwap. M3BecTHO, YTO IEPBLIM
map ObLI CMHUM. BEIUHMCINTE BEPOATHOCTE TOI'0, YTO BTOPOM IIap oKa-
skercst KpacHeIM. CocTaBhTe JEeHIAPOrPaAMMY STOr'0 OIBITA.

34.11. llocne nyremecTBusa B EBpony vy nyrellecTBEHHUKA OCTAJNIUCE (oTo-

324

rpadhuu — 9 nmeiizaxein u 16 moprperoB u3 @paHUKE U 5 IIelsaxeil u
12 moprperos u3s Mramun. IlyremecTBeHHUK BbhiOUpaeT Hayrajn 2 doTo-
rpachun. Kakosa BepoATHOCTH TOro, 4TO OHH oDe OyAyT meisakamu,
eCJIM M3BECTHO, YTO OH He BhIOpAJ HHM OJHOTO IOopTpeTa u3 @paHimum?



34.12. B OyKMHUCTHYECKOM MarasuHe Ha IIOJKe ¢ JeTeKTHBAMH CTOAT 25 KHUT,
M3 KOTOPBIX D B TBEpAoi u 20 B MATrKoil 00JI0KKe, a Ha II0JIKe cO COOpHH-
kamMu moasun — 30 kHHr, u3 KoTopbiXx 12 B TBépaoi m 18 B Mmarkoi oo6-
noxke. Ilocerurens marasuHa OepeT Hayrajl OJJHY KHUI'Y ¢ B3TUX TOJIOK.
KakoBa BeposATHOCTE TOr0, YTO aTO OyaeT cOOPHUK I0I3UH, €CJN U3BECT-
HO, YTO BbIOpaHHAA KHUr'Aa He ABJIAETCS JeTEeKTHBOM B MATKOH 00/I0MKKe?

34.13. IIpu obGcTpesie cMecH U30TOIOB YPAaHA MYUYKOM HEHTPOHOB BEPOATHOCTD
HAYajga yIpasisgeMoil aaepHoil menHoi peaknun cocrasiaser 30 %. Ka-
KOBa BEPOSITHOCTHL TOT'0, YTO U3 ABYX TAKUX HE3aBUCUMBIX ONLITOB TOJb-
KO BO BTOPOM HAYHETCHA YIIPABIAeMAas AJepHAas [elHas peariiusa’?

34.14. CorntacHo jgeMorpauuyecKMM HCCIEJIOBAHUAM BepOATHOCTL TOrO, YTO
HOBOPOMAEHHEIN pe0EéHOK oKaKeTcd MaJabuuKkom, pasHa 0,512, Haiigu-
Te BepPOATHOCThL TOT'0, UTO B CeMbe, IJIAHUPYIOIIEH UMEeTh TPOUX JeTeil,
neTH poJisATCA B NOCNeNoBaTeIbHOCTH: MAIbUYUK, 1eBOYKa, MAJIbUYUK.

¢ ¢ ¢ |

34.15. Ha npocnekre ycraHoBJaeHo ABa cBerodhopa. BepoarHocers 3adHUKCcHpO-
BaTh 3€JIEHBIH CBeT Ha mepBoM ciBerodope pasua 0,7, a Ha BTOPOM CBe-
Todope — 0,9. BeposarHocTs 3aUMKCUPOBATH 3€JIEHBIII CBET OJHOBpEe-
MeHHO Ha oboux ceerodopax pasHa 0,6. Haiigure BeposATHOCTS:

1) sadurkcHpoBaTh 3eJIEHLIH CEET HA IIePBOM CBeTO(Ope NpH YCIOBHH,
4YTO HA BTOPOM cBeTO(hope TaK¥Ke MOPUT 3eJIeHbLII CBeT;

2) za(huKCUPOBATEH 3€JEHLIM CBET HA BTOPOM cBeTogope IPH YCIOBHH,
4TO Ha [IepBOM CBeTodope TaKKe NOPUT 3eJEHbII CBeT;

3) 3a)UMKCHPOBATHL CUI'HAJI, 3aNIPEIIAl0IUi IBUKeHIe HA IIePBOM CBETO-
¢ope, IpH YCJIOBHUU, YTO HA BTOPOM cBeTodoOpe ropuUT 3eNEHbIN CBET;

4) zapUMKCHUPOBATL 3€JEHLIM CBeT Ha BTOPOM cBeTodope IIpH YCJIOBHH,
YTO Ha MepBOM CBeTOo(ope rOPUT CUTHAJ, 3alpelfaninuil JBHKeHHE.

34.16. IInnuepus npepiaraeT o JKeJAHHIO IIOCETHTENSd A00aBIATHL B IMHIIY
DexoH u/uau rpudbi. BeposaTHOCTE TOr0, YTO MOCETUTEb MOIPOCHT JO-
oaBuTs DexoH, pasHa 0,5, a rpuber — 0,75. BeposaTHOCTE K€ TOT0, YTO
IIOCeTUTEe]b NONPOCUT H00ABUTHL B MUY OekoH uiau rpudsl, pasHa 0,8.
Haiinqure BepoATHOCTE TOTO, YTO:

1) nmoceruTenb HOIpocUT Ho0aBUTHL OEKOH, €CJIM M3BECTHO, UTO OH VIiKe
nonpocus 1006aBuUTE rpudLI;

2) moceTuTeNs MONPOCUT AO0ABUTHL I'PUOBI, €CJIU H3BECTHO, YTO OH He
N0UT DeKOoH.

34.17. B ropoOke jnemxar 28 cMHUX U 12 KpacHBIX pyYeK. YUYeHUK BhIOHUpaeT
Hayraj py4kKy U3 KoOpoOKH ¥ 3TOH pyuyKoil nmuirer uucjo Ha Oymare. Cka-
HEep pAaclOo3HaeT YUCJI0, HANUCAHHOE CUHEeNd PYYKOM, ¢ BepOATHOCTBIO
90 %, a umcio, HaIWCcaHHOE KPAacHOH py4Koii, ¢ BepoATHOCThIO 80 %.
Ha#nure BepodATHOCTH TOr0, UTO HAIllMCAHHOE YHCJ0 OyJeT paclo3HaHo.
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34.18. Ha copeBHOBaAHMAX 110 METAHUIO KOIILS IOCJHeIHEMY CIIOPTCMEeHY OCTa-
JIOCh BBIOOJIHUTH IOCJIENHIOK MONLITKY. Ecim Bo Bpemsa Opocka Berep
OyeT monyTHLIM, TO CIIOPTCMEH CMOJKeT no0eJIuTh ¢ BepoAaTHocThio 0,4,
ecJIM yKe BeTep OyIeT BCTPedHBIHl — TO ¢ BepoaTHocThio 0,3. Haiigure
BEPOSATHOCTh HOOeIbl CIIOPTCMEHAa, eCJld BePOSATHOCTH METHYTH KONbE
npu monyrHoMm Berpe pasHa 0,6, a npu Bcrpeunom — 0,4.

34.19. IIycre A u B — HesaBucuMEIe cOOLITUA HEKOTOPOr0 MUCOBLITAHHA C He-
HYJeBLEIMUA BeposaTHocTAMUA. MoryT nu cobbeituss A u B 0bITh HECOBMeCT-
HBIMH?

34.20. IIvere A 1 B — HecoBMecCTHBIE COOBITHS HEKOTOPOT'O UCILITAHUA C HEHY-
JIeBbIMH BepoAaTHocTAMU. MoryT in codbiTusa A u B ObITh He3aBUCUMBIMH 7

34.21. Aujgpeii nonajgaeT B MHUIIeHbL ¢ BepoaTHocThiO 0,7, Cepreit — 0,4, a
IIérp — 0,2. Bee Tpoe aenarT mo ogHoMy BbicTpeiy. Kakosa BeposT-
HOCTB TOT'0, 4YTO:

1) momaayT BCe HOHOIIIH;

2) HU OMH U3 IOHOIIEI He MOImajeT;

3) ToabKo AHIpel momajer;

4) pOBHO OJIMH U3 HOHOIIEH ITOIIA/IET;

D) He monageér Toabko Ilerp;

6) TOJABKO OAUH U3 IOHOIIEH He ITONaeT;

7) o KpaitHell Mepe IBOe I0HOILIEH monagyT?

34.22. Cpenu norepeiiHbix O6uaeroB 20 % BeiurpeinHbsix. Urpok npuobpén
3 ounera. Kakoea BeposATHOCTEL TOTO, UTO CPEAU KYIIJIEHHBIX OUJIETOB:
1) He OyJeT BHIUTPHIIIHBIX;

2) OymeT pOBHO OJUH BEINT'DLIIIHBIII;
3) OymeT pOBHO ABa BLIMI'PBLIIIHBIX;
4) OyIyT BCe BLIUTPBIIIHEBIE?

34.23. BepoaTHOCTb TOro, 94T0 (hyTOOJBHBIA MAT4Y MexXAY kKoMaHgamMu A u B
3aBepIIUTCA BHUYBLIO, cocraBiaser 40 %. BepoaTHocTs mobembl KoMaH-
nel A pasaa 10 %, a xomauael B —50 %. Komauner A u B nnasupyior
IIPOBECTH CEPHI0 U3 YeTBhIPEX IMOeIUHKOB Me:xay coboii. Kakosa BeposT-
HOCTB TOT'0, 4TO:

1) BCce UI'phlI 3aKOHYATCA BHUULIO;

2) komanga B He mpourpaeT HU OJHOI'0 MATUA;

3) komanga A mobeguT TOJLKO BO BTOPOIl HUrpe;
4) xomanaa A mobegUT TONBKO OJUH pa3 B cepuu?

. .
YnpaxHeHus ANA NOBTOPEHMA g &

34.24. YupocruTe BhIpaxkeHue \/ ad 1 . +x + \/ ad 1 2 Jx.
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1
34.25. IIpu Kakux 3HAUEHUAX MapaMeTpa d YUCJ0 1 ABJSIETCS KOPHEM ypaB-
HeHus a’x? + 4dax — 5=107?

% m rEDMETpIiI‘-IECI{EH BEPOATHOCTDb
e

«Mopckoi 6oii» — Hrpa, 3HaKOMAas [IOYTH KaKJIOMY IIKOJILHHUKY. B ka-
KOl KopalbJib OoJbllle MIAHCOB IOINACTh — B ABYXNAJNYOHBIH WK YeThIPEXIIA-
nybubH? KoHeuHo, B 4eThIPEXAaNyOHBIH, Belb OH COCTOMT U3 OOJBIIEro Ko-
JTAYeCTBa KJieTodeK. To JKe camMoe MOMKHO CKA3aTh MHAYe: IMOCKOJIbKY «ILJIO-
aJb» YEThIPEXMAJyOHOTo Kopabisa DoJblle «ILIOMAAWY ABYXIaaybHOTO, TO
BEPOATHOCTh IONACTE B 4YeThIpeéxnany0HbIl KopaOib OoJsibllle, 4eM BepOAT-
HOCTH IIOIIACTEL B JABYXNAJNYOHLIN.

3aa4uM, B KOTOPbIX BEPOATHOCTh CAYYAHWHOr0 COOBITHA MOKHO HAWTH,
BREIUMCJ/IMB HEKOTOPbIE reOMeTpHUYecKHe BeJIMUMHbI, Hepeaku. [IpuBenem emre
OJIMH IIPUMeEp.

BecnomHUMM, 4UTO KOrma mepBbIe KANIX OMKAA MaJgal0T Ha JeTHWw 0a-
CKeTOOJNLHYI0 mIomaaky (puc. 35.1), To ocTaBJAAOT HA HEill TOUKH-OTMETKH.
KakoBa BepoATHOCTHL TOr0, YTO OUepefHas TOUKA IMOABUTCA B LEHTPAILHOM
Kpyre maomanku (codeitue A)? EcTecTBeHHO CUUTATEH, YTO BEPOATHOCTE CJV-
qailHOTO coOBITHA A OyaeT paBHOH OTHOINEHHIO ILIOIAJH IIEHTPAILHOIO KPYy-
ra K mioiraau Bceid nmnomanku. Hanpumep, ecnu niomjagka uMeeT pa3Mepshl
26 x 14 m, a paguyc HeHTpaJbHOro Kpyra pasex 1,8 M, To

2
p(4) =22 - 0,03.
26 -14

O0o0IIMM HAIIKA pacCyKIeHUd.

Paccmorpum Takoe uenbiTanue. B niockoit purype U ¢ HeHyIeBol 1110~
maabio S Hayrajg seidupatoT Touky X. Kakosa BepoOATHOCTH TOTO, YTO TOYKA X
nonajér B ganuyio opurypy A c U c nmnomaznsio S, (puc. 35.2)? O6bruno cuu-

U

Puc. 35.1 .Pm:. 35.2
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TAIOT, YTO TaKasd BEPOATHOCTH OyJeT paBHOM OTHOLIEHUIO MJIOIamu S, Gury-
pel A K naomanu S duryper U, 1. e.

(s

p(A) =

A
S

SHMETHM, qTO OJIAd OIIBITOB C ELIﬁDp{}M TOY-
KH Ha IIpHMDf[ HIH B IIPOCTPAHCTEE MOMHO 34-
IIHCAaTh aHaAJOI'MYHBIE OTHOIIEeHIMA. HB_HPHME]}, {i

ycTh TOUKY X BeIOMpAIOT HAVIal HA IIPOMEKYT- e —

ke U gounoii [ (puc. 35.3). Ecau npome:xyTor A e A
nuHoi [, npunanmexut npomexyTky U, To Be- U
POATHOCTh TOT'0, YTO TOYKa X IMonaaér B mpoMe-
AKYTOK A, MOMHO BBIYHCIUTE 10 (hopMy.Jie FP“‘:- 35.3
[
p(A) ==

B omnriTe ¢ BeiOOpoM ToukH u3 Teaa [/ obwpéma V ucnmoasayior opmyany

g

A =7

rae V, — o6béM Tesa A, apasiomerocs yacTeio Tena U.
Takoil crocod BEIYMUCIEHUS BePOATHOCTEH CJAVYAHUHBIX COOBITHI HA3LI-
BAIOT I'eOMeTPHYECKUM OIpe/ie/leHHeM BepPOATHOCTeH.

MNpumep 1. B npaMoyroJbeHBIH TPeyroJbHUK ¢ KaTeTaMu 5 U 12 Hayran
OpocaroT Touky. KakoBa BepoATHOCTh TOr0, 4YTO TOYKA HONANET B KPYr, BIIH-
CAHHBINA B 9TOT TPEYTrOJbHHK?

2-12
PeweHwue. Ilnomanes TpeyroJbHUKAa pasHa S = g " 30. Hcmonpsys

1

hopmMyly » = — , BRIUHCJIUM paguyc Bnucanuoro kpyra. Umeem » = 2. Torga
fL

ILJI0Ialb BIIMCAHHOTO Kpyra paBHa 4m.
CrnenoBaTe/lbHO, BEPOATHOCTEL TOr0, YTO Hayra/J BEIOpAHHAS TOYKA MOMAa-
2n

i % 4n
NeT BO BIIMCAHHBIN KPYI, COCTABJISET E = E ¥

Mpumep 2. FOHOmA B geBYIIKAa JOTrOBOPHJIHCH 0 cBuganuu ¢ 15:00 mo
16:00. U3BecTHO, YTO KasKAbIil M3 HHUX NPHUXOAHUT B jgiodoe BpeMmsa ¢ 15:00 mo
16:00 HesaBucuMoO oT Apyroro. Ecau roHolIa IPUAET M HE BCTPETHUT AEBYIIKY,
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TO OH Oynmer :xaaTh ee emle 20 muH. JleBylIKa B aHAJTOrMYHOM cUTYaIlUU OyaeT
HIaTh woHOomYy Toabko 10 mua. Kakosa BepossTHOCTH TOTO, YTO CBHAAHUE CO-
CTOMUTCA?

PeweHune. Ilycre x 1 iy — BpeMmsa (B MUHYTaxX) IIPUXOJa HA CBHIAHUE
IOHOIIIH M BpeMs IMPUXO0/ia JeBYIIKK COOTBETCTBEHHO, oTrcunuTaHHble oT 15:00.
Hanpumep, econu oHoma npumen B 15:20, To x = 20 muse. Onucars He3aBHUCH-
MBIl ¥ ciy4allHbIH BeIOOp nepeMeHHBIX X € [0; 60] u i € [0; 60] moxHO TaK.
Bri0epem nayran B kBagpare OKLM roury () (x; y) (puc. 35.4). Torga xoop-
NUHATHL X U i TOYKH () ONpesesdioT BpeMs IIPUXoJa I0HOIIHA U JAeBYIIKH COOT-
BETCTBEHHO.

BrigscHuM, IpH KAKUX YCJIOBUAX COCTOUTCA CBHaHHUE.

Ecnu joHONIa NpUNIEN paHblle NEeBYLUIKH, T. €. X < ¥, TO CBUJaHHE IIPO-
U30MNET MPU YCIOBUH, YTO JIEBYUIKA TIPUAET He mosigHee yeMm dyeped 20 muH,
T. €. BpeMs I JOJIHKHO YOOBIETBOPATHL YCJIOBHIO iy < X + 20.

Ecau ioHoma NpUINEN He paHbIIe JeBYLIKHU, T. €. X < Iy, TO CBHIaHUe
NIPOU30UAET NMPU YCJAOBHUHM, UTO IOHOMIA IPUIET He Mmo3aHee yeM uepe3 10 mun
[ocje JeByILIKH, T. €. BpeMA X JOKHO YAOBJIETBOPATH YCJI0BHIO X < i + 10.

Takum oOpasom, CBUIAHHUE COCTOUTCHA TOrAA, KOTJAa 4YHCIA X U Y OyayT
VIOBIETBOPATH COBOKYITHOCTH HEPABEHCTB

x<ys<x+20,
y<xsy+10,

ITocTpouB rpadwuk aroit coBokynmuoctu npu x € [0; 60] u y € [0; 60]
(puc. 35.5), moayuum purypy A.

yh yh

60 K ! 60 K E L
Q(x; y)

dn
: 20
|
! A - >

@, X 60 x () X

Puc. 35.4 .Prm:. 35.5

CnemoBaTesIbHO, IOHOIIA M JEBYIIKA BCTPETATCA TOTJa M TOJLKO TOT/A,
KOorjla Hayraj BbhiOpanHas B KBajgpatre OKLM touka momazér B urypy A.
Ilna maxoxaeHus maomanu S, GUrypel A BeIUHCIEM IJIONAJb KBaJgpara
OKLM u nnomanu rpeyronsHuKoB KEF u MTN. Umeem:

| 7
Sokiy = 60% = 3600, Sy, = 40% =800, S, = ~50° = 1250.
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p(A)

rd

4

Orciona S5, = 3600 - 800 -1250 =1550.

HCI]O.JIEBYH reoMeTpiYecroe oOlIIpelneadeHNe BEpGﬂTHDETEﬁ, noayvdaemM
_ 1550 _ 31
3600 T72°

Kakow crnocob HasblBaloT reoMeTpUHeckm ornpegeneHnemM BeposiTHOCTEN?

- B
YNpaXXHeHWA o o wew

35.1.

35.2.

35.3.

® ¢

Ha orpeske [—2; 2] mayran BeiOupaiorT uncio x. KakoBa BepoATHOCTE
Toro, 4ro |x| < 1?

B ky6 momecTuan apyroi Kyd co cToOpoHO#, B ABa pas3a MeHbIIeHd CTOpo-
HbI naHHoro kKyba. Kakosa BepoATHOCTH TOT0, YUTO HAyTraj BeIOpaHHAA
B DoJbilleM KyDe TOUKA HONAJET B MEHBLIIUN Ky6?

B kpyr paguyca 1 soucanu kBaapar. KakoBa BeposaTHOCTHL TOr'0, YTO HA-
yraj BbIOpaHHAas TOYKA Kpyra He IIOIaJeT B 83TOT BIUCAHHBIN KBajgpat?

35.4.

35.5.

35.6.

35.7.

35.8.

. K

B kBajgpaTe co cTropoHOll 3 Hayraj BeiOMpaloT Touky. Kakosa BepoAT-
HOCTb TOI'0, YTO PacCTOAHUE OT BbIOpAHHON TOYKH N0 OJuKaiiiiei cTo-
POHBI KBajipaTa He IIpeBbimaer 17

Ha okpy:xHocTU ¢ HeHTpoM B Touke () ormerusn Touku A u B rak, uto
npamaa AB e coumep:xutr Tourky (J. Ha 3To# Ke OKPYXKHOCTH cayuaii-
HbIM 00paszom BwIOuUpaetrcsa Touka C. Hailijure BepoATHOCTL TOI'0, UTO
xopaa BC nepecekaeT guaMeTp, OPOXOAAIIAHN Yyepe3 TOUKY A.

B npaMoyroJbHHKE CO CTOPOHAMHM D M 7 Hayraj BeIOMpaioT Touky. Ka-
KOBa BEPOATHOCTHL TOTO, YTO PACCTOAHHE OT BLIOpAHHOW TOYKH 0 BCEX
CTOPOH NPAMOYIOJbHUKA OKaxKeTcsa MeHble 47

B kBajpaTe c BepuIMHAMH B Toukax ¢ xkoopaumHaramu (0; 0), (1; 0),
(0; 1), (1; 1) mayrag BeiouparT Touky ) (x; y). Ina caydailHeIX cOOBI-
it A={(x;y)|x<0,4} u B={(x; y)|y > 0,7} noraxure paBeHCTBO
p(AN B) = p(A)p(B).

B kBajpaTe ¢ BepmmHaM#u B Toukax ¢ Kooppumuartamu (0; 0), (1; 0),
(0; 1), (1; 1) mayrag Beidbupator Touky ) (x; y). ona caydailHBIX cOOBI-
it A={(x;y)|x=>0,5} u B={(x; y)| y < 0,3} noxaxure paBeHCTBO
g(fl N B) = p(A)p(B).

35.9.

330

B kBajpaTte ¢ BepmmHaMu B Toukax ¢ xoopaumaramm (0; 0), (1; 0),
(0; 1), (1; 1) mayrag BeibupatoT Toury ) (x; ). Haitnure BepoATHOCTS
CAYYAHHOr0 CODBITHS:

1) {(x; y) | x < 0,3} 3) {(x; y) | max{x, y} > 0,7}

2) {(x; y) | x+y > 0,2}



35.10. B kBajgpaTe ¢ BeplIMHAMH B Toukax ¢ roopauuaramu (0; 0), (1; 0),
(0; 1), (1; 1) mayrang seibupaior Touky ) (x; ). Haiinure BepoATHOCTD
CAYYAHHOr0o COOBITHUA:

1) {(x; y) | y > 0,8}; 3) {(x; y) | min{x, y} < 0,4}
2) {(x; y) | x -y <0,3};

35.11. Ha nnockoctu npogsein 0OECKOHEYHOE KOJMYECTBO HapalliellbHbIX
npameix. Paccrosamne Mexay coceHUMHU NPAMBIMU paBHO 5. Kakosa
BEPOSITHOCTL TOr0, YTO MOHeTa paauyca 1, KOTOPVIO CaAy4allHBIM 00-
pasom OpocalmT Ha ILJIOCKOCTh, IlepecedyéT OJAHY M3 OapajjielbHBIX
NpAMBIX?

35.12. Ha KoopaHMHATHVIO IIIOCKOCTEL CJAy4YaliHBIM o0OpasoM OpocaioT MOHETY

1 "
pagnuyca Z . KaroBa BepOATHOCTE TOTO, 4TO OHA IIepecedeT OJHY W3 IIpsA-

MBIX BUJA Yy =k unu x =k, rne k € Z?

=

35.13. Augpeii u Kupnin gorosopunuck o serpeue B 12:00. Kamxabiil 3 HUX
NPUXOIUT HA MecTo BeTpeuu B Jiboe Bpemsa ot 11:50 mo 12:10 uesa-
BHCHUMO OT gpyroro. J[pyssda HOroBOpHUJINCE KAAThL Apyr apyra 10 MuH.,
KakoBa BepoATHOCTh TOT0, YTO BCTPEYaA COCTOUTCAH?

35.14. Iloesna meTpo XomAT Ka:mkiable 3 MuH. I[locagka maccaXHpoB JJIHTCS
20 c. KakoBa BepOATHOCTb TOr'0, YTO IMACCAXKUP IIOCJE MPUX0/a HA CTAH-
IIUI0 B TeueHHe 1 MUH csAmeT B BAroH MeTpo?

. .
YnpamHeHus ANA NOBTOPEHMA o m

35.15. IIpn KakuxX 3HAYeHHAX NapaMeTrpa H HMeeT €JUHCTBEHHBI KODeHb
ypaBHeHUe bx? + x + b = 0.

35.16. Haiinure Bce mapbl HATYPANbHBIX YKces (m; 1) Takux, uyro m! + 12 =

= 12,

KOI4A CAENNAHBI YPOKU 4

MeTtog MoHTe-Kapno

l'eomeTpuuecKy0 BepPOATHOCTL HCIIONB3VIOT B pasjenax MareMaTHuue-
CKOW HAVKH, KOTOpbIe HA MEepPBBIN B3IVISJA He MMEKT HMKAKOTO OTHOIIEHHA K
Teopuu BeposaTHocTel. IlokaskeM, Hanmpumep, Kak ¢ [OMOINLI0 IreoMeTpuUye-
CKOM BepPOSATHOCTH NPUOJHKEHHO BRIYMHUCIAIOT IJIOMIAAN CJAOMKHBIX QPUTYD.
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Paccmorpum cdurypy A, 3afaHHy0 Ha KOOPAMHATHOHN ILJIOCKOCTH XY,

HAIpUMep, HEPABEHCTBOM (X + /i — U2 )2-“"4"" =3 £ 1 (puc. 35.6). ITocTpouts
rpachur (gaxmxe npudIN3UTEILHBINM) TAKOI0 HepaBeHCTBA — TpyAHAaAS 3aga-
yal. HemoHATHO TaK:e, KAK M3BECTHBIMM METOJAMH BBIYHCJIHUTH ILIOHIAAbL
thurypnr A.

S L
orkyna S, = Sp(A). CnemosarennHo, A BRIYHCICHUA IIOMALU PUIypsl A
HeoOX0AMMO 3HATH Iomans .S guryper [/, Koropoil npunaaie:xuT purypa A,
1 BEPOATHOCTDh IONANAHUA TOYKH B GUrypy A npu cnyuyailHoM BeIOOpE TOYKH
B purype U.

ITockonbKy 00JacTh OIpee/ieHUA JAHHOTO HepaBeHCTBA 3aaéTCA YCJII0-
BuamMu 0 < x <1, 0 < y <1, To Bce TOUKH pUTypsl A NpuHAAIEKAT €JUHNY-
Homy kBagpary OKLM (puc. 35.7). IloaTromy B KauecTBe (purypel {/ BosbMEéM
eqnuHuuHbIN KBagpar OKLM ¢ nnomansio S = 1.

BocnonbayeMmcsa gopMysioil reomerpudeckoil BepoaTHoeTn p(A) =

M
Q 1 X

Puc. 35.6 - Puc. 35.7

Benmuuny p(A) MoxHO TpUOIHKEHHO OIIEHUTH, BEIYUCIHE YaCTOTY 110~
naganua Touku B purypy A. laa aroro mamo N pas Hayraj BbIOpaTh TOYKY
@ (x; y) c koopaguraramu x € [0; 1], ¥ € [0; 1] u noagcYUTATH KOJTMYECTBO TEX
caydaeB, Korja OyJeT BBINOJHATLCA JaHHOe HepaBeHCTBO (cMm. puc. 395.7).
OObIYHO TAKHE HCIBITAHUA MOJAEJHPYIOT ¢ HOMOIILI0 KOMIbioTepa. Mcnonib-
3ys CTAHJADPTHBINA reHEpaATOp CAYYAHHBIX YMCEJ, HA KOMIIbIOTEpe JIeTKO pea-
JTU30BATHL cay4ailHbIH BeIOOD uncen x € [0; 1], y € [0; 1]. Kpome Toro, Takum
crrocoboM HeoOXoauMOe DOJbIIOe KOJTHYECTBO UCOBITAHUIT MOXKHO IPOBECTH 34
CUUTAHBIE CeKYH/IbI.

1 'pajur pamnmoro mepaseHcTBa, M306paKEHHLIN Ha pHcyHKe 35.6, mocTpoeH ¢ momo-
OB KOMIOBIOTEPA.
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ITposens N = 10° Taknx ucneITaAHHI, ABTOPELI VUeOHHKA BEIACHHIIN, YTO
B N, = 457 134 cnyuasx BelOpaHHasi Hayraj, TOYKa nomnaina B ¢urypy A.

457134
108

S, =p(A)S, umeem: S, = 0,457.

Takoil MmeTo NPUOMUIKEHHOr0 BRIYHCIEHUS IJIOMAAH HA3BLIBAIOT METO-
nom MonTte-Kapio.

Haszsanue metona MouTe-Kapiio npoucxoguT oT Ha3BaHUA ropojia KHA-
;ecrtBa Mouako. I'opoxg MoHTe-Kapio 3HaMeHUT MHOIOYHCJIeHHBIMH KAa3UHO,
a OOHHUM H3 IPOCTEHIINX MeXaHHMYeCKHUX YCTPOMCTB AJSA IOJYUYeHUS Cay4aii-
HBIX YHCeJl ABJAeTCA UI'poBas PYJeTKAa.

g m Cxema bepHynnum

B Teopuu BepoATHOCTEN pasdHble HA BUJ 3aJa4H MOI'YT OBITH PeIleHbl Of-
HUM U TeM e crocoboM. B Takux caydasax roBopsar, YTO 9THU 3a/la4¥l OMUCHI-
BaeT OJHA U Ta jKe BepOATHOCTHaA Moaeb. OQHA U3 CAMBIX BayKHBIX BEPOST-
HOCTHBIX MOJieJiell noJiyuusia HagdBaHue «cxemMa BepHyJiu».

Paccemorpum cienyioiui npumep.

CnenosarenbHo, p(A)= = 0,457. Bocnonbp3oBaBmHChs (OPMYIOH

Mpumep 1. BepoaTHOCTh NONaJaHUs MAYA B KOP3MHY OpPH IITpadHOM
Opocke y Oackerbosucra paBHa p. BackerfonueT NpPOBOLUT CEPHIO U3 TPEX
mTpadgHeIX OPOCKOB (KaskIbIA M3 OPOCKOB BBINMOJHIAETCA HE3aBHCHMO OT pe-
3yJabTaToB apyrux). KakoBa BepoATHOCTH TOro, 4YTO OacKeTODONHMCT HOIAHET
B KOP3UHY TOJBKO:

1) nmpu nepsoMm u BropoM OpocKax;

2) mpu BTOPOM H TpeTheM OpocKax;

3) nBa pas3a u3 Tpéx OpocKoB?

PeweHne. 1) O6osnavyum uepes A, A,, A, cobeiTusa, cocrosauue B TOM,
4yTo DACKeTOONMHCT MONaféT B KOP3HHY COOTBETCTBEHHO IIPH IEPBOM, BTOPOM
N TpeTbeM DpocKe.

Torma

P [AI} :p(ﬁg) =¥ [Ag) = P>
p(A) =p4)=p(A4)=1-p.

bacrkerbonuer nonaiéT B KOP3MHY TOJLKO IPH IepBOM M BTOpOM Opo-
CKax TOrJa U TOJbKO TOrfla, KOrga npousodayT u cobertue A,, u cobeitue A,,
a TaKxke He npousoiaér cobsitue A,. IloaTomy, ecnu obosnauuTs yepes X co-
ObITHE, COCTOAIIEe B TOM, 4TO 0AacKeTODOJMHUCT MOHmaJéT B KOP3UHY TOJBKO IPH

nmepBoM u Bropom Opockax, To X = A (1A, A_a ITocKONBKY Kamablil u3 6Gpo-
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CKOB BBIIIOJHAETCHA He3aBHUCHMO OT DPe3VIALTATOB IPVIHX ﬁpﬂCRDE, TO MOMHO
3allcaTh:

p(X) = p(A4 NA, NA) = p(A)p(A4)p(4) = p* A - p).

IIpusenem mMeHee hopMaJibHBIN BAPUAHT TOJIBKO YTO HU3JIOMKEHHOr'O pe-
IIeHUs.

CoOrslITHE, cOCTOAIIEEe B TOM, YTO DacKeTOOMHCT HONAJET B KOP3UHY TOJb-
KO IIpU ITepBOM M BTOpPOM Opockax, sakoaupyem Tak: «+ + —». [lo yenosuio aa-
Jayy BepPOATHOCTL 3a0pOCHUTHL MAY B KOP3HUHY (BEPOATHOCTL «ILJIIOCA») paBHA
P, @ BePOATHOCTh NpoMaxa (BepoATHOCThL «MUHYca») pasHa 1 — p. IlocKoabRy
DPOCKH BBINTOJHAITCA HE3aBUCUMO, TO BEPOATHOCTb CODBITHA «+ + —» MOMKHO
HATH Kak [IPOM3BeJleHMe BepoaTHocTel: p - p - (1 — p) = p*(1 — p).

2) BakogupyeM coOBITHE, COCTOSAIEEe B TOM, 4TO DACKeTOOJMHCT MOIageT
B KOP3HHY TOJLKO IIPHX BTOPOM M TpPeTheM Opockax, Tak: «— + +». Paccyxmgas
TOYHO TAK ’Ke, KaK B NOYHKTe 1, IMOJYy4YHM, UTO BEPOATHOCThL 3TOI0 COOBITHA
pasna (1 —p) - p - p=p*1 - p).

3) Backerbonucer nmonaféT B KOP3UHY JBa pa3a U3 TPEX OPOCKOB, ecJIH
IIPOU3OUAET OJHO U3 CIAeAVIONIUX TPEX COOBITHH: «+ + —», UIU «+ — +», UIH
«— + +». [IOCKONBKY BepPOATHOCTDL KAMKIOI0 U3 3TUX cOBbITUH paBHA pi(1 — p)
U 3TH COOBLITUS HECOBMECTHBI, TO BEPOATHOCTh TOT0, YTO DacKeTOOJUCT IOMAa-
HNET POBHO JBa pasa U3 TPéx GpocKos, pasHa 3p*(1 — p). m

ObobmuM 3amauy npumepa 1.

B HekoropoMm ucneiTaHUM (Hanpumep, nNpu Opocke MA4Ya B KOJIBIO) C
IBYMS BO3MOMKHBIMHM HcxonaMmu «¥» (yenex) m «H» (Heyamaua) BeposATHOCTH
ucxona «¥» pasua p. IlyeTs 9T0 UCOIBEITAHUE IIOBTOPSIOT # Pa3 U KaKJ0e UCIIbI-
TaHUe BLINOJHAETCS HEe3aBHCUMO OT pe3yJbTATOB ApYyrux ucnsiranuii. Takyro
CepUI0 UCIIBITAHUI HA3LIBAIOT cXxeMoil Bepuyinu ¢ napamerpaMu 1 U p.

Ilepeiiném k Dosiee moapoOHOMY M3yueHUIO cxeMmbl Bepuyanu. Haitnéem
BEPOATHOCTHL TOr'0, UTO B cXeMe bepHy/IU ¢ ImapamMeTpaMu # U p U3 1 IIpOBe-
NEHHBIX UCIILITAHUKI POBHO /M 3aBeplIATCA UCXOA0M «¥» (ycIex), a OcTalbHbIE
71 — m UCHbITAHUN 3aBepuaTcsa ucxojaom «H» (Heynaua).

Byaem paccy:xXIaTh aHAJIOIMYHO pelleHnio npumMepa 1. CHauana Halgem
BEPOATHOCTL TOT'O, YTO IepBbie 1 MCILITAHUN 3aKOHYATCA MCXOHOM «¥», a
OCTABIIMECA M — M HUCILITAHUNA — wmcxogoM «H». 9To cobbiTHe 3aKogHpyeM
TaK: «Y ¥ ..¥Y HH..H» . ITocKOJIBKY HCOLITAHUS BEIIONHAKTCS HE3ABUCHMO,

R "
moves  (n— m) OVES

TO BepOATHOCTE cobbiTusa «¥ ¥ ... ¥ HH.. H» paBua

moyves (10— m) VKB

p-p....p-d-p-A-p)y-...-A=-p)=p"(1-p)"~".

M MHOMHTenell (n —m) MEORHTEDR
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JIo0oe gpyroe codsiTHE, B KOTOPOM 777 UCOBITAHUYN 3AKOHYATCSA UCXOJ0M
«¥», a n — m ucnblTaHUl — ucxoaoM «H», TakxKe MOMHO 3aKOJUPOBATH HAa-
bopom DVKEB, coCTaBJIeHHBIM U3 M OVKB «¥» 1 n — m OyKB «H». [loaTromy ero
BepOSITHOCTL Tak:ke paBHa p”(1 — p)" ~ ™. CiegoBaTelbHO, BEPOATHOCTE TOTO,
YTO M3 7 NPOBEJAEHHBLIX HCIBITAHUA POBHO M 3aBepIIaATCA HMCXOIOM «¥»,
paBHa:

'K pﬁr(l _p)n— m

rme 2 — KOJHUYECTBO COOBITHII, 3aKOJUPOBAHHLIX C MOMOINLIO 77 OYKB «¥» U
n—m oykB «H»,

Ocranock HaiiTh yucio k. ITocKoabky uymcio kB paBHO YHCIY CIOCOOOB
paccTaBUThL M OYKB «¥» B IIOCJe0BATeIbHOCTH U3 72 OYKB, TO k = C:E”.

Takum obpasoMm, gepoamuocms mozo, ymo 6 cxeme bepuynnu c
napamempamu n U p poeHO M UCNHBIMAHUL 3A6EPULAMCS YCNEUHbIM
ucxodom, pasna

Crpm(1-p)y " (1)

Hanpumep, B cxeMe bepuyanau ¢ napaMerpaMu # = 9 U P :% Be-

POATHOCTh [ABYX VCIEIIHBIX HCXOJ0B, T. €. Korma m = 2, OyJZeT paBHa

2 5 -2
C? 11(7_1 _80
3 3 243
OOpaTuTe BHUMaHWe HA TO, UTO BEIPpAKEHHE C:E” p"(1 - p)y"' ™ manommu-

HaeT cjaraemoe opmyisl OuHoMa HeroToHa. 3T0 He cayuaiiuno. Eciu obosHa-
YuTh ¢ = 1 — p u 3anucars Gopmyny 6mHoma HblooToHa nasi BbhIpaskeHU:
(g + p)', To nony4yum

(g+p) =q"+Clg" 'p+C2q"2p2 + ...+ p". (2)

B npasoit yacTH 3alIHcaHHOTO paBeHCTBa (m + 1)-e cmaraemMoe UMeeT BH]
C:!”q” “Mp™t = C:!”p’” (1-p)'~™ u coBonanaer ¢ BeIpaxenueM (1).

OTMmeTHM Tak:ke, 4yTo opmyina (2) UMeeT BEePOATHOCTHYIO HHTepIIpe-
ranuio. C ofHOM CTOPOHEI, HOCKOJLKY ¢ = 1 — p, TO BEIpa:keHue B JIeBOH 4a-
cTi paBHo equHuIie. C 1pyroil CTOpoH.I, cjaaraeMble B IPABOM YacTH pPaBHBI
BEPOATHOCTAM TOr0, UTO B cxXxeMe BepHyJlIM pOBHO M HUCHOBITAHUN 3aBep-
IaTCcA yCIellHBIM HcxoaoM. Tak mepBoe cjaraeMoe COOTBeTCTBYeT 3Hade-
uuw m = 0, BTopoe cilaraeMoe — 3Ha4eHHI0 m = 1 U T. [I., IOCJIeJHEE CJIa-
raeMoe — 3HaueHHI m = n. [lockoabKy 3Ha4YeHHE /7 IMIPU BCEX BO3ZMOMKHBIX
pe3yJabTaTax onbiTa OYAeT paBHO OJHOMY M3 IeJablX yuces ot 0 go », To cyM-
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Ma B IpaBOM 4YacTH paBeHCTBA (£2) 3aaéT BEPOATHOCTL JOCTOBEPHOTO CODBI-
THA.

Mpumep 2. @epMepcKoe X03AMCTBO 10 IIPOU3BOACTBY OBOIIEl IIOCTAB-
aseT KapTrodeib B TOProBYIO ceTh. BeposaATHOCTE TOro, YTO HAyraj BeIOpaHHAaMA
KaprodenHa VIOBIeTBOPAET TPeOOBAHUAM TOProBOM ceTH 1o Macce u gopmMe,
pasua 80 %. HaiiTn BepoaATHOCTL TOro, uTo U3 20 Hayraj BLIOpAHHBIX KapTO-
thbesrnH 16 yAOBIAETBOPAT TPeOOBAHHAM TOPIOBOI CETH.

PeweHwne. YciioBHe 3ajadyy MOMKHO OIHCATL cxemoil Bepuymin.

IeillcTBUTEBHO, IIPU CJIy4allHOM BbIOOpe KaprodelnHbl BO3SMOMHBI IBa
uexoaa:

«¥» — BbIOpaHHada KapTo(enUHa YIOBJIETBOPAET TpedOBAHHUAM TOPro-
BOH CeTH (YCIelUIHBIN MCX0/);

«H» — BbiOpanHas KaprodelrHa He YI0OBJIETBOPAeT TpeDoOBAHHUAM TOP-
roBoi ceTH (HeyCHOelIHbIH HCXO0[H).

BeposaruocTs ucxona «¥Y» no ycioBuwo 3azadu pasHa p = 0,8. [lannHoe
ncnbeiTaHne nosropawTt 20 pas, T. e. n = 20, npu 9TOM HE0OX0AMUMO BEISCHUTH
BEPOATHOCTE TOro, 4To u3 3Tux 20 ucneiTaHuii 16 3aBepuiarcsa UCXoIoM «¥»,
T. e. m = 16.

Ucnonssysa ¢popmyny (1), moayyaem, 4To HCKOMAas BepoOsATHOCTL paBHA

C18.0,816.0,2¢ = 0,22. m

Mpumep 3. B HEKOTOPOM HMCIIBITAHUH cJiydaiiHoe cobwiTHe A nmpoucxo-
IUT ¢ BepoATHOCTEIO p. UcnbiTanue nosropsAwT 10 pas (kasxgoe u3 10 ucrbl-
TAHUU IIPOXOMUT HE3ABHUCUMO OT Pe3yJIbTATOB OCTAJBHEIX UcHbiTaHWil). Kako-
Ba BEPOATHOCTHL TOro, 4To B aTuX 10 ucneiranusx cobbiTue A nmpousoiiier He
MeHee JIBYX pas?

PeweHune. IIycres X — cobwiTHE, cocTOAlee B TOM, 4To A mpousoimér

He MeHbllle ABYX pas. Torga X — cobbITHE, COCTOsAIIEe B TOM, 4TO A HiIu npo-
U30UIET OJJUH pa3, UM BooOIIe He MPOU30UJIET HU pa3sy.

BepoaTHocers TOro, uro codwitHe A mnpousoiigér oaumH pas, paBHA
Cl,p( - p)® =10p(1 - p)°.

Beposarwocts TOoro, uro codbiTHe A He mpowsoaeT HU pasy, paBHA
Chop"@ - p)*° =@ - p)°.

CoObITUA, BEPOATHOCTH KOTOPHIX Mbl HAIILIHW, ABIAIOTCA HECOBMECTHBI-
Mmu. IloaTomy B

p(X)=10pA-p)°* +(1-p)*° =1 - p)°A +9p).
Takum o6pazom, p(X)=1-1-p)°(1 +9p).
Oteer: 1-(1-p)°(1+9p). m
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2

1. YT0 Ha3biBalOT cxemon bepHynnn?
2.[lo kakon dopmyne MOXHO HaUMTU BEpPOATHOCTL KONMMUYeCTBa yCnellHbIX
McxodoB B cxeme bepHynnn?

[ B
o & YnpaXXHeHUA g s umw
36.1. HalinuTe BeposATHOCTL TOro, 4TO B cxeme BepHy/uiM ¢ napamerpaMu #

36.2.

36.3.

36.4.

¢ ¢

U ) YHCJI0 YCHEUIHBIX UCXO0B PABHO 171, €CJIN:
1)yn=8,p=02,#=2; 3)n=4, p=60 %, m=3.

2]??:5,;9:%,?&:5;

HaiiguTe BeposATHOCTL TOT'0, YTO B cXemMe BepHy/IU ¢ mapaMeTrpamMu
U 7 YHCJIO YCHEITHBIX UCXO00B PABHO M1, €CJIN:

1)n=ﬁ,p=%,m=3; 3)n=5,p=T70,m=2.

2yn=3, p=0,4, m=0;

Hatigure yucnoBble 3HAYEHUA BEPOATHOCTEH TOTO, YTO B cxeme BepHy-
au ¢ napamerpamu 1 =4 u p = 30 % 4ueso yernemrHeIX HCXO0B PABHO 71
npum =0, m=1, m = 3, m = 4. CpaBHUTe NOJYyYEHHbIe 3HAYEHUA U
clieJlaiiTe BBIBOJ] O TOM, KaKOe KOJHUYeCTBO YCHEIIHBLIX HUCXOJ0B Haubo-
Jiee BEPOATHO.

Kakoe KOJIHM4YeCTBO VCIIENIHBIX HCXOJ0B HAUMEHEe BepPOATHO B CXeMe
Bepuynnu ¢ napamerpamu n =3 u p =75 %?

¢

36.5.

36.6.

36.7.

36.8.

36.9.

KaxoBa BepoATHOCTE TOT0, YTO H3 5 OPOCKOB UrpajibHOTO KyOHKa ILie-
CTEPKAa BBINAJIET POBHO TPHU pasa?

Mownery nopbpaceiBaioT 7 pas. KakoBa BepoATHOCTHL TOr0, YTO POBHO
2 pasa BeImajet repo?

Crpesiok momazaeT B MHUIIEHbL ¢ BepoATHOCThbI0 p. Halinure BepoAT-
HOCTH TOr0o, 4TO U3 12 BEICTPEJIOB CTPEJIOK IONAJET B MUIIEHb POBHO
NATH pas.

BeposarHocTs TOro, 4To CTAHOK M3rOTOBUT OpPaKOBAHHYIO JleTajlb, paB-
Ha p. KakoBa BeposATHOCTHL TOTO, UTO U3 25 JeTaneil poBHO 3 OyxyT Opa-
KOBAHHBIMHU ?

TecT cocrouT U3 7 BOnpocoB. BeposaATHOCTL TOr0, YTO YUEHUK IMPABUJIbL-
HO OTBETHT HAa OT[EJbHO B3ATHIM Bolpoc, paBHa 90 %. Haiitu BeposT-
HOCTE TOT'0, YTO YUEHHUK IIPABUJILHO OTBETUT HA O BOIIPOCOB.

36.10. B HOBO#1 KBapTHpPe BKPYTHIHM 6 HOBBIX JaMIloueK. BeposaTHOCTE TOrO,

yTO JIaMIIOYKa ImpopaboraeT He MeHee Toja, coctaBader 0,95. Kaxosa
BEPOATHOCTL TOTO, YTO B TeYeHHE roja NPHUAETCS 3aMEeHUTh POBHO
2 1aMIIO4YKu?
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36.11. IIpu urpe B rennunc AHapei B cpeagHeM BrIUrpeisaeT v Cepresa 2 reiima
u3 o. KaxoBa BepoATHOCTH TOT0, 4YTO M3 7 reiiMoB AHJpe# BBIHI'DAET
poBHO 2 reiima?

36.12. EcTb » AIMKOB, B KAXKJI0OM M3 KOTODLIX JIEXKAT 1 YEPHBIX M m Oesbix
mapoB. M3 kamjgoro amumka Hayrajg oepyr no ogaoMmy uapy. Kakosa Be-
POSATHOCTE TOI0, YTO CPEJM B3ATHLIX IIAPOB OVAET POBHO R 4EépHBIX?

36.13. B » BArOHOB 2JIEKTPHUYKH CAYUYAUHBIM 00pa3oM CcagATCa ¥ HaCCAKHUPOB.
Kakosa BepoATHOCTHL TOr0O, 4YTO B IIEPBOM BaroHe oKaxKkercda k M3 9THX
naccamxmnpos?

=

36.14. B cOopuywo komanHny Poccunm ma MexayHapomHoll MaTeMaTH4YeCKOM
onmumnuane BXoauT 6 uenoBexk. Ha ocHOBaHMM BBICTYILJIEHWH pPOCCHII-
CKHX IIKOJBHUKOB Ha OJMMIIMAAAX ITPOILILIX JIeT ObLJI ClejiaH BbIBO/I,
YTO BEPOATHOCTb POCCHUMCKOTO UIKOJBHUKA MOJYYUTH 30JI0TYI0O MeJalb
Ha onumnuaae cocrasuasger okoso 61 %. Ouenure BeposATHOCTE TOTO, YTO
Ha odepenHod Me:mxayHapoaHOH MaTeMaTHYeCKOM OJMMIIMaie KOMaHIA
Poccun 3aBorwer He MeHee D 30JI0ThIX Mealiei.

36.15. Bo Bpemsa snujeMHUH T'PUIIIIA BEPOATHOCTL TOT'O, YTO Bpayd, KOHTAKTU-
pywoumiuii ¢ 6o1bHBIMHU, caM 3adoyieer B TeueHue Henaenw, pasHa 0,07.
Haiigure BepoATHOCTE TOro, uro u3 20 jJedamux Bpavyeil NOJUKJINHHUKHN
B TeYeHUe HefleJd 3a0oJieeT He MeHbIe 2 YeJlOBeK.

36.16. I'pocecmeiicTep HPOBOAUT CeaHC OJAHOBPEMEHHOM HUI'DbLI B IIaXMAaThl Ha
30 nockax. BeposaATHOCTE TOro, YTO 'POCCMEHCTEP BEIMTPAET KAMKIYIO OT-
nenbHyI0 nmapruio, pasiaa 95 %. KakoBa BeposaATHOCTHL TOr0, YTO B CEAHCE
rpoccMeiicTep BRIMI'paeT He MeHee 28 mapTuii?

=@
YnpamHeHus ANA NOBTOPEHMS g m

36.17. Pemiure HepaBeHCTBO:!
1) |22 +3x| < x + 4;
2) |x2 +3x| = 2 - a2.

36.18. Pemure ypaBHeHHE:

1) .r+4+:r—4:.r+8+.r—8_
r=1 x+1 x-2 x+2°

x-1 x-2 x-3 x-4,

2) r+1 x+2 x+3 x+4°
3) 24+ 2y42 x2+8x+20:x3+4x+ﬁ+x2+ﬁx+12
r+1 xr+4 xr+2 xr+3 :
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Cny4aiHble BeIM4UHbDbI

B nosceHeBHON AU3HU MBI UACTO BCTpedaeMCH C BeJIMUMHaMH, KOTOpPLIE
MEHSOT CBOHM 3HaueHMs. MX HasbIBaloT InnepeMeHHBIMHE BeJIHYHHaMH. Ha ux
3HAYEHUS BIUAET LeJbId pan {haRTDpUB, JHaHHe KOTOPBIX IMO3BOJIAET OoIlpele-
JIATE NOoBeJeHe HEDEMEHHDE Be/IMYIHBI. O,H,HELHD H3MeHeHHe MHOI'HX BeJIHMYMH
MNPpOHCXOIHT B 3aBHCHMOCTH OT YVCEOJB3aKOIIHUX OT HallleTro KOHTPOJIA NpHYHH.
I OBOPHAT, YTO 3TH BEJIHYHHEBI IIOOBEPDMHEHEBL Cﬂ}”iﬂﬁ[—lﬂﬁ H3MEeHYHBOCTIH.

PﬂCCMOTpHM TAKHE 3KCIIepHMEHTHBI.

. BeIACHAIOT KOJIHYECTBO VHalniMxcsda B KJIacCe Ha MOMEeHT Hadaja 34-

ot

s

HATUIH.
. U3mepsarwT HanpsixKeHUe B 1elld IepeMeHHOTI0 TOKA.

. PUKCHUDYIOT KOJIMYECTBO IOCeTUTeJ el My3es 3a OJIUH JeHb.

. OmnpenensaoT JHEBHYIO BBIPYUYKY B IIKOJBHOI CTOJIOBOIA.

0. IlogbpaceiBasgs UrpajdbHBI KyOHK, (PUKCHUPVIOT BBLINABIIEe KOJUYe-
CTBO OYKOB.

PesynsraToM KajKJOro M3 3THX HKCIEPHUMEHTOB SBJISETCS HEKOTOpoe
YHCJIO, KOTOPOe He MOKeT OLITh pas U HaBCerja OnpejesieHO, a MeHAeTCHA 1o
BJIUSAHUEM CJIYYaNHBIX BO3AeHcTBUE. B Takux caydasax ropopar, 4To B JaHHOM
HUCNBITAHUN PACCMATPHBAETCA CAy4YalHadA BeJHYHHA (KOJHYECTBO YUAIUXCA,
BeJINUMHA HANPAMKEHU B I[eNH, KOJUYeCTBO NOoCeTUTeJ el u T. 1.).

TakuMm obpasoM, caydalHOH BeJHYHHOH HA3BIBAIOT BEJUYHHY, 3HAYE-
HHUA KOTOPOH ONpeesiAloTCsa Pe3yJbTaATAMM HCIIBITAHMA C YHCJIOBBIMH HCXO-
naMu. SHaYeHUe CJIVIalHOU BeJIMYMHELI 3aBUCHUT OT Pe3yJibTaTa 3KCIepHuMeH-
ta. [ToaroMy npu M3y4YeHUU CHAYYAHHON BEeJIHMYMHBI HA MOMOI[bL ONPUXONAT Be-
POSATHOCTHBIE OI[EHKH.

Cnyualinpie BeNMUUYMHBI OyaemM o0003HAUaTh JaTHHCKUMM OyKBaMU
X, Y, ... . Hanipumep, roBOPAT: «CJydailHAS BeJIMYUHA X PABHA KOJIUYECTBY
OYKOB, BBIMABIIUX NPHU NOAOpPACEIBAHUYN UI'DAJIBLHOI0 KyOuKa».

Bce Te 3HaueHus, KOTOpPbLIE MOMKeT NPUHUMATH ClydallHas BeJHMYMHA,
00pasyioT MHOKECTBO 3HAYEHHH CAYIANHOH BeJIHYHHBI.

= L2 DD

Mpumep 1. CnyyaiiHaa BeJIWYHMHA X PaBHA KOJIMYECTBY repboB, BbIIIAB-
XX IPH HDoadpachblBAHMH ABYX MoHeT. HalifuTe MHOMKECTBO 3HAUYEHHUH CJIY-
YallHOM BeJMYHUHBI X.

PeweHune. [TockolbKY B pe3yJibTaTe MOAOPAChIBAHUA ABYX MOHET MOJKET
Beinacth unan 0, unu 1, unu 2 repba, To maoxxkectso {0, 1, 2} aBnserca MHO-
JKeCTBOM 3HAUEHHUN CIyYaWHON BeJIMYMHEL X. W

ObparuM BHHMaHHE, UTO CYIIECTBYIOT CIydaifHbIe BeJIHYMHBI ¢ DECKO-
HEYHBIM MHOMKeCTBOM 3HadeHui. Hampumep, ecnm ciaydaiiHasi BeJIUYUHA Y
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paBHa PacCTOSHHUIO OT LEeHTpa Kpyra pajguyca R 10 TOYKH 3TOT'0 Kpyra, BbI-
OpaHHOI ciaydaliHBIM 00pasoM, TO MHOMKECTBOM 3HAYEHHI CIYYAHHON BeJIH-
unHEI Iy Oyner npomesxkyTok [0; R].

Ianee Mbl OTPAHUYUMCH M3YUEHUEM CJAYYAUHBIX BeJUUYUH C KOHEYHBLIM
WU CUETHBIM MHOMKeCTBOM 3HaveHHM. Takue cayyailHble BeJIUYUHBI OTHOCAT
K TAK HA3LIBAeMbLIM JHCKPETHBLIM CJAYUYAHHBIM BeJIHUYMHAM,

Ilisg Toro 4ToOB! JeJaTh BLIBOJALI 00 UCIILITAHUY B 1€JI0M, OJJHOI'O MHOMe-
CTBA 3HAYEHUI CIIYUAMHON BeJIMYHUHBI HEJA0OCTATOYHO. BajKHO yeTaAHOBUTE, C Ka-
KOM BepOSATHOCTBIO CJAyYallHasA BeJUMUYMHA IPUHUMAET TO UJIN MHOe 3HaYeHUe,

ObpaTuMcs elle pa3 K onbiTy U3 npumepa 1. Eciin npoHyMepoBaTh MO-
HeThbl, TO JaHHOE UCHbITAHHE 3aKaHYMBAETCA OJHUM M3 YeTbIPEX PaBHOBO3-
MOMHBIX Pe3yJILTATOB:

I'l, I'4, 4I’, 44,

rae Oyksoil I' 0603HaUeHO BHINIAJeHNe Ha MOHeTe repba, a OykBoit U — umucia.

BepoAaTHOCTE TOro, 4TO NPHU HOAOPACBIBAHHUK JABYX MOHET BEIIIAJET JABa

1 -
repba, paBHa 1 CrnydaliHas BeJIMYMHA X paBHA KOJU4YecTBY repboB, BhINIaB-
IIUX IpU noaAdpacklBAHUU BYX MOHeT. [[0aTOMY MOKHO YTBEPKIATH, UTO CJIY-

G 1
yallHas BeJIMYUHA X IPUHUMAaeT 3Ha4YeHUe, paBHOe JIBYM, C BePOSTHOCTBLIO — .
4
i 1
IToT (hbaKT IPUHATO 3aNUCHIBATEL Tak: p(x = 2) = —. Paccy:xgasa aHaJI0TUYHO,
4

nonyuaem: p(x =0) = i , pla=1) =

| b

= 1 2 1
Hab6op BeposarnocTeit p(x =0) = 1 plx=1) = 1 plx=2)= 1 HAa3bI-
BAIOT paclpejieliecHHeM BepPOATHOCTeH CcIAy4aiHOil BeJIMYHMHBI Y. Pacipe-
neJeHNe BepOATHOCTEH caydaliHON Be/IMUYMHBI YACTO IPeJCTaBIAIOT B BHE

TaOJIHIIEL:

SHaueHHe X 0 1 s

BepoaTHOCTE %

N

L
4

OTMeTHUM, UTO CYMMA UUCEN, 3ANUCAHHDBIX 80 BMOPOLU CMPOKe Mab.iu -
Ubl pacnpedeienuss 8eposmHOCmel Cayuatnou seauuuint, ecezoa pasua 1.
JTO cJeayeTr U3 TOTO, YTO CAYy4YaiiHAA BEJMYMHA FrapaHTUPOBAHHO IIPUHUMAET
OIHO M3 3HAYEHUH, VKA3AHHBIX B [IepBOH CTPOKe TADIMIEL.

Crnenyromaa tabnuinma — 2T0 pacnpefesieHye CJAyYailHON BeTWYUHBI ¥,
PaBHOM KOJIMYECTBY BBINABIIMX OYKOB NPH MoAOpackIBAHHH HI'PAJBHOIO KY-
bHKa.
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SHaueHue Iy

U
(=3

BepoaTHoCcTh

o

L
6

z
6

%
6

1 -
6 6

Buaum, 4To BO BTOpOII CTpOKe TAONMHUI[LI BCe 3HAYEHUA BEPOSATHOCTEH
paBHbl. Takoe pacnpeliejleHHe Ha3bLIBAIOT pPaBHOMEpPHBIM paclipejejieHHeM
CAYYAHHOM BeJIWYHHBI.

Pacnpegenenuss BepoATHOCTEM CAYUAUHON BeJIUYHHBI MOMHO ITPOUJLIIO-
CTPUPOBATH ¢ IIOMOIILIO JUATrPaMM pas3auyHbIX BuaoB. Hanpumep, pacupene-
JeHHe BepPOSITHOCTel ONMMCAHHOU BhINIE CAYYANHON BEeJMYUHBL X MOMKHO IIpej-
CTABUTEL B BUJe cTOoaOUaTOol AMaArpaMMebl (FHCTOIpaMMBI) M B BHAe KPYIOBOU

nuarpaMmmsl (puc. 37.1).

0,6

0,5

0,4

0,3

0,2
0,1

Do =

Puc. 37.1

O | e

e R

B =

MNpumep 2. PacnpenelieHde BepoOATHOCTeH cay4YyallHON BeJIWMYHHBI Z 3a-

naHo Tabnuiel, B KOTOPOH IIPONYIIeHO OJHO 3HAUYeHHe

SHaueHue 2

8 10

BeposarHocTh

0,1

0,35

0,25

0,15

Haiigure BeposaTHOCTH:

1) p(z=4);
2) p(z < 6);

3)p(9<z<12);

4) p(z = 8).

PeweHue. 1) Sanuce p(z = 4) o3HA4YaeT BEPOATHOCTh COOBITUS, COCTOA-
Iero B ToM, 4TO ciay4daiiHad BenununHa z paBHa 4. [lockonsKy B mepBoil cTpo-
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Ke TabJIMIIbl pacrupe/ie/leHU s BePOATHOCTEH OTCYTCTBYET YUCao 4, TO 3TO 03HA-
YaeT, YTO CIydallHasg BeJIMMMHA Z ONpH JIODOM HCXOIe UCIBITAHUSA HEe MOJKEeT
okasatbcs paBHoi 4. ITosTomy p(z =4) = 0.

2) CnyualiHasd BeJIMUMHA Z NPUHHMAET 3HAUeHHe, MeHbllee 6, TOILKO
Torga, Korga z = 1 uau z = 3. IToCcKOJNIBKY CODBITHSA «CIyUalHAA BeJHYHHA
NPUHUMAET 3HAUYeHHue 1» U ¢«caydyailHad BeJIMUMHA NPHUHUMAaET 3HAYEHHUE 3»
SABJISAKOTCSA HECOBMECTHBIMH, TO

p<B)=p=1)+p(z=3)=0,1+0,35=0,45.

3) Umeem:

p9<z<12)=p(z=10)=0,15.

4) ITockoabKYy cyMMa YHCEJI, 3allUCAHHBIX BO BTOPOH CTPOKe TaOJIHIIHI,

paBHa 1, To
p(z=8)=1-(0,1+0,35+0,25+0,15)=0,15. m

Mpumep 3. CnyuaiiHasg BeJIUUYNHA X PABHA KOJIHYECTBY VCIEIIHBIX HC-
neITaHUR B cxeme Bepuynnu ¢ napamerpamu n u p. CoeraBsre Tabiuny pac-
IpejiejieHUs BEPOATHOCTEH CAYYAlHON BEJIUYHHBI X.

PeweHne. MHoKecTBO 3HAUYeHHUII caydyaiiHoil BeaM4yuHBI X pasHO {0,
1, 2, ..., n}. B npeasiayinem naparpade AJd onpeaeleHda BEPOATHOCTH TO-
ro, 4YTo UCKOMAasA cJAy4YyalHada BeJHYHMHA X IPUHUMAET 3HaYeHue m, ObLiIa I10-
aydeHa dopmysia Cfp”"{l —-p)y*-", 1, e. plx=m)= C;’E”p”’(l —p)t=%, llg=
CJIefOBATE/IbHO IIOACTABIAA B 3Ty (opMyny 3HayeHus m, pasasie 0, 1, 2,
.., N, cOCTABUM TabDIUIY paclpeliesleHUsA BepPOATHOCTEH cJy4YallHOM BeJid-
YHUHBI X!

SHaYeHHe X 0 1 2 1"
BepoATHOCTE 1-py | ClpQ-p)"-t | C2p2l-p)*—2 | ... | p”
m
Hamomuaum, 4T0 Kask/j10oe U3 BbhIpasKeHHUH C}f’p”‘(l — p)' " aBnsercsa on-

HUM U3 cjaraeMbIX pasJjosKeHHus BblpaxkeHud (p + )", rne g =1 — p, no gop-
myJie Ouaoma Heiorona. YuureiBas 8T0o, paclpeesieHue BePOsSTHOCTEH KOJIH-
YeCTBA VCHEIIHbIX HCOLITAHUN B cXxeMe BepHy M HA3bIBAIOT OMHOMHAJIBHBIM
pacnpegeieHueM.

Ecinu B OMHOMHMAIEHOM paclpefe/lieHHH IMOJO0MXKHATE 1 = 1, TO caydyaiiHas
BeJIMYMHA OyIeT IPMHUMATEL TOJLKO ABa 3HaYeHUs 1 wian 0 cooOTBETCTBEHHO C
BepoATHOCTAMU p U g = 1 — p. Tarkoe pacupejesneHue cay4allHON BeJINYUHEI
Ha3LIBAIOT pacunpeaenenueM bepuynau.

Hepenko Ha npakTuKe dSKCIIePUMEHT WIKW HaOMIOJeHUe HMPOBOAAT [0
nepBoro ycmexa (HacryiieHde cobpiTHe A), NpUYeéM BEepPOATHOCTH MOABJE-
HUA cOObITHA A B Ka)IOM OIIbITE OJHA M Ta e U He 3aBHCHT OT Pe3yJbTaTa
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npeablAyiero oneiTa. Hanpumep, HrpajJbHyI0 KOCTH NOAOPACEIBAIOT [0 IIEep-
BOI'0 IOABJIEHUs 4Yucaa 6; cTpelnsorT B MHIIEHb [0 IIepBOro mnomagaHus
U T. I.

Paccmorpum cay4allHYIO BeJIMYUHY X, MHOXKECTBO 3HAa4YeHUUN KOTOpPOH
onpefieNisieTcs KOJUUYECTBOM MNPOBEeAEHHBIX IMONbITOK. Hanpumep, eciu codbI-
THe A HACTYIIMJIO0 ¢ MepBOI MONBITKH, TO X = 1, ec/liH cO BTOPOIl IONBITKHA, TO
x=2,HT. ..

IIycres BepoATHOCTEL HacTyILIeHusA cobbiTus A paspa p, rane 0 < p <1, mn
nepBblie £ — 1 MONBITKY OBLIM HeYJAUHBIMH, a k-5 MONBITKA IIPHUBEJA K yCIe-
xy. Torga pacnopenejeHue CAy4alHOM BeJIHMYUHBI X onpenessercsa (opMyJion
p(x =k)=pd - p)‘i"’ -1, CoorsercrByromasi Tabiaumna paclpeleleHUs HNMeeT
cJae VIO BHI:

BuaueHne X 1 2 3 k

BepoarHoCTE p p(l—p) p (1-p)? p - pyt-1

3HaYeHNsA BepPOATHOCTel ABJIAIOTCA MOCJIeJ0BATEIbHLEIMH YIeHAMH I'eo-
MeTpUYecKoHd nporpeccuu. IloaToMy ropopsar, 4To paccMOTPEHHAA caydanHas
BeJIMYNHA UMeeT reoMeTpuYecKoe pacipeaeeHne.

Bo Bropoit cTpoke TadaMIbl 3amKcaHa OecKOHeYHas IeoMeTpUYecKas
nporpeccus ¢ MePBLIM 4JeHOM p U 3HaMmeHateseMm 1 — p, npuuém 0 < 1 —p < 1.
N S
1-(1-p)

YTOUHUM MMOHATHE CAYYAMHON BeJIMUMHBLI, MHOECTBO 3HAUEHUH KOTO-
PO KOHEYHO.

IlyeTs B pesyiibTaTe HEKOTOPOT'O OILITA MOT'YT [IPOU30UTH 1 3JeMeHTap-
HBIX HCX0moB A, A,, ..., A , UMeINe COOTBETCTBEHHO BEPOATHOCTH P, Py,
v Py THED, + P+t P= 1. KaxxgomMy coOBITHIO A;‘ IIOCTABUM B COOTBET-
CTBUE HEKOTOpoe 4ucio X, rae 1e({l, 2, ..., nj. 3afgannyio Takum obpasom
YHCJA0BYIO QVHKIMIO HA3BIBAIOT CAYYAHHON BeIHUYMHOM.

IIpu Takom onpeneleHUH Ha cAy4allHble BeJIMYMHLI PACIPOCTPAHSAKOTCH
BCe IpaBuJia IelCTBUN ¢ paHee U3YYeHHBIMHY (QYHKIIUAMM: UX MOHHO CKJIAJbI-
BaTh, BLIYUTATH, YMHOMXKATE U T. [I.

PacemorpuMm onwlT, cOCTOANMIA B TOM, YTO OJHOBPEMEHHO Ioj0pachl-
BAIOT JBa UIrpanbHBIX KyOuKa. Ilyers ¥ U iy — cayualiHble BeJIMYUHBI, PaB-
HbIe KOJUYECTBY OUKOB, BLINABIIUX HA II€PBOM M BTOPOM KYOMKaX COOTBET-
crBeHHO. MHTYUTUBHO NOHATHO, YTO 3HAYEHUS BeJMYUHBI X HEe 3aBUCHAT OT
TOr0, KaKHe 3HAYEeHUs NPHUHUMAET BeJIUMYUHA I/, U Haobopor. MBI npusenun
IIpUMEp He3aBHCHUMBIX CAYYAMHBIX BeJuuuH. PasbsacHuM aT0o nousatue bojee
IoapodHO.

CymmMma sT0ii mporpeccuu passa 1. JleficrsurensHo, S =
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Jlerko ybegurbca B TOM, 4TO, Hanpumep, plx =2) = % ,» Py =3) = é

" p(:rzzuy:'&):%. Bupum, uto p(x =2)-p(y=3)=p(x=2u y = 3).

AHAJIOrMYHOE PABEHCTBO OYJIeT BBINMOJHATLCA IJA JI00bIX ¢ U bH U3 MHO-
JKeCTB 3HAYEeHMH clay4YalHBIX BeJWYMH X U I COOTBETCTBEHHO, T. e.
p(x=a) - p(y=>b)=p(x=au y=>). B rakux ciaydasx roBopsr, 4To CIy-
YailHbIe BEJIMUUHBI X U If ABIAIOTCA He3aBUCUMBIMH. 3aMeTUM, YTO B JAaHHOM
ONIBITEe cJyualiHas BeJIMYUHA z = X + Y, onpejessieMas KaKk cyMMa 3Ha4YeHUH
CllyuyailHBIX BEJIMYUH X U Y, U, HAIpUMep, ciayuyaliHas BeJIMUUHA X He SABJIs-
IOTCS He3aBUCUMBIMU. Y0exuTech B 9TOM CAMOCTOATEJILHO, YCTAHOBUB, UTO
px=3)-p(z=3)=p(x =3 u z=3).

1. Y10 Ha3bIBAKOT CIy4anHOU BENUYUHOWN?

2. Y70 Ha3bIBalOT MHOXECTBOM 3Ha4eHWU Cy4amHOWN BENNYNHbBI?

3. Y1o Ha3biBalOT pacnpeaeneHnem BepOATHOCTEN CNy4anHOW BeNNYNHbI?

4. Kakoe pacnpegeneHne BeposiTHOCTEM Ha3biBaloT BuHomMuaneHbIM? Pac-
npegeneHuem bepHynnu? feomeTpuyeckum pacnpegeneHmem?

- o
YnpaXHeHVs 4 s uan

37.1.

37.2.

37.3.

37.4.

3aBy4 IIKOJIbI OOXOMUT KJACChl H 3allMCLIBAET KOJHYECTBO YYEHHKOB,
NPHCYTCTBYIOMNX HAa ypoke. Kakyio ciayuailHyI0 BeJIMUYMHY pacCcMaTpH-
BAET 3aByY B 3TOM HCIBITAHUU?

B kopobre gexar 12 mapoB, U3 KOTOPBIX OATH LMIAPOB IOAMHCAHBI YHC-
som 1, a ocraBmnecs 7 mapos — uucyaom 2. M3 kopoOku Hayrajg 0epyrt
OOHWH IIap u (QUKCHPYIOT YUCJI0, HAIIMCAHHOE Ha aToM mape. Kakyro cuy-
YalHYI0 BeJIMYHUHY U3YYAKT B 3TOM MCIBITAHUU? VEKAKHUTEe MHOXKECTBO
3HAUYeHUH M cocTaBbTe TaAOJMIY paclpefejeHHsl BepOsATHOCTEH 5TOH
cay4alHON BeJIMYHHBL.

UrpanbHelil KyOUK NoAOPACHIBAIOT OJUH Pas U 3alHCBIBAIOT YMUCJO, BbI-
napimee Ha Kyouke. Kakyio ciayualfHyVI0 BeJIHUHMHY H3YYAKOT B 3TOM HC-
OBITAHUM? YKaKUTe MHOMECTBO 3HAYeHWIl M cocTaBbTe TAOMMIY pac-
npejejeHus BepoATHOCTEH 3TON CAYYaWlHOM BeJIMUYUHEIL.

IIo Tabauue pacnpenejeHHs BepOsATHOCTEH CAYYAMHON BeJIWYUHBI X

HaAMAHUTe 3HAUEeHUe ITepeMeHHOHU .
1)

JHaueHMe X 1 2 3 4 5} ‘

BepoaTHoOCTE 0,18 0,18 0,18 0,18 a ‘




SHaueHHe X -1 —2 —3 —4 ‘

BepoaTHOCTH 3 4a 6a Ta ‘

3)

SHaueHHe X X, 3

BeposarHocTb, % 27 b 32 a 17 —a

4)

JHaueHHe X a 1 - a? 7 ‘

BepoaTtsocTh 5a® — 2a 3 — ba a? ‘

37.5. MoxeTt ¢ caeayionasa Tabauna 3ajlaBaTh pacipeielieHUe BePOsITHOCTe:
caAy4YaiHOH BeJMYHMHBI X7

3HadeHHe X 0 -1 1 —2 2 ‘

BepoaTHOCTE 0,46 0,05 0,18 0,21 0 | ‘

37.6. Ilo Tabnuune pacupejesieHHUsS BepOATHOCTEM CAYYAUHOM BeJIUWYHUHBI X

H&f’l,ﬂ;HTE dHaueHMe HE]}EMEHI'IGE .
1)

SHadeHHE X 0 12 48 ‘

BeposaTHocTh 0,29 0,51 a ‘

2)

JHaueHHe X X

BepoaTHocTs, % 19 22 a 31 14

3)

SHadeHHe X 1 2 3 4

BepoaTHOCTE a 4a 9a 16a
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37.7. [lana Tabnuiia pacnpejieieHHs BEPOATHOCTEH CAYYAMHON BeJIUYUHBI X.

3HaueHUe X 0 2 4 7 10 16
BepoaruocTs, % 10 24 31 14 9 12
Hamnure:
1) p(x=4); 4) p (x < 4);
2) plx=1); 2) p(2 < x < 8).

3) plx =T);

37.8. [lana Tabinuua pacnpeneneHns BEpOATHOCTEH cAy4alHON BeJIMYMHBIL X.

SHaueHue Yy -3 -2 —1 1 2 3
BepoaraocTs 0,08 0,04 0,32 0,26 0,17 0,13
Hannure:
1) py=3) ) ply <7
2) p(y = 0); Y p(-1<y=<2).
¢ ¢

37.9. UrpanpHeii KyOMK OpocaioT Ba pasa M 3allUCBIBAIOT CYMMY YHCEJ, BbI-
MaBIIHX Ha KyOuke. Kakyio cay4ailHYIO BeIMUMHY H3YYAlOT B 9TOM HC-
neitanuu? CocTaBbTe TAOJHUIY paclipele/ieHUs BePOATHOCTEH 3TOM CIIy-
YAlTHOU BeJIUYUHBI.

37.10. B oxuoii Kopobke jexxar 2 mapa, IPOHYMEPOBAHHLIX yucjaaMu 1 u 2,
B Ipyroift — 3 mapa, NIPpOHYMEepPOBaHHBIX unciaamMu 3, 4 u 5. U3 kamxmoi
KOpOoOKM Hayrajg 0epyT 1o OJHOMY INAPY U 3AIIMCLIBAIOT CYMMY 4YHCeJl Ha
B3ATBIX miapax. Kakyio ciy4ailHyI0 BeJIMYHHY H3Y4aloT B 3TOM MCIIBITA-
Huu? CocraBbTe TAOMMIY pacupeleieHHA BePOATHOCTEH aTOH caydaii-
HOM BeJIMYUHBI.

37.11. Urpanbebiii KyOUK moxbpacklBAIOT OJMH pas3 M 3allUChIBAIOT KoOJIHMYe-
CTBO HATYpalbHBIX JeluTeNeil yHcia, BbillaBiiero Ha Kyouke. CocraBb-
Te TabnuIy pacrupejejieHUs BePOATHOCTEH CAYYAHHON BeJUYUHBI, U3Y-
YyaeMoil B 3TOM HCIILITAHUH.

¢ O ¢

37.12. MoneTry nondpaceiBaioT He Dosiblie 6 pas 10 TexX mop, IMOKAa NepBbIi pas
He BbIIIaneT repbd, ¥ 3alMUCBIBAIOT, CKOJALKO Pas IIPHUILIOCH IIOA0POCUTH
moHeTry. CocraBeTe TAOJMUIY pacHpelieleHUA BepPOATHOCTEH H3y4aeMOi
CAYHYAMHOU BeJUYHHEL.

37.13. Urpanbublil KyOHK OpocaloT He Dojblne 3 pas 10 TeX 0P, IIOKA HepPBbIi
pas He BbIIAET lIeCTEPKAa, U 3allMChIBAIOT, CKOJbKO Pas MPUILIOCh IO -
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bpocuTts Kybuk. CocraBbTe TabauUIy paclipelejleHUs BepPOATHOCTEH 3a-
NHCAHHOH CJAYVYallHOM BeJIMYMHbI.

m
YnpamHeHVA ANA NOBTOPEHMSA o g

37.14. HUssecTHO, uTO @ > b. Pacnojioxure B nopsaake yobIBaHUS yuciaa a + 7,
b-3,a+4,b-2,5b.

37.15. auno: a < b. CpasHure:
1) a—5mun b; 2)au b+ 6; 3)a+3ub-2.

g XapakTepucrukm cny4yamHoOmn BeJINYMHbDbI.
NMpeacraBneHve o 3aKoHe GonbLIMX Yncen

Pacemorpum Takou npumep. Ilyers cayuaiiHas BelIHYMHA X PABHA Be-
JTUYNHEe MEeCAYHOH MpUOLLIN HEeKOTOPOH (HPMBI. AHATHTHKH IPOTrHO3SHPYIOT
TaKOe paclpefiejleHre BePOATHOCTEN CAYUYAWHON BeJIUYUHBI X B CJeAYIOIeM
Mecsdle:

SHaueHUe X (ThIC. P.) —500 —40 110
1 2 7

BepoaraocTs — — s
10 10 10

M3 mabnuinbl BUAHO, YTO NPH ONHUX CTeUEHUSIX 00CTOATENLCTB dupma
MOJIYYUT NPUOLLIEL, IPH APYTIHX — yOeITOK. Kakyio BelIHUYHHY NPUOLLIN Cle-
IyeT OKUJIATEL B CJAeAyIoneM Mecale?

Ilna orBeTa Ha 3TOT Bomnpoc OyaeM paccy:KAaTk Tak. [Ipeamomoxum, 4To
BJIajiesel] GUPMbI HMEeT He OJHY TaKyoo (GUpMy, a JecATh OJUHAKOBBIX (hHpM.

BeposarHoeTs noayuntk yosiToK B 500 TBIC. p. paBHA % . IToaromy Oygem cum-

TaTh, YTO TOJBKO OJHA U3 JECATH PACCMATPUBAEMBIX (PUPM MOJYIHUT YOBITOK B
500 TeIC. p. B crenyionieMm mecsie. Paccykiasa aHAIOTUYHO, CHATAEM, YTO JIBE
chupmsbl nosydar yoeiToK mo 40 Thic. p., a Kamaas W3 ceMH OCTABIIUXCA —
npubeliab B 110 Teic. p. O0masa npubelibk Beex aecATH pupm BMecte OyaeT pas-
Ha (-500) -1 + (-40) - 2+ 110 * 7 TeIC. P., 4 BHAYUT, HA KAMKIYVIO U3 HUX [IPH-
neTcs

1 2 /)
(—500) - E+ (—40) - T +110- i 19 TeIC. D.

XapakrepucTuka 19 Teic. p. IOKA3bIBAET OMKHUAAEMBIH YPOBEeHb IPHOBI-
W KaxIo# Takoil (UpMBL B CIeAVIONeM MecdAlle. ITY XapaKTepUCTHKY Ha3bI-
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BAIOT MaTeMaTHYeCKHM OKHIAaHHUeM CJIYYalHO! BeJIMYUHBI X U 0003HAYAIOT
M (x). Takum obpaszom, M (x) = 19. 1

Ob6paTture BHUMaHue Ha Beipaxenue (—500) - T (—40) % +110 - % , C

IMOMOIMBIO KOTOPOT'O DBLJIO BBRIYHUCJIEHO MaTeMaTHdYecKoe OEHHRIaHIEe M {.X'}. He-
CJIOHO 3aMeTHUTh, HTO IJIA BEBLIYHCIeHHA M{X} Kaxjoe U3 3HAYeHHUN C.Il}"{ﬂfl“
HOM BeJIHMYHUHBI X HYAHHO VMHOMHATE Ha BEPOATHOCTEL HACTVILJIIEHHA 2TOI'O 3HA-
HeHKMHA W BCe NoJYy4YeHHBIe IIPDOU3BeleHNA CNOHHTL.

seEp OnpepeneHue
MycTb cny4aHana Benu4YMHa X UMeeT cdiefyiollee pacnpepeneHne BeponAT-
HOCTeM:
JHaueHHE X Xy Xq Xg x,
BepoartaocTb Py P Py P,

Yucno M (x) = X\ Pyt XpPy +XPg + oo + X, P, HA3BIBAKOT MaTEMaTUHECKNM
oXMugaHMemMm cny4vamHOW BeNMYMHbI X.

MNpumep. Crpaxosoit nmonuc! mpeamosaraeT BBILIATHI B CJAy4ae HACTY-
IJIEHUSA JIBYX CTPAXOBBIX cJiydaeB. B mepBoM CTpaxoBOM cJjydyae pasMep BbI-
ILJIAT COCTABUT 25 ThIC. P., a BO BTropoMm — 175 teic. p. Ilo onbiTy nponnibix
JeT U3BeCTHO, YTO MepBbIH CTPAXOBOW cJAy4Yaill HACTYIaeT ¢ BePOSATHOCTHIO
5 %, a Bropoii — ¢ BepoATHOCThIO 1 %. Ha npogake xakaoro Takoro mnojiuca
CTpaxoBas KOMIIAHUWSA ILIaHUpyeT 3apaborarhk mo 2 Teic. p. Onpenenure, Ka-
KYI0 LeHY IMOJIHca JOJMKHA HA3HAYUTHL CTPAX0Basg KOMIAaHUA.

PeweHue. PaccmoTpumM cay4yaliHYyH0 BeJIMYUHY X, PABHYIO pasMepy BhI-
ILJIAT CTPAXOBOI KOoMIaHUWel 1o cTpaxoBomy noaucy. CocraBum Tabauny pac-
npejejeHusd BEPOATHOCTEN CAYyYalHON BeJUYUHBL X

SHaueHUe X (TwIC. P.) 0 25 175

BeposaTHocTh 0,94 0,05 0,01

Haiipém maTemMaTudeckoe OXUJaHUe CJAVYAUHOU BeJIMYUHEL X. MMmeem:
M(x)=0-0,94+25-0,056+175-0,01 = 3.

1 IEDH}T}IEHT, I KOTOpOMY CTPAXO0BAA HOMITAHHA ﬂﬁ}IB}FETGH BEIMLIATHTE BIalelbIOy IIOJIH-
ca DHPE,ELEJIEHHLIE OJeHeXHbIe CYMMBI IIDH HACTVIINEéHHH NpelVCMOTDeHHBIX CTDAXOBBRIX
CIVHaeRB.
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Bennuuna M (x) = 3 nmokaspiBaeT, YTO OKHUJaeMblld padMep BLIILJIAT II0
EaXxIoMy HOJMHCY COCTaBHUT 3 TBIC. P. HDCH{)J]I:-H}? CTpaxoBasd KOMIaHHA ILJ1a-
HHUDYVeT Sap'ﬂ_ﬁDT&Tb 1o 2 ThIC. P. Ha Ka¥I0M IIOJIMCe, TO OHa JOJHHA YCTaHO-
BHTH IIeHY TaKOI'o IIOJIUCA B 5 TrIC. P.

OTBeT: 5 ThIC. p. W

Ecau MHOMeCTBO 3HAUEHUM CJAYUYAWHOM BeJIUYHWHBI COJAEPHKHUT MHOI'O
9JIEMEHTOB, TO BBIYMCJIHUTL MaTeMaTUdecKoe oxuaaHue ObiBaer ciaoxuHo. Ha-
IIPHMEpP, BEIYHCJIEHHE MATEMATHYECKOTO OKUNAHNUA a4 OMHOMHUAJIBLHOTO pac-
npejaesieHuA Ha OCHOBAHWM OJHOTO JIMIIL ONpefiesleHUA TpedyeT BLINMOJITHeHUSA
3HAYHUTEJbHOW TeXHU4YecKkou padorsl. Tem He MeHee MHTYUTUBHO HaAWTH mpa-
BUJIBLHBINA Pe3yJabTaT JOCTATOYHO IIPOCTO.

Hanpumep, nycTs BEPOATHOCTE 3a0poCcUTh MAY B 0ACKeTOONBHYIO KOpP-
3uHY paBHa 65 %. CKoIbKO momagaHuil B KOJbLIO ciaeayer oxunats npu 100
Opockax? EcrecrBeHHBIH oTBer 65 nmonaganuii ABasgeTCa NPABUILHEIM. 31eCh
ypcsio 65 paBHO MaTeMATHYECKOMY OKHUIAHHIO B cxeme Bepryiuiu ¢ napame-
tpamu 100 un 0,65.

Mamemamuueckoe oxcudanue Koauvecmea ycnexos 8 cxeme bep-
HYJAU ¢ napamempamu n u p pasno np. [lnsa nokasaTesbeTBa 3Toro haxra
HY;KHO 3HATH OJHO BasKHOE CBOMCTBO MaTeMATHYECKOI0 OMKHUJaHUA, KOTOpPOE
HEepeIKO UCIIOJb3YeTCs B IIOBCEIHEBHOMN JKU3HH.

Ilyers x ¥ i ciiydyaiiHble BeJIMYUHBI, PaBHbIe COOTBETCTBEHHO MeCAYHBIM
npubbslaam npesnpuatuii A u B. Beuno yeranosneno, uro M (x) = 500 Teic. p.
u M(y) = 600 teic. p. Kakyo npubslLib OXHUIATE B cJeAyIONIeM MeCsIle OT
NBYX npeanpusatTuil smecre? EcTecTBeHHO, cleyeT OPpUeHTHPOBATLCA HA CYyM-
My B 1,1 MuH p.

ITOT IpUMEp WIIICTPUPYET TAKOEe CBOICTBO MATEMATUYECKOr0 OMUIA-
HUSA: MAMEMAMUUECKOE 0AHCUIAHUE CYMMbBL CAYUAUNDIX BEeAUUUN PABHO
CYMME UX MAMEMAMULeCKUX oxcudanuil. B yacTHOCTH, IS OBYX caydaii-
HBIX BeJIW4YuH X U i umeeM: M (x + y) = M (x) + M (y).

Teneps ¢ moMolbI ATON (QOPMYJBI MOMKHO JIEI'KO HAMTH MaTeMaTH4e-
CKOe OXKHJaHIe KOJHUYecTBa ycrnexoB B cxeme Bepuymnu. CuenaiiTe aTo caMmo-
CTOATEJILHO.

Tax:ke oTMeTHM, UTO MaTeMaATHUYECKOe OKHIaHHe CIVYallHOU BeJudu-
HEI, ABJSIOIEHCA KOHCTAHTOM, PABHO 3TOH KOHCTAHTE. JTO CBOMCTBO claeayeT
13 onpefeieHHA MATEeMATHYECKOT0 OMUIAHHA. YOeJauTech B 9TOM CAMOCTOS-
TeJbHO.

IIyvers M (x) — mareMaTHyecKoe OKHUaHHe HEKOTOpOH caydyaiHO# Be-
auuuHbl X. Torga ciydyaitnaa BeJquduHa iy = X — M (x) BeIpaaer OTKIOHEHUE
CAYYAMHOM BEJWYMHBLI X OT €€ MaTeMaTUYecKOoro o:KuaaHus. EcrecTBeHHO
CUMUTaTh, 4TO BenuumHa M (y) nomxHa XapakTepH3oBaTh pa3bpoc 3HaYeHUH
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cayyanHOU BeMMYHMHBI X. OQHAKO 9TO He TaK, IOCKOJBKY IJA JHO00H ciaydyau-
HOM BeJIMYUHBI X BhINOJHAeTCA paBeHcTBO M (1) = 0. Ybenumea B aToM.

IIycre M(x) = ¢. Ameem: M(y) = M(x - M(x)) = M(x - ¢) =
=M(x)-M(c)=c-c=0.

C aHAJIOrMYHOMN CUTYAI[Hel MBI BCTPeTHIHCE B § 34, XapakTepusys pas-
Opoc sHaueHuil BeIOOpKU. [Ipujep:kuBasgch aHAJOIHH, PACCMOTPUM CJIyYaii-
HYIO BeJIUYHUHY, paBHYIO (X — M(x))?%. Eé MmaTeMaTHuyeckoe OKUJaHHe HA3bLIBA-
I0T JUCIIepCcHel CIydYaiHoil BeJHYHHBI X U obo3HauaioTr D (x), T. e.

D (x) = M (x — M (x))>.

Hucriepcusa xapakTepusyeT Mepy pacceMBaHUsA CAy4YalHOU BeJIMYUHEI.

3 onpenenenus mgucliepcuu clielyer, 4YTO 9Ta BeJUYMHA IIPUHUMAaET
TOJIBKO HEOTPHUIATelbHbIe 3HAYeHUsA, T. e. [D(x) = 0 pna mwoboil caydaiHOR
BeJIMYHMHBI X, U IPUHUMAaeT 3Ha4yeHue, pasHoe 0, ecnu ciaydyalHas BeJUYMHA
ABJIAETCA KOHCTAHTOM.

3aMeTHM, UTO eCJIU Ka)KJoe 3HAUYeHHEe CIVUAHHON BeJIHUMHBLI U3MEHUTH
HA OJIHO W TO JKe YHMCJIO, TO 3TO He IIOBJIHAET Ha eé pasdpoc. ITO 0OUeBUIHOE CO-
obOpazeHHe MOATBep:IaeTCA TAKUM cBoiicTBO mucnepcuu: D(x + ¢) = D(x),
rige ¢ — IPOU3BOJILHAA KOHCTAHTA.

Iucriepcusa UMeeT pasMepHOCTh TaKYIO e, KaK KBaJpaT pasMepHOCTHU
COOTBETCTBYIONIEN el caydyanHod BelnduHbl. [losToMy yacTo MCIIOJABL3VIOT Be-

IUYuHy, paBHyio /D (x). Eé ofosnauaror 6YKBOH G M Ha3bIBAIOT CTAHJAPT-
HbBIM OTKJIOHEHHeM CJIy4allHOW BeJIMYMHEBI, T. €.

o = D(x).

OrMmeTuM, 4T0 JUCnepcUus KoJauvecmsa ycnexos 8 cxeme bepuyniu c
napamempamu n u p pasna np (1 — p). JorkazareabcTBo 3TOro (PaxkTa OCHO-
BAHO HA CBOMCTBAX JUCIEPCHH, PACCMOTPEHHE KOTOPBIX BBIXOAHUT 3a PaAMKH
TAaHHOTO Kypca.

IIycTh B HEKOTOPOM OIBITE BEPOATHOCTEL coObITHA A paBHa 50 %. Os3Ha-
yaeT JIM 9T0, 4To U3 100 Takux mcnbiTaHui B 50 rapaHTHPOBAHHO IIPOU30HIET
cobriTiie A? Korneuno Her. Hac He Jo/:KHO YVAUBIATH, €CIH B KOHKPETHOM ce-
pun n3 100 ucneiTaHUH cOOBITHE, BEPOATHOCTL KoToporo pasHa o0 %, mpomu-
30 eT, Hanpumep, 48 wiau 56 pas. Takoe oTHOIIeHHE K IMOJIVUEHHBIM Pe3yJib-
TATAM OCHOBAHO HA TOM, uTO B cepuu u3 100 ucnslTaHui yacToTa coOBITUA A,
paBuasa 0,48 unu 0,56, He OUeHb CUILHO OTIMYAETCA OT BEPOATHOCTH COOBI-
Tusa A.

IIpu 5TOM He MCKJIKUYEHA BOSMOMKHOCTE TOro, 4o us 100 ucnsiTanui co-
OeITHe A, BepoATHOCTL KoToporo paBHa 50 %, Ha camMoM Jejie IMPOU30HIET,
cKaxkeM, 95 pas uau, Hao00poOT, MPON30IAET BCero JUINL 5 pa3. OQHaKo TakHe
pe3yJbTaThl MOI'YT BbI3BATh VIMBJIEHHE, IIOCKOJBKY dacrora, paBHaa 0,95
man 0,05, 3HAYUTEIBHO OTIHYAEeTCA OT BEPOATHOCTH cOOBITHA A.
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Ham oneiT roBopur, 4To OpH DOJMBIIOM KOJHYECTBE UCIIBLITAHUN YacTOoTa
coObITUA A npUMepHO paBHA BepOATHOCTH coObIiTuA A. B Teopun BepoATHO-
cTell MOoKasaHa Teopema, KOTOopas MOATBep:KIaeT 3TOT BhIBOJ. TaKyl Teopemy
OTHOCST K IIUKJIY TeopeM 0 3aKOHe OOJbIIUX YHCel.

YO poueHHbIA CMEBICJ 3aK0HA DOJIBIINX YHCeJ COCTOMT B TOM, UTO eCJIU B
OTHeJILHOM MCIILITAHUU CJy4ailHbie (PAKTOPLI OKa3bIBAIOT 3HAYUTEJILHOE BJIU-
sSHUe Ha pe3yJIbTaT UCHBITAHUA, TO IPHU MHOTOKPATHOM IOBTOPEHUM OJIHOIO U
TOI'O JKe UCHBITAHUA 5TH ClydaHble (paKTOPhl B3AUMHOKOMIEHCUDPYIOTCA U UX
BIMAHUE HA Pe3yJILTAT B CpellHeM YMeHbIlIaeTcs.

Hanpumep, eciu npu ogHOM yiape II0 MAYY CaydallHble akTopsl (11o-
pPBLIB BeTpa, HEPOBHOCTL (PYyTOOJNBLHOIO IIOJIA U T. 11.) IPUBEJU K TOMY, YTO MAY
He Mmonajl B BOpoTa, TO IIPU APYroM yiape aTH ke (paKTOpbl MOI'YT HPUBECTH
K T'oJy.

Ilpexxne uem chopMyaHUpoBaThL YIOMAHYTYIO TeopeMy, IPUBeIEeM He-
CKOJILKO [IPUMEpPOB.

IIycTs B HEKOTOPOM OLBITE BepOSTHOCTE coObITHA A paBHa p. IIposeném
CepHUI0 U3 N TAKUX UCILITAHUI. BBl 3HAaeTe, 4TO TAKYIO CEpPUI0 UCOLITAHUN HA-
3bIBAIOT cxeMmoil Bepuynnu ¢ napamerpamu # u p. O603HAYUM Yepes X, CIy-
YalHYI0 BeJIHYHHY, PABHYI 4YacToTe coObITUA A B aTol cepuu. BepoaTHoCTh

m
- -z m m n—-m
TOrO, 4TO X, = o paBHa C” p"(1—-p) ,tnmeme Zu 0 < m< n. ITosaromy

Tabaua pacupeaejJednsl BePOATHOCTEH CAVIANHON BeJIMYUHLBL X UMeeT TaKou
BU:

|

I
o

SHaueHe X, 0

BepoATHOCTS (1 —p)* Clp1-p)y"—1 C2p*(1 - p)" 2 e | ET

Hanpuwmep, npu 17 = 10 u p = 40 % noay4um clieqywuywo Tadaumy pac-
[IpejejIeHUs BePOATHOCTeH (3ech 1 HUKe BePOATHOCTH HNOJCYUTAHBI ¢ TOYHO-
creio go 0,1 %):

SHauYeHHe X, 0 0,1 0,2 0,3 0,4 0,5
BepoaruocTs, % 0,6 4 12,1 21,5 25,1 20,1
JHavYeHue X, , 0,6 0,7 0,8 0,9 1
BepoaTHocTs, Y% 11,1 4,2 1,1 0,2 0
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Ha pucyHke 88.1 nanHbie 5TOM TAbNUIBI IpeicTaBIeHbl B (hOpMe I'HCTO-
rpaMMBbI.

lucmozpamma pacnpedeneHist 8eposimMHOCel Yacmomni
cobbimust 6 cxeme Bepnyanu ¢ napavempavu n= 10, p=0,4

30,0

25,0 25,1

21,5 20.1

20,0

15,0 :
12,1 14

10,0

BeposaTHOCTh, %

4,0 4,2

0.6 1-1| 0,2 0,0
0 010,203 04 0,506 0,708 09 1

Suauenue Xy

5,0

Puc. 38.1

ITo aTUM JAHHBIM MOKHO OIEHHUTL BEPOATHOCTL NOINAJAHUSA BeJHYH-
HBl X,, B TOT MJIM MHOH npoMe:xyTok. Hanpumep, paccMOTPUM IPOMEKYTOK
[0,3; 0,5], conepmxaiuii 3uaueHne BepoaTHocTH cobbiTusa A. Torma Beposar-
HOCTh TOr0, YTO YacToTa X,, yAoBiaersopser Hepaseuctsy 0,3 < x,, < 0,5,
paBHAa:

p(0,3 < x,, <0,5) = 21,5 + 25,1 + 20,1 = 66,7 %.

YBeIMuuM YHCJI0 HCIHEBEITaHUI 7 A0 20 M IMOCTPOMM THCTOIPAMMY pac-
[IpejeJeHusa BepoATHOCTeH yacToTsl (puc. 38.2).

B aToM ciaydae BepOATHOCTH TOT'O, YTO YACTOTA X,, VAOBJIETBOPAET Hepa-
seHcTBy 0,3 < x,, < 0,5, Gyzner pasHa

p(0,3 < x,,<0,5)=12,4+16,6 + 18,0 + 16,0 + 11,7 = 74,7 %.

ObpaTuTe BHUMAaHKE, YTO C POCTOM KOJHYecTBa McIblTaHui or = 10 go
n = 20 3HaYeHNe BepoATHOCTH yBenmdmiaock ¢ 66,7 % mo 74,7 %.

Eciu yBenWUHUTh KOJIMYECTBO HCIIBITAHWII, Hampumep, no n = 100
(puc. 38.3), TO BEPOSATHOCThL TOr'0, YTO YACTOTA Homamgeér mexnay yucnaamu 0,3
u 0,5, yBeIUUHTCA ellé 3HAUNTeJIbHee U OKaKeTcd PaBHON IPUOJIH3UTE]h-
Ho 96,8 %.

ITpu pmaneHeilneM yBeJHYeHHH KOJHYECTBA UCHLITAHUN 7 BEPOATHOCTH
TOT0, UTO YacToTa monagétT mexay uncnamu 0,3 u 0,5, OyaeT HeorpaHHYEHHO
npuOIHKATECA K 3HaYeHUI0 1. 3To ¢cBoicTBO B 001leM BH/Ee BBIPAKAeT Teope-
Ma, OTHOCAIIAACA K CePUH TeopeM 0 3aKoHe DOJBIINX YHCel.
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Titcmozpamma pacnpedereHus 6ePOAMHOCINEN UACTONbL
cobwimust 6 cxeme bepuyiu ¢ napavempamu n = 20, p = 0,4

18,0
16,6 \\N16,0

12,4 11.7

E‘?—
2
e
2
=}
e
&
w
=
a
o]

jaie

0,00,09:3 L?O,lﬂﬂu,nﬂﬂu,nﬂﬁ

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1

SHaUeHHEe Y

200
Puc. 38.2

lucmozpamma pacnpedeienust 6eposanmiocmeit Yacnoml
coObtmust 6 cxeme bepuyiiu ¢ napamempanu n = 100, p = 0,4

9,0
8,0
7,0 :
6,0 y
5,0 '
4,0 y .
3,0 .
2,0 -
1,0

D TTTTTTITTTIITITTIIT I T I T T TT

BepoaTHoCTE, %

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1

SHaAYeHHEe Xioo

Puc. 38.3
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esgp Teopema
Myctb coGbiTHe A MmeeT BepoATHOCTL p. 0GO3HaUMM Yepes X, Cy4aniHylo
BEeNUYUHY, paBHYIO YactoTe cobbitua A B cepun ns n ucnoitaHuin bepHyn-
nn. Torga ana moGoro 4Ynucna 6 > 0 BEpPOATHOCTL TOrO, YTO BbINONHAETCH
ABOMHOE HepPaBeHCTBO P — 0 < X, Sp+ 0, HeorpaHM4eHHO NpubnuKaeTcs
K 1 € pocTOM 4Mcna UCNbITaHWUA 1.

3aKO0H 0OJIBIINX YHCEJ UMEeeT IUPOKoe IIpuMeHeHrne. Hampumep, oH Hc-
IIOJIL3yeTCs MPHU CTATHCTUYECKHUX pacuéTax B TAKHX obJsacrax, KaK COI[HO0JIO-
r'usi, CTpaXxoBaHHe, 3IPaBOOXpaHeHUe, SKOHOMUKA U JIp.

Tark, B conuoJloruu 3aKoH OOJBUIMX YHUCeJ] He3aMeHUM IIPU aHaJInu3e
IIPOLHEHTHOTO paclpeiejeHdsa OTBETOB onpalnuBaeMblix. MecnemoBanmue, npo-
BeEHHOE Ha peIpe3eHTATHBHOU BuIOOpKe, MO:KeT ObITH pacopocTpaHeHO Ha
BCI0 N'eHEPAJIbHYIO COBOKYIIHOCTh. JI[pYrUMU CJI0BAMHM, 3aKOH OOJIBIIMX YHCEJ
II0O3BOJIAET CYAUTh 0 MHOTHMX HA OCHOBAHUM 3HAHUS 0 HeMHoruxX. [Ipumepom
TAKOT0 UCCJIeJOBAHUSA ABJISETCH K3UT-TIOJI — BBIOOPOYHBIN ONpOC IpaxkiaH,
IIPOBOAMMBIN Ha BbIXOAe M3 U30MpaTedbHBIX YYACTKOB IIOCJE IOJIOCOBAHMA.
JK3UT-TI0JI ABJAETCA OJAHOH U3 (pOPM KOHTPOJIA 0DIIECTBOM YeCTHOCTH IpOBe-
neHus BeIDOPOB.

ﬁ? 1. YTo Ha3biBalOT MaTeMaTUYeCKUM OXMAAHMEM CNy4alHOWU BeNWUYUHbI?
2.4emy paBHO MaremaTuyeckoe oXujaHue yucna ycnexoB B cxeme bep-
Hynnu?
3. Yemy paBHO MaTtemMaTnyeckoe oXujaHue cyMMbl CnydyarHbIX BeNUYUH?
4.4T10 Ha3bIBAOT AUCNepcuen cnydalHoW BeNMUYKHbI?
5. YTo Ha3biBalOT CTaHAAPTHbLIM OTK/IOHEHMEM CNYy4alHOW BENWYMHbI?

- o
® YnpaXHeHMA g s wem

38.1. B cbopnyw romanany Poccum Ha MexayHapoiHOM MaTeMaTH4YeCKOU
onuMnuane Bxoaut 6 uemosek. Ha ocHOBaHHMH pPe3yJbTaTOB BBICTVILIE-
HHSI KOMaH/IbI 3a MIPOILIbLIE MOkl PACIIPEleJieHe BePOATHOCTe! KoJtuye-
CTBA 30JI0THIX Meajieil, 3aBOEBAHHBIX KOMaHA0M HA OJIMMIIHAJIEe, MOMKHO
OIIEHUTh TaK:

EDJIH‘EIEPTBO 30JIOTBIX 0 1 9 3 4 5 6
Mejasieil B KOMaHJe
BeposaTrocTts, % 4 0 16 20 36 16 8
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38.2.

Hanpgure mMaremMaTHMdecKoe OMKHIAaHMEe KOJHYECcTBa 30JIOTBIX Mejajiel
komaHabl Poccum Ha ouepennoil MemxayvHapogHOHM MaTeMaTHYeCKOH
OJNIHMIINAJE.

B cOopuyio romanay Poccuum Ha MexayHAPOIHOH MaTeMaTHUUYeCKOI
onumnuage Bxoaur 6 uyenopex. Ha ocHOBaAHHMU Pe3yJLTATOB BBLICTYILIE-
HUA KOMaH/bI 38 NPOIILJbLIe Iofibl pacipenejieHue BepoaTHOCTe Kojuye-
CcTBA cepedpAHBIX MejaJjieil, 3aBOEBAHHBLIX KOMAHJOW Ha oOJUMIIMALE,
MOKHO OILIeHUTE TaK:

KonnuecTBo cepebpaHBIX
Mejfalell B KOMaHe

Bepoarrocts, %

28 40 16

38.3.

38.4.

Haiigure MaTeMaTHUYeCKOe OKUIAHHE KOJHUYECTBA Cepe0dpAHLIX MeJdaieil
KoManabsl Poccum Ha ouepennoil MemxayvHapoOHOM MaTeMaTHYeCKOH
OJUMITHALE.

CayuailHad BeJMYMHA X pPaBHA KOJHYECTBY IIPEeIapaToB, IPOJAaHHBIX
alTeKo OJHOMY IOKYVIIATeJIK 3a OJHY IOoKVIKY. KMaBecTHO, 4TO
p(x=Fk)=c(4k — k?) nna scex k=0, 1, 2, 3, 4. Haligure marematuye-
CKO€ OKHMIAHHEe KOJHYeCTBAa IIPEeIapaToB, HPOJAHHLIX AIllTeKOH OJHOMY
IMOKYIIATEI0 34 OJHY IMOKVIKY.

CnyuaiiHasd BeJIMUUHA [ PABHA KOJIMYECTBY LIIKOJILHUKOB HA OYepeIHOM
3aHATUU MATeMaTHUYECKOro Kpy:kKa. UssecTHO, uTo p (i = k) = ak?® nna
Beex k=4, 5, 6, 7, 8. Halinure MaTeMaTHUeCKOe OMKUIAHNE KOJIUYECTBA
IIKOJLHUKOB HA 3aHATHH MATEeMATHYECKOI0 KPViKKA.

38.5. Tadbauna pacnpenejleHUs BepOSATHOCTEH BBIMI'PHINIA B a3apTHOH Hrpe
UMeeT BH]:

Bennuwsa BRIMTDEIIIA, D. 0 100 400 1600 ‘

BeposarnoeTts, % 7 21 3 1

38.6.

Ilena 6unera ansa yuactuss B urpe cocrasiser 50 p. CrouT v urpars
B TAKYI0 Urpy?

DepMep, BhRIPAIIUBAIOIIUI MOPOX, COMHEBAETCHA, UCIIOJIBL30BATE JIH €My
ceMeHa HOBOro copra. llena ceMAH HOBOI'O cOpTa TakoBa, YTO UX MMEeT
CMBICJI UCIOJIB30BATE TOJBKO B TOM CJIy4ae, ecJid YPO:KalHOCTh ropoxa
yBenuuntrca Ha 10%. CobpaB ypomaill ¢ ABYX JKCIIEPHUMEHTAJIbHBIX
Yy4acTKOB, (hepMep OIeHHUJ paclpefiejleHHe KOJIHYecTBa I'OPOIIWH B

355



CTPYUYKe cTaporo u HOBOro coproB. UrouT Ju (hepMepy HCIOJNb30BATH
ceMeHa HOBOro copra?

KonmuecTso TOpOIIIHH B CTDVYEES 2 3 4 5 6 7 32
ropoxa HOBOI'O cOpTa

BepoaTHoeTs AA ropoxa craporo 11 14 19 26 21 6 3
copra, %

BepoATHOCTB AJIA TOPOXa HOBOTO
copTa, %

38.7.

Ob1ecTBeHHAs OPraHU3alUA IIPOBOAUT OECHPOMUIPBINIHYIO JOTEpPelo,
NpuOBLIE OT KOTOPOH IMOMAET Ha OJaroTBOpUTENIbHBIE Ieu. Kamabril
yyacTHHK jJoTepen xepreyer 400 p. u moayuaer 3a aTo JoTepei kIl Ou-
JleT, BHYTPH KOTOPOI'0 HAOUCaHA CyMMa JeHesxHoro npusa. Tabauua
pacnpejejieHUs BePOSATHOCTEN CYMMBI [IpU3a UMeeT TAKO BUIL:

Cymma npumaza, p. 100 200 300 1000 2000

BepoarHocTh 0,5 0,25 0,2 0,04 0,01

Omnara Npu30B HPOMCXOAHUT 34 CUET IOMKEPTBOBAHHBIX cpeicTB. Kakyio
CYMMY JJsd OJMaroTBOPUTENBHBIX IeJiell OMHUaeT MOJYYUThL OpraHusa-
1A C OIHOIO JoTepeiiHoro duinera?

L

38.9.

Yemy paBHO MaTeMaTHYeCKOe OXKHUAAHHEe KOJMYecTBA BbIMABIIHX MATE-
POK mpH moadpackiBAaHHM TPEX HrpadbHbIX KyOukos? IloxTeepmure oT-
BeT pacyéToM, OCHOBAHHBIM Ha OIpe/leIeHUN MaTeMaTHYeCKOro OXKUia-
HHUSA.

Yemy paBHO MaTeMaTHYeCKOe OKHAaHUE KOJHWYeCcTBA BbINIABIINX repboB
npu noadpackiBanuu cemu MoHeT? IlogTBepauTe oTBET pacyéToM, OCHO-
BAHHBLIM Ha OIIpee/IeHNH MATEeMATUYeCKOr0 OKHIaAHUA.

38.10. Haiinure nucnepcuro cayvyallHOM BeJIMYUHBI, PABHOW KOJHUYECTBY O4-

KOB, BEINIAEBIIIHX IIPpH OJHOKpPpaATHOM HD_IESI}EICLIBH_HHH HI'pajJbBHOTO H}'ﬁH"
ka. OrBer OKDPVIUINTE 00 COTHIX.

.
YnpaxHeHus Ana NOBTOPEHMA g g

38.11. Yucna p u 8p? + 1 — npocreie. Haitgure p.
38.12. Yucna p u p’*! + 2 — npocrere. Haiigure p.
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NTorn'
BE rnaBsbl

6

O6beaniHeHMe cOBbITUNA
CobbiTne, KOTOpOe NPOUCXoAUT B TOM M TONBKO B TOM ciyyae, Korga
nponcxoguTt xota Bbl ogHO M3 AByx cobbitin A mnn B, HasbiBalOT
obveguHeHnem cobbitn A n B. ObbeguHeHue cobbitun A u B
obosHavaoT A U B.

MNepecevenne cobbITHA
CobbiTne, KOTOpOe NPOUCXOAUT B TOM M TONBKO B TOM ciyyae, Korga
npoucxoauTt U cobeitue A, n cobbiTne B, Ha3blBaOT NepeceyeHneM
cobbiTuin A u B. NepeceyeHune cobbituit A n B obosHavaoT A [ B.

BepoAaTHOCTE 00BbeAguHEeHNA ABYX COOBLITUIA
Ecnu A u B — cobbiTUs HEKOTOPOro UCNbITaHUA, TO
pAUB)=p(A)+p(B)-p(A B) (2)
JononHeHune cobbiTHUA
CobbiTWe, KOTOPOE NPOMCXOAUT B TOM M TONLKO B TOM Cnyyae, Korga
He NPoucxoauT cobbiTve A, HasbiBalOT AoNofnHeHUeM cobbiThs A.
HNononHeHue cobbitTua A obosHavaT A.

BepoSTHOCTE NepecevyeHnn AByX coGbiTHM
Mycte A u B — cobbiTua HekoToporo ucnbiTaHua. Toraa
(AN B)y=pA) p,(B).

HezaBucMbie coObiTUA
Myctb A n B — cobbiTva HekKoToporo ucnbiTaHua. Ecin BepoaTHOCTL
cobbiTna A He M3MeHseTcs OT Toro, Nnpounsowno nu cobeite B, a Be-
POATHOCTL COBLITUA BB HEe M3MeHseTca OT TOro, NPON3oLWNo N1 cobbi-
Tne A, To cobbiTna A 1 B Ha3bIBalOT He3aBUCUMbIMW.

BEPD'FITHDCTI:- nepecevYyeHNA HesaBMCMMBbIX coBbITHIA
Ecnu cobbitna A v B HEKOTOPOro UanbITaHWA ABNAKOTCA HE3aBMCK-

Mbimu, To p (A | B) = p (A)p (B).

Cxema EEPHYHJ’IH ana MCNbITaHUA C ycnelwHbiMm McXogom
BEPDHTHDCI’I: TOro, 4TO B CXeme EEpH}r‘ﬂﬂM Cc napamMmeTpaMn 11 1 1) poB-
HO M WCNbITAHWUA 3aBeplwartcad ydnewHelM WMCXOOOM, PpaBHa

Crp™(L-py'-"

Cny4yanHan Benu4YmHa
Cny4aMHOW BenWYMHOM Ha3bIBAOT BENWMYMHY, 3HAYEHWUA KOTOPOM
onpenensoTcs pesynbrataMyu UCNbITaHUA C YNCNOBLIMU MCXOAAMMU.




NMpoexTHan paGora

J1a pybpuka agpecoBaHa npexpae BCero TeM, KTO XO4eT Hay4uTbcA npuobpeTtaTsb

3HAHWA CaMOCTOATENBbHO, TEBOPYECKKM MbICNWTE, d]DpMHpDBETb, BEbipDaXdTbk WM OTCTAWMBATb
CBOK TOYKY 3PDEHMA, BBIOEWNTaTE TMNOTE3R]l, HAXOOWNTDL Hanbonee pPauoHalnbHbIEe M HECTAH-
NapPTHBIE PEelleHWA.

nEpBbIM warom, KDTOpbiﬁ MOXET NOMO4YbL B pealniaumm 3TUX LI,'E'.I']'EIE. ABNAETCH y4a-

cTUe B NpoekTHoW pabore.

nPﬂEI{T — 3TO0 CaMOCTOATenbHOE MccnegoeaHe no Bbl6paHHOﬁ TEME, KOTOpOe

MOXET EbINONHATECA Kak MHOMBWOYANbLHO, TaK K F}'J}‘I'II'I{)E:'I yHalWMXCA.

ﬂa,qnm HEeCKONbKO COBETOB MO OpraHn3aumm pEEDTbI Hal NnpoekTomMm M1 'DCPDPMHE'-

HWUKD pe3yneTaTOB MCCneqoBaHWA.

1.

1
2)
3)
4)

5)
6)
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Mpu BbIbOpE TeMbl HEOBXOAMMO Yy4MTbIBaATL €€ aKTyanbHOCTb, HANM4YME UCTOYHM-
KOB MHpOpMaLUWUK B NUTepaType M MHTEpPHEeT-pecypcoB. 340eck BaXHO Balle xena-
HWe NpoaBuTb cebs B kKavecTBe uccnegoBartens B pabote nmMeHHo Hap BbiOpaHHOW
TEMOW.

PaboTta Ha4MHaeTcs ¢ cocTaBNeHWs NpeaBapuTenbHOro nnaHa, B KOTOPOM OTpaxa-
€TCA 3aMbiCeNn WM 3Tanbl peanu3aunn 3agymaHHoro. [locne 3HakoMCTBa € OCHOBHbI-
MW UCTOYHUKAMKM U NTUTEPATYPON MPK NOMOLLM PYKOBOAWTENS MpoekTa CoCTaBns-
€TCA OKOHYaTeNbHbIW NnaH.

BaxxHO 4éTkO chopmMmynuMpoBaTh Uenn nccnefgoeaHusa. OHKM MOryT BbITe 3anMcaHsl
B Takon dopme: M3y4uTb, OMNMUCaTb, NPoaHanM3MpPoOBaTh, AO0Ka3aTbk, CPABHWUTL
MT. N

PaboTta 3aBepliaeTcs nogseeHMemM UTOrOB MCCNeaOBaHUS, NeNatoTCca BbIBOALI, Ha-
Me4aloTca NepcnekTUBbl AanbHenWero N3y4eHns Temol.

MNpumepHbIM 06BbEM pabotbl — 10-15 cTpanuy. JononHMUTENEHO MOXET NpMnaraTh-
CA UNNKOCTPaTUBHBIM MaTepuan.

PaboTta moxeT beITh ochopmneHa B Buae pedeparta, goknaga, KOMNblOTEPHOW npe-
3eHTauunmn.

Huxe npuBoaMTCS peKoMeHayeMbli CrMCOK TeM, KOTopble MOoryT DbiTh BbiDpaHbl
ons NpoekTHoW paboTsl.

Bbigaouwmecs poccMUCKMe MaTemMaTuKn

PekomeHgyemble nuTepaTtypa U MHTEpPHET-pecypchl

Bonblan coeeTckan aHumknonegusa, 3-e mag., 7. 15, JlomoHocoe Muxaun Bacunbe-
BUY

Bonblas coseTckas 3HumMknonenus, 3-e m3a., 1. 29, Yeboiwes MagHyTri NlbBOBUY
http://www.mi.ras.ru/ MatemaTuyeckmii MHCTUTYT UM. B. A. Cteknosa PAH
http://ru.wikipedia.org/ MatemaTtu4ecknin MHCTUTYT UM, B. A. Cteknoea PAH (pa3s-
nen «3HaMmeHWTble COTPYAHUKU®)

http://www.kolmogorov.info/ Konmoropoe Axgpen Hukonaeeumu
http://ru.wikipedia.org/ Kateropusa: Victropua matemaTtukn B Poccumn



1)

2)

CummeTpuna B anrebpe

PekomeHayemMble nuTepaTypa U UHTEpPHET-pecypcbl

Bonmsincxuit B. T., Burenxun H. . CammeTpua B anrebpe. — M. : MUHMO, 2002.
Kypasnouux JI., @omun J[. Teopema Buveta M BcnomMoraTenbHbl MHOro4neH //
KeaHT. — 1984. — N° 12.

Hapawmonosa M. M. CiummeTpua B matematuke. — M. : MUHMO, 2002.
http://mmmf.msu.ru/ Manein mexmat MI'Y

http://school-collection.edu.ru/catalog/ EanHas konnekuua uudposelx obpasosa-
TeNbHbIX PECypCcoB

http://www.problems.ru/ 3aga4m 13 pa3Hbix pa3genos matemMaTUKu

Cucrembl NMHENHbIX HEPaAaBEHCTB U pelleHne 3IKOHOMUYeCcKUX 3aaad
PekomeHayemMble nuTepaTypa U UHTEpPHET-pecypcbl

Ounetinuxos b., bBysnuuxui I1., Jy6con M. Cumnnekc-metog // Keant. —1976. —
Ne 7.

Coaodoenuros A. C. CUCTeMbl NUHENHLIX HepaBeHcTB. — M. : Hayka, 1977.
Peitmman M. M. TpaHcnopTHas 3agada // KeaHt. — 1974, — Ne¢ 6.
http://ilib.mccme.ru/plm/ Bapcoe A. C. YTo Takoe NUHeNHOe NporpamMmmupoBaHue.
MonynapHblie nekyMmn No marematuke. Boin. 33.

http://www.kvant.info/ Hay4yHo-nonynapHbin hU3NKOo-MaTeMaTUHECKMWA XYpHan
ONs WKONLHUKOB W cTyaeHToB «KBaHT» (1989. N2 6).

OT TanHONMUCK K KpunTtorpadun

PekomeHayemMble nuTepaTypa U UHTEpPHET-pecypcbl

Bacunezo H. IT. Teopus Yncen B Kpuntorpadum (AN WKONEHWKOB) : MeTOAUYECcKME
ykasaHusa. — OpeHbypr : QY OrY, 2004.

Keavnuros B. Kpuntorpadwua oT nanupyca go komnetotepa. — M. : ABF, 1996.
Henamvea E. O wudpax // KeaHut. — 1991. — N° 4.

IHepeavman . H. XKueas matematunka. — M. : [napHas pegakuma pusnKo-matema-
THUYEeCKOUW NUuTepaTypel U3garenscrea «Hayka», 1967.

Huwenrxo B. B. Beegenne B kpuntorpaguio. — M. : MUHMO, 1999.
http://nature.web.ru/db/msg.html?mid=1157083&uri=node?71.html/ Onumnuagel no
Kpuntorparm AN WKONbHUKOB

http://ru.wikipedia.org/wiki/ Wctopua kpunTtorpadumm

3¢ deKTUBHDbIE MeTOAbI AlOKA3aTeNnbCTBa HEPaBeHCTB

PekomeHgyemMble nuTepaTypa U UHTEpPHET-pecypchbl

Anexcees P. b., Kypasanduux JI. /. HeTpaguunoHHble cnocobbl goka3aTenscTea
TpaguUUOHHBbIX HepaBseHcTe // MatemaTtuka B wkone. — 1991. — Ne° 4.
bexxenbax 3., beaivan P. HepaseHctBa. — M. : Mup, 1965.

3) Hdeopsnunoe C. B., Acunocwir 2. A. Kak nony4atoTcs CUMMeTpUYeckne HepaBeH-

4)

crea // KeaHT. — 1985. — Ne¢ 5.
Kypasnduurx J., Qatibycoseuu A. Wctopna ogHoro HepaseHcTBa // KBaHT. —
1991. — Ne 4.

359



3)
6)

7)

8)
9)

1)
2)
3)
4)
5)
6)
7)

1)
2)
3)

4)
5)

6)
7)

1)
2)
3)
4)

5)

6)
7)

360

Homuposcxkuu /[. HepaseHcrso Kapamartel // KeaHT. — 2000. — N¢ 4.

Hunmep JI., Xezedvuu F. YnopapgoveHHble Habopbl 4ucen u HepaBeHcTBa //
KeanT. — 1985. — N2 12.

Cedpaxsin H. M., Aeosin A. M. HepaseHcTBa. MeToabl goka3satensctBa. — M. :
®usmarnut, 2002.

Cusawuncxkuit M. X. HepaseHcTea B 3agavax. — M. : Hayka, 1967.
http://www.bymath.net/studyguide/alg/sec/alg28.html| [okazaTenscteo Hepa-
BEHCTB

LlenHbie gpobn

PekomeHgyemble nuTepaTypa U MHTEPHEeT-pecypcbl

Apuonnd B. H. UenHsle gpobu. — M. : MUHMO, 2000.

beckun H. M. beckoHe4Hble UenHble gpobu // Keant. — 1970. — Ne 8.

beckun H. M. UenHele gpobwn // Keant. — 1970. — Ne 1.

Bunozpaooe H. M. OcHoBbl TeopuK 4Yuncen. — M. : Beicwas wkona, 1999.
Yemunos A. UenHele apobu Bokpyr Hac // KBaHT. — 2010. — Ne 2.

Xunuun A. A. Uenuele gpobun. — M. : TMDMI, 1960.

http://ru.wikipedia.org/wiki/ HenpepbieHas apobb

leomeTpuyecKkan BEpOATHOCTb

PekomeHayemMble nuTepaTypa U MHTEPHET-pecypcbl

Bacuives H. leomeTpuyeckmne sepoaTHocTu // KBaHT. — 1991. — Ne 1.

Bacuives H., Cnusax A. Nocdntaem BeposTHoctu // KeaHT. — 1997. — N° 4.
Bunenxun H. A., Burenxun A. H., Burenxun IT. A. KombuHatopuka. — OUMA :
MUHMO, 2006.

Topbauée H. B. COOpHUMK onMMNMagHbIX 3agad no matemaTtuke. — M. : MUHMO,
2004.

Mocmenrep @. NAaTbpecaAT 3aHMMaTENbHbIX BEPOATHOCTHLIX 3aga4. — M. : Hayka,
1971.

Illensv A. BepoaTHOCTE: NpuMepsl 1 3agadn. — M. : MUHMO, 2007.
http://school-collection.edu.ru/catalog/ EgmHas konnekuws uudposbix obpaszoBa-
TeNnbHbIX pecypcoB

. Anrebpa BbiCcKa3bIiBaHMA

PekomeHayemble nuTepaTypa U MHTEpPHET-pecypCbl

Bunenxun H. H. Pacckassl 0 MHOXecTBax. — 3-e u3g. — M. : MUHMO, 2005.
Ipadwmeiin H. Npamas n obpatHas Teopembl. — M. : Hayka, 1972.

Iweezopuux A. MNonynapHaa nornka. — M. : Hayka, 1979.

Ipsxem P., Knym /[, Hamawnux O. KoHKpeTHas matemaTtuka. OcHoOBaHUe WH-
bopmatukn. — M. : Mup, 1998.

Madep B. WkoneHUKy 0b anrebpe normkn. — M. : MNpoceeweHne, 1993.
http://digteh.ru/digital/AlgLog.php/ 3akoHbl anrebpbl nornku.
http://www.krugosvet.ru/enc/nauka_i_tehnika/matematika/ALGEBRA_VISKAZIVANI.
html/ Anrebpa BbickasbiBaHWKN
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1)

BuHom HbiloTtoHa. CBOoMcTBa OMHOMMHaNbHLbIX Ko3dhdruneHTOB
PekomeHayemblie nuTepaTypa M MHTEpPHET-pecypChbl

Ilpaconos B. B. 3agayn no anrebpe, apudpmeTtrke u aHanmsy. — M. : MUHMO,
2007.

Cnusax A. B. Apupmetuka. — M. : biopo KeaHtym, 2007.
http://www.bymath.net/studyguide/alg/sec/alg31.html BuHOM HeloTOHA
http://ru.wikipedia.org/wiki/ Ncaak HbloToH
http://school-collection.edu.ru/catalog/rubr/1040fa23-ac04-b94b-4a41-
bd93fbf0d55a/25442/ TpeyroneHuk Mackans n bBuHom HeloToHa

Bo3epaTtHble nocnefoBaTenbHOCTH

PekomeHayemblie nuTepaTypa M MHTEpPHeT-pecypChl

Bopoowvée H. H. Yucna ®uboHavun. — M. : Hayka, 1984,

Maprywesun A. M. BoagpaTtHble nocnegoearensHoctu. — M. : Hayka, 1983.
Ilpaconos B. B. 3aga4uv no anrebpe, apudmeTtmuke u aHanusy. — M. : MUHMO,
2007.

Cnueax A. B. Apndpmetmka. — M. : biopo Keantym, 2007.

Jenun A. K. 3apaydm no guckpeTHorW maTtematuke. — M. : KHMXHbLIA gom
«JIMBPOKOM®», 2011.
http://hijos.ruf/izuchenie-matematiki/algebra-10-klass/5-vozvratnye-
posledovatelnosti/ Bo3epaTHeIe nocnegoBaTensHOCTU

http://ru.wikipedia.org/wiki / Yucna ®uboHaqum

KesagpaTtuuHbie Bbi4eTbl U HeBbIYeTbl. KBagpaTtuyHbIN 3aKOH B3aMMHOCTH
Naycca

PekomeHgyemble nuTepaTypa v UHTEpPHET-pecypcChbl

Bunoepadose H. M. OcHOBBI Teopum Yucen. — M. : Beicwas wkona, 1999.

2) /lssennopm I'. Beicwas apudmetuka. — M. : Hayka, 1965.

3)
4)

5)
6)

7)

8)

Sacnrasckut A. A. v gp. MaremaTtuka B 3agadax. — M. : MUHMO, 20089.
Ilpaconros B. B. 3apa4u no anrebpe, apudmeTtuke n aHanmzy. — M. : MUHMO,
2007.

Cnueax A. B. Apndpmetmka. — M. : biopo Keantym, 2007.

Fenun A. K. 3apgaydm no guckpeTHorm matematuke. — M. : KHMXHbIA gom
«JIMBPOKOM», 2011.
http://www.uic.unn.ru/~zny/compalg/Lectures/ca_02_quadraticresidue.pdf Keapgpa-
TUYHBIE Bbl4ETbl M HEBbIYETbI
http://www.mathnet.ru/php/presentation.phtml?option_lang=rus &

presentid=383 ApHonba B. . CnyyalHbl N KBagpaTUYHbIE BblYeTbl?



APY)XUM € KOMNbLIOTEPOM

3apaHuna Kypca anredopbl 9 knacca
AnA BbiNONHEeHMA € NOMOILbLI0O KOMNbIOTEPa

3EHEHHFI, TpEGyI'DI.LlHE' MCNONBE30EAHMA KalbKYNATOPRA, BbIMONHANTE C NoOMOLW IO

CTaHQapPTHOM NPOrpamMmbl «KanbKyNATOP», KOTOpad ecTb Ha BallemM KOMMblOTepe.

3aﬂaHHﬂ, cogepxallke nemMmeHTbl NporpaMMrpoBaHA, OTMEYEHDbI 3Bé3ﬂ0'-IKDF1.

,B,IIFI MX BbINCONHEHWA OO0CTATOYNHO NpUaymaTbh anroprtm M 3aNCate €ro CnoBammn nmbo B
BEnae bnok-cxembl. Mo mMepe M3y4eHMA A3LIKOB NporpaMmMmmpoBaHnA Bkl MOXeTe peann3o-
EbIBATE 3THW anropnTMel B EVAE NMpOorpamMmm. Hanbonee cnoxHbie 3adaHWA OoTMeYeHbl BOC-
KnnuarenbHbIM 3HaKOM.

362

K § 1 «®@yHKUMA»

Kakue cnocobbl 3apaHua dyHKUMK yaobHel ans Toro, 4ToDbl NpeacTaBuTb 3Ty
YHKUWIO C NOMOLWbLIO KOMMNbloTepa? Kakne MHCTPYMEHThI AN 3TOro MCNonb3y-
roTca?

Kakue ctaHpapTHble QyHKUMKW eCTb B TaDNMYHOM penakTope, KOTOPbIM Bbl NOMb3Y-
erecb?

K § 2 «BozpactaHue u yobiBanme pyHKumn. Hanbonbluee 1 HaUMeHbLUee
3HauYeHUn pyHKUUUY

®yHkumMa 3agaHa TabnuyHo. 3anuwWwKMTe anropuTM ANs NOMCKA NPOMEXYTKOB 3Ha-
KOMNOCTOAHCTBA M anropuTM Ans MOWCKa NMPOMEXYTKOB BO3pacTaHwus 1 yObiBaHWA
hyHKUMKU. MOXHO NKU COCTaBUTbL TaKOW anropuTM ans Apyrux cnocoboe 3agaHus
dyHkumn? MNovemy?

Mpegnonoxum, 4To Yy Bac ecTb NOANPOrpamMmma, No3BoNALWLAan BblYMCNIWUTL 3HaYe-
HMe HeKOoTopoW dyHKuMK B nobon Todke. MOXHO X C NOMOLLLID 3TOW Noanpo-
rpamMmbl HAWUTKU BCE HYNW 3TOW dyHKUMK? CoenanTe Bbieog 06 ocobeHHOCTAX pelwe-
HUA YypaBHEHWI C NOMOLBIO KOoMMbloTepa. Hangute B MHTepHeTe WMHpoOpMaUUIo
O YUCNEeHHbIX MeToAax pelleHns YypaBHeHUN.

K § 3 «MéTHbIe N HevéTHble PYHKLUUN»

3apanTte B TabnuMyHOM pefakTope HeKOTOPY GYHKUWIO ANS NONOXWTENbHBIX 3Ha-
4YeHun aprymeHTa. JononHute Tabnuuy Tak, 4Tobel nonydunace: 1) 4éTHas dyHK-
ums; 2) HeyétHaa dyHKuma. Kak cgenatb 3To asTomatudecku? MNMoctponTe cpea-
cTBamu TabnuyHoro pegakTopa rpaduk 3Ton MyHKUWM.

K § 4—6. NocrpoeHne rpadhmnkoe GyHKUMA

C nomouwbio TabnuyHoro pegaktopa 3aganrte kakyw-nubo pyHkumio i = [ (x) Ta-
BnnyHo 1 noctpouTte eé rpadmk. Ong kaxgon ni dyHkunr i = kf (x), v = f(kx),
y=f)+b,y=flx+a),y=f(x+a)+b, y=/(|x]), ¥y=|/(x)| pononHuTe Tabnu-
Ly Tak, 4Tobbl nony4nTs rpaduk 3Ton dyHKUMK (caenanTe Tak, YTobbl HyXHble 3Ha-
YeHUs NOoACYMTLIBANMCE aBTOMAaTUYECKM MO 3aAaHHbIM 3Ha4YeHuAM Ko3hduUMeH-
ToB). MNocTponTe Takum obpa3om Heckonbko rpaukoB yHKUWW ANA pa3nnYHbIX
3Ha4YeHMN Ko3PUUNEHTOB M NOMECTUTE 3TU rpacmrkn Ha OQHOM PUCYHKE.
MoctpouTte rpaduk kakon-nubo dyHkumm y = f(x) ¢ nomowsto rpaduyeckoro
pepakTopa. Monydnte M3 3Toro rpaduka rpadmkmn dyHkumna iy = &/ (x), y = /(kx),



y=fx)+b,y=f(x+a),y=[(x+a)+ b npn pa3znmiHbix 3Ha4eHNAX KO3IDPHUM-
EHTOB.

Kakue 3Ha4yeHMa KO3 dUUMEHTOB HAao paccMoTpeTs 0cobo?

K § 7 «KsagpaTu4uHana ¢dyHKkuus, eé rpachmk n cBoncrean

Mapabona 3apaHa ypaBHeHWeM i = ax® + bx + ¢. 3anUwKTe anropuT™M Ansa onpepge-
NeHna Takux XapakTepucTuk napabonbl: HanpaeBneHwWe BeTBeW, KOOpAWHAaTLl Bep-
LWWHBI, TOYKW NepeceyeHnsa ¢ 0CAMU KOOpAWUHAaT, — BXOAHbIMW OaHHbBIMK ANA KOTO-
pOro fBNAKTCA 3Ha4YeHua a, b, c.

Monb3ysck 3TMM anropuMTMOM, OnpefenuTe, Kakon ydacTok napabonsl uenecoo-
bpa3Ho n306pa3nTe Ha rpacuke. ABTOMaTU3INPYUTE MpOLECC COCTAaBNEeHUs COOoT-
BETCTBYLOWEN Tabnuubl 3Ha4YeHUN GYHKUMKM W nocTponTe rpaduk No Nony4eHHOM
Tabnuue.

K § 8 «PewneHme KkBagpaTHbIX HEPaBEeHCTBY»

Monb3yace Tabnuuen, NnpueeaéHHOM B § 8, 3anULIMTe anropuTM ANa pelleHus Kea-
ApaTHOro HepaBeHCcTBa ax® + bx + ¢ > 0, BXOAHLIMW flaHHLIMKW ONS KOTOPOro ABNs-
IOTCA 3HaYeHus «, b, c.

Kakue BxogHble faHHble Hago A0OaBUTL K 3TOMY anropuTMy M Kak U3MEHWTb ero,
4YTODbI C €ro NOMOLLLIO pewarth Takxe HepaBeHcTBa ax’ + bx+c < 0, ax®+ bx+c¢ = 0,
ax?+bx+c<0?

K § 10 «YpaBHeHUe ¢ ABYMSA NepemMeHHbIMU U ero rpauk»

Mpegnonoxum, 4To ypaBHeHUe ¢ ABYyMA nepemeHHbIMUK [ (x; y) = 0 3a4aHO O4YeHb
cnoxHow dopmynoi / (x; ), No3ToMy Ana NOCTPOeHUs ero rpaduka Henb3a BOC-
NONbL30BaTbCA HWM cnocobamu, M3y4eHHbIMU B 3TOM naparpade, HW TabnuyHbIM
pegaktopoMm. OfgHako cywecTByeT nognporpamma, NO3BONAIOWAA BbIYMCINTb
3HayeHwue [ (x; y) ons 3agaHHbIX 3Ha4eHUU NnepemeHHoW. Kak nocTpouTb rpadumk
3TOro ypaBHEHMUSs Ha 3KpaHe KoMmnbioTepa? Hackonbko agekBaTHbIM byaeT 3TOT
rpacduk?

K § 11 «fpadmyeckme metoabl pelieHUA CUCTEM YPaBHEHUA C ABYMA
nepemMeHHbIMWU»

Baca OwnboYKkMH 3ax0Ten pewnTb CMCTeMy YpaBHEHUW Takum obpa3om: ans Kax-
OO0 U3 HUX NOCTPOUTL rpad Mk ypaBHeHWs, 3aaae B TabnuyHom pegakTope Tabnum-
Ly COOTBETCTBYIOWMX 3HAYEHMM, a 3aTeM HAWTK Ha 3KpaHe KOMMbLIoTepa TOYKM
nepece4yeHuns 3TUX rpadurkos. B 4ém HegocTaTkK 3TOrO NnaHa?

K § 12 «PeweHune cucrem ypaBHeHUMN € ABYMS NepemMmeHHbIMWA MEeTO40M
noacCTaHOBKW M MeTog4aMM CNOXeHWUA U YMHOMXEeHUA»

MycTb AaHbl ABa MHOXECTBa, NpeAcTaBnstoumMe cobon pelweHUs ABYX YypaBHEHMI C
OBYMSi NMepemMeHHbIMW. 3anuiuTe anropuTM, KOTOpPbIM AenaeT BbiBOA: AaHHbIe
YPaBHEHWA PaBHOCUNLHbLI, OAHO U3 HMX SBNAETCA CneacTeMemM apyroro (ecnu ga, To
Kakoe MMeHHO). C NoMOoLbIO KAaKoW CTPYKTYPbl AAaHHLIX Bbl NpeacTaBuTe MHOXE-
CTBO pelueHUI YPaBHEHWUS C ABYMS NnepemMeHHbIMU?

K § 13 «MeToq 3amMmeHbl NepeMeHHbIX U ipyrve cnocodbbl peleHna cucrem
YPaBHEHWMW € ABYMSA NepemMeHHbIMU»

3anuwnTe anropuMTM, KOTOPLIA onpeaenseT, SsBNAeTCA N MHoro4neH: 1) ogHo-
POAHLIM; 2) CAMMETPUYECKMM.
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[lonb3yace anropyTMoOM, onpegenalwmmM TUN MHOroYneHa, sanuwunTe anropuTMm,
KOTOPbIA BbIAAET pPeKOMeHAauuld O NpUMMeHeHUM cnocoboB pelleHMs CUCTeMbl
ABYX YPAaBHEHWUI C ABYMS NepemMeHHbIMU, M3y4eHHbIX B 3TOM naparpade.

K § 16 «Cucrembl HepaBeHCTB € ABYMSA NepemMeHHbIMW»

MycTb MmeeTca Heckonbko GyHkuun [ (x; ) U ANA KaxXaoW M3 HUX CyllecTByeT
noanporpamma, NO3BONAKWAR BbIYMCINTL 3HadYeHWe dyHkuum /. (x; y) ana 3a-
OaHHbIX 3HAaYeHWW nepemeHHbIX. Kak nocTpowuTb Ha 3KpaHe KoMnbloTepa rpadmk
pelWweHna CUCTEMbI HEPABEHCTB, KaXxaoe U3 KoTopbix umeet eug, /, (xv; y) > 07

K § 18 «HepaBeHcTBa meXay cpegHMMM BenMYMHaAMM.

HepaeeHcTBO KOlWKM — ByHAKOBCKOro»

Hanuwwte nporpammy Ana Bbl4UCNEHWA CpefHero KBagpaTU4HOro, cpegHero
apupmMeTUYecKoro, cpegHero reoMeTpu4ecKkoro, cpegHero rapMoHWYeckKoro AaH-
HbIX YMucen a U b. NpoeepkTe € €€ NOMOLLLID BbINONHEHWE COOTHOLWEHWA MexXay
3TUMKW BENUHMHAMMN.

K rnaese 5 «MducnoBble nocnegoBarenbHOCTU»

B TabnuyHoMm pegakTope MOXHO 3anonHATL A4elMKM Tabnuubl YneHaMu nocnegoBa-
TEeNbHOCTU, 3afaHHOW C MOMOLLbLIO PopMynbl 72-ro YNeHa NocneaoBaTenbHOCTU U C
MOMOLLBID pekyppeHTHOU dopmynbl. OCcBOUTE 3TU cnocobbl 3anonHeHua Tabnuubl.
Co3panTe MexaHu3Mbl Ans 3anofHeHMa a4eek Tabnuubl:

YneHamu KOHeYHOWU apudMeTUYeCcKOn NPorpeccu Ang 3adaHHbIX 3HAYeHUN a U d,
4YneHamMmu KOHEYHOW reoMeTpUYecKon Nporpeccun Ana 3afjaHHbiX 3Ha4YeHUn b u g.
WccnegyTe ¢ nomouwslo 3ToM Tabnuubl noBegeHwe apudmeTM4eckoW W reo-
METPHYECcKoWn Nporpeccun npu a = b, d = g.

MNpoaemoHCTpUpyTe ¢ NOMOLLbIO TabnyuyHoro pegakTopa:

«MNOBEAeHME» CXOAALUMXCA U PACXOAALMXCA NoCnefoBaTeNbHOCTEN;

Bbl4MCNEHWE CYMMbl MEPBLIX # 3NeMeHTOB DecKOHeYHOW reoMeTpUYecKOoW Mpo-
rpeccum, y kotopon |¢g| < 1.



OTBeTbl M YKazaHuA

Maea 1. 1.8. 1) (-=; -)U(7; 1)U (T; +);
2) [4; 6) U (6; +). 1.22. 3) {1} U[2; +e);
4) {-1} U [3; +e2); 5) (=2; 0) U (0; +o<); 6) [0; +oo).
1.23. 3) (-3; 1)U (-1; +=); 4) {4} U[3; +=);

5) {=5} U [=2; +e); 6) (05 +). 1.24. 1) [—m; —%}

2) (—m: g]U [g +m]; 3) (—o=; 4e2). 1.25. 1) [%; +m);

9) (—m; %j U [% +m]; 3) (—o0; —4] U [4; +2). 1.26. Pucy-

vok 1. 1.27. 1) [-4; 1]; 2) —%; 2] ; 3) [-35 2]; 4) [-2; 2];

5) [-4; 4]; 6) (—o=; —1]U i:+m). 1.28. 1) [-10; 0];
2) [-27; 3% 3) [-1; 11; 4) [-1; 11; 5) [0; 1];
6) (—m: —%} U[L: +o0). 1.29. 1) Q; 2) (<o 0) U [1; +eo);

)R\ Z;4) R\ Q; 5) Q. 1.30. 1) {1}; 2) {0, 1}; 3) Q.
1.31. 1) {0, 1}; 2) {0}. 1.32. 3) Pucynoxk 2. Yxazanue.
D(y) =[-1; 2), E(y) = {0, 1}. 1.33. 2) PucyHox 3.
Yxazsanue. D (y)=Z, E(y)={0}. 1.34. 1) Pucynox 4, a;
2) pucynoxk 4, 6. 1.35. 1) Pucysox 5, a; 2) pucyHoK 5, 6.
1.36. Pucysok 6. Yxaszaniue. BocnonbayiiTech T€éM, 4TO
ectun x € Z, To x° = r(mod 5) ronsko npu r € {0, 1, 4}.
1.38. He saBusercsa. Vkazanue. BeisicHUTe, Kakue
ypcJa coorBercTByiorT umeny 0,5. 1.39. fsusiercs.

1.40. f(x)= %x + % . 1.41. g(x) = 13 — 3x. 1.42. Yika-

sanue. Ilokaxure, 4To fJaHHAA PYHKIUA — 3TO PYHK-
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Puc. 6

nus g(x) = x, D(g) = R\{0, 1}. 1.43. f(x)= % — x. Ykazanue. Tak kKak paBeH-
CTBO, IaHHOE B YCJIOBUU, BBINOJHAETCA IIPA BCEX X, TO BMECTO X IOJCTaBbTE —X.
J(x)+2f(-x)=x+1,

[F)+2f(x)=—-x+1

[Monmyuum [ (—x) + 2f (x)=—x+ 1. I3 cucreMsI { HAXOJUM

f(x) = % — Xx. Ocramoch MpPOBEPUTh, YTO HaWJeHHAs (DYHKIUA YIOBIETBOPAET
yeaoBuio 3agaun. 1.44. [(x) = —‘2£ — 2i . Yxazanue. B janaoe paBeHCTBO BMe-
) X

X +10

1
cro x mopcrasbre — . 1.45. f(x) = . Vxazanue. B nanHOe paBeHCTBO BMe-
X

cro x moactaesTe 1 — x. 1.46. 0; —2. Ykaszanue. IlpencraBbTe JaHHYIO (YHKIHIO
B Bujie /(x) = (x + 1)? — 1. Torga nerko yeranosuts, uto [ (f(f(x))) =(x+ 1)% - 1.
1.47. -5; 4. Yraszanue. f(x) = (x + 5)? — 5. 1.48. 1. Vkaszanue. OQueBUjHO,
uro x2 —x + 1 = x. Torga f(f(x)) = f(x) = x. 2.3. 2. 2.4. m < —2. 2.5. Bospac-
TaeT Ha KaXJOM M3 IIpoMexXyTkoB Bupa [k; k + 1), ke Z. 2.6. 2) 1; 3) 1;
4) [0; +=0); 5) Z; 6) R\ Q. 2.7. 2) (—=; 0]; 3) 3; 4) [0; 1); 5) {0} U (R \ Q);

6) % 2.8. 4) (—o=; —1), (-1; +==); 6) (k: R+ 1), ke Z. 2.9. 5) (1; 3), (3; +==);

6) (—oo; 0), [1; +<). 2.20. BoapactaeTr Ha npoMe:KyTKe (—oo; 0], vObIBaeT Ha IIpo-
Me:kyTKe [0; +o0). Vkazanue. Bocmonsayiiteck Teopemoii 2.4. 2.22. Boapacraer
Ha MIPOMEKYTKe [a; +o0), yOBIBAeT Ha MIpoOMeKYTKe (—oo; a]. 2.23. Vkazanue. Boce-
oab3yiTecs Teopemamu 2.2 u 2.3, 2.26. 1) rrﬁn f(x) =1, mauboabiero sHaye-

HUs He cyllecTsyer; 2) _m'u;l] f(x)=0, max f(x)=4. 2.27. 1) max f(x) =13,
; ;4

HAUMeHLIIero 3HaYeHMA He CYIecTByeT; 2) I[‘fllizrilf(.l’) =], 1[1[};12:-]{ f(x)=1.

2.28.1) 2; 2) 2; 3) 1. 2.29. 1) Bospacrarwmasn; 2) ogpacrarmouiad. 2.30. 1) YobI-

Baomad; 2) yvoeiBawomasn. 2.31. a = 0. Vkazanue. U3 Teopemnr 2.5 caeaver,

4YTO AaHHAA (PYHKIHA JOJXKHA HMeTh He Oojee omHoro Hyna. 2.32. a = 1.

233. a<2.234.a< 1. 235.1)-1. Vrkazanue. [lokamxure, 4T0 JeBas YaCTh

ypaBHeHHU 3aaéT Boadpacramoniyio dyaknui; 2) 3; 3) 2. 2.36. 1) 1; 2) 9; 3) %
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2.37. 1) 9. VYxazanue. [lokaxure, 4TO JieBasd W [Ipasas 4acTH YpaBHeHHS 3ajia-
0T (DYHKIIMKM, OJIHA U3 KOTOPLIX ABJAAETCS BO3pacTawlie, a Apyrasa — ybbiBa-
ouleit; 2) 1. 2.38. 1) 4; 2) 4. 2.39. 0. 2.40. 0. 2.41. (2; 2), (-2; —-2). Vkazanue.
ITepBoe ypaBHeHHe CHCTEMBI IlepenuineM Tak: x' + x = ¥’ + y. Pacemorpum
dyaKuuo [ (£) =17 + ¢. Ona asnsercsa Bospacrawomeii. Torna x = y. 2.42. (1; 1).

2.43. (1; 0), (0; 1). Vxkasanue. Pacemorpure dyurnuio [(f) = 2t +t1. Omna
saBngeTcs Boapacrawiieit. 2.44. Ykaszanue. Cm. npumep 7 B § 2. 2.46. 3. Via-

1-6 -1++5
¥ T8

2

3
(:r32+ 1 ] w i
HIATe ,I[aEHH'DE ypaBHeHHE TakK: 5
flxy=12 2+ 1 . 2.48. He momer. Yiasanue. HMoxaxkure, uro f(0)= f(1) = %
2.49. (0; 2), (4; 2). 3.6. 5) Yeérnasa; 6) uweuernasa. 3.7. Uérnasa. 3.8. YérHnada.
3.9. Heuérnas. 3.11. 0. 3.13. 0. 3.14. 0. 3.15. Yérnasa. 3.16. HeuérHas.
3.17. YomBawinasa. 3.18. Bospacraromasa. 3.19. 2; 5. 3.20. -3; —-1. 3.21. 0.
Ykazanue. [Jokaxure, 4To QyHKIUA [ ABISETCA MOCTOAHHOMH HA IIPOMENKYT-
ke [-5; 5]. 3.22. 1) a = 1. Ykaszanue. Ilokaxure, uro nusa Bcex ¥ € R pasen-
ctBO (x — 1) +a(x + 1) = (x + 1)* + a (x — 1) BoimosHAeTCA TOJIBKO IpU a = 1;
2)a=-1.3.23. a=1. Ykazanue. Cm. npumep 3 B § 3. 3.24. Yxazanue. Jlan-
HOe BhIpaskKeHWe 3a/1aéT 4eTHYI PyYHEUU. Jlokakure, 4TO MHOI'O4YJieH, 3a-
NAUUN YeTHYH (PYHKIMIO, He COLEepP:KHUT OJHOUJEeHOB HEUETHOU CTeleHH.

3.25. Jza—3+1. 3.26. 2; 3; 5‘5[8—9; 5*5[8—9 . 420. V2 +1. 421. a = 2.
5.12.a) y=(x—2)%06) y =-3(x+ 3)2. 5.13.a) y = é{x +4)%; 6) y =—2(x — 1)2

3anue. Cm. npumep 5B § 2. 2.47. 1, . Yxazanue. Ilepenu-

= x. Paccmorpure (pyHEUHIO

514. a) y = (x + 2)> — 4; 6) y = —(x — 2)®> + 5; B) y:%(1—3]2+1.

515. a) y = (x — 4)? — 5; 6) ¥y = —2(x + 6)® + 7. 5.22. 2) Vkasanue.

g = —2,1;: 21— 2 _ _9_ ];2 o 3) Vxasanue. y = % x=2 . 5.24. 2) Pucynoxk 7.
v X+

L
2

Yxaszanue. y = JE = Y= Vi+x —»

r

iz |

— i = \/1 —'—; . 5.26. Ecau a < 0, To Kop- ~ZC U8

Hell HeT; ecau a = 0, To OJUH KOPEHL; eCJu e =T
a > 0, ro nBa xopHA. Yxazanue. PaccMmo-
TpuTe rpapurn pyHruui f(x)=a - |x| u 0| 1
g(x)=x%.527.2<0.528. Ecma<1, g
TO OJMH KOpPEHb; eclIUu @ > 1, To KopHeil Puc. 7

%
1
\
SN
”jt-

e
b

=
1l

.

=Y
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HeT (puc. 8). 5.29. Eciu a = -2, To 0lUH KOpPeHb; eClIu d < —2, TO KOpHEH HeT.
5.30. Eciu a < 1, To mlnf y=1-al, mdxf{x)—IE al; ecim 1 < a < 2,

To min /(x) =0, X} = 3—u,ec.7111a—2,m mi x) =0, 3=
iy J(x) ?Il;ﬁf( =13 -4l u:;;f( ) lg;:c;ﬁlif( ) =
ecim 2 < a < 3, 10 rEninf(J:}:O, max f(x)=[1-al; ecntu a = 3, To

[1: 3]
mm f(x)=13-al, maxj(:r:} 11 —al (puc. 9). 5.32. Eciim @ # 0, 1o n1Ba KoOp-

| |

7k J=WNx | :
. Y =N - -
2 P 1 2 3 Xx
0| 1 E:P

I

I I

- : R — : >

1 2a 3 x 1 3 a X

Puc. 8 rPuc 9

u:a; ecan @ =0, To ogun KopeHs (puc. 10). 5.33. Ecau |a| > 2, To KopHeil HeT;
ecau |a| =2, To becKoOHEYHO MHOI'O KOpHeil; ecan |a| < 2, To 1Ba KOpHsS. YKa-
3aMue. 3anuiimnuTe ypaBHeHHe Tak: 2 — |x| = |x —a| u Bocnoab3yiTech pUCYH-

3
kom 11. 5.34. Ecau |al > 4 TO JBa KOPHS; ecau |al = o > TO OZIMH KOpeH®; ec-

3 "
1H |al < 7 TO KopHed Her. Yrxazanue. Pucynoxr 12. 3nadyeHus mapamerpa d,

Yy f-;ﬁ A :"'Ii i !f N "\\ i - YA ’ Y
Y.\ RN ) 4dmEN wal
\\ 2] \ \" \ ...-‘f k\\.‘ \ A/,/
- / 4 1 \\ » / g \;‘.\\\\ Ay.f{

VIV \ NZVANEDEENA N, 25
N N, N ¢ .
0] 1 E /o 0] 1 X __430 %1 X

Puc. 10 rPuc. 11 .Puc. 12

IIPH KOTOPBIX NpAMasa M mapadojia UMeHT OZHY 00ILIYI0O TOYKY, MOMKHO HANTH
13 YCJIOBHUSA, YTO KBaJpaTHble ypaBHeHUA X —a=x2+ 1u a —x=x?+ 1 gomx-

9 " 9
HEl UMeTh OJUH KopeHb. 5.35. Ecau |a| > 1’ TO KOpHeH HeT; ecaH |a| = 1’ TO

OJMH KOpeHb; ecan |a| < g , TO 1Ba KopHdA. 5.36. (1; —1), (1; 2), (5; —1), (5; 2).
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5.37. —4. 6.3. 1) [-7; T}y 2) [-9; 7], [U; 6]. 6.4. 1) —2; 2; iy > 0 npu
x € (—=; -2)U(2; 4); y < 0 mpu x € (-2; 2); 2) -3; 2; ¥y > 0 npm
x € (—oo; —3) U (-3; 2) U (2; +°). 6.8. 3) Pucynox 13. Vkaszanue. Bocrnonbayii-
Tech cxeMol: §y =Jx —» y=Jr+2 —» y = Jx|+2 —» i = Jx -1 +2.
6.10. 1) Eciiu a < 0, To KopHeil HeT; ecit @ = 0 uiau @ > 1, To ABa KOPHS; €CJIH
a =1, To Tpu KopHs; ecnu O < a < 1, To yersipe KopH#A; 2) ecnan a < 0, To Kop-
Hell Her; eciau a = 0, To Tpu kopHA; ecan 0 < a < 1, To HWIECTh KOPHEH; ecJIH
a = 1, To yeThIpe KOpHHA; ecau @ > 1, To nBa KopHd; 3) ecau a < 0, To KopHeit
HeT; ecain @ = 0 i a > 2, To ofuH KopeHb; ecau 0 < a < 2, To ABa KOpHA.
6.11. 3) Ecin a < 0, To xopHeii HeT; eciu @ = 0 uny a = 3, TO YeTLIpe KOPHA;
ecnu 0 < @ < 1, To BoceMb KOpHeH; eciu a = 1, To ceMb KopHe#t; econ 1 < a < 3,
TO IIeCTh KOPHei; ecau @ > 3, To ABa KopHA. 6.16. 1) Pucyuok 14. Vkazanue.

YA i
"'h-...__h-_ ] ==
e — LT | L=
Hﬂ =t I ""‘"'--.hhh P e .
7117 2N of 1 x
e
0| 1 X
FPHC. 13 FF‘HC. 14
BocrnoabayiiTech cxemoit: y=+xr —» y=Jr-1 —» y=4x/-1 —»

— > y=qlal-1-1 —» y= ‘«J|.1‘| -1 —1‘. 6.18. a=0ummn a=2.6.19.a=1

Hﬂna:—S.E.ZO.a:—2HﬂHa——1 6.21.a=1unu a = . . 6.22. :—%.
6.23. a:%. 6.24. {—%;m) §.ds, = j_ 1+«/_ . 7.8. 1) nBa KopHS;

2) onuH KopeHb. 7.9. Tpu KopHaA. 7.10. 1) (-1; —1}, (9; 9); 2)(2; 23), (8; 17).
7.11. (3; 15), (-1; 11). 7.12. 1) 25 2)-13; 3) —22. 7.13. 1) 26; 2) 17; 3) —10.

714. p =1, g = 4. 7.15. a i—— 716.a=3, b =5.719. a = 9.

7.20. b =-16. 7.21. b = 18, 722a 1723:1 3.7.24.a=0, uwma=1,

wima=4.7.25.c=-8.7.26.c=14. 7.27.¢c > 14. 7.28. «a :g WIN € = —g.

Vrasanue. Ypasuenune x? — 2ax + 3 = x — 1 J0/KHO UMeTh elUHCTBEHHOE pe-
menue. 7.29. a =-5.730.a)a > 0,6 <0,c<0;6)a<0,b<0,c>0.
7.32. Her. Yikaszanue. lokaxure, 4T0 4YUCJA @ ¥ € pa3HbIX 3HAKOB. 7.33. ¢ > 0.
Yxazanue. U3 yenoBus caenyer, uro /(1) > 0. 7.34. 1; 3. 7.35. a = -3, win
a=-1,nmua=1, umn a = 3. Vkazanue. Mogyiaiu KOOPAUHAT BePIIHHEI I1apa-
6onsl paBubl. 7.36. -2 < a<0.737.p=-4,9=9.738.a=1,b=-8, c=6.
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rPuc. 15 FPuc. 16

7.39. a) -4; 6) 4. 7.40. —-1. 7.45. 1) Pucyuok 15. 7.46. 2) Pucysor 16.
7.49. JIga wopua. 7.50. Her. Vrkazanue. I'pahuku noNKHBI epeceKaThes B
Touke, abcrnucca koropoi paBHa 1. 7.51. Her. Vkaszanue. Iloramxure, 4ro
a = ¢. Torga uncno —1 — wHyJab JuHelHON (Qyaxkuuu. 7.53. —1. Vkazanue.
f(1) =2 0. 7.54. Yxazanue. KoopauHaTs! BepHniuH napatos uMmewoT Bum (a; a + 1).
JIE —2x, ecam x <1,
25

7.56. Viasanue. g(x) = I—l, ecan 1 < x < 2, 7.58. 16" Vikasanue. Pac-

X2 -4x+3, ecin x = 2.
cmorpure Gyakuoo [() =2 + 2t + 2, D(f) = [ i ) 7.59. a = 3 unu

a'= 143 Vxkazanue. Pucynor 17. 7.60. —%fi <I Vxasanue. Hago naitn

BCe 3HAYEHUSA [1apaMeTpa d, IPU KOTOPLIX HepaBeHeTBo X2 —4x+ 3+ |[x—a| < 2

uMeeT XOoTdA Obl omHo pemenue. 7.61. a = 1. Vkasanue. Ilokamxwure, uTO
2 B 2

x; +x5; =2(a® +a-1), rne x; 1 X, — KOpPHU ypaBHeHMA. [laHHOE ypaBHeHUe

UMeeT KOPHH, ecJid ero fucKkpumMuHanT D =4a -4 = 0, r. e. a = 1. Iloaromy

HAJI0 UCCJIeI0BATh HA HAMMEHbIIee 3HaueHue Gyurnuio [ (a) = 2(a® + a — 1),

D(f) =1[1; 4=). 7.62. a = 2. 7.63. Ecin a < —% , TO YeThIpe KOPHS; €CJIA

3 1 _ 1 _ 1
g <a< 7 70 /ABa KODHSI; €CJIM @ = —, TO OJ\UH KOPEHb; eCilH a =3 7 7O KOp-

Hell HeT. Vkaaarniie. PECEMDTPE‘B JaHHOEe YVpaBHeHHe KaK KBaJlpaTHOe OTHOCH-

a=-x2+x

5 Ha koopauuaTHOM

—x—1.
ILIOCKOCTH X MOCTPOiTe rpadUK JaHHOrO ypaBHeHUusA. 7.64. Bee Touku, jemxa-

TeJIbHO ¢, NoJYy4YaeM TaKyVI0 COBOKYIIHOCTL. |:
a=-Xx
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nre HUKe napabons! iy = —x* — 3. Vkasanue. Umeem: 2a* — dax+x*—y—-3=0.
PaceMoTpuTe 9T0 paBEHCTBO KAK KBAJPATHOE YPABHEHHE OTHOCHTENIBLHO . KEro
nuckpuMmuuanT D = 8x% + 8y + 24 nomxeH GbITH oTpunaTebHbIM. 7.65. Yia-
s3anue. Bocnoabsyitrecs Tem, uro f(0) /(1) = f(c). 7.66. Ykazanue. Ilycts
napabosia nepecexkaer ocu koopauHar B Toukax A (0; y), B (xy; 0) u C (x,; 0),
rae X, 1 X, — HyIU KBagpatTuuyHoil GpyHxnuu (puc. 18). OKpyxKHOCTH, IPOX0-

N /
RN
R /
A
IENENNE ]55
N
rPMc. 17 FPHC. 18

nsmasa yepe3 Touku A, B u C, nepecexkaer ock opauHaT B Touke . Mmeem:
OB-0C=0A"-0D. Jlanee, BOCIOJL30BaBIIHCEL TeopeMoil Buera, moka:xure,
YTO OKPYKHOCTE IpoxoauT yepes Touky (0; 1). 7.68. Vrkazanue. OdbozHaunM
a = x u pacemorpum dyHKnuIo f(x) = x% + b? + ¢ — x%b — b%c — ¢*x — 1. Unme-
em: f(x)=(1-b? - c®x+ b% + ¢? — b>c — 1. Ecaiu b # 1, T0 rpadurom aToii
(byHKIUHN ABIAeTcA napabosia, BETBH KOTOPOH HAIIPABIEHBLI BBEPX, a 3HAYUHUT,
Haunbosbilee 3HaYueHue Ha orpeadke [0; 1] GVHKIKUA OIPUHIMAET B OJHOH U3 TO-
yek ¥ = 0 unu x = 1. Torga gocraToyHo AoKasaTh ABa HepaBeHcTBa: [(0) < 0 u
f(1) < 0. Cayuait b = 1 paccmorpure otaeabHOo. 7.69. (—=; —3) U (-3; —2).

7.70. 1. 8.5. 1) (-2; 1); 2) (~o0; —5] U [2; +e); 3) {—3; —%} 8.6. 1) (—; 11U

U4 % 2) (5 -3 3) (313 )3 9) (o5 10 U (1 +). 8.7. 1) =65 2) -2
8.8.1)1:2)-3.8.13.1)-8< < 12.8.14.1) b < —% wmu b > 1; 2) b < 4 unn
b > 10. 8.15. 1) (0; 3]; 2) [-4; —-0,5] U [6; +=); 3) [-1; 0) U (6; 10]; 4) (-5; -3].
8.16. 1) (—w; %}U[g 3]; 2) (-2; 01U [5; 9). 8.17. 1) -4; -3; -2; —1; 0; 1;
2) -3; -2; 1; 2. 8.18. 1) (6; +); 2) (=35 5) U (5; 6); 3) (—; -9) U (-9; 2] U

U [7;9) U (9; +==); 4) (—1; %) .8.19.1)[-2; 2); 2)(-5;6) U (6; 7). 8.20.1) (-11; 11);

2) (=2 |U| B )s ) 55 810185 53 4) (5 DU(-2: U s+
8.21. 1) (—o=; ~1] U [-0,4; 0,4] U [1; +<); 3) (—%: —%) U ( 1 %j .8.22.1) (-3; 4);

2) (15 4); 3) (—==; 1)U (3; +e0); 4) [-1; O] U [1; 61; 5) (—==; 1); 6) [-4; 2] U
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U |8+ VIT; +0). 8.23.1)(-6; -3) U (-2; 1); 2) (155 —2)U(-2; -1+ V5);
3) (=5; 8+ 22 ); 4) (o3 1] U [5; +o0); 5)(—m ——] 6) (-2; 3). 8.24. 1) a > 4;

2) -1< 2 3)a>§ 4)a>6.825.1)a>9;2)3<a<T73)az>1l;

4)a>4.826.a> % 8.27. a < —16. 8.28. S 5“#, 8*92‘f 8.29. 1) Eciu

a<l,mroa<x<luwmumx>4;eciml<a<4d, tox>4;ecnua >4, Tox > a;
1

" 1 1
2) ecin a < 1’ TO pelleHHUN HeT; eclIu 3 <a<xl, To 1 < x < @ ecau

a>1, To —i%x%l. 830. ) Ecmmna<-8 1m0-8<x<9ecan -8 <a<9,

Toa < x <9; ecnua=9, ropemenuii Her; 2) ecau a < 1, ro x < a; ecan
1<a<8 mx<l;ecmma>8,mTox<lmm8<x<a. 831.1<ac<?2 Yxa-
3anue. MHOMeCTBO pellleHHUH I1epBOro HePaBeHCTBA JOJIAKHO COlep:HaTh MHOMKe-
CTBO pellleHHM BTOpOro HepaBeHcTBa. McKoMble 3HaYeHMS MapamMeTpa d ABJIA-

1<a<3 1 9
832. - —<a< = 8.33.a € [-2;0].

o
IOTCH pellieHUAMHK CHCTeMBbI
{1 <2-1<3. 3

8.34. a € [0; 1]. 8.35. {—2—1} . Vkazanue. NUmeem [ (x) = ax? + bx + ¢. 3 yc-

JoBUA ciaeayer, 9ro f(1) < 0. YeroBuio 3ajja4u COOTBETCTBYET AYeiKa @ Ta-
oaunel B § 8. 8.36. . 8.37. 1) « :% I —%%a é%; 2) 0< a{%.

838.1) a= % nma -1<ax<l; 2) 0<a< g 8.39. Vkazanue. Pacemorpure

byarmuo [f(x) = ax? + bx + c. 8.40. Ykazanue. Paccmorpure (QPYHKIHIO

f(x) = ex? + bx + a. 8.41. 1; J33; J41: 7. Vkasanue. Momuo samucats
12— 8(x —{x}) + T=0. Orcioga x2 — 8x + 7 = —8{x}. Penenue ypaBHeHHs cJe-

. i -8x+7<0,
IVeT WMCKATh CcpeJu pelleHHN CHCTeMBbI , HMeem
-8x+ T > —8.

x e [1; 3) U (5; T]. Hanee paccmorpure nsATh caydaes: 1) x e [1; 2); 2) x € [2; 3);
3)xe (5;6); 4) x e [6; T); ) x="T. Ina aTux ciayuyaes [x] paBHa cOOTBeT-
crBeHHo 1, 2, 5, 6, 7. 8.42. 1; ﬁ; J1_3; \/ﬁ; 5. 8.43. Ecniu a < 0 unn

2,10

3
9.1.3) [—1; %) U (8; +o0). 9.2. 4) (—0; —5) U [—g; 0) U (% : 2]. 9.3. 2) (—oo; —1) |

a=1,tox=1:ecitma 20una+1, Trox =1 um x = a%. 8.44.

UB; 4)U (s +o); 3) (—oo; —ﬁ)u(—g;ﬂu[i;z} 9.4. 2) (—; —4)U

U (% z)U (2; 3). 9.5.1) [—g; z];ﬁ)(—m;—:a} U (2:49).9.6.2) ('_g; 3]1_41 (3: +oo):
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3) [‘1 ‘2‘/5; 1)U(_1 ?fﬁ; +m) .9.7.4) (-5; 0) U (i; l)U (1; 8); ) (=2; 1) U

U (3; 4). 9.8. 5) (=3 —T) U (~1; 1) U (2; +=); 6) [—1; g) U (2 8) U (T; +o0);
8) (—oo5 —2) U (—v3; -1) U (15 v/8) U (2; +o0). 9.9.3) (—o0; —1) U(o; %] U (1 +oo);

5) (=55 -1) U (2; 8). 9.10.3) (=5 —4) U (-85 8) U (6; +); 6) (—2; 0) U (1; v2 ) U
U [25 +e0). 9.11. 2) (=005 11U [2; +o0); 4) (—o=; =31 U [0; 2). 9.12. 3) (—==; —6] U
U [-4; 6]. 9.13. 1) (—o=; —4] U [5; +o0) U {=3}; 4) (-3; 11U {0}. 9.14. 2) (—==; —5] U
J[-4; 01U {2}; 3) (-3;-2) U (-2; -11U (2; 31 U {7}. 9.15.[-1; 0) U (0; 5] U {-2}.
9.16.[-3; 0) U (0; 4] U {5}. 9.17.1) -4 <x < -3ummu x > 5; 2) -4 < x < -3 uin
x20,3)x< 4 4)x< 4, mmx=-3, i x =>5.918.1) 3 < x < T,
2) 3 <x < Twumux=-2;3)-2<x<3;4) -2<x<3umx-=0~".
9.19. (-3; 0] U (3; +0). 9.20. (—4; 11U (4; +). 9.21. 1) (—=; =81 U [-3; 3] U
U[8; +); 2) (=03 0) U (1; +w0); 3) (—oo; 8); 4) (-2 1-7)U(2v2; +).
9.22. 1) [-7; =51 U [5; T1; 2) (-5; —2) U (-1; +=); 3) (-5; -2) U (2; 3) U (3; 5);

4) [-1; 0). 9.23. 1) B;l)U“? ooy 2) (=05 —41U[=1; 11U [4; +oo);
3) [U: Q}U[g;m). 9.24. 1) [4; 5) U (5; +o); 2) (=o0; —31; 3) (0; +o0).

5
9.25. 1) [3; +o°). Vkaszanue. O6o3nauus 2x — 1 =a u 12 — x — 6 = b, Mo3KHO 3a-
METHTE, YTO JaHHOe ypaBHeHune umeeT Buj |a| + |b| = a + b. Teneps Bocmonb-
syirech TeM, 4to |a| + |b| = a + b rorma u Tonsko Toraa, korna a = 0u b = 0;

2) (—oo; —21U[-1; +=). 9.26. 1) [% E}U[E; +oo) 2) (—oo; —11U[3;5 +eo).

9.27. 1) Ecan a%—g um a = 1, 1o IE(—%;I]; eCJIH —%inﬂil, TO

(—%;HJU(H; 1); 2) ecnu c:f':i—g mwima > 1, ox e [—E;I}U{“}; ecIn
<

a<l, T xe [—g; 1}. 9.28. 1) Eciin a < —% mmma=1,T0 X € (—E; 1);

ecIu —%(ail TO X € ca |U(a; 1); 2) ecnn a{—g ui a > 1, To

X e [—%; I}U{a}; ecam —

xe(a; DU(@; 3);ecin 1l < a < 3, 10x € (a; 3); ectt a = 3, To pellieHUil HeT;
ecin a > 3, Tox € (3; a); 2)ecima < 1, rox € [a; 3]; eciu 1 < a < 3, To
x e [a; 3]U{1}; ecitu a =3, To x € {1, 3}; eciu @ > 3, To x € [3; a]U {1}.
9.30. 1)) Ecrma<-2,toxe (a;-2)U(-2;1);ecim-2<a <1, roxe (a; 1)
ecau a = 1, To pemenui Her; ecan a > 1, ro x € (1; a); 2) ecnu a < -2, 10O
xe l[la; 1];ecmm -2 <a<1,tox € [a; 11U {-2}; eenmu a =1, To x € {-2, 1};

a<1l, To x e [—?: 1}. 9.29. 1) Ecin a < 1, To

373



eciu a > 1, ro x € [1; a] U {-2}. 9.31. 4%; 9. Ykaszanue. MoxHo 3anucarh
2{x} — {x}[x] = [x] + {x} — 5. OTGID,H,& {1 — [x]) = [x] — 5. ITocnenHee ypaBHe-

e . Temmepe MOHATHO, YTO HY}KHbIE 3HA-
I ([x]-5
o
= _1'
YeHUs cne,u;yem' UCKATh CpeJH pelleHUil CHCTeMBbI - (] [ 5] 9.32. 5%; 6.
J‘ [

9.34. Ja l—[:t‘];[}'
Maea 2. 10.1. 1) (4; -2); 2)(2 2] 3)(0; 1), (1; 1); 4) (0; 0). 10.2. 1) (3; —2);

HHe DABHOCHJBHO TAKOMY. {

2) ( g 2) 3) (1; 0), (1; —-1); 4) (0; 0). 10.7. 8) Vxazanue. x = \/; =

— F=1= ,.f;; — » ¥=1= x-";|-“| — > x-1= .\I."|I)J——1| — |x|-1=|ly+1|
(puc. 20); 9) Vikasanue. :r:\/g —»x-1=Jy+1 —» |x[-1=Jy+1 —»
— x| -1=|y|+1 (pme. 21). 10.9. 4) Vkazanue. x=y* —»x=(ly - 1> —»

YA / \ YA #_ \ YA
/ / 5
3 T VP
01 4 X 0|1y X 0] 1~ X
7 | / \
H‘* [ \ \
FPuc. 20 FPHC. 21

— > x| =(ly] =12 — |x+ 2] = (ly| — 1)? (puc. 22). 10.13. 4) Vkaszanue.
x+y=2 » |x|+y=2 > |x|+|¥|=2 —> |Jx-1|+ |y+2|=2 —»
— |[2x - 1| + |y + 2| = 2 (puc. 23). 10.14. 4) Yxazanue. x -y =2 —»
—» x| -Yy=2 —> x| - Y| =2— |x+]1]| - |y-1]| =2 —» |x+ 1| -
— |2y — 1| = 2 (puc. 24). 10.15. 6) Vraszanue. [Jlannoe ypaBHeHUe PABHOCHJIL-

YA Ya YA
_-hh""'h-..._ ‘#,...n--"'"

1 1 1

X
- -

0] 1x 0\1 X il 0] 1

[t | /
FPuc. 22 FPHE. 23 .Puc. 24




(xl—1y2 +y2 =1,

5 10.16. 6) Vkazanue. Jlannoe ypaBHeHHe paB-
Y = U.

x* +(y|-2) =4,

HO CHCTeMe {
=
x =0.
N2

9
10.19. Ecau |a| > 1, To oguH KOpeHbB;

J2

, TO nBa KopHA; ecan |a| <1 u |a| # 5> TO TpH

HOCHJIBHO CHCTeEME {

ecau |al =1 unu |al =

KopHA. Yrxasanue. IlocTpoiiTe B cucTeMe KOODAHUHAT Xd rpadUK TAaHHOIO
ypaBHeHud (puc. 25). 10.20. Eciu a < —2, To pelleHHH HET; eciau d = —2, TO
OMUH KOopeHb; ecau —2 < a < 0, unu a =1, unu a > 2, To ABA KOPHSA; €CJau
a=0umm a=2, ro rpu kopuda; ecaiun 0 < a < 2u a # 1, 70 yeTsIpe KOpHA.

10.21. %éa(% — ]

Vrazanue. Uneem: ax = \f8:r —x%2-15+1.

[
-

15
I'padux dyHEIUN iy = ax — OpaMasg, IPoOXoaANad yepes3 Ha4ajI0 KOOpJHUHAT.

I'padpur GpyHEUHUH Y = \/8.1: —x2-15+1 — DNOAYOKPYKHOCTHL OKDPY:KHOCTHU
(x —4)2 + (y — 1)? = 1, nexamas He HuKe npAMoi i = 1. Ykasauusie rpaduku
NOJIKHBI HMETh OAHY OOIIYI0 TOYKY. DTOMY VCIOBHIO COOTBETCTBYIOT Kaca-
TensHad OM u nobdad npaMas, TPOXOAAIIASA Yepe3 Hauaao KOOPAHUHAT, YIUIO-

BOH KO3 (PUIHEHT KOTOPOil He MeHbIIe Yriiosoro Koadgdunuenra npamoit OB

11 MeHbIIle YIIoBoro Koa(pdunuenrta npamoit OA (puc. 26). 10.22. —% <a<0.

10.23. I'paduk cocrouT U3 YeThIpéx Touek: (1; 1), (1; -1), (-1; 1), (-1; —1).
Yrxazanue. Moramure, aro (x* + 1)(y* + 1) = 4x%y?, u BeIACHUTE yCIOBUE 10-
crukenuss paseHcrBa. 10.24. I'pacdbur cocrour u3 ogHoil Tourm (1; —2).
10.25. I'paduk cocrouT us mesatTu rouek: (1; 1), (0; 1), (-1; 1), (1; 0), (0; 0),
(-1; 0), (1; —-1), (0; —-1), (-1; —1). Vkazanue. Bocnonb3yiTech TeM, 4TO IPH
0 < f < 1 BRINONHAECTCA HEPABEHCTBO Jf_ = (. 10.26. MHoxecTBO IPAMBIX BU-
nay=x+c, rge ¢c € Z. 10.27. Bce TOYKHM KOOPJAUHATHOMN IIOCKOCTH, HMeE-
forue mesble koopauHatsl. 10.28. 3. Yiasanue. Ilycrs | x| +|y| = a, toe a > 0.
Hago HailTw HamMeHbIIee 3HAYEHHEe [DapaMeTpa «, IIPU KOTOPOM KBaaparT
x|+ |y| = @ u oxpy:xHOCTE X + (7 — 4)* = 1 UMeloT 061yI0 TouKy (puc. 27).

4y

1
T2l

B

I
o
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10.29. 4. 10.30. JVx+2 —Jxr—2. 10.31. x2+2x-12=0. 11.2. 2) (0; 0),
(1; 1); 3) (0; 4), (5; —1). 11.3. 1) 2 pemrenusa; 2) 3 pemenusa; 3) 1 peneHue;
4) 2 peutenus; 5) peureHui Het; 6) 3 peinennsa; 7) 4 pemenuda; 8) 2 pelreHns;
9) 3 pemrenns. 11.4. 1) 3 pemennsa; 2) peureHuil Het; 3) 2 pemenus; 4) 4 pe-
meHus; 5) 2 pemenus; 6) 2 pemenuda. 11.5. 1) Ecau a > 0, To 2 pemenus; ec-
au a = 0, To 1 peurenne; ecnu a < 0, To pemeHunii Her; 2) ecnau a < 1 wian

a > 2, To pemenwuit mer; eciu @ = 1 unu a =2, To 4 pemenus; ecau
1<a< \E, To 8 pemenuil. 11.6. 1) Ecau a < 1, To peureHuii HeT; ecau a =1,
TO 2 peleHuA; ecau a > 1, To 4 pemenus; 2) ecnau a > 32 wnu a < -3, To pe-

IIeHWI HeT; ecJau d = B\E nin —3 < a < 3, To 2 pemieHUs; ecan 3 < ad < 3\@,
TO 4 pellleHUs; ecJu a = 3, TO 3 PelIeHud; eclih a = —3, TO OJHO pelleHHe;

1 . 1
3) ecniu a < 5w a > 1, TO pellleHUH HET; ecJIH d = 5 wma= 1, To 4 pemre-

HUA, ecJIH lﬂiail 0 8 pemenuii. 11.7. a#-1una# =. 11.9. a=- E
2 4 3
11.10. a =-7. 1M1 11. a =-2, b = -7. Vkasanue. Bropasa cucrema 1nmpu J0bIX
BHAUEHHUAX I[apaMeTpPOB a4 W b uMeeT eJUHCTBEHHOE pelleHHe. JTHM CBOIl-
CTBOM JOJi:KHA obsanare W nepBas cucreMa. llosTomy npsamele x + y = 3 u
x + 3y = 3 mepecekalTcAa B TOUKe, KOOPAUHATEI KOTOPOH ABJIAIOTCS PelIeHU-

eM Kaxnoi us cucrem. 11.12. b = 3. Vkazanue. Ecau a # -3, To cucremMa uMe-

eT pemleHHs Npu Jgobom b. PaCCM{]TpHTE OTIeJbHO ciy4dail, Korma a = —3.
11.13. a = g 11.14.a=1.11.15. ¢ = 3 _11.16. 131 11.17. a < -3 unu

3 "
a = 1 11.18. Vkasanue. BocnonbayiiTech TeM, 4TO eC/IM Iapa qucen (x,; ¥,)

ABJIAETCA pelleHueM Kaxaoro us ypasuenuit F(x; y)=0u G (x; i) =0, 1o ona
TakiKe fABJIAeTcA pemeHueM ypaBHeHus F(x; y) + G (x; y) = 0. 11.19. Vkasza-
Hue, 7" .23 —32n =7n.8" 9" = 56" - 9", 12.1. 1) (6; 1), (-6; —-2); 2) (5; 3),
(-1,5; —10); 3) (2; —2); 4) (4; 3); 5) (0; 0), (-2,4; 4,8); 6) (2; 2,5), (-4,4; —2,3).
12.2. 1) (-1; 4), (-0,5; 2,5); 2) (4; 2), (205 —14); 3) (65 9), (-9; —6); 4) (1; 0),
(=0,5; 0,75); 5) (2; 4), (3; 3); 6) (1; 1), (E* 338) 12.3. 1) (3; 4), (4; 6);

2) (55 1); 3) (13 3), (2 251) 12.4. 1) (2; 1), [—* g) 2) (19; 8), [2; —%);

3) (-15; —5), (3; 4). 12.5. 1) (1 1), (1; -1); 2) (2; 1), (25 -1), (-2 5),
(_2? _JE); 3)( -3; \/_) ( . 12.6. 2) (1; 0), (0; 1), (-1; 2); 3) (2; 1),

o am (1) (3 (£.0) (o)

(3:2)i9) 4 6), (4 -6), (£:2

--llw-x

] 4) (-1; 4), (4; -1), (-5; 2), (2; -5).
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12.8. 1) (2; 3), (0; 1), (1,5; 1); 2) (1; 1), (13%@) (137‘/5]
0; 2), (=6; 2); 3) (1-, —%j, (—i; —g); 4) (2; -1), (-1; 2), (-2; 1), (1; -2).
12.9. 1) (3; 2), (-3; -2); 2) (3; 1), (-3; 1), (12; —g] (—12; %) 3) (-1; ~1).

Vxaszanue. Breluture u3 IIepBoro ypaeHeHHA CHCTeMLBI BTODOE VDPaBHeHHE,;

4) (—%; —%] 12.10. 1) (2; -1), (-1; 1), rone { — mwboe umcio; 2) (1; 1),

2 1 T | 1 1
(-1; -1), (5, E], (_E’ —g), 3) (2; 2); 4) (E’ EJ' 12.11. 1) (3; 1), (1; 2).
Yrxazanue. YMHOXEBTEe 00€ YACTH BTOPOT0 VPABHEHHA CHCTEMbI HA 3 M BBIUTHU-
Te U3 nepsoro; 2) (1; 1). Vkaszanue. Cnoxure ypaBHeHHA CUCTEMbI M IIOJIVUH-
re (x +y)® = 8; 3) (1; 1). Vkasanue. Cnoxure ypasaenus cucremsi; 4) (1; 0).

12.12. 1) (-1; 1), (=2; 0); 2) (1; 1), (\/52—1: ~./52+ 1], (_\/52+1;_\/§2—1J;

5. 1), 3 (1.
3 3), 3) (1; 2),

3) (-1i —1 4) (15 0). 1243. 1) (-1 15 2) (1 1),
(—1; -2); 4) (3; -1), [—6%; —4 E] . Yxazanue. Pa3znoxure JieBble YACTH Kax-

IOr0 M3 YpaBHEHUH Ha MHOKHTeIH; d) (2; 2), (— g; —g]; 6) (4; 2), (-4; -2).

1214.1) (1 2), (1 -2), (1 -2), (1 25 2) (2:-2]i9) @ -1, 2 1),

(1; =2), (-1; 2); 4) (1; 1), (7; =2). Vkazanue. IlounenHo pasneiuTe JeBbie U
[IpaBble YACTH YPABHEHHII CUCTEeMbI, MpPeJBapUTeIbHO IMpeodpasoBaB MepBOe
ypaBHeHHe K BUAY (x + 3y)(x + 1) = 8, a BTOopoe — K BUAy (x + 3y )y — 2) = —4;
5) (1; 3), (—%; —g]; 6) (3; 1), (—1; %J 12.15. 1) (4; 2), (-4; -2). Vkasa-
#ue. IlepeMHOKUB YpAaBHEHUA CUCTEMbI, IMOJYYUM YpaBHeHHE, JUHeWHOe
oTHOCHUTeNbHO XxY; 2) (35 1), (—32; %] 12.16. 1) (1; 2), (-1; 2); 2) (1; 1),

(-1; -1), (1; -1), (-1; 1). 12.17. (1; 0), (-1; 0). Vkazanue. IlepeMHOKHB CO-
OTBETCTBEHHO JieBble U IpaBble YACTH YPaBHEHUI CHUCTEeMbI, MOJYYUM YpaB-
HeHHe x° = 1, ABasiioleecs ciegcTBUeM pgaHHOII cucrtembl. 12.18. (1; 0).
12.19. 1) (1; -2), (-2; 1), (-1; 2), (2; —-1). Vkazanue. IlepBoe ypaBHeHIEe CHUCTe-
MBI pasjaoxKuTe Ha MHOMxKHTenu. 2) (1; 1), (-1; 1). Vkazanue. U3 neproro
ypaBHEHHS CHCTeMBbI BeIpasure x* yepes y. [lojcraBbTe MOJyY€HHOE BhIPaKe-
HIie BO BTOpOe ypaBHeHUe cucTeMbl. [lokasKuTe, 4TO MOJNYYEeHHOE YPaBHEHHE

" o 1
HMeeT eIJHHCTBEeHHBIH KOpPeHLB, KOTOPEIH VIOBJIeTBOPAET YVCJIOBHIO y;—

12.20. 2) (3; 1), (3; —-1). 12.21. (3; 1), (é —1]. Vkazanue. YmuoxbTe nep-
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BOe ypabBHeHK e CHMCTEeMbl Ha A, BTODOE — Ha —4f M C/JAOANTE HOJAVHeHRHBIE ¥V PDdaB-
nenus. 12.22. (0; 2), (0; -2), (1; -3), (-1; 3). Vkaszanue. V13 BTOporo ypasHe-
Hus BeIpasute y? uepes x2. B mepsBoM ypaBHeHuu sanuumure y3 = y? - y.
12.23. Eciiu a < -2, 10 X € (—=; @)U (-a@; +=); ecin -2<a<0, To x €
€ (—oo; —2) U (-2; a) U (—a; +<0); ecim a =0, To X € (—=; —2) U (=2; 0) U (0; +<0);
ecin 0<a<2, T0o xe(—oo-2)U(-2;-a)U(a+=); ecam a=2, ToO

x € (—oo: —a) U (@ +o0). 13.1. 1) (3; 2), (-3:-2); 2) [13 254] 3) (14: -11),
(11 —14); 4) (65;551,(122;1111;5] 13.2.1)(2; 3), (3; 2), (-2: —3). (-3 -2):

2) (-3v2: 2), (-3v2:42), (3v2: —v2), (3v2: ¥2): 3) [_? _F), (2; 1)

1) (~4;0), (—g;—%j. 13.3. 1) (6; 2), (-6; -2); 2) (3; 1), (=3; —1),

[14J106;4J106), (_14\!10 ’ 4106 ) 3) (9: 12), (_12: -9). Ykasanue.
53 53 53 03

BeinosIHUTEe 3aMeHY X — Y = U, Xy = U; 4) [ : %), (—4; %) 13.4. 1) (-1; 2),

(-2:1); 2) (2; 3), (=25 -3); 3) (11; 1); 4) (2; 1), (6; -3), (6+2V3; -2-243),

(6—2\@; —2+2\/§). 13.5. 1) [g:—ZJ. Vixaszanue. BeimonHuTE 3aMeHY
14 17

\/9x2+2y+1:£; 2) (2; -2). 13.6. (2; 3), (_?;E]' 13.7. 1) (-2;3),

(12; 24). Vxasanue. Beinonuure zameny .4 —-x+y =1u, \/9—2‘1'+y =0
2) (25 3), (=25 -3), (-2; 3), (25 —-3). 13.8. 1) (-10; 26), (4; 3); 2) (25 1),
(-2:-1). 13.9.1)(3; 1), (-3:-1), (—v2:22), (V2: -242); 2) (2; 1), (-2; -1),
(Li 2, (13 -2). 13.90. 1) (03 0), (25 2), (0,5 0,15 2) (21 1], (=55 2).

13.11. 1) (1; 2), (-1; -2); 2) (4 2), (—4; -2); 3) (1; 1), (-1; -1), [— 2 . 1 J
3149 /149
8

25 1 8 1 1

; — s 4 -, — , (3; 4), (-3:—-4).
[3«/_149 Jm] ’(m\/ﬁj [Jﬁ JHJ AR
13.12. 1) [%—gj (—1;1], 2 1), (-2:1); 2) (1; 2), (-1; -2); 3) (2 1),

5 23 5} 23

—2; -1p 4) (2. -1), (-2:1), | ——; — |, s — .
27D 3D, )(ﬁ\/?—a](ﬂ Jﬁ)
(1; 3); 2) (2; 1). 13.14. 1) (2; 1), (-1; —2). 13.15. 1) (1; 2), (2; 1); 2) (1; 1).
13.16.1) (4; 1), (15 4); 2) (3; 4), (4; 3), (-2 -V8: -2+ V3), (-2 +/3; -2 - /3).
13.17. 1) (3; 4), (4; 3), (11+2V81;11-281), (11-2431;11+231);
2) (4; 1), (1; 4). 13.18. 1) (2; 2), (-2-2V2; -2+ 2V2), (-2+2V2; -2-2/2).

bo
bo

13.13. 1) (3; 1),
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Yrazanue. PackpouTe cKODKM B IIepBOM ypaBHeHMU cucrembr; 2) (2; 1),
(1; 2), (-2; 1), (1; -2); (0; -3), (-3, 0). 13.19. 1) (4; 1), (1; 4),

[—5+Jﬁ.—5—\/ﬁ],[—5—2~/ﬁ 5+J_) 2)6; 6}5( 35 1) 3{«/’5;1))’

2 ' 2 2

2
(3; —2). 13.20. 1) (4; 8), (8; 4); 2) (1; 1), {1; —2}, (-2;1). 13.21. 1) (2; 1), (15 2),
(—2; -1), (-1 2)(02)(20)(0 2) 0); 2) (2; -1), (-1; 2), (-2; 1),
(1; -2). 13.22. 1) (1; 3), (3; 1), (- ( 3 “1); 2) (=3; -2), (-2; —-3), (2; 3),

(3; 2). 13.23. 1) (5; 3), (5; -3), ( \/7 (} ( \/: —(J Vkazanue. Ilepe-

MHIIeM IepBoe YPaBHEHUEe CHCTeMEI Tak: X2 — 2 + (x + y) fm 20. IlycTo

(x +y) 1—+1;r =, Torma 2+t -20=0. Orcroga ¢ = -5 unu t = 4. Umeem:

(x+) v _ g {;‘fiyﬁmy}:‘

y e 2) (-L-1), (-L3), (-1,
g Sl _g | NEFPE-y) =
- vy |xvy>o0.

(2; 3). Vkasanue. Bomnomaure sameny X2 — x = u, y° — 2y = v; 3) (1; 1). Vkazanue.
Paznenure obe yacTi BTOPOro ypaBHeHus cucTeMsbl Ha xy. 13.24. 1) (5; 4), (5; —4),

() ) 1) (25,

2 7 2 2 7 2

[v’ll_{l— 5; 9 _m] 13.25. 1) (\/E _QJE], (—\/E; 2\/6] Yxaszanue. Paccmo-

TPUTE IIepBOe YpaBHEHHE CHCTEMEI KaK KBaJApPAaTHOE OTHOCHUTEJIBHO X U JOKAMKH-
Te, uro y? = 24; 2) (1; —1). Ykasanue. PaceMoTpeB Kaxkoe YpaBHEHUE CHCTe-

MBI KaK KBaJpaTHOE€ OTHOCHUTEJIbHO X, MOMHO IIOKa3aTh, 4YTO I YAOBJIEeTBOPAET
1 g

yCI0BHIO {yg _ 1’1_ 3) (2; 2); 4) [JE; %) (—I : —?j 13.26. 1) (-2; -1);

2) (2; -1). 13.27. 1) (2; 1), (2; -1). ¥Vxazanue. 3anuuinTe mneppoe ypaBHEeHHE
cucremsl Tak: y° = (x — 2)2 + 1. Torma mousaTHo, uro y? = 1; 2) (8; —1). Vkasa-
nue. VI3 mepBoro ypaBHeHHUs CHCTEMBI cjenyeT, 4To X — iy < 9, a u3 BToporo
ypaBHeHHuA X — iy = 9. 13.28. 1) (2; 3), (-2; 3); 2) (3; 2). 13.29. a = -2. Vkasza-
nue. Ecnu mapa (x,; ¥,) ABJIAETCA PellleHUeM CHCTeMbI, TO mapa (¥/,; X,) TaKxKe

apasaeTcs eé pemenueM. 13.30. a=-1 unu a = % .13.31.a=2.13.32.1) (0; 1),

(1; 0). Vxazanue. I3 nepBoro ypaBHeHHsA CHUCTEMBI clexyer, uTo |x| < 1,
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ly| < 1. Torga x° < x%, y° < y*, orcioga x° + y° < x* + y“=1; 2) (0; 0), (1; 1).
Yxazanue. BrluTem U3 mepBOT0 YpPaBHEHUSA CHUCTEMLI BTOpOe, IOJYYUM
(W2 —y?+y) — (- 2%+ x) = x? — 2. Orcrona x® + x = y® + y. anee Boc-
MoJb3yHTeCh TeM, uTo GyHKuuA [(f) = 2 + ¢ ABIgeTca BO3pacTalOlleil;
3)(0; 0), (1; 1), (-1; -1). ¥xazanue. 1 ciocod. Cregyer saMeTHUTh, UTO BCEe pe-
IIeHUS CUCTeMBl yI0BIeTBOPAIOT yeaoBuio |x| < 1 u |y| < 1 (cm. npumep 2
B § 1). dAcuo, uro mapa (0; 0) — pemenue cucremel. [lanee, MePeMHOMKUB
4xy
1+ x2)(1+y%)
=1. IlociemHee paBeHCTBO BO3MOXKHO TOJIbLKO IIPH VCJIOBUH

YpaBHeHHHd CHCTeEMBI, I[TIOJYVYHM
4
(L+x%)(1 + y?)

= xy. IIpu x # 0 u y # 0 umeem

21
1+¢2°
Bo3dpacTtaer Ha npomexxyTke [—1; 1]. JlanHaa cHcTeMa OPHHHMAaeT BH]

{j{:r} =% Orciona f(/(x)) = x. Tak Kak QyHKOUA [ BO3pacTaeT Ha IIpoMe-

HDR&H';HTE , 4YTO OHA

2 =1 _
{ 2 _q IT cnioco6. Pacemorpure pyaknuo [(f) =
Yy =1.

) =x.
sxyTre [-1; 1], To mo Teopeme 2.6 umeem [ (x) =x. 13.33. 1) (0; 1), (1; 0). Vka-
sanue. Norkaxure, uro 0 < x < 1, 0 < y < 1; 2) (0; 0), (3; 3), (-3; -3);

3) (0; 0), (1; 1). 13.34. IIpu a <0 nau a = \E 14.1. 60 gkm/u, 30 KM /4.

14.2. 80 km/u, 60 km/u unu 120 km/u, 80 km/u. 14.3. 2 km/u. 14.4. 27 KM /4,
3 kM/4. 14.5. He 6onee 15 mamuu. 14.6. He 6onee 6 npomaxos. 14.7. 24 u.
14.8. 24 kM /4, 16 km/u. 14.9. 12 km/u, 18 km/4u. 14.10. 60 km/u. 14.11 7 Kr,
21 xr. 14.12. 1,2 xr, 2,4 xr. 14.13. 2 km/4, 12 xm/4. 14.14. 12 4, 9 4,
14.15. 12 nueit, 24 nua unu 40 nueit, 10 gueit. 14.16. 10 u, 15 u. 14.17. Ye-
pes 1 u 30 mun. 14.18. 150 m x 150 m. 14.19. 500 M. 14.20. 1 m/c.
14.21. 30 km/u. 14.22. 48 mun. 14.23. 4 4. 14.24. 10 nun u 4 Gepésnl HIN
11 nun nm 5 Gepés. 14.25. 6 mamue u 11 mamuua. 14.26. 4 KM/4, 3 KM /4.
14.27. 12 peraneii. 14.28. 5 peraneit. 14.29. Ilo 2 mexa KamIoro THIIA.
14.30. [-1; 0). 14.31. IIpu ¢ > 8 — nBa pemieHus; Npu d = 8 — OECKOHEYHO
MHOI'O PelleHuii; npu a4 < 8 — HeT pelIeHHH,

fmaea 2. 15.1. 2x + 3y = -1. 15.2. 3x — y > 2. 15.11. 5) Pucynox 28, a;
6) pucyuor 28, 6; 10) pucynok 28, 6. 15.12. 4) Pucyunox 29, a; 5) pucy-
HOK 29, 6; 6) pucynok 29, 6. 15.13. 1) I'padukrom saBasercs obbeUHEHHE
nmoJayviaockoceTu u npamoi (puc. 30); 2) rpaduroM ABIAETCS OTKPLITAS
IIOJIVILIOCKOCTh, M3 KOTOPOM «BhIpe3aH» ayd (pumc. 31). 15.15. 3 < a < 5.
Yxazanue. B cucreme KoopauHAT Xa rpa@UKoOM HaHHOTO HepaBeHCTBA AB-
naercsa pom0, mzobpakéHHbI Ha pucyHKe 32. 15.16. a < 0 unu a = 12.

15.17. 6 <a<0, umu0<a <1, um 1< a<J12. Vkazanue. 3anumure
flaHHOe HepaBeHCTBO Tak: (¥ — a?)(x —a — 4) < 0. Ha pucysake 33 uzobpaxén
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rpapMK 3TOro HepaBeHCTBA B CUCTEMe KoopauHAT ax. IIpoBeaémM ropusoH-
TajlbHbIe IpAMbIe X = B, rine k € Z. Hago HailTH Te 3HAYeHUA IapaMeTpa a,
[P KOTOPBLIX BEPTHKAJILHbIE INpPSAMBIE [MepPEceKalT B 3aKpalleHHLIX o6Ja-

CcTAX He 0oJiee YeTHIPEX NpAMBIX Bujaa x = k, k£ € Z. 15.18. Vrkazanue.
11.-32" +10:-2" =11-97+10-2" =11-97" -11-2" +21-2". 16.10. 4) Pucy-
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HOK 34. 16.12. 2) Pucynok 35. 16.13. 3) I'padurom asnsgercsa oO0beJUHEHHE
[IOJVILIOCKOCTH U OKpY:KHOCTH (puc. 36). 16.14. Pucyuok 37. Vrkazanue. Ecnn
nmapa (x,; ¥,) ABIsAeTCA pellleHueM HepaBeHCTBa, TO Mmaphl (—Xx,; ¥,), (X, Y,),
(—x,5 —¥,) TAKKe ABINAIOTCA pellleHuAMU HepaBeHcTsa. Iloatomy gocrarouno mno-
CTPOUTEL rpaduK HepaBeHCTBA X + I + ¥ —y| < 2 npu yenouu x 2 0u y = 0,
a MOTOM MPUMEHUTH IMpeodpa3oBaHHEe CUMMETPHH OTHOCHTENLHO Oceil Koopu-
Hat. 16.15. Pucynor 38. 16.18. 1) Vkazanue. Jlannoe ycloBHEe OIIpeaeaaeTCs
2x =21, 2x <1,

2x = x? + y? “ {1=:r:2+y2.
bk — oOBeguHeHME IYVI ABYX OKpy:kHOCTeid (puc. 39). 16.19. 1) Pucy-
HOK 40. 16.20. a = -3 nnu a = 1. Ykazanue. Ha xoopiuHATHON IIJIOCKOCTH X'¢l
nmocTpoiiTe unszodpaxkKeHue MHOMKecTBa peineHuil cucreMmbl. 16.21. a = 0 unu
a=4.16.22. -2 < a < 0. Vkaszanue. Paznoxure Ha MHOKUTEJH JIeBYI0O YaCTh
HepaBeHcTBa cucTeMbl. [locTpoiiTe n300pakeHe MHOKeCTBA PelIeHHUH CUCTe-

COBOKYIIHOCTBIH) JIBYX CHCTEM: { Hckomblit Irpa-

MBI HA KOOPAMHATHOM ILTOCKOCTH Xa. 16.23. W2 < —% um 0 < a < /2.
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16.24. —%ia(‘;’. Vkaszanue. Cm. npumep 3 B

§ 15.16.25. 1) -4 < a< 4; 2) a=-4 umu a = 4; “
3) 4 a<-3;4)2<a=<4; 5 as -3, umu
a=0,0;6)-4d<a<-3,bum 2 < a=4. Yeazanue. /
Bocnonbayiirech rpaduMKoM HJAHHOM CHCTEMbl, M30- \
6pakéHHBIM Ha pucyHKe 41. 16.26. (3; 4) U (4; +). o[ A
16.27. %; —11—2. 17.10. 1) Ykaszanue. a®> + b? + 6a — i i
—~4b + 13 = (a?+ 6a + 9) + (b? — 4b + 4). 17.16. Vka-
sanue. PaceMmorpuTe cyMMYy AAaHHBIX BhIpasKeHUWH.
17.17. 1) Vkasanue. Bocnnonbp3yiiTech METO0M pas-
HoctH. 17.19. Ykaszanue. BocnonbsyiiTech METOLOM FPW;_ a1

pasaoctu. 17.23. Vikaszanue. Bocnoas3yiTech MeTO-

noM pasuHoctH. 17.24. Vkaszanue. Bocmoab3yiiTech METOJAOM PasHOCTH.
17.25. Ykaszanue. BocronbayiiTecs MeTogoMm pasHoctu. 17.26. Yrazanue. Jle-
BYIO YACTh HEPABEHCTBA MO3KHO 3anucarh Tak: (a® — 2at + 1) + (a® — 2a* + a?).
17.28. Viaszanue. Bocnonk3yiiTech METOI0M JOKA3aTENILCTBA OT IIPOTHBHOIO.
17.29. Vkazanue. BocronsayiiTech METOA0OM HOKA3aTEJLCTBA OT NPOTHBHOIO.

r oo X

14y x+y
. 17.34. Yxaszanue. BocnonbayiiTech Karo4deBoil 3ajgadeit 17.15 (1).

'-I

H

17.31. Vikasanue. Tak rak 0 < x < 1 mw 0 < y < 1, To
Y ¢ ¥
1+4x y+x
17.37. Vxasanue. Bocnonsayiiteck TeM, uto 1 + x? = 2x. 17.38. Vrazanue.
BocrnosbayiiTechk TeM, uTo x* + 4 = 4x? u 4yt + 1 = 4y2. 17.39. Yraszanue. Jlo-
Kaxure, uro 413 + y = 4y? npu y > 0. 17.42. YVkasanue. [IpumenuTe HEpaBeH-
ctBO X2+ Y2+ 2 Zxy+yz+zx g x = 2a, y = b, z=1. 17.48. Yrxazanue. 3a-
MUIIUTE HOKA3LIBAEMOE HepaBeHCeTBO B Buje 2(a? + b? + ¢?) — 2(ab + be + ac) <
< 3(a? + b2 + ¢2). 17.49. Yxasanue. Ilycts foKkasblBaeMoe yTBePHKIeHHE JI0KHO.

Torma BepHB! HepaBeHcTBa @ — b% — % >0, b=*— i >0, c—a® - i > 0. Crno-
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AUTE [MOYWJIEHHO 9TH HepaBeHCTBa U moay4uuTe nporusopeune. 17.50. VYrxazarnue.
3aMeTHM, 4TO ecJI BePHO OLHO M3 HepaBeHCTB @ = 1, b = 1, ¢ = 1, To 10Ka3bI-
BaeMoe }?TBEpE{,H,EHHE D‘{EEH,I[HG. H};CTL a<1,b<1,c<1uBepHsl HEPABEHCTBA

a(l-b) } =, bdl-c¢)> —, c(1-a) ‘:> =, Orcrona a(l-a)bd-Db)c(l-c) > é
HNoxaxkure, uyto npu 0 < x < 1 BeimoaHserca HepaBeHcTBO 0 < x(1—x) < i
17.51. Vxkazanue. BocnonsayiiTecs TeM, uTo npu @ > 0 u b > 0 BeINoJIHAETCA
HepaBeHCTBO 1 . 17.52. Vkaszanue. BocnonbsyiiTech TeM, uTo 2ab <

a? + b2 2ab
< a? + b2, 17.54. Yraszanue. JNoramure, uro (a + b + ¢)? = 3(ab + bc + ac).
17.56. Vkaszanue. Tak kak Ipu JaHHOM VCJIOBHU X2 < x U yz < I, TO JOCTATOYHO
NOKA3aTh HepaBeHCTBO (X + iy + 1)? = 4(x + y). 17.57. Vxasanue. Bocnonbsyii-

1 1 ..
TeCch T€M, UTO < ,tmen € N, ke N. 17.58. Viasaniue. C yuéToM ycio-
n+k n+1 9 2 2

X z X
BUs IIpeodpasyeM JIeByIO YacTh HEPaBEHCTBA: —; 4 +— 4 + .
X%+ 2xyz  y° +2xyz  z° 4+ 2xay:z

Ilasee ¢M. pemenue sagauu 17.52. 17.59. Vrasanue. a® + b? + ¢ + d? + e? =

1 . 1 . . 1
_ a 1 o g 1 o 2 , 9 1 o : .
— (a +4£, ]+(b +4L )+(L + e ) (d 4(, ] 17.60. Vxazanue.

1 1 1 1 1 1

— +—+ ..+ < - . . amnee cm. mpumep 3 B § 16.
22 32 m+1)? 1.2 2-3 n(n +1) A pumep 3 B §

| _135 2n-1 p 246 2
17.61. VYkazanue. Ilyers A—2 16 o B-g R e

1
2n+1°

2 4 2n -2

Umeem: A < B. Orcioga A2 < AB = 17.62. Vikaszanue. Ilycte A =

1 1 . 1
- l-l- } - lll. ' ] : > , a} :_-
216 2 235 on —1 - AMeem: A > C, A® > AC = &

17.63. Vkaszanue. Ilyerp S = 1 1

1
vz JBevda 7 Jamoi+van’

OueBugno, uro S > S,. Torama

1 1
S =
N RN - i~ +r2n+\rn+1

25 > 5§+ 5,. 17.65. 1; —1; 2+«f§; 2-./3. 17.66. a = 2. 18.8. Vkazanue.

2
a’+ 4 =(a?+ 3) + 1. 18.10. Ykaszanue. @tz Va2 +1 + — 1 . 18.15. Yka-

Jaz +1 at +1

sanue. IlpumenuTe HepaBeHcTBO Ko — BynsakoBckoro K Habopam (a; —b)

u (c; d). 18.21. 12. 18.22. 20. 18.23. 3. 18.24. 12. 18.26. 18. 18.27. %

18.28. % . 18.34. Vkasanue. \J(1-a)(1-b) < 1-a+1-b . 18.36. Vkasanue.
s 2 9 (x + 5}')2

I cmocob. Bocronb3yiiTecs TeM, 4TO X° + Y= 2 T II coocob. IIpumenu-
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Te HepaBeHCTBO Komu — Bynsikosckoro k mabopam (1; 1) u (a; b). 18.39. Vka-
sanue. Bocmonb3yiTech TeM, UTO CpejHee rapMOHHYecKoe 4ducel a u b He
Dosblile, ueM UX cpenHee apudpmeruueckoe. 18.40. Viazanue. [IpumenuTe He-

paBeHcTBOo Komu — ByHsAKoBckoro Kk Habopam (a; J1 —gﬂ) u (\ﬁl—bz; b).
18.41. Vrkasanue. Ilpumenure HepaseHeTBo Komn — ByHsKoBcKoro Kk Habopam

(1; 1; 1) u (x; y; 2). 18.44. 5, —5. Vikazanue. llpumenure HepaBeHcTBo Komn —
Byuakosckoro K Habopawm (3; 4) u (x; ). 18.45. 1. 18.46. Vkasanue. Ilpume-

HUTe HepaBeHeTBo Komu — Bynsakoeckoro k Habopawm (a?; b?; ¢?) n [1, !!1; l)
o 0o ;

18.49. Vkaszanue. (a + c)(b + d) = ab + ad + cb + cd = (ad + bc) + (cd + ba).
18.50. Vkasanue. Ilpumenute HepaBeHcTBO Komum — ByHAKoBCcKOro k¥ Habo-

pam (\/35.! +1:4/3b+1; V3¢ +1) n (1; 1; 1). 18.52. 3. Vrkaszanue. Ilpumenure

HepaBeHcTBo Komu — ByHakoBckoro k Habopam (Jx —2; /4 —_r) u (1; 1).
18.53. 0. 18.54 5. Vkasanue. Ilpumenure HepaBeHcTBo Komn — ByHAKOB-

CKoro K Habopam (2; x) u («J:r -1; 5). Ilammee BOCHOJB3VHTECH VCIOBHEM JI0-
CTHKeHUs paBeHcTBa B HepaBeHcTBe Ko — Byusakosckoro. 18.55. Vikasa-
nue. llpumenure nepaBencTBo Komu — ByHnaxkoeckoro k mabopam (x; i3 z) 1

2
(3; —1; 1). 18.56. Yxasanue. |2x + y — z| < \/ﬁrz +3y? + 2% - JZE + (%] +(-1)2.
3

18.57. Vikaszanue. I cmocob. Vb-1=,(b-1)-1 b_l+1 g II cnocob.

= 4. 18.58. Vxazanue. Umeem: a + b =

+ =2 :
x,"h—l Ja -1 \j\/a—l \,/b—l

> 24Jab. Tax:xe, cpaBHHBas cpejlHee KBaJpaTUYHOe U cpegHee apudMeTude-

a+b a++b
CKO€ YHCeJI Jc_: 41 \/E, MOKHO 3allHCATh 5 = \/_ 5 V’_ . 18.59. Vkaszanue.

1\2
12 12 ( 7 +b+ )
[ b) [b+ ) = 4 5 @’ . INamee BOCHOJB3YIITEChH Te€M, YTO H3

yenosus a > 0, b > 0, a+ b =1 cnenyer HepaBeHcTBO ab < i . 18.60. Yka-
sanue. ~Ja?+1=+2. a’ + 1 > 2. a;l . 18.61. Ykazanue. HWNmeem:

\/(1—.*:.{—15)"‘3+|::2+1::*"'j + J(l—b—c)3+a2+a2 + \/(1—.:‘—.3-:)2+."}E+b2 =

ﬁ( 1-a-b)P? +c2+c? 4 J{l—b—c}3+a2+u2+\/{1—L‘—u}2+bz+a’;2
3 3 3
Ilajiee cpaBHHUTe cpeflHee KBaJpaTHYHOE TPEX YHCeJ ¢ UX CPeJHHUM apupmMeTH-
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yeckuMm. 18.62. Yrkazanue. llyers cro-
poHa KBajapata pasHa 1. Bocnoabayem- B 1-yN Y C
caA 0003HAYEHHAMM, NOKA3AHHBIMH HAa
pucyake 42. Ocranock H0OKasaTh Hepa- & 1 — 3
BEHCTBO \/;1:2 +(1-y)? + Jyz +{I—~2P +
L J2ZrA-02 + JZrA-x)? > 242 M £
Ianee cm. npumep 1 B § 19, 18.63. Viasa- o i z
nue.l+a=2-b-c=(1-568)+(1-c)= o _ D
> 2\{(1 - b)(1-c). 18.64. Ykazanue. 1 cio- g g e

Puc. 42

co0. IIpumennTe HepaBeHeTBO Ko — By-
\/;;E ; \[Ai - \/ﬁ.i y] m(Jy+zvr+zr+y).

2
X + Z
Il cnocob. B cuny HepasencrBa Komn +

y + Z

sanue. Tak kak npu a > 0 u b > 0 BepHO HEePABEHCTEO

HAKOBCKOTI'O K HaﬁﬂpElM [

Zx ur. 0. 18.65. Vika-
2 < a+b

»

a b a+b

. 18.66. Yxaszarue. \/ “ :\/ ¢ y5.bte =

b+c¢ b+ c a4 a+b+c’
b+c

18.67. 2 < 0 unu a = 1,5. 18.68. JlocTaTouHO MOKA3aTh, YTO IPH JOOOM HATY-
paasaom # HOJII (301 + 2; 12n + 1) = 1. IIna noKa3aTeJabCTBa 3TOI'0 BOCIIOJb-
3yHTeCch TeopeMoil: AJsA J100BIX HATYPAJIBHBIX YHceJ d U b Takux, 4to a > b,
HOJI (a; b) = HOJI (a — b; b).

maea 4. 19.8. 1) Ecau a = 6, To 0INH KOpeHb; eciH a > 6, To 2 KOpHHA; ec-
an a < 6, To KopHell HeT; 2) ecaim @ = 1 niu a = —8, ToO OAUH KOPEHb; €CJIA
a < -8 wuma>1, o2 kopusa; eciu -8 < a < 1, To KopHeil Her. 19.9. Ecan
a=0, unna=3, unu a =—3, To OAUH KopeHs; ecaun a < —3 unu 0 < a < 3, To
2 Kopusa; ecan —3 < a < 0 wiau a > 3, To kopHeiil HeT. 19.10. [Ia. Hanpumep,

[(x) =x'° 19.11. [la. Hanpumep, /(x) =x°. 19.18. 4) mir;]f(x} = 256, Hau-
(<03 -

GOJBIIEero 3HAYEHUA He cyllecTsyeT; 5) min f(x) = 0, HauboabIIero 3SHAYEHU A
(-2;1)

He cyuiectsyer. 19.20. 1) YérubiM; 2) HeUETHBIM; 3) HeYETHRIM; 4) ompeje-
JUTH HEBO3MOXHO; D) uéTHbIM; 6) ompemenurs HeBodMoOxkHO. 19.21. 1) 1;
2) —1; 1. Vkaszanue. Pacecmorpure pyurmuio [ (x) = 2x* + x1°. Oua asnsercs
yéTHOM. [ToaToMy mocTATOYHO HANTU HEOTPUIATeIbHbIe KOPHU JaHHOI'O YpaB-
Henusa. Ha npome:kyTke [0; +oo) QyHEIUA [/ ABAsgeTcs BO3pacTaiouieil, cieno-
BAaTeJIbHO, YpaBHeHUe f(x¥) = 3 HA 3TOM IPOMEKYTKe UMeeT He DoJiee OTHOTO
KopHA. 19.22.1)-1; 2)-1; 1. 19.23. Eciu -1 < a < 0, To l11:11111]f{.:1:") =fla)=,
“Hig

386



mlax f(x)=f(-1)=1; ectu 0 < a <1, To :[mlinlf{x) = f(0) =0, mlaxf{x) =
[-1:a] —-1ia [-1:a]

= f(-1) = 1; ectu @ > 1, TO E::l[l]f{r} = f(0) =0, Elli?_}if(x] = f(a) = a®.

19.24. Eciu a < -2, 10 linizl}f(.it"} = f(0) = 0, majxf(,r) = f(a) = a% ecnu
a; [a: 2]
-2<a<0,ro0 Ilnigrllf(x) = f(0) = 0, IIIEEK_}((I) = f(2)=64; ectu 0 < a < 2, 10
; [a: 2]

Ilﬂigl’]lf(.r] = f(a) = a¥, max f(x)=f(2)=64. 19.25. 1. Vrkazanue. Ilepenuniu-
a;: [a;2]

Teé YypaBHeHUue B BUE %4‘ % = D U BBINOJHUTE 3aMeHY 1. t. 19.26. —1.
X X X
19.28. 5. 20.6. 3) iy = 12_ ‘. 20.7. 1) y=5(x—-3). 21.1. 7) 35 8) 2. 21.2. 4) T.
X

21.5. 1) 29; 2) 56. 21.6. 1) -11,8; 2) 58% . 21.7. 1) R; 2) (—oo; =11 U [2; +<0);

3) (—oo; =11 U [1; +o0); 4) [3; 4e2) U {0}. 21.8. 1) [2; +<0); 2) (—oo; 1] U [3; +e0); 3)
[-3; 3]; 4) [6; +<<) U {0}. 21.14. 1) (=03 —3) U [-1; 11U (3; +=); 2) [-6; 3). 21.15.

1) (=03 —6) U [-4; 41 U (6; +2); 2) (—=4; -3]1 U [3; +==). 21.16. 1) -1; 2; 2) -1; 3.

21.17. 1) -3; 2; 2) -3; 1. 21.21. 3) mgajcf{x)—v/_ mmf{J,) 0; 5) mau-
[-2:2]

DoJsiblllero 3Ha4YeHUs He CYIIecTBYeT, lrgm_}f{.:r} = (0; 6) HanboJbIIEro 3Haye-

HUSA He CYIlecTBYeT, {migl}f{x} = 0. 21.22. 1) Vxkazanue. U3 npenmnoioxeHus

‘3;/_ m m
=—,rme me £, ne N, — — Hecokparumas Ipodb, UMeeM PaBeHCTBO
M H
2n* =m®. Orciona m:2, t. e. m=2m,, m, € Z. Torga n® = 4m?. CnexoBa-
. m
TenbHO, m : 2. Ilonyumiam mpoTHBOpedYHe C TeM, YTO — — HECOKpaTHMasd

H
npo6s. 21.24. 1) Ecau a < —1, To oquH KOpeHb; ecJau a > —1, To 2 KopH4A; 2) ec-

au a < 0, To KopHe# HeT; ecau a = (0, To OqUH KOpeHb; 3) ecnin a < 0 mwnmun a =1,
TO OOUH KopeHb; ecii 0 < a < 1lumma > 1, o 2 kKopHa. 21.25. 1) Ecain a = -1,
TO OJIJMH KOpeHb; eciu a < —1, To 2 KopHA; 2) eciin @ < 0 unn a = 1, To oguH
KopeHb; ecii @ = 0 u a # 1, To 2 KopHa. 21.26. 1) Oguu KopeHb NpH J1000M
sHadeHun a; 2) ecau a < 0, To KopHeill HeT; ecnu a = (), TO OMUH KOpEHb.

22.13. 1) 0; 2) 337m. 22.14. 1) 27%/2; 2) 29%a. 22.15. 1) ¥b7; 5) Yx2;
6) 12128. 22.16. 5) Y1%; 6) ¥a. 22.23.1)2<0,5<0;2)a>0,b<0; 3) a

u b — npoussosbHLIe yncaa; 4) a u b — npoussosibHble yncia. 22.24. 2) [3; T];
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3) R. 22.25. 2) —n; 4) c¢*; 7) -0,1¢°b>. 22.26. 3) 10x; 7) —-a'?b'lcll.
22.27. 1) m2 Y—m; 2) a2b®¥b; 3) |x| - y8fy; 4) 2mint Y2m2n; 5) —3ab2c? 42;
6) a*bdYaPb3; ) —adhd Y-ab?. 22.28. 1) -2a¥/24%; 2) —5a¥/-a; 3) ab%ab;
4) a3h38a2b. 22.29. 1) Y241 2) —$6a3b*; 3) Ymn; 4) Y605, ecnu b = 0,
%606, ecnu b < 0; 5) —W; 6) —W. 22.30. 1) —§/3L—‘5; 2) W;
3) Y6atht; 4) _¥/3ath3; 5) a7, 22.32. 1) ab = 0; 2) b =0, a — moboe uuc-
do wm b > 0,a =0; 3) b =0, a — nwboe uncao uau b > 0, a < 0.

22.33.2) \/v/2 - 1. 22.35.1) 1; 2) 2; 3) -¥/3. 22.36.1) 1; 2) +/23. 22.39.1) %a‘l;
2) Yx; 3) Ya; 4) Ya; 5) Ya? -1. 22.43. SJ_ 1

af -1 . 22.45. x3 —9x —12. Vxazanue. Bozsenure 06e yacTu
a—-1

paBeHCTBA X = ¥3+39 B Kky6. 22.46. (x — 3)% - 2. 22.47. 1) Vxasanue. Ecan
3
32 435 = x, Tme x € Q, 1O ‘1'3 = (3/5+%) , A3 =7+3-310x. ITockonbky
A3
x # 0, To umeem, uro 310 e Q; 2) Vxazanue. Ecin u/_ \/_ = X, rme

3,
IEQ,T{](%)SZ(I—\/E)g 3 =13 -3x2J2 + 6x —2V2; V2 = X +ﬁr—3 e Q.

3x2 4+ 2
22.49. Vkaszanue. Ucnonb3ysa METO MaTeMaTHYIeCKON MHIYVKIMI, JOKAKHUTE pa-

BEHCTBO \]2+\/2+\/...+m"2+-v"_ = 2{/2+\/§ +2{/2—\/§. 22.52. 2. 23.5. 2) E;

n pa,uuxauus

4}— 6)— 23.6. 4) 4. 23.7. 3) 10; 6) 4. 23.8. 2) 49; 5) 32. 23.9. 4) (Ya)®.
2 11 2 1
23.17. 2) a%® — 2b%5; 6) a3 —a3b3 +b3; 9) 35. 23.18. 3) 1+‘E

.22.44. Eciw a # 1, To 25;

eci a = 1, To

aﬂ

0,5
6) x25y25 i 9) 93. 23.19. 1)[2 +oo); 2) (2; +<2). 23.21. 1) 6; 2) 100;
+1}’
3) 125;4}2, 5) 10; 6} . 7) 3: 8] 29 23.22.1) 7; 2) 10; 3) 122— 4) 1’
225 1

956 ° 23.23. 1) 125; 2) 6; 3) xopuein Her. 23.24. 1) 5; 3) 5.

(ﬂ% + b%](a% + b%]

05 0,5
23.25. 1) ﬁ; g) 2ath). 3 s 4) a® + ab + b
a’ + b* a-b 1138
a2p12
11 a 1 L
23.26. 1) 2ms3n3; 2) 3; 3) —3 4) m 2. 23.29. 1) a3 +b3; 2) -1.
11 g
T .1 74 0,2
2330. 1) Y ; 2) 0. 23.32. 24, ecn a=1 L L ecam
T 3 a? -1
4 4

AT -l
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!{]12,3 3,4

+ b
ol 41
BocmosesayiiTeck TeM, UTO 3HAUYEHHE BhIpa)keHUs 57 + 1 He KpaTHO 4.

nmaea 5. 24.5. 8 uineHos. 24.6. 13. 24.7. 1; 2; 3; 4; 5. 24.8. 8.

ae[0; 1)U (1; +e=). 23.33. . 23.34. He cyumectByoT. Ykazanue.

24.9. 1) a, = n* 2) a, = 3n + 2; 3) a”:H_l; 4) a, = -1)" + 1;
. AN _ L+t . ; = A
5) a, = = 6) a, = . .24.10. 1) a,=n*+1;2) a = TR
4) a =n"V;5)a =n-|n-3|.2411.1.24.12. 1)a, =-1,a, ,=a, + 2;
1 a +1 2
2) =3, a4, ,=3—:3) a; =1, a,,=(Ja,+1). 24.13. 3) a, = 1,
n
; 1
a . , =.a*+1. 24.14. 1) a = 2 unu a = 3; 2) He cymecrByioT. 24.15. a,,, = 5
Ykasanue. Ilokamxure, urto a, ., = a, Adsa nw0b6oOro HaTypalbHOro .
24.16. a,,, = —1. 24.17. Vkasanue. BocnonbayiiTech METOIOM MaTeMaTHde-

crkoit nHAVKIIUKU. 24.18. Viazanue. J[lokaszaTeabCTBO IPOBEIUTEe METOIOM Ma-
TeMaTUYeCKOM MHAYKIUHU ¢ marom 2. 24.22. 1) a, = 2" — 1. Vkasanue. Beinu-
IIUTE HeCKOJILKO MePBLIX YIEHOB MOCIeJ0BATEJILHOCTH U clieJaliTe NHAVKTHB-
1"
n+1
uro a, = (2n — 1)%. 24.24. Ykazanue. a,

HOe TIpeAroioxkenue; 2) a, = » 3) n? — 1. 24.23. Vrasanue. Jlokaxure,

R (R, N
o BB TS W W FHRFL,

L 2 2

[Toxaxure, uto @, , =a; ,+a, ,+1. Orciopga a; ,<a, ,< (a”” + 1) :

24.25. x, = 1 unu x, = 2. Vkasanue. Beinonnus 3ameny x, — 1 =y , mouy-
2 _ o2 942999 _ R

uuM Y, , . = ¥,°. Totma Y, .00 = Yoo = - = Y; . Orcioma y, = 0 mnm y, = 1.

24.26. a < [-1;0). 24.27. (—oo; —3]U[5; +==) U {1}. 25.4. 1) 1a, n = 16; 2) Her.
25.5. 15. 25.8. 23. 25.9. 6. 25.10. 1) [la, a, =—3, d =—6; 3) mer. 25.11. 1) [la,

a,=18,d=7;2) na, 4 =+, d = 2; 3) ner. 25.13. 18. 25.14. 16. 25.15. -0,6.

25.16. —6; —4,5; -3; —-1,5; 0; 1,5; 3. 25.17. 2,2; 0,4; -1,4; -3,2. 25.18. 1) a, = 5,
d=2,5;2)a,=—6,d=4nma,=15, d = 2.25.19. 1) a, =2, d=3; 2) a, = 20,

d = -8 nnun a, = 51,5, d=-11,5. 25.20. Ecnu nepBelil 4ieH Nporpeccuu pa-
BeH €€ pas3HOCTH HJH PpasHOCTh HpOorpeccHy paBHa Hyao. 25.26. 60
2532. llpu x =-1: a;, = -3, a, = -2, a;, = -1; npu x = 8: a, = 60, a, = 43,
a,=26.2533.y=3,a,=10,a,=12,a,=14.2534. y=1,a,=-1, a, =8,
a,=17,a,=26.2535.x=-1,a,=a,=a,=a,=1. 25.36. 0. 25.40. 3, 13, 23.
Yxazanue. Yucna p, p + 10, p + 20, roe p — nOpocToe YHUCJIO, JAIOT PABJIHY-
HLIE OCTATKH IIpH mejneHuu HA 3. 25.41. 3, 5, 7. 25.42. Vkazanue. Ilycrs
a,= m?2, m e N. Torna nna n = k umeem a,= m? + d (n — 1). IlokaxkuTre, 4To WiIeH
c HoMepoM M = 2m + d + 1 Taxk:Ke aBJIdeTcA KBAAPATOM HATYPaJbHOIO YHCJIA.

25.43. Vikasanue. Umeem a2 = a + kd, k€ N, b =a + dm, m € N. Torna
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b = a* + 2adm + d*m* = a + d(k + 2ma + dm*?). 25.44. Ykazanue. Ilycrs
a,=a, +dn-1),a,=a,+d(m-1)u a, — k-3HauHOE HATYypAIbLHOE YUCJIO.
Bri6epeM m ¥ 1 Tak, 4rodsl 7 — 1 = 104, m — 1 = 10p, roe p > k. 25.45. Via-
sanue. IlyeTh MHOMKECTBO NPOCTRIX YHces] BUAA 31 + 2 KoHeuHo. O003HAYHM
ero 2JIeMeHTBI P, Pys ..., P2,. PaCCMOTPUTE YHUCIO 3 * P, * Py * ... = P, + 2.
25.46. He cymectByer. Vxazanue. Bocmoabp3yidTech TeM, YTO MOMHO VKa-
34Th IPOMEKYTKH HATYPAJIbHOIO pAjia JIldoii ,I[JIHHBI He COoJepiKaliiue Hi OJl-

HOT'O IIpocToro uucjaa. 25.47. a = —-4. 25.48. E 26.5. 156 yaapos. 26.6. 710.

26.7. 1188. 26.8. 1) ”; D. 9) n2. 26.9. n(n + 1). 26.10. 8; 14; 20.

26.11. —17. 26.12. 15, 10%, 20, 29%, 38%. 26.13. 3. 26.14. —67.2.

26.15. 63. 26.16. 5880. 26.17. 2112. 26.18. 1632. 26.19. 61 376.

26.20. 70 336. 26.21. 0,3. 26.22. 10. 26.23. 20. 26.24. 16. 26.25. [Ia; 19, 23,

27, 31, 35. 26.26. Her. 26.27. 10 c. 26.28. 42 crpanunsl. 26.29. —1976.

26.30. 348. 26.31. -10. 26.32. 10. 26.33. 690. 26.34. 250. 26.35. 1) 12; 2) 26.

26.36. 1) 10; 2) 69. 26.37.a, =1, d = 2. 26.39. 2610. 26.40. 0. 26.41. (m + n).

26.42. 0. Vkazanue. Ilycts nporpeccus comep:kut (2n + 1) unenos. U3 ycio-
2a, +2d(n -1) 2a, + 2dn

BUA CIAEIYeT, 4TO 5 N = — (n+1). Orcroga ciaemyer, 4To

a, +dn =0. 26.43. 0. Vkazanue. Obmee xonudectso urp pasuo 0,57 (n — 1).
Torma KoJlM4YecTBO OYKOB, HAOpaHHBIX BCeMM KoMaHIaMHu, paBHo n(n — 1).
IIycTh mocieqHsas KoMaHa Habpasia x oukoB. Eciu d — pasHocTh mporpec-
CHH, TOrJa KOJHYECTBO OYKOB, HAOpDAHHBIX BCEMH KOMAHIAMH, PABHO
0,5(2x + d (n — 1))n. ITonyuyaem ypasuernue #n(n — 1) = 0,5(2x + d(n — 1))n.
26.45. Ecnu a = -1, To pemenuii Het; eciiu d =1, To x € R; ecniu a < -1 uawm

a>1, 1o x < . 27.1. [1a. 27.6. 1) 2; 2) g

recan -1 <a<1, To x =

a+1 a+1
win ——. 27.7. 1) — 3 2) 0,001. 27.8. 6. 27.9. 9. 27.10. 30 u 150. 27.11. 1,
2482712,[[3 b——,q 4.27.13.x, =49, g="17. 27.14. 1) 15 nnu -15;

2) 25 wmm —245. 27.15. 6 wau —6. 27.16. 216. 27.17. 243. 27.21. 3) Ilo-
cCJAeJoBaTeJIbHOCTE HABJIAEeTCHA I‘EUMETDH‘IECHDﬁ HpﬁPpECCHEﬁ, eciiln q = —1.

27.23.1) b =23, ¢=+3 H:.rm by =-2J3, g=-3; 2) b, =17, g =-2 unu
14

b, ——,Q——E} 27.24. 1) b, ——,q 4;2) b, =-1,g=3.27.25. Ilpu x =1
umeeMm 3, 6, 12; npu x = —-14 umeem -27, -9, —3. 27.26. IIpu x = 2 umeem 8,
4, 2; npu x = -7 umeem —1, -5, —25. 27.27. 96, 48, 24, 12, 6, 3. 27.28. 3, 7, 11.
27.29. 8, 10, 12 unu 17, 10, 3. 27.30. 5, 15, 45 nnau 45, 15, 5. 27.31. 2, 6,

18 unu 18, 6, 2. 27.32. 18, 6, 2 wm 2, 6, 18. 27.33. 2, 4, 8, 12 uau % %
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g, g 27.34. 1, 5, 9, 13. 27.35. a=3. 28.1. 1) 1456; 2) 155(5+5).

28.2. 762. 28.3. 1210. 28.4. —68,2. 28.5. 27. 28.6. —7 unu 6. 28.7. 16 pan.

28.8. 5. 28.9. 72. 28.10. ©. 28.11. 4368. 28.12. ~12 285. 28.13. &
T n+1 4 a0
28.15. 2n+ 501 28.16. 8. 28.17. 5. 28.19. (%) . Vkasanue.

Iokaxkure, 4TO bl : hl 00 = E , Jajlee BOCHOJb3yHTeCh 3amaueit 29.18, 28.21. Ec-

JIU ad%,m IE% WU X = {; ecnu a?’ldl,'m x = a 29.1. 1]2(\/_ );

@, 29.2. 1) @; 2) 32 +4. 29.5. 35. 29.6. _é_
29.7.1) 16 + 82 uan th- 8v2; 2) 27. 29.8. 1) 243; 2)312,5. 29.10. 5, = 1,

q:% wmm b, =3, g=—-=.29.11. b, = 192, q-— 29.12. 27 + 943 unu

27—9J§. 29.13. 25(52““ S

unu 1 29.16. <. 29.17. —% Wiu E 29.18. 242. 29.19. [Ta. 29.20. 1) 6R/3;

9) R2.3; 3) 4::5: 4) —nRﬂ 29.21. 1) 4a(2+~f} 2) 2a2 3) na(2+2);

25{‘/25 -5) 2914, 1) %; 2) —3. 29.15. —i

2
1) T2 29.23. PﬂcyH{)R43 29.24. 4 =1.29.25.1; - 2.30.1.1) ”*”“; lihud )
2) n{n+l}(n+2}(ﬁ+3} 30.2 nn+1)(n+ 2)
4 - [ ] - 3 3 y‘
|
30.3. ”(”; 1)—i+ ) 15” 304. n(n + 1) + =T
. | 1 10(10" — 1) 1-/
+ n(n+1* + = — 305.1) —— —nm; .
2 2.3 ol 1 X
50(10" —1) 5n -4 n(n + 2) | o
2 -—.30.7.1 s 2 5
) 31 9 } -3 ) — rFMC.ﬂ-B
3) 1- L Yxasanue. . W : 4) 1- L Vkasanue.
(n+1)! n+1)! n! (n+1)! (n+1)2
2
%:Lﬂ— L = . 30.8. 1) s 5y i +2H+3}. Yrkasanue.
1=(n + 1) n (n+1) 2(5n + 2) 2(n+1)
n’ + n’ 1 _1__1 . 300 1(1+l— L ) Yixazanue.
nn+ 1) n n+l 2 2 n+l1l n+2
+ 1(1_ = ) 30.10. 43  yiasanue. =
(m+1¥* -1 2\n n+2 4(n+1)(n+ 2) nn+1)(n+ 2)
_ 1 _1(1_ 1 ]:1 1 1 ) 07,5, =10 _ 8" ~1
n+1l 2\n n+2 2inn+1) (n+1l)(n+2) u—l (a—l}zl
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Yxaszanue. Paccmorpure paBeHCTBO @S, = a + 2a° + 3a° + 4a* + ... + n * a”.

30.12. 0< a < g 30.13. 2; 4; —1: —%.

Maea 6. 31.11. 5 xM/4, 3 Km/4. 32.20. 2Va .333. A=Y; 2AUB=T;
ol

3) ANB=2Z. 33.8. 1) [0; +); 3) (—==; 0]; 4) [0; 2); 5) [2; 4]. 33.9. 3) Oqun
u3 caexpyromux: 0:0, 1:1, 0:1, 0:2, 0:3, 1:2; 4) noboii cuéT B IOJAB3Y KOMAH-
nel «JlokomoTus», Kpome 2:0; 5) mwboii cuér. 33.12. 46 %. 33.13. 52 %.

33.14. 0,85. 33.15. % 33.16. 12 %. 33.17. 0,8. 33.18. 0,68. 33.20. 1) 0,04;
2) 0,02; 3) 0,07; 4) 0,06. 33.21. 1) 45 %; 2) 5 %; 3) 15 %; 4) 20 %. 34.3. 1) %;

9) 1; 3) 0. 34.4. %. 34.7. 1) 0,1; 2) 0,5; 3) %. 34.8. 1) 0,5; 2) %; 3) %.

34.11. %. 34.12. g. 34.13. 21 %. 34.15. 1) g; 4) 1. 34.16. 1) 0,6; 4) 0,6.

34.17. 87 %. 34.18. 36 %. 34.19. Her. Vxkazanue. Eciu A u B — HecoBMecT-
HEIe U HezaBUCUMEIe coObIiTus1, To 0 =p (A [ B)=p (A)p(B). 34.21. 1) 5,6 %;
2) 14,4 ﬂf’(ﬂ; 3} 33,6 (}"D; 4} 46,8 .%; 5] 22,4 ‘}"]D; 6) 33,2 ﬂz”n; 7} 38,3 %.
34.22.1) 51,2 %; 2) 38,4 %; 3) 9,6 %; 4) 0,8 %. 34.23. 1) 2,56 %; 2) 65,61 %;

3) 7,29 %:; 4) 29,16 %. 35.5. % 35.6. % .35.9.2)0.98: 3)0,51. 35.10. 2) 75,5 %:
J
3) 64 %. 35.11. % Viaszanue. IIposeném npamyio /, nepneHIUKYJIAPHYIO JaH-

HBEIM HODAMBIM. He Hapyliada Dﬁ]JJ.HDCTH, MOMHO CHUHUTATEL, YTO IIEeHTP MOHETEL

3,,\2
[onajaeT Ha npamyio. 35.12. g .35.13. % .35.14. % .36.5. C: (é) (%] = 3%.

2 5
36.6. CE(%J [%) ~16%. 36.7. Cop°(1-p)'. 36.8. C3p(l-p)=.
2 a
36.9. (50,9°0,12=12%. 36.10. C20,0520,95 = 3%. 36.11. C,‘f[gj [g) ~
k r—k V1 n—k
~ 26%. 36.12. C*’?[ & ]( e ) . 38.13. Cﬁf(—] [’“ ) .
Fi\n+m n+m LA - r

36.14. C20,61°0,39 + 0,61° ~ 25 %. 36.15. 1—(CL,0,07-0,93'° +0,932) ~ 41 %.
36.16. C280,95280,052 + C290,95%°0,05 + 0,95% ~ 81%. 37.4. 2) 0,05; 3) 0;

4) 0,5. 37.5. Her. 37.6. 3) % .37.7. 3) 35 %; 4) 34 %; 5) 69 %. 37.8.1) 0,13;
2) 0,56; 3) 1; 4) 0,43. 37.9.

n
=]
=]
oo
o

3HaueHUe X 2 3 10 11 12

o
=7
v}
=2
L
(=3
Q2
=2
L
=7
co
=]
5|
L
=3
Cad
o
Lo
=
Qa2
=y

BepoaTHocTh — | = | = | = | = | =
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37.11.

3HaueHHEe X 1 2 3 4

S| =
b | =
| =
|

BepoarHoeTs

37.12.

SHaueHHe X 1 2 3 4 D 6 ‘

BepoaTraocTs

b | —
W | =t
00| =
—
=
o]
]
o]
]

37.13.

SHadeHHe X 1 2 3 ‘

36 36

| =

BepoaTrHoeTs

5] 25

38.1. 3,64. 38.2. 1,96. 38.3. 2. 38.4. %. 38.7. 150 p. 38.8. 0,5.

38.9. 3,5. 38.10. 2,92,

YkazaHMA K ynpaXHeHUuaAM paccKkasa
«IhchexTUBHDbIC NPUEMbbI iOKA3aATENbCTBA
HepaBeHCTB»

Hepagenctsa (1), (2) 1 (3) — aTo HepaBeHCTBA U3 paccKasza «IPHeKTHB-
Hble IIPUEMEI JOKa3aTeILCTBA HePaBeHCTB» .
1. Vkaszanue. 1 cnocod. BoenonsayiiTeck HepasernceTsoM (1). II crioco6. Boce-

nonb3yiiTteck HepaBeHCTBOM (3). 3. Vkazanue. Bocrnonb3yiTech HEpPaBEHCT-
3 3 3 242 242 242
A #4 X bad
BoM (2). 4. Vkazanue. — + AW S (") - ¥~ + (z)
Y z x yx z1f xz
2 }2 o2

. 5. Vxazanue. 1 cno-

cob. BocnonsayiTech HepaBeHcTBOM (3). II cnoco®.

: b+2c+ﬁ+2a+a+2b:
_ 1[ (Ba) |, (3b* , (3c)

J. Ilanee Bocnoab3yiTech HepaBeHcTBOM (1).

"9l b+2 c¢+2a a+2b
3 3 3 2.2 2.9 2.2
a b ¢ e b ¢
6. Viazanue. 1 cnocod. + = g (v7) ) .
b+c c¢c+a a+b ab+ac bc+ba ca+ch

Ha-
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3 f)g -

w 1 &
Jee BOcCHoJb3yiTech HepaBeHcTBOM (3). II cmoco6. + + =
5.0 5y 9.9 b+c c+a a+b
1 (2a%) (2b) (2¢*) ;
== + + . llanee BocHmoJab3yuTeck HepaBeHcTBOM (1).
4\ ab+ac  bc+ba ca+ch

1 1 12 12 12
+ = + +
l+ab 1+bc 1+ac 1+ab 14+bc 1+ ac

gyiTech HepaBeHCTBOM (3). 9. Vkaszanue. JleBylo uacTh HepaBeHCTBa Npej-
52 ) y? N 52

x2 4+ 2yx + 3zx Y2 + 2zy + 3y 22 + 2xz + 3yz

moib3yiTech HepaBeHcTBOM (3) 1 HepaBeHcTBOM a + b% + ¢ = ab + be + ac.

11. Vkaszanue. Bocnoabs3oBasmuch 3agaueir 18.17 (1), MoKHO 3amrMcaTh, 94TO

x+1)y+1)=xy+1+x+y = 2(x + y). 12. Vkazanue. Ha ocHoOBaHUHK

8. Vkaszanue. . llanee BOCIOJIb-

CTaBbTE B BHIOE . I[EL]’IEE BOC-

zagaun 18.17 (1) u vcaoBua x € [0; 1] mo:KHO BanucarTb, YTO 2f =
<

X X X

= < < . 14. Vkaszanue. Bocnoab30BaBIIHCH 3aa-
l+yz+1 1+y+z x4+y+:z
- 1 1
yeiti 18.13, MOKHO 3alucaTh, 4YTO 5 . < 3 5 =
) a® + b° +abec  a*b + ba + abe
C

= = . 15. Vxkasanue. BocnoabsyiiTech 3anaueii 18.13.
abla+ b +c¢) abcla+b+c)

16. Vkazanue. Bocnonssyiitech 3amgaueit 18.13. 17. Vkazanue. Bocnoabayii-
Teck 3agaueit 18.19. 18. Vkaszanue. Bocnonssyiirecs 3agaueit 18.22. 19. Via-
sanue. Bocnonb3yireck 3amaueit 18.25. 20. Vkazanue. Bocnonb30BaBIIUCE

zagaueit 18.29 (1), M0KHO 3alHCaTh: % < ZJI—Z\/E; % < 2\@—2\/1;
1 2

% <2J3-2J2; . % < 2Jn-2Jn-1. 21. Yraszanue. BocnonbayiiTecs
3 n

zamauenn 18.29 (2).




AndasuTHO-NpeAMEeTHbLIN YKa3aTenb

AHanuTHYecKnH crnocod 3amaHuA
byHEIHA 7
AprymenT dpyEKIuu 4

BepoATHOCTHAA MOJeNb 334
Bepmuna napatoasr 40

Baaumuo oboparueie yarmun 200
— OJHO3HAUYHOE 0TOOpaKeHue MHO-
skecrtBa X Ha MHOxKecTBO Y 6
Bribopka 283

— penpe3eHTaTUBHAasA 283

lapmonyeckunii pag 271
I'eHepanabHas COBOKYIHOCTE 283
leomeTpuyeckoe olpejejieHue Be-
poAaTHOCTH 328

IMucrorpamma 284

I'patuk uncinosoit GyHKIUH 8

— ypaBHEHUs] I[IePBOM CTEeleHU C
nByMms nepemenHsiMu 105

— HEepaBEeHCTBA C JIBYMs MepeMeH-
HeIMU 148

HengporpaMMmbl 318

HMuarpamma Kpyropasa 286

— paccenBanua 286

Iuckpernas caydalHas BeJIMYUHA
340

Mucoepcus 299

— chay4dailHoi BeJaHUYUHBI 350
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